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ABSTRACT

AN INTEGRAL EQUATION METHOD FOR CONFORMAL MAPPING
OF DOUBLY AND MULTIPLY CONNECTED REGION
VIA THE KERZMAN-STEIN AND NEUMANN KERNELS

(Keywords:  Conformal mapping, Integral equations, Doubly connected
region, Multiply connected regions, Kerzman-Stein kernel, Neumann kernel,

Lavenberg-Marquardt algorithm, Cauchy’s integral formula.)

This research develops some integral equations involving the Kerzman-
Stein and the Neumann kernels for conformal mapping of multiply connected
regions onto an annulus with circular slits and onto a disk with circular slits.
The integral equations are constructed from a boundary relationship satisfied
by a function analytic on a multiply connected region. The boundary integral
equations involve the unknown parameter radii. For numerical experiments,
discretizing each of the integral equations leads to a system of non-linear
equations. Together with some normalizing conditions, a unique solution to
the system is then computed by means of an optimization method. Once
the boundary values of the mapping function are calculated, we can use the
Cauchy’s integral formula to determine the mapping function in the interior of
the region. Typical examples for some test regions show that numerical results
of high accuracy can be obtained for the conformal mapping problem when the
boundaries are sufficiently smooth.
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ABSTRAK

KAEDAH PERSAMAAN KAMIRAN UNTUK PEMETAAN KONFORMAL
BAGI RANTAU BERKAIT GANDA DUA DAN BERKAIT BERGANDA
MELALUT INTI KERZMAN-STEIN DAN NEUMANN

(Katakunci: Pemetaan konformal, Persamaan kamiran, Rantau berkait
ganda dua, Rantau berkait berganda, Inti Kerzman-Stein, Inti Neumann,

Algoritma Lavenberg-Marquardt, Formula kamiran Cauchy.)

Penyelidikan ini membina beberapa persamaan kamiran melibatkan inti
Kerzman-Stein dan Neumann untuk pemetaan konformal bagi rantau berkait
berganda ke atas anulus dengan belahan membulat dan ke atas cakera dengan
belahan membulat. Persamaan kamiran dibangunkan dari hubungan sempadan
yang ditepati oleh fungsi yang analisis dalam rantau berkait berganda. Persaman
kamiran sempadan ini melibatkan parameter jejari yang tidak diketahui.
Untuk kajian berangka, setiap persamaan kamiran berkenaan telah didiskretkan
menghasilkan suatu sistem persamaan tak linear. Bersama dengan beberapa
syarat kenormalan, satu penyelesaian unik kepada sistem berkenaan dikira
dengan kaedah pengoptimuman. Sesudah nilai sempadan bagi fungsi pemetaan
dikira, kita boleh menggunakan formula kamiran Cauchy untuk menentukan
fungsi pemetaan terhadap rantau pedalaman. Contoh tipikal untuk beberapa
rantau ujikaji telah menunjukkan keputusan berangka berketepatan tinggi boleh
diperoleh untuk masalah pemetaan konformal dengan sempadan licin.
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CHAPTER 1

INTRODUCTION

1.1 Introduction and Rationale

A conformal mapping, also called a conformal map, a conformal
transformation, angle-preserving transformation, or biholomorphic map is a
transformation w = f(z) that preserves local angle. An analytic function
is conformal at any point where it has nonzero derivatives. Conversely, any
conformal mapping of a complex variable which has continuous partial derivatives

is analytic.

Conformal mappings have been an important tool of science and
engineering since the development of complex analysis. A conformal mapping
uses functions of complex variables to transform a complicated boundary to a
simpler, more manageable configuration. In various applied problems, by means
of conformal maps, problems for certain physical regions are transplanted into
problems on some standardized model regions where they can be solved easily.
By transplanting back we obtain the solutions of the original problems in the
physical regions. This process is used, for example, for solving problems about

fluid flow, electrostatics, heat conduction, mechanics, aerodynamics and image



processing. For these and other physical problems that use conformal mapping
techniques, see, for example, the books by Henrici (1974), Churchill and Brown
(1984), Schinzinger and Laura (1991) and Kythe (1998). For theoretical aspects
of conformal mappings, see, e.g., Andersen et al. (1962), Hille (1962), Ahlfors
(1979), Goluzin (1969), Nehari (1975), Henrici (1974), and Wen (1992).

