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Abstract. An extension of a free abelian lattice group by finite group is a torsion free
crystallographic group. It expounds its symmetrical properties or known as homological
invariants. One of the methods to compute its homological invariants is by determining the
polycyclic presentation of the group. These polycyclic presentations are first shown to satisfy
its consistency relations. Therefore, our focus is to show that this extension polycyclic free
abelian lattice group by quaternion point group satisfy its consistency relations.

1. Introduction

The computation of the homological invariants of a group has been started long time ago [1].
However, researches on the computation of the homological invariants for an extension polycyclic
of a free abelian lattice group by finite group are only carried out starting in 2009 [2]. The
research focused on the computations of the nonabelian tensor squares for polycyclic groups
with cyclic point group of order two, Cs and elementary abelian 2-group point group, Co x Cs
as the abelian extension. Later in 2014, Mat Hassim et al. [3], extended the research by finding
the other homological invariant of a group which is the exterior square. In the same year, Mat
Hassim et al. [4] computed the abelianizations of all extension of polycyclic group with cyclic
point group of order three, C5 in order to find its homological invariants. Later, Mat Hassim [5]
also computed the other homological invariants for groups extended with cyclic point group of
order two, three and five. Abdul Ladi et al. [6, 7] and Masri et al. [8], continue to compute the
other homological invariants for the extended polycyclic group with point group, Cy x Cs.

In 2011 the nonabelian extension has been taken into consideration. Mohd Idrus [9] started to
work on the dihedral point group of order eight, Dy, followed by Wan Mohd Fauzi et al. [10] in
2015 who worked on the same extension but with different dimension of the group. A year later,
Tan et al. [11] used the symmetric group of order six, S5 as the extension. All of these groups are
isomorphic to one of the groups that were designed by Opgenorth et al. [12] to enable the user
to construct and recognize space groups. Eick and Nickel [13] showed that the nonabelian tensor
square of a polycyclic group given by a polycyclic presentation can be computed. Therefore, the
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technique on computing the nonabelian tensor squares of polycyclic groups developed by Blyth
and Morse [14] is used throughout this research. All of these groups have been transformed into
polycyclic presentations and proved to satisfy its consistency relations.

Based on [12], there are four groups of extension of a free abelian lattice group by quaternion
point group of order eight, Qg found and all of them are of dimension six. In 2015, Mohammad et
al.[15] computed the polycyclic presentation of the fourth extension of a free abelian lattice group
with point group Q)s. However, there are some problems on the calculations of its homological
invariants by using this polycyclic presentation. The new generator ¢ was developed among
the relationship between generators in G4 but the generator ¢ is not well defined in here. The
polycylic presentation is stated as in the following:

Q4(6) = (a,b, ¢, 11, 1o, I3, 14, 5, lg|a® = clg, b? = clslg, b = belg 212, ¢® = U515 ", ¢ = cl5 Mg, P = ¢,
T= =G = =l =0 S = I =1y = 1§ =157 U =,
_ . it
=1, 1§ = 1,118 = 6,15 = 15,15 = 15,1¢ =I5, 1§ = le, 1§ = 15,15 = 1,1} =1
for j >4, 1 <1, j <6).

This presentation cannot be used in computing the homological invariants. Problem arise as
the calculations taking over. Therefore, at the end of the calculations, the polycylic presentation
is concluded to be not consistent. Hence, the main motivation of this research is to show the
new polycyclic presentation that satisfy its consistency relations for the fourth extension of a

free abelian lattice group with point group (Jg. Let G4 be the fourth extension of a free abelian
lattice group with point group QJg, then

