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Abstract

A mathematical model of non-Newtonian blood flow through a tapered stenotic artery is considered. The non-Newto-
nian model chosen is characterized by the generalized power-law model incorporating the effect of tapering due to the pul-
satile nature of blood flow. The flow is assumed to be unsteady, laminar, two-dimensional and axisymmetric. The
governing equations of motion in terms of the viscous shear stress in the cylindrical coordinate system are solved numer-
ically using a finite difference scheme. Numerical results obtained for the positive taper angle show that the blood flow
characteristics such as the axial velocity profiles, flow rate and wall shear stress have lower values, while the resistive imped-
ances have higher values than the Newtonian model.
© 2007 Published by Elsevier Inc.
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1. Introduction

The study of blood flow through a stenosed artery is very important because of the fact that the cause and
development of many cardiovascular diseases are related to the nature of blood movement and the mechanical
behaviour of the blood vessel walls. A stenosis is defined as a partial occlusion of the blood vessels due to the
accumulation of cholesterols and fats and the abnormal growth of tissue. The stenosis is one of the most fre-
quent anomaly in blood circulation. Once the constriction is formed, the blood flow is significantly altered and
fluid dynamical factors play important roles as the stenosis continues to enlarge leading to the development of
cardiovascular diseases such as heart attack and stroke (Moayeri and Zendehboodi [1]).

A number of theoretical studies related to blood flow through stenosed arteries have been carried out
recently and most of the studies focused on the presence of mild or single stenosis as discussed by Chakravarty
[2], Chakravarty et al. ([3-5]), Chakravarty and Mandal [6], Taylor et al. [7], Lee and Xu [8] and Mandal [9]. In
order to update resemblance to the in vivo situation, some studies considered an overlapping stenosis in the
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blood vessel segment subject to pulsatile pressure gradient. Chakravarty and Mandal [10] noted that the prob-
lem becomes more acute in the presence of an overlapping stenosis in the artery instead of a mild one. The
effect of vessel tapering is another important factor that was considered. Chakravarty and Mandal [11] formu-
lated the problem on tapered blood vessel segment having an overlapping stenosis. Jeffords and Knisley [12]
and Bloch [13] pointed out that most of the blood vessels could be considered as long and narrow, slowly
tapering cones.

In the case of blood flowing through a larger artery, the blood behaviour is acceptable to be assumed as
Newtonian. However, it is not valid when the blood vessel is smaller (radius less than 1 mm). From a biofluid
mechanics point of view, blood would not be expected to obey the very simple, one parameter, and linearised
law of viscosity as developed by Newton. Blood exhibits non-Newtonian characteristics that can only be mod-
elled by higher order constitutive equations, such as the power-law paradigm (Enderle et al. [14]). Ishikawa
et al. [16] found that the non-Newtonian pulsatile flow through a stenosed tube is different from Newtonian
flow. The non-Newtonian property strengthens the peaks of wall shear stress and wall pressure, weakens the
strength of the vortex and reduces the vortex size and separated region. They concluded that non-Newtonian
flow is more stable than Newtonian flow. Mandal [9] pointed out that in some disease conditions, for example
patients with severe myocardial infarction, cerebrovascular diseases and hypertension, blood exhibits non-
Newtonian properties.

Gijsen et al. [15] studied a comparison between the non-Newtonian fluid model and a Newtonian fluid at
different Reynolds numbers. Comparison reveals that the character of flow of the non-Newtonian fluid is sim-
ulated quite well by using the appropriate Reynolds number. Tu and Deville [17] noticed that for non-New-
tonian flow through 75% stenosis, the influence of the geometrical disturbance affects the flow over a longer
axial range. Manica and Bortoli [18] presented the simulation of incompressible non-Newtonian flow through
channels with sudden expansion using the power-law model. The power-law model is applied to predict
pseudoplastic (shear thinning) and dilatant (shear thickening) behaviour in such expansions. They pointed
out that a better understanding of non-Newtonian flow through sudden expansions should lead to both the
design and development of hydrodynamically more efficient process and to an improved quality control of
the final products.