A special class of conformal mappings that map any simply connected
region onto a unit disk is called Riemann map. The Riemann mapping function
is closely connected to the Szego or the Bergman kernels. These kernels can be
computed as a solution of second kind integral equations. Hence to solve the
conformal mapping problem it is sufficient to compute the boundary values of

either the Szego or the Bergman kernel.

An integral equation of the second kind that expressed the Szego kernel
as the solution is first introduced by Kerzman and Trummer (1986) using
operator-theoretic approach. Henrici (1986) gave a markedly different derivation
of the Kerzman-Stein-Trummer integral equation based on a function-theoretic
approach. The discovery of the Kerzman-Stein-Trummer integral equation,
briefly KST integral equation, for computing the Szego kernel later leads to the
formulation of an integral equation for the Bergman kernel as given in Murid
(1997) and Razali et al. (1997). Both integral equations can be used effectively

for numerical conformal mapping of simply connected regions.

The practical limitation of conformal mapping has always been that only
for certain special regions are exact conformal maps known and others have to

be computed numerically.

Henrici (1986), Kythe (1998), Murid (1997), Schinzinger and Laura (1991),
Trefethen (1986), Wegmann (2005) and Wen (1992) have surveyed some methods
for numerical approximation of conformal mapping function such as expansion

methods, iterative methods, osculation methods, integral equation method,



Cauchy-Riemann equation methods and charge simulation methods. The integral
equation methods mostly deal with computing the boundary correspondence
function for solving numerical conformal mapping. This correspondence refer
to a particular parametric representation of the boundary (Razali et al., 1997;

Henrici, 1986; Kerzman and Trummer, 1986).

Conformal mapping of multiply connected regions suffer form severe
limitations compared to the simply connected region. There is no exact multiply
equivalent of the Riemann mapping theorem that holds in multiply connected
case. This implies that there is no guarantee that any two multiply connected

regions of the same connectivity are conformally equivalent to each other.

Nehari (1975, p. 335), Bergman (1970) and Cohn (1967) described the
five types of slit region as important canonical regions for conformal mapping of
multiply connected regions, namely
(i)  the disk with concentric circular slits (Figure 1.1a),

(ii)  an annulus with concentric circular slits (Figure 1.1b),

(iii)  the circular slit region (Figure 1.1¢),

(iv)  the radial slit region (Figure 1.1d), and

(v)  the parallel slit region (Figure 1.1e).

The former two are bounded slit regions and the latter three are unbounded
slit regions. It is known that any multiply connected region can be mapped
conformally onto these canonical regions. In general the radii of the circular slits
are unknown and have to be determined in the course of the numerical evaluation.

However, exact mapping functions are not known except for some special regions.

By using a boundary relationship satisfied by a function analytic in a
doubly connected region, Murid and Razali (1999) extended the construction to a
doubly connected region and obtained a boundary integral equation for conformal
mapping of doubly connected regions. Special realizations of this boundary

integral equation are the integral equations for conformal mapping of doubly



(a) (b)
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Figure 1.1: Canonical regions.

connected regions via the Kerzman-Stein and the Neumann kernels. However,
the integral equations are not in the form of Fredholm integral equations and no

numerical experiments are reported in Murid and Razali (1999).

1.2 Scope and Objectives

This research focuses on the integral equation method for the numerical
computation of the conformal mapping of multiply connected regions. The
theoretical development of the integral equation is based on the approach give by

Murid and Razali (1999) for doubly connected regions.