G4 = <a07 at, ll? 127 l3? l47 l57 16>7Where (1)
ro o 100 0 0 00 0 1 00 0
0 0 01 00 O 00 -1 00 0 0
-1 0 0 0 0 0 0 01 0 00 0 0

ap=|0 -1.0 0 0 0 o], ap=1|-1 0 0 0 0 0 0|,
o 0 00 10 -% 00 0 00 1 —%
0o 0 o0 o0 o0 1 % 00 0 0 1 0 O
Lo 0o 0 0 0 0 1 00 0 0 0 0 1
1 0 0 0 0 0 1T 1 0 0 0 0 0 0]
0100000 01000 01
001 0000 001 0000

ly=10 0 0 1 0 0 Of, lp=10 0 0 1 0 0 Of,
0000100 0000100
0000010 0000010
[0 0 0 0 0 0 1] 0 0 0 0 0 0 1]
1 0 0 0 0 0 0] 1 0 0 0 0 0 0]
0100000 0100000
001 00 01 001 0000

lg=10 0 0 1 0 0 0], lyb=10 0 0 1 0 0 1f,
0000100 000 0100
0000010 000 0010
[0 0 0 0 0 0 1] 0 0 0 0 0 0 1]
1 0 0 0 0 0 0] 100000 0
0100000 [0 1 00 00 0—‘
001 00 00 001 0000

Is=10 0 0 1 0 0 0|,andlg= |0 0 0 1 0 0 0.
00001 0 1 0000100
0000010 00000 1 1
[0 0 0 0 0 0 1] 00000 01

This group will later be shown to be isomorphic to the new Q4(6) = (a, b, ¢, 1,12, 13,14, 5, ls)
with the new generator ¢ where @ is the group (with point group @g) while 4 indicates the
number 4*" group and (6) here indicates the dimension of the group.
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2. Preliminary

As mentioned in Section 1, the technique developed by Blyth and Morse [14] will be used
throughout this research. The polycyclic presentation of this extension of a free abelian lattice
group by finite group is shown to be consistent. The following definitions are used throughout
this research.

Definition 1. [13] Let F,, be a free group on generators g;,...,gn and R be a set of relations
of group F,. The relations of a polycyclic presentation have the form:

i Tiitl Tin .
gf —9¢+1+ -+ 9n foriel,
-1 _ Yigg+1 Yij,n . .
95 9i9; = 9,517 - -gn” for j < i,
I RN Zi,jm . . didl
959i9; = 9541 - Gn forj<iandj¢

for some I C {1,...n}, certain exponents e; € N for i € I and x;;,Yi jk, %ijrk € Z for all i,j
and k.

Blyth and Morse [14] proved that if G is polycyclic, then G ® G is polycyclic. Hence, G ® G
has a consistent polycyclic presentation. By using the above definition, the presentation is then
checked to satisfy all the consistency relations. It is crucial to check the polycyclic presentation
is consistent in order to compute its homological invariants later.

Definition 2. [13] Let G be a group generated by g1, ..., g, and the consistency relations in G
can be evaluated in the polycyclic presentation of G using the collection from the left as in the
following:

9k(959:) = (9r95)9i for k> j >1i,
(gjj)gi = g;j_l(gjgi) forj>i,jel,
9(95") = (gjg0)9{ " forj>iiel,
(97)9: = 9i(95") fori eI,
9; = (9;9; ")gs forj>iigl

for some I C {1,...,n}, ¢ € N. Then, G is said to be given by a consistent polycyclic
presentation.

3. Results and Discussion
In this section, the transformation of a group in (1) into a polycyclic group is shown. By using
matrix form in (1), G4 = (ag, a1, (1, l2, 3,14, 5, lg) Where l1,12,13,14,15 and lg are its lattices in
which its basis matrix is the identity matrix, this group is shown to be isomorphic to a new group
which is polycyclic, namely Q4(6). By taking the same generators of Iy, lo, I3, 14, l5 and lg in Gy,
whereas ag is written as a and ay is as b, meanwhile a new generator ¢ is developed based on the
relationship among the generators in the group G4 therefore, G4 = (ag, a1, 1, 2,13, l4, 5, lg) now
is transformed into Q4(6) = (a, b, ¢, l1,12,13,14,15,ls). The polycyclic presentation can now vary
depending on what generator ¢ is. This is to make sure that the new group Q4(6) satisfies its
consistency relations aligning with Definition 2 later. By Definition 1, the polycyclic presentation
of Q4(6) is presented as in the following.