In this paper, we consider the problem of blood flow through an overlapping tapered stenosed artery
instead of the mild one as considered by Mandal [9]. The blood flow is characterized by the generalized
power-law model. A finite difference scheme is employed to solve the governing equations numerically. A com-
parison of the velocity profiles and the wall shear stress distributions, together with the flow rate and the resis-
tance to flow distributions are presented for both the Newtonian and non-Newtonian cases.

2. Governing equations

The stenotic blood flow in an arterial segment is considered to be laminar, unsteady, two-dimensional, axi-
symmetric and fully developed where the flowing blood is treated to be an incompressible fluid. Under these
assumptions, the governing equations may be written in the cylindrical coordinates system (r,z, 0) as

Equation of continuity

ov, v, Ov
ry o 0. 2.1
o r Oz (2.1)

Equation of axial momentum

ov, ov. ov, lop 110 0
A~ A — T T AT |— ~_ rz zz 2.2
TR R = p{r@r( )+5: )] (2.2)
Equation of radial momentum
ov, ov, v, 1op 1]10 0
ot + o T z  pdr p [r or (rar) + 0z (GFZ)]’ (2:3)

where the relationship between the shear stress and the shear rate in case of two-dimensional motions are (see
Bird et al. [19]):
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and

n—1
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1
ov, 2 v\ 2 ov, 2 ov, Ov, 20’ ov,
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Here v.(r,z,t) and v,.(r, z, ) represent the axial and the radial velocity components, respectively, o is the stress
tensor, p is the pressure, and p is the density of blood. The pressure gradient Op/0z appearing in Eq. (2.1), is
given by (see Burton [20])
dp

— =A,+A,coswt, t>0, 27

where A4, is the constant amplitude of the pressure gradient, 4, is the amplitude of the pulsatile component
giving rise to systolic and diastolic pressure and @ = 2nf},, where f,, is being the pulse frequency.

3. Boundary conditions

There is no radial flow along the axis of the artery and the axial velocity gradient of the streaming blood is
assumed to be zero, which means there is no shear rate of fluid along the axis. These may be expressed math-
ematically as

a z b 7t
0.(r,z2,1) = 0, %:0, 6.=0 onr=0. (3.1)
r
The velocity boundary conditions on the arterial wall are taken as
OR
v.(ryz,t) = a0 v,(r,z,t) =0 onr=R(z1). (3.2)

Further, it is assumed that no flow takes places when the system is at rest, which means

v.(r,z,t) =0 =u,(r,z,t) att=0. (3.3)

4. Geometry of stenosed artery

The schematic diagram for the overlapping stenosis under consideration is shown in Fig. 1.
Following Chakravarty and Mandal [11], the geometry of the elastic (moving wall) arterial wall of the time-
variant overlapping stenosis for different taper angles (see Fig. 2) is written mathematically as

R = { [(mz+a) —meost (7 ) {1 ~ S (—d)+2(z—d)’ —%(z—d)3}}al(t); d<z<d+3,
(mz+a)a, (¢); otherwise,
(4.1)
where R(z,t) denotes the radius of the tapered arterial segment in the constricted region, «, the constant radius
of the normal artery in the non-stenotic region, ¢, the angle of tapering, 3/,/2, the length of overlapping ste-

nosis, d, the location of the stenosis, 7,, cos ¢ is taken to be the critical height of the overlapping stenosis and
m = (tan ¢) represents the slope of the tapered vessel. The arterial segment is taken to be of finite length, L.
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Fig. 1. Schematic diagram of an overlapping stenosed artery.
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Fig. 2. Schematic diagram of a tapered overlapping stenosed artery.

The time-variant parameter a,(z) is taken to be
a)(t) =1 —b(coswt — 1)e™", (4.2)

where b is a constant. Here, the lumen radius, R is sufficiently smaller than the wavelength, 4 of the pressure
wave i.e. R/. < 1, Eq. (2.3) simply reduces to 0p/0r = 0 and thus Eq. (2.3) can be omitted (see Pedley [21]). Tt
is reasonable and convenient to assume that the pressure is independent of the radial coordinate.