In this project, some new boundary integral equations will be derived
for conformal mapping of multiply connected regions via the Kerzman-Stein
and the Neumann kernels. These integral equations will be applied to multiply

connected regions onto an annulus with concentric circular slits and the disk with



concentric circular slits. For numerical experiments, these integral equations will
be discretized that might leads to a system of equations. Some normalizing

conditions might be needed to help achive unique solutions.

The research will also describe a numerical procedure based on Cauchy
integral formula for computing the mapping of interior points. The research will
present numerical examples to highlight the advantages of using the proposed

method.

The objectives of this research are:

1. To improve and extend the construction of integral equation related
to a boundary relationship satisfied by a function analytic in a doubly

connected region by Murid and Razali (1999) to multiply connected regions.

2. To derive new boundary integral equation for conformal mapping of
multiply connected regions onto a disk with concentric circular slits via the

Neumann kernel.

3. To derive new boundary integral equations for conformal mapping of
multiply connected regions onto an annulus with circular slits via the

Neumann kernel and the Kerzman-Stein kernel.

4. To use the integral equations to solve numerically the boundary values of
the conformal mapping of multiply connected regions onto an annulus with

concentric circular slits and the disk with concentric circular slits.

5. To use the Cauchy’s integral formula to determine the interior values of

mapping functions.



6. To make numerical comparison of the proposed method with exact solution

or with some existing methods.

1.3  Project Outline

This project consists of seven chapters. The introductory Chapter 1
details some discussion on the introduction, background of the problem, problem

statement, objectives of research, scope of the study and chapter organization.

Chapter 2 gives an overview of methods for conformal mapping in
particular of multiply connected regions as well as the conformal mapping of
multiply connected regions. We discuss some theories of the Riemann mapping
function. We also present some exact conformal mapping of doubly connected
regions for certain special regions like annulus, frame of limacon, elliptic frame,
frame of Cassini’s oval and circular frame. Some numerical methods that have
been proposed in the literature for conformal mapping of multiply connected
regions are also presented in the Section 2.6 of Chapter 2. The boundary integral
equation for conformal mapping of doubly regions derived by Murid and Razali

(1999) is also presented.

In Chapter 3, we show how the integral equation for conformal mapping
of doubly connected regions via the Kerzman-Stein kernel derived by Murid and
Razali (1999) can be modified to a numerically tractable integral equation which
involves the unknown inner radius, pu. This integral equation is avoid any prior
knowledge on the zeroes and singularities of a mapping function. Numerical

experiments on some tests are also presented.

In Chapter 4, we construct new boundary integral equation related to a

boundary relationship satisfied by an analytic function on multiply connected



regions. The theoretical development is based on the boundary integral equation
for conformal mapping of doubly connected region derived by Murid and Razali
(1999) who have constructed an integral equation for the mapping of doubly
connected regions onto an annulus involving the Neumann kernel. By using the
boundary relationship satisfied by the mapping function, a related system of
integral equation is constructed, including the unknown parameter radii. We
apply the new boundary integral equation for conformal mapping of multiply
connected regions onto a disk with circular slits and onto an annulus with circular
slits via the Neumann and the Kerzman-Stein kernels. Special cases of this result
is the integral equation involving the Kerzman-Stein kernel related to conformal

mapping of doubly connected regions onto an annulus obtained in Chapter 3.

In Chapter 5, we apply the result of Chapter 4 to derive a new boundary
integral equation related to conformal mapping f(z) of multiply connected region
onto an annulus with circular slits. We discretized the integral equation and
imposed some normalizing conditions for the case doubly connected region via
the Kerzman-Stein and the Neumann kernels. We also extend the construction of
the boundary integral equation in Chapter 4 to a triply connected regions. The
boundary values of f(z) is completely determined from the boundary values of
f'(z) through a boundary relationship. Discretization of the integral equation
leads to a system of non-linear equations. Together with some normalizing
conditions, we show how a unique solution to the system can be computed by
means of an optimization method. We report our numerical results and give

comparisons with existing method for some test regions.