Take v : G4 — Q4(6) such that y(ag) = a, v(a1) =b. Let ¢ = a%lgl. The mapping =, is well
defined since v maps the generators of G4 to generators of Q4(6). Now, under this mapping =,
all relations hold in Q4(6) are constructed.
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Next, a% can be shown to be equal to clg.

Thus, by mapping y(ag) = a, ¢ = a?l
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Thus, by mapping v (ag) = a, ag =a® = clg.
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Next, a% gives,
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Thus, ¢? =1
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For the conjugation action of each generator, the first relation is shown below:
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=b, b® = bc

a, ’Y(a’l)

This shows that, a° = a;ctl5'. By mapping v(ao)
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Next, to show ¢ = c,

c“‘):aglcag
o 0 1000 07°'f-1 0 0 0 00 O 0 0 1.0 0 0 0
0 0 01 00 0 0 -1 0 0 00 © 0 0 01 0 0 0
-1 0 0 0 0 0 O 00 -1 0 00 O0O]||-1 0 00 O0O0 O
=0 -1 00 0 0 O 0 0 0 -1 00 0 0 -1 00 0 0 0O
0 0 00 1 0 —% 000010—%000010—%
0 0 00 0 1 1% 0o 0o 0o o0 01 —f[l0O 0 0 o0 0 1 %
Lo 0o 0 0 0 0 1] 0 0 0 0 0 0 1 0 0 00 0 0 1
m o0 -1 0 0 0 070 0 -1 0 0 0 O
00 0 -1 00 © [o 0 0 -1 00 o-‘
1 0 0 0 00 O 10 0 0 00 0
=01 0 0o 00 O0f]01 0 0 00 O
00 0 0 10 +]]Joo 0o o0 10 —%
o0 o o0 01 -%foo0o o o o1 -1
o o o o oo 1]J0o0 0o 0 00 1
-1 0 0 0 0 0 O
0 -1 0 0 0 0 0-‘
0 0 -1 0 0 0 0
=0 0o o0 -10 0 0
o 0o o0 o0 1 0 -%
00 0 0 o0 1 7§
Lo o 0o o0 0 0 1
=c.
Hence, caozaalcaozc. By mapping y(ag) = a, ¢ = ¢* = c.
The next calculation shows that ¢ = c.
¢ =aylea
o 0o 0 100 077'f-1 0o 0o 0 00 0 0 0 0 100 0
00 -1 0 0 0 0 0 -1 0 0 00 0 0 0 -1 000 0
01 0 00 0 O© 0 0 -1 0 00 0 01 0 000 O
=|-10 0 000 0 00 0 -1 00 Off-1 0 0 000 O
o0 0o 0 o0 1 -1 0000107%00000175
00 0 01 0 0 0o 0o o o 01 -Iffo o o o010 o
L0 0 0 0 0 0 1 0 0 0 0 0 0 1 00 0 00 0 1
M 0 0 -1 0 0 0] [0 0 -1 0 0 0 O
00 1 0 00 Off0 0 1 00 0 O
0 -1 0 0 00 Off0 -1 0 00 0 O
=t 0o o o o0 o0 0|1 0 0 00 O0 O
00 0 0 01 0offjo 0 0 00 1 -1
00 0 0 10 %fJo o o o010 -3
0o o o 0o o o0 If[0 0 0 0 0 0 1
-1 0 0 0 0 0 0
0 -1 0 0 0 0 0
0 0 -1 0 0 0 0
=0 0 0 -1 0 0 O
o0 0o 0o o0 10 -1
0 0 0 0 0 1 —%
Lo 0o 0o o0 0 0 1

= C.

Thus, c* = al_lcal = ¢. By mapping v(a;) = b, ¢ =’ =c.