5. Transformation of the governing equations
5.1. Radial coordinate transformation

Using a radial coordinate transformation
o r
" R(z,t)’
which has the effect of immobilizing the vessel wall in the transformed coordinate x, the continuity equation

and the equation of motion, (2.1) and (2.2), the relationship between the shear stress and shear rate, (2.4) and
(2.5) and the initial and the boundary conditions ((3.1)—(3.3)) become:
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Equation of continuity
(5.1)

1 0v, v, avz_f%aj_o

R6x+ +az R Ox Oz

Equation of axial momentum
1 [l 1 00,, 00, x 00, GR] (52)

Ov. x@R vr+ x OR] Ov, ov, 10p .
a0 |Rot R "R "z poz p|xR™TR ox | 8z R ox oz

Equation of normal stress, (o..)

ov, x OR v, 1602)21

o2 m 10y, 2+ &)2+ Ov.  x OR v, 2+ _X0R0, 10 dv. xaR@Uz
o R oz ROz ox dz ROzox Rox

R Ox

Equation of shear stress, (o,.)
n—1

AW (X ) v, x OR v, 2+ avr_fa_Rav,+l% 212 1
R ox R 0z ROz Ox 0z ROz Ox R Ox ROx ' 0z ROz ox
(5.4)

<1 ov. v, x0OR 61),)

Oxz = —

where 7 is the fluid behaviour index parameter.

Boundary conditions
)
v,(x,z,t) =0, % =0, 0.=0 onr=0, (5.5)
OR
v.(x,z,1) = a5 v,(x,z,¢) =0 onx = R(z1) (5.6)
and
(5.7

v.(x,2,6) =0 =v,(x,z,¢) att=0.

5.2. The radial momentum
In order to obtain the radial velocity component, v,(x, z, ), we multiply Eq. (5.1) by xR, then integrate the

equation with respect to x from the limits 0 — x, to obtain
OR R [ Ov, 20R [
Ur—X§UZ——/0vadx—;§/oxUde. (58)
Using the boundary condition (5.6), Eq. (5.8) takes the following form
' v, 10R 2 0R
f/ de EE*zeaz/o xv, dx. (5.9)
Since the choice of f{x) is arbitrary, let f{x) be of the form
fx) =4(1-x)
with f{x) satisfying
1
JECES
0
Now, Eq. (5.9), can be rewritten as
6R 2 6R
,dx = —= . 5.10
e = 20 L % )] a (5.10)

/1 avzdx /f Rat R oz
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Comparing the left hand side and right hand side of Eq. (5.10) and substituting f{x) into the above equation,
we obtain

o, 2 OR 4 OR
%" R v, +— (x -1H)— - (5.11)
Then, substituting Eq. (5.1 1) into Eq. (5.8), gives the radial velocity component as
OR OR 5
v.(x,z,1) =x 502—5[2—)@ . (5.12)

6. Numerical procedure

The finite difference scheme for solving Eq. (5.1) is based on the central difference approximations for all the
first spatial derivatives in the following manner:

ov, (UZ):‘(JH - (UZ)?,‘/*I o, (Uz)z+1/ (UZ):‘C—IJ‘
ox 2Ax and - == 2Az ’ (6.1)

while the time derivative in Eq. (5.1) is approximated by
oo, _ ()" = ()

2
o At (6.2)
Similarly, the derivatives for v,, .. and o,. are

avr (Ur)lj+l (v”)lj 1 avr (U’ )1+l J (Urx'il,j

x 2Ax and 5= 2A2 ’ (63)

k k k k k k
0o.. (O-ZZ)i,jJrl - (Gzz)i,jfl 00, (azz)i+1,j - (azz)i—l,j and 0o, (GxZ)i,j+1 - (GXZ)LJ'?] (6.4)
ox 2Ax 0z 2Az ox 2Ax ’