In Chapter 6, we apply the result of Chapter 4 to derive a new boundary
integral equation related to conformal mapping f(z) of multiply connected region
onto a disk with circular slits. Discretization of the integral equation leads to a
system of non-linear equations. Together with some normalizing conditions, we
show how a unique solution to the system can be computed by means of an

optimization method. Once the boundary values of the mapping function f are



known, we use the Cauchy’s integral formula to determine the interior values
of the mapping function. Numerical experiments on some test regions are also

reported.

Finally the concluding chapter, Chapter 7, contains a summary of all the

main results and several recommendations.



CHAPTER 2

OVERVIEW OF MAPPING OF MULTIPLY CONNECTED
REGIONS

2.1 Introduction

In this chapter, some fundamental ideas of conformal mapping, the
Riemann conformal mapping and the conformal mapping of multiply connected
regions are presented in Section 2.2, 2.3, and 2.4 respectively. In Section 2.5,
we present some exact conformal mappings of doubly connected regions for five
selected regions i.e. annulus, circular frame, elliptic frame, frame of limacon and
frame of Cassini’s oval. These regions are used as test regions in our numerical
experiments in Chapters 3, 5 and 6. Section 2.6 describes some several well-known

numerical methods for conformal mapping of multiply connected regions.

2.2 Ideas of Conformal Mapping

Conformal mapping is a valuable tool in many areas of physics and

engineering. The basic idea of such application is that an analytic mapping
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can be used to map a given region to a simpler region on which the problem can
be solved by inspection. By transforming back to the original region, the desired

answer is obtained.

The graph of a real-valued function of a real variable can often be displayed
on a two-dimensional coordinate diagram. However, for w = f(z), where z and w
are complex variables, a graphical representation of the function f would require
displaying a collection of four real numbers in a four-dimensional coordinate
diagram. A commonly used graphical representation of a complex-valued function
of a complex variable, consists in drawing the domain of definition (z-plane)
and the domain of values (w-plane) in separate complex planes. The function
w = f(z) is then regarded as a mapping of points in the z-plane onto points in
the w-plane. The point w is called the image of the point z. More information
is usually exhibited by sketching the images of specific families of curves in the

z-plane.

The angle of inclination of T'(zy) with respect to the positive z-axis is
B = Argz’'(0). The image of C' under the mapping w = f(z) is the curve C".
v = Arg f'(z0) + Arg 2’ (0) = o + [ is the angle of inclination of T™(wy) with
respect to the positive u-axis. The effect of the transformation w = f(z) is the
rotation of the angle of inclination of the tangent vector T'(zy) at point zy through
the angle o = Argf’(zp) to obtain the angle of inclination of the tangent vector

T* at wy = f(zp). This situation is illustrated in Figure 2.1.

A mapping w = f(z) is said to be angle preserving or conformal at zy, if
it preserves angles between oriented curve in magnitude as well as orientation.
The following theorem exhibits a close relationship between analytic function and
conformal mapping (Marsden, 1973, p. 266). Figure 2.2 shows a mapping by an

analytic function that is conformal.
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»
>
»
>

Figure 2.1: The tangents at the point zg and wy, where f(z) is an analytic function

and f'(z) # 0.

Theorem 2.1
Let f(z) be an analytic function in the domain 2, and let zy be a point in Q. If

f'(z0) # 0, then f(z) is conformal at z.

Figure 2.2: The analytic mapping w = f(z) is conformal at point z, and wy,

where f'(z) # 0 and 7o — 71 = B2 — S

2.3 The Riemann Conformal Mapping

In various applied problem, problems for certain physical regions are
transplanted into problems on some standardized model regions where they can
be solved easily. In the application of conformal maps, the questions of existence

and uniqueness of conformal maps are important. These equations have long
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been settled by Bernhard Riemann (1826-1866), to whom the theory of conformal
mapping owes its modern development. The fact that any two simply connected
regions in the complex plane are conformally equivalent is known as the Riemann
mapping theorem. A region (; is said to be conformal equivalent to €25 if there
is analytic function R such that R is one-to-one and R(£2;) = Q. If both ©; and
{5 can be mapped conformally onto the unit disk U, then {2; can be mapped
onto €2, by first mapping 2; onto unit disk U and then mapping the unit disk

onto 2.