Therefore, all possible relations which are formed by conjugation between each generator and
power of certain exponent have been constructed. Thus, G4 = (ag, a1, 1, l2, I3, 14, 5, ls) has been
shown to be isomorphic to the new Q4(6) = (a, b, ¢, 1,12, 13,14, 5, ls) with ¢ = a%lgl. Hence, by
collecting all possible relations that have been constructed, the new polycyclic presentation of
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Q4(6) is established as:

Q4(6) = (a,b, ¢, 1y, 1o, I3, 14, 15, lg|a® = clg, b* = ¢, ¢® = 151 51 0" = be Mgt = ¢, c” = ¢, 1§ =13,
B =105 =118 =1, 5 =131 15 = 1018 = 10 5 =10, 15 =131 18 = 154 1 =17
1§ = 17108 = 15,18 = 6, 1S = 15,13 = U6, 1§ = 5, 1§ = lg, 15 = I, 15 = 13,11 = 14,12 =1,
19 =16, 182 = 13,12 = 15,12 = 15,122 = 16,15 = 14,18 = 15,15 = l6,1% = 15, 1% = I,

—1 —1 —1 —1 —1 —1
I =lo,ly =loly =lgl =lly =lslg =lg 13 —13,#2 — 1,12 =1,

2 gl =0 =0 1 =0 = 0 =160 = 1),
(2)
To show that the group is polycyclic, the polycyclic presentation has to be consistent. In this
section, all relations as given in (2) are shown to satisfy the five consistency relations as given
in Definition 2. Hence, some calculations on checking of the consistency polycyclic presentation
of the group, are presented in the following theorem.

Theorem 1. Let Q4(6) be an extension of a free abelian lattice group of dimension sixz with
point group Qg and has presentation as in (2), its polycyclic presentation is found to be

Q4(6) = (a,b, ¢, 11,19, 13,14, I5, lg|a* = clg, b* = ¢, c* = 15115,
b* = bcillgl, A =cc=c,
19 =13,18 = 14,15 = 17,
5 =laly =13 15 =15"
5 =11 18=1015=15"
19 =150 =04-1,15=1;",
18 = 15,18 = 15,1 = 15,
18 = 16,18 =15, 1§ = I,

1 _lj,ll =1 for j>1i, 1<i, j <6).

Then, Q4(6) is consistent.

Proof. Q4(6) is generated by a, b, ¢, Iy, lo, I3, l4, I5 and lg. Referring to Definition 2, let g; = a,
go=0b,93=c¢, g1 =11, g5 = lo, g6 = l3, g7 = l4, gs = l5 and g9 = lg. For the first consistency
relation, i.e. gr(g;9:) = (grgj)g: for k > j > i, the following relations hold:

(i) c(ba) = (cb) (xi) I3(laly) = (I3l2)l4, (xxi) l4(l3l3) = (I4l3)lo,
(ii) {1(cb) = (L1¢)b, (xii) I3(l2c) = (I3l2)e, (xxii) l4(lsly) = (lal3)lq,
(iii) l1(ca) = (l10)a, (xiii) I3(I2b) = (I3l2)0, (xxiii) l4(l3¢) = (luls)e,
(iv) I1(ba) = (I1b) (xiv) I3(l2a) = (I3l2)a, (xxiv) l4(l3b) = (I413)0,
(v) la(lye) = (Ialy)e (xv) I3(l1¢) = (I3l1)c, (xxv) ly(l3a) = (l4l3)a,
(vi) Ia(I3b) = (I2l1)b (xvi) I3(11b) = (I311)0, (xxvi) l4(laly) = (l4l2)ly,
(vii) la(lia) = (I2ly)a, (xvil) I3(l1a) = (I301)a, (xxvii) ly(lac) = (lul2)e,
(viii) la(eb) = (l2c)b, (xviii) I3(cb) = (I3¢)b, (xxviil) l4(l2b) = (l4l2)b,
(ix) l2(ca) = (l2¢)a, (xix) Il3(ca) = (I3¢)a, (xxix) l4(l2a) = (I4l2)a,
(x) l2(ba) = (l2b)a, (xx) Il3(ba) = (I3b)a, (xxx) l4(lye) = (l4ly)c,
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(xxxi) l4(l1b) = (I411)b, (xlix) I5(l2b) = (I5l2)0, (Ixvii) lg(l4c) = (lgls)c,
(xxxil) l4(l1a) = (lal)a, (1) Is5(laa) = (I5l2)a, (Ixviii) lg(14b) = (lgl4)D,
(xxxiii) l4(cb) = (l4¢)b, (1) I5(lic) = (Isly)e, (Ixix) lg(laa) = (lgls)a,
(xxxiv) l4(ca) = (l4¢)a, (lii) I5(l1b) = (I511)b, (Ixx) lg(Isla) = (lels)la,
(xxxv) l4(ba) = (I4b)a, (liii) I5(l1a) = (I5l1)a, (Ixxi) le(l3l1) = (l6l3)l1,
(xxxvi) l5(l4l3) = (I5l4)l3, (liv) I5(cb) = (I5¢)b, (Ixxii) lg(I3¢) = (Igl3)c,

(xxxvil) U5(l4l2) = (I514)l2, (Iv) I5(ca) = (I5¢)a, (Ixxiii) 1g(I3b) = (l6l3)b,
(xxxviil) 15(l4l1) = (I514)l1, (Ivi) I5(ba) = (I5b)a, (Ixxiv) lg(Isa) = (lgl3)a,
(xxxix) l5(l4c) = (I5l4)c, (Ivii) l6(lsls) = (l6l5)la, (Ixxv) lg(l2l1) = (lgl2)l1,
(x1) I5(1ab) = (I5la)b, (Wviii) lg(Isl3) = (lels)ls, (exvi) lg(lac) = (Igla)e,
(xli) Is(lsa) = (Isla)a, (lix) l6(lsl2) = (lgls)la, (oxvii) lg(lb) = (Igl2)b,
(xlii) I5(Isl2) = (I5l3)l2, (Ix) lg(l5l1) = (lgls)1, (Ixxviii) lg(lea) = (lgl2)a,
(xliii) I5(13l1) = (I5l3)l1, (Ixi) ls(I5¢) = (lgls)c, (Ixxix) lg(lic) = (lsl1)e,
(x1iv) I5(I3¢) = (I5l3)e, (Ixii) lg(I5b) = (Igl5)b, (Ixxx) lg(I1b) = (Igl1)b,
(x1v) I5(I13b) = (I5l3)b, (Ixiii) ls(lsa) = (lgls)a, (Ixxxi) lg(l1a) = (lgl1)a,

(xIvi) I5(I3a) = (I5l3)a, (Ixiv) lg(lals) = (lgla)ls, (Ixxxii) lg(cb) = (Igc)b,

(xIvii) I5(l2lh) = (I5l2)1, (Ixv) lg(lala) = (lgla)la, (Ixxxiii) lg(ca) = (Igc)a,
(xlviii) I5(l2c) = (I5l2)c, (Ixvi) lg(laly) = (l6la)l1, (Ixxxiv) lg(ba) = (lgb)a.

Hence, by the relations of Q4(6);
For (i);

c(ba) = cabe Mgt = acbe Mgt = abee Vgt = ablg

(cb)a = bea = bac = abc '3 e = ably e le = ably .

For the second consistency relation, i.e. (g;j)gi = g]e-j_l(gjgi) for j > 4,5 € I, the following
relations hold:

(i) b%a = b(ba), (i) c®a = c(ca)b, (iii) b = c(cb).

By the relations of Q4(6);
For (i);

ba = ca = ac.
b(ba) = babe '3t = abe g o = abetblg e g = abbe g e St
= abQC_lc_llﬁ_llg)_1 = ab20_216_115_1 = czcc_2l6_1l5_1 = ac_llgllgl

1,11 _  —12
c 5y lgT =ac” ¢ =ac.