The discretization of v.(x,z, ¢) is written as v.(x;,z;, #;) where it can be written as (vz)f ;- Here, we define
=(G-DAx; j=12,...N+1 where xy,; = 1.0,
z=0G0—-1DAz; i=12,...M+1,
ty=((k-1A k=12,...
Using Eqgs. (6.1)(6.4), the discretized form of Egs. (5.1), (5.3) and (5.4) are given as:

o =t oo [ () - oo ()] () o (),
(apY“ ¥ L,;k e (%) - (8), 5 (8,3} o
(1) () () )+ (G, ) (),
)T"} )5 @)
e l(;% (5),) - (50) (3 (80 - ()2,
() -2 () 5())
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The discretized boundary conditions ((5.5)—(5.7)) are

()5 =0, () =), (o) =0, (6.8)

@ =0 @ = () (69
and

(v,);, =0, (v:);;=0. (6.10)

The axial velocity component will be solved using the Egs. (6.6) and (6.7), together with the boundary condi-
tions Egs. ((6.8)—(6.10)). The radial velocity component from Eq. (5.12) can be rewritten in discretized form as

@) =2 [(Z—R)U - (Z—’f)[z - xf-]] . (6.11)

The radial velocity component can be calculated directly from Eq. (6.11), using the result of the axial velocity
component. With the above results, we obtain the volumetric flow rate (Q), the resistance to flow (£2), the wall
shear stress (1) from the following relations:

0f = 2n(®)" [ (e, (6.12)

o IL@p/e)

i Qf ’
1 /v fov\"  x; fou\* [oR\" oR\"

(1) = [ﬁ (G_x) + <62> - R—’k <6x> <§> X cos |arctan <§> : (6.14)
i ij ij i i T i

7. Numerical results and discussion

(6.13)

There are different methods of solution in solving the problem of blood flow in stenosed artery, either ana-
lytically or numerically. Gerrard and Taylor [22] used the finite difference method to solve the problem of
blood flow in an artery. The finite difference method based on the central difference approximation has been
employed by Chakravarty and Mandal ([23,6]) and Mandal [9]. Misra and Pal [24] observed the blood motion
using Crank Nicolson implicit finite difference method, while Chakravarty and Mandal ([10,11]), Chakravarty
et al. ([3-5]) and Chakravarty and Sannigrahi [25] used Runge-Kutta.

For the purpose of validation, the axial velocity profile for Newtonian model with ¢ = 0° is compared with
Chakravarty and Mandal [11]. As shown in Fig. 3, the results are found to be in good agreement. Numerical
computations have been carried out using the following parameter values: a = 0.05cm, p = 1.06 g/cm?,
L=5cm, ly=1cm,d=2cm, 7, =0.2a, 49 =50 gem 2 s72, 4; = 0.24, f, = 1.2 Hz, p = 0.035P, b = 0.1,
m = 0.1735P, n = 0.639, Ax = 0.025, and Az = 0.1. For the numerical results and discussion, Figs. 4-7 and
Figs. 9-11 have been measured at the location of the first critical height of stenosis (at z = 2.3 cm with
7, = 0.01 cm). The blood is assumed to be in the early stage of diastole phase for a single cardiac cycle when
the time reaches 0.45 s where the flow is at minimum. The results in Figs. 4, 5 and 8 are measured at this phase
of flow. Figs. 6-8 give the results for converging tapered artery (¢ = —0.1°) and for the Newtonian viscosity
model, we consider the diverging tapered artery (¢ = 0.1°).

Fig. 4 shows the axial velocity profiles in the stenotic region of the tapered artery. Four different curves
shown in Fig. 4, have been measured with the effects of vessel tapering for non-Newtonian model of the flow
on the axial velocity profiles quantitatively. Under stenotic conditions, the velocities through the converging
tapered artery are less than those in the non-tapered artery and the diverging tapered artery. Hence, we can
conclude that the axial velocity is reduced to some extent with vessel tapering. As shown in Fig. 4, another
point of comparison is the different blood viscosity models. In the presence of the diverging artery under ste-
notic conditions, the axial velocity is higher in the Newtonian model than in the non-Newtonian model.
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Fig. 3. Axial velocity profile at z= 1.0 cm for = 0.25 s.
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Fig. 6. Axial velocity profile at different times with z = 2.3 cm through converging artery (¢ = —0.1°).