The following is the famous theorem of Riemann that guarantees the
existence and uniqueness of a conformal map of any simply connected region

in the complex plane onto the unit disk (Henrici, 1986, p. 324).

Theorem 2.2
Let Q be a simply connected region which is not the whole plane and let a in €.
Then there ezists a unique one-to-one analytic function R : Q — U ={w : |w| <

1} satisfying the conditions
R(a) =0, R'(a) >0 (2.1)
and assuming every value in the unit disk U exactly once.
The function R of the Riemann mapping theorem is called Riemann
mapping function. Suppose the Jordan curve I' admits the counterclockwise

parametrization z(t), 0 <t < . Thus as z(¢) traverses along I', the image point
R(z(t)) describes the unit circle such that

R(z(t)) = €O, (2.2)
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z(t) R(z(7)

Figure 2.3: Boundary correspondence function 0(t).

The argument of R(z(t)) which is 6(¢) is known as the boundary

correspondence function for the map R (See Figure 2.3).

2.4 Conformal Mapping of Multiply Connected Regions

A connected region which is not simply connected is called multiply
connected. Such region has holes in it. A region with one hole is called doubly

connected. A region with two holes is called triply connected and so on.

By the Riemann mapping theorem, all the simply connected regions with
more than one boundary point are conformally equivalent to each other. If we
try to introduce the concept of the standard region or canonical domain into
the theory of conformal mapping of multiply connected regions, we meet two
initial obstacles. The first and less serious is the fact that conformal mapping is
continuous and thus preserves the order of connectivity of a region. For example,
a conformal map of a doubly connected region is again a doubly connected region.
Therefore it becomes necessary to introduce distinct canonical regions for each
order of connectivity. The second difficulty is caused by the fact that no exact
equivalent of the Riemann mapping theorem holds in the multiply connected
case. It is not true that any two regions of the some order of connectivity
are conformally equivalent to each other. Not all regions of the same order of

connectivity are of the same conformal type.
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Let €2 denote a multiply connected region of connectivity M + 1, M =
0,1,2,... such that a Jordan contour I'y contains M Jordan contours I';, j =
1,2,3,..., M, in its interior and the origin is an interior point of I'; (see Figure
2.4). The connectivity is taken as M + 1 simply because the value of M tells the
number of holes inside I'y. The boundary of the multiply connected regions shall

be denoted by ' =ToUT'y U---UTyy,.

I'o

Figure 2.4: An (M + 1) connected region.

The theorems related to the mapping of multiply connected region are
generally stated in the following form (Kythe, 1998, p. 360; Henrici, 1986, p.
451):

Theorem 2.3

Let Q be a multiply connected region of connectivity (M + 1) inside the annulus
r < |z| <1 whereTy=|z| =1 and 'y = |z| = r are the two boundary components
of Q. Then there exists a unique univalent analytic function w = f(z) in Q such
that (i) it maps Q0 conformally onto a region G in the w-plane formed by removing
n concentric circular arcs centered at w = 0 from the annulus p < |w| < 1, where
0 < p <1, and (i) it maps the unit circle T'y conformally onto the unit circle

|lw| =1, and the circle |w| < p, with f(1) = 1.