The third consistency relation i.e. g;(g;*) = (gjgi)gfi_l for j > 1,4 € 1, is satisfied given that
the following relations hold:

(i) ba? = (ba)a, (iv) lza® = (l2a)a, (vii) Isa® = (I3a)a,
(i) ca® = (ca)a, (v) lza? = (I3a)a, (viii) lga? = (lga)a,
(iii) l1a? = (Iya)a, (vi) la® = (l4a)a, (ix) cb? = (cb)b,
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(x) 11b% = (11b)b, (xiv) I5b* = (I5b)b, (xviii) I3¢? = (I3¢)c,

(xi) 192 = (I2b)b, (xv) l6b2 (lgb)b, (xix) l4c? = (l4¢)c,

(xii) I3b% = (I3b)b, (xvi) lie* = (li¢)e, (xx) I5¢% = (I5¢)c,

(xiii) 14b% = (I4b)0, (xvii) lgc = (l2¢)c, (xxi) lgc?® = (Igc)c.

Based on the relations of Q4(6);
For (i);
ba® = bclg.
(ba)a = abe 'z ta = abetaly !t = abac 'zt = abac 'zt = aabe Mg e
= a?be 215 S = a®blglsls st = a®blglst = clgblgly T = cblslgls !
= Cbl@ = bCl6.

_1l5_1

Next, the relations of QQ4(6) are shown to satisfy the fourth consistency relation by proving
that (g;")g; = ¢i(g;*) for i € I. Therefore,

(i) (a®)a = aa?, (i) (b*)b = bb?, (iii) (c?)c = cc?.
By the relations of Q4(6),
For (i);
(a®)a = clga = calg = aclg.
aa® = aclg.
For (ii);
(b%)b = ¢b = be.
bb* = be.

For (iii);

(Ae=1tg e =1 el = el g

2 g—1;-1
cc” =cly lg .

Finally, for the fifth consistency relations i.e. g; = (gjgi_l)giforj > 4,1 € I, the following
relations are shown to be true.

(i) lp = (lly Y, (vi) I3 = (I3ly)la, (xi) 15 = (I5l3 )3,
(ii) I3 = (I3l7 Yy, (vii) 1y = (Isly")la, (xii) lg = (zﬁlgl)zg,,
(i) 1y = (LY, (viti) 15 = (Isly )la, (xiti) 15 = (Isl; )4,
(iv) Is = (lel; )i, (ix) lg = (Igly V)la, (xiv) Is = (lsly )4,
(v) Is = (Igl 1)1, (x) Iy = (L33, (xv) Is = (lgl5 1)l5.

By applying the relations of Q4(6), it is found that:

10
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(1) (ol = z;1z211 =1l (Vi) (I3l =1 sl =13, (xi) (Isl3 )iz =13 503 = 15
(i) (YL =1 sl =15 (viD) (gDl =1 0l =1y (xii) (lel3 )3 = 1511613 ="’
(1) (Laly Dl =17l = 1y (vidD) (Isly )l = 15 sle = 15, (xidi) (Isl 1)y = 1 s5ls = 1.
(v) (sl Dl =17 50 =15 (ix) (lelyDle =1 el = 16 (xiv) (lsly )la = 15 sl = ls
) (lely Ml = z;%zl = I. (x) (llsDl3 =13l =1y (xv) (lels ls = 15 Ml6ls = lg

Since the presentation of 4(6) satisfies the consistency relations given in Definition 2,
therefore Q4(6) has a consistent polycyclic presentation.

4. Conclusion

In this research, the new polycyclic presentation that satisfy its consistency relations for one of
the four groups of extension of a free abelian lattice group by quaternion point group is shown.
This polycyclic presentation which is consistent is later will be used in finding the homological
invariants of the group.
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