0025 . . . . . . . . .
—e— t=0.15s
002 i oas ’
——— 1=0.455
0015} 1=0.65 1
001} —
—
)
O o0.005f —
£
5 0
o
<
>
-0.005 —
0.01f —
-0.015} —
0.02 . . . . . . ; : .
0 o1 02 03 04 05 06 07 08 09 1

x(cm)

Fig. 7. Radial velocity profile at different times with z = 2.3 cm through converging artery (¢ = —0.1°).
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A plot of the radial velocity profiles is shown in Fig. 5 for the same characteristics of the axial velocity pro-
files. The results for radial velocity give four different negative values with the effect of tapering artery and
blood viscosity. The magnitudes of the radial velocities are smaller than the axial velocities.

Fig. 6 shows the result for the axial velocity profiles for different times spread over a single cardiac period.
All the profiles visualized in the present figure are directly responsible for the pulsatile pressure gradient pro-
duced by the heart. A full single cardiac cycle is about 0.85 s. thus, at r = 0.45 s, the blood volume is minimum
and the axial velocity profiles are the lowest.

Fig. 7 illustrates the unsteady flow over a single cardiac cycle. It shows that the radial velocity profiles
have positive values during the systolic phase while during the diastolic phase, the profiles give negative
values.

In order to analyze the flow-field intensively along the arterial segment, Fig. 8 shows the result of the axial
velocity profiles at seven distinct locations at ¢ = 0.45 s for converging tapered artery (¢ = —0.1°). The axial
velocity profile is parabolic at the upstream (z = 1.5 cm) because it is a non-stenotic region while a flattening
trend is followed at z = 2.1 cm where the blood flow starts at a steeper stenosis region. Subsequently, at the
specific location (z = 2.3 cm) of the first critical height of the stenosis, the velocity value is much lower. At
the centre of the overlapping location (z = 2.8 cm), the velocity value is increased but it is decreased when
the blood flow along the second critical height (z = 3.2 cm). The axial velocity value increases gradually for
z= 3.4 cm and finally at the downstream of stenosis (z = 4.6 cm), the value is increased and gets back into
the parabolic shape. This result is agreed qualitatively well with Chakravarty and Mandal [11] which they trea-
ted the blood flow as a Newtonian fluid.

Figs. 9-11 are plotted for the flow rate, the resistance to flow and the wall shear stress, respectively, with
time nearly four cardiac cycles. Fig. 9 shows the profiles for flow rate in stenosed artery with three different
taper angles. The volume rate for diverging tapering gives higher value than both the converging tapering
and non-tapered artery. The figure also shows that for Newtonian model, the flow rate has the highest value.

The resistance to flow gives the reverse trend of the volume rate. The values of resistance are higher for
converging tapering artery rather than both the converging artery and non-tapered artery and lower for
the Newtonian viscosity model as shown in Fig. 10. From Figs. 9 and 10, we can conclude that more blood
can flow freely through diverging vessel, which has less effect of resistance.

Fig. 11 illustrates the wall shear stress profiles for different taper angles and the different blood viscosity
models. The values are negative by direction. From the first three curves, we can observe that diverging
tapering gives higher values compared to both the converging tapering and non-tapered artery. Fig. 11
also shows the wall shear stress values are higher in the Newtonian model than in the non-Newtonian
model.
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Fig. 9. Variation of the flow rate at z = 2.3 cm.
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Fig. 11. Variation of the wall shear stress at z = 2.3 cm.

679

This paper presented numerical results for an unsteady blood flow in a tapered artery with overlapping ste-
nosis, using the power-law model of blood viscosity. The effect of vessel tapering is an important factor con-
sidered in this paper. The results considered three different taper angles of artery which are the converging
tapering (¢ < 0°), non-tapered (¢ = 0°) and the diverging tapering (¢ > 0°) in the presence of stenosis.
The differences between both models show that the non-Newtonian behaviour is an important factor and
should not be neglected in small blood vessels (smaller than 1 mm).
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