Theorem 2.4
Under the hypotheses there exist M real numbers p;, j =1,2,3,..., M, such that
0<pum<p; <l,j=1,2,...,M—1, such that there is an analytic function f that
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maps 2 conformally onto the annulus py < |w| < 1, cut along M — 1 mutually
disjoint slits A; located on the circles |w| = p;, 7 =1,2,.., M — 1. The mapping
function f can be extended analytically to the curves I'; bounding ). The tmages
of 'y and of 'y are the circles Ag : |w| =1 and Ay - |w| =T'; respectively. The
image of the curves I'; are the slits Aj, j =1,2,..., M — 1, traversed twice. The

function f is determined up to a factor of modulus 1.

The notations used and the assertions of Theorems 2.3 and 2.4 are

illustrated in Figure 2.5 for the case M = 3.

o

ie

l
(o

Figure 2.5: Mapping of a region of connectivity 4 onto an annulus with circular

slits.

Theorem 2.5

Let Q be a multiply connected region of connectivity (M + 1) inside the unit disk
|z| <1 where I' = |z| = 1 is boundary component of Q and 0 € Q. There exists
a unique, univalent analytic function w = f(z) in Q such that (i) it maps Q
conformally onto a region G inside the unit disk |w| < 1 which has M circular

cuts centered at w = 0 and (i) it maps the unit circle |z| = 1 conformally onto

unit circle lw| =1 with f(0) =0 and f(1) = 1.

The assertions of Theorem 2.5 is illustrated in Figure 2.6 for the case

M = 3.
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Ly

Figure 2.6: Mapping of a region of connectivity 4 onto a disk with circular slits.

The boundary correspondence function, 6(t) set up for the simply
connected case can also be extended to the doubly connected regions. Let the
outer and inner boundary curves of a doubly connected region 2 be given in

parametric representation as follows (Henrici, 1986, p. 461) :

Fo:z=2(t), 0<t< b,

F122221<t), OStSﬁl

If f is a function which maps the region {2 bounded by I'y and I'; onto the
annulus A : 1 < |w| < 1 so that the inner and the outer boundaries correspond
to each other, the boundary correspondence function 6, (outer boundary) and 6,

(inner boundary) are continuous function satisfying

flzo(t) = %0 0<t< 3, (2.3)

fa(t) = pe®®, 0<t<p, (2.4)

where the expressions on the left are to be understood as the continuous

extensions of the mapping function to the boundary.
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2.5 Exact Mapping Function of Doubly Connected Regions for Some
Selected Regions

In this section, we present some of the exact conformal mapping f(z)
of doubly connected regions onto an annulus A = {z : 7 < |wy| < 1}, where
0 <7 < 1. Later, the exact conformal mapping of annulus onto a unit disk with
a circular slit, denoted by h(z) is given. The composite g = h o f then directly
maps the doubly connected regions onto a disk with a circular slit (see Figure
2.7). The special regions considered are annulus, frame of limacon, circular frame,

elliptic frame and frame of Cassini’s oval.

g=hof

e AN
N

Figure 2.7: The composite g = h o f.

2.5.1 Annulus Onto A Disk With A Circular Slit

The exact conformal mapping of doubly connected regions onto a unit
disk with a slit is adapted from von Koppenfels and Stallmann, (1959, p 362).

Consider a frame of circular annulus A = {z: 7 < |z| < 1}, 7 > 0,

[o:2(t) = cost+isint,

I'y:2(t) = 7(cost+isint), 0<t< 27
. 1 .
Under the mapping p(z) = 2—log z, the annulus A is mapped onto the rectangle
s

R:{w1:x+iy:0<x<7r,0<y<%}. (2.5)
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Suppose ¢ = e~ and 0,(z;¢q) be the Jacobi Theta-functions with the nome ¢
(Abramowitz and Stegun, 1970; Whittaker and Watson, 1927). Then

04 <z+g—ia; q)
d(z) = —e* p— (2.6)
04 (z+7+ia; q)

maps R conformally onto the unit disk with a circular slit at radius p = e~

20

The composite function h = d o p maps the annulus A to the unit disk with a

circular slit (see Figure 2.8).

h:dop

T AR
Q N

Figure 2.8: The composite function g = h o p.

By choosing real numbers 7 > 0, 0 > 0, 0 < 77/2, the function

hz) = (dop)(2)
_ d{%logz]

0 11 +i7r7 .
—logz + — —io;
2U4 21 g 2 , q

(2.7)

= —€

1 T .
0, ilogszT—i—lo; q

T™T

with 7 = ¢ = e™™" maps Iy onto the unit circle, and maps I'; onto a concentric

circular slit of radius pu = e=%°.
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2.5.2 Circular Frame

Consider a pair of circles (see Saff and Snider, 2003, A-21)
Lo:2(t) = €,
[y:z2(t) = ¢+ pe't, 0<t<2r

such that the domain bounded by I'g and I'; is the domain between a unit circle

and a circle center at ¢ with radius p.

The mapping function given by

Z— A

= 2.8
fe) == 28)
with
\ = 2c
L+ (2= p?) + /(1= (c=p) (A= (c+p)?)
maps [y onto the unit circle and I'y onto a circle of radius
- 2p
T = :
1= (= p)+ /(1 (c—p?)(1~(c+p)?)
: _ _ o In(7)
From Section 2.5.1, we set 7 = ¢ = e~ ™. This implies 7 = . We

-
choose a real number o such that 0 < ¢ < w7/2. Then the mapping function

given by
1 irT
0y | =log f(2) + — —io; ¢
2% 21 2 T
g(z)=e . , 0<o<—, (2.9)
1 irT 2
04 Elogf(z)ﬂLT%—lo;q

maps 'y onto the unit circle and I'y onto a concentric circular slit of radius

o= 6—20
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2.5.3 Frame of Limacon

Consider a pair of Limacon (see Kythe, 1998, p. 307)

Lo : 2(t) = agcost + by cos 2t + i(agsint + bysin2t), ag >0, by > 0,

[y :2(t) = ajcost + by cos2t +i(ay sint + by sin2t), a; >0, by > 0,

where ¢ : 0 < t < 27. When by /by = (a;/ag)?, the mapping function given by

f(z) = Yoo Aoz — o (2.10)

2by ’

. . N ¢4
maps 'y onto the unit circle and I'; onto a circle of radius 7 = —.
ap

n(r)
—T
satisfying 0 < ¢ < 77/2. The mapping function given by

We set 7 = ¢ = ™7, this implies 7 = . We choose a real number o

04 <llogf(z) + o io; q)
20

21 2
g(z) = —e ' , , 0<o< E, (2.11)
1 TT . 2
04 (ilogf(z)‘i”T"‘lU; Q)

then maps ['y onto the unit circle and I'; onto a concentric circular slit of radius

= 6720

2.5.4 Elliptic Frame

Elliptic frame is the domain bounded by two Jordan curves, I'y and I’y
such that

2 2 1'2 2

Z ) )
0=+ 5 <1, — + = > 1,
ag b ai bt

with the complex parametric of its boundary is given by (see Amano, 1994)

Lo:2(t) = apcost+ibysint, ag >0, by > 0,

['y:2(t) = ajcost+ibysint, a; >0, b >0, 0<t<27.
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When the two ellipses Ty and T’y are confocal such that a2 — b2 = a3 — b3,
the mapping given by

2+ /22— (ad — b3) a; + by

f(Z): (lo+b0 ) T:a0+b0’

(2.12)
maps [’y onto the unit circle and I'y onto a circle of radius 7.

n(r)
-7
satisfying 0 < o < w7/2. Then the mapping function given by equation (2.11),

. We choose a real number o

We set 7 = g = ™7, this implies 7 =

maps [y onto the unit circle and I'y onto a concentric circular slit of radius

U= 6—20

2.5.5 Frame of Cassini’s Oval

If © is the region bounded by two Cassini’s oval, then the complex

parametric equation of its boundary is given by (see Amano, 1994)

Fozz(t)—\/b%coth%—\/aé—bgsiHQZteit, ap > 0, by > 0,
Fl:z(t):\/b%coth—l—\/a‘ll—b‘llsin22teit, a; >0, b, >0, 0<t<2m,

such that

Q|22 b3 < ag, |22 — 02| > a}.

The boundaries Ty and T’y are chosen such that (agj —b3)/b2 = (a] —b}) /b3
The mapping given by

agz Qo bl

f(z) = , r=— 2.13
( V0322 + af — b} aibo (2.13)
then maps I'g onto the unit circle and I'; onto a circle of radius 7.

We set 7 = ¢ = e~ "7, this implies 7 = — In(7) /7. We choose a real number

o satisfying 0 < 0 < w7/2. Then the mapping function given by equation (2.11),

maps 'y onto the unit circle and I'; onto a concentric circular slit of radius

—20
Hn=e .
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2.6 Some Numerical Methods for Conformal Mapping of Multiply

Connected Regions

While conformal maps are indispensable tools in many problems of modern
technology, the practical use of conformal maps has always been limited by the
fact that exact conformal maps are only known for certain special regions. Since
conformal maps cannot be obtained in closed form, in general, we have to resort
to numerical approximations of such maps. With the aid of digital computers
which are getting faster and less costly nowadays, much research has been done

to discuss algorithms for the constructions of conformal maps.

Several methods have been proposed in the literature for the numerical
evaluation for conformal mapping of multiply connected regions. For some
perspectives, see Amano (1994), Crowdy and Marshall (2006), Ellacott (1979),
Henrici (1974), Hough and Papmichael (1983), Kokkinos et al. (1990), Mayo
(1986), Murid and Razali (1999), Nasser (2009), Papamicheal and Warby (1984),
Papamicheal and Kokkinos (1984), Okano et al. (2003), Reichel (1986), and
Symm (1969). Generally, these methods fall into three types, namely expansion
method, iterative method, and integral equation method. It is hard to find
methods that are at once fast, accurate, and reliable for conformal mapping
of the multiply connected case because it also involved the unknown conformal
modulus, p~! that has to be determined in the course of numerical solution.
The integral equation and iterative methods are more preferable and effective for

numerical conformal mapping.

The classical integral equation method of Symm (1969) is well-known for
computing the conformal maps of doubly connected regions by means of the
singular Fredholm integral equations of the first kind. Some Fredholm integral
equations of the second kind for conformal mapping of doubly connected regions
are of Warschawski and Gerschgorin as discussed in e.g., Henrici (1986). All

these integral equations are extensions of those maps for simply connected regions.
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However, there are two recently derived integral equations for conformal mapping
of simply connected regions which have no analogue for the doubly connected case.
These are the KST integral equation and the integral equation for the Bergman
kernel as derived in Kerzman and Trummer (1986), Henrici (1986) and Razali
et al. (1997). An effort for such extension has been given by Murid and Razali
(1999). These integral equations are based on a boundary relationship satisfied
by a function which is analytic in a doubly connected region. Next, we present
some well-known numerical methods that have been proposed in the literature
and regarded with great favor for solving numerical conformal mapping of doubly

and multiply connected regions.

2.6.1 Wegmann’s Iterative Method

An iterative method by Wegmann (2005) consider the conformal mapping
from an annulus, A = {w : p < |w| < 1} onto a given doubly connected
region. The method is based on a certain Riemann-Hilbert problem. In view of
its quadratic convergence and its O(nlogn) operations count per iteration step,
Wegmann’s method is almost certainly the fastest yet devised for this problem

(see, e.g., Trefethen (1986)).

The conformal mapping ® : A, — O, the inverse of the mapping f,
is uniquely determined up to a rotation of A,. To fix this ambiguity one can

impose the condition
®(1) = m(0).

Conjugation on the annulus A, is effected by a (real) linear operator K, (¢1, ¢2)

which is most easily defined in terms of the complex or real Fourier series

ij(t) _ Z An,j et — ag,j + Z (amj cos nt + bn,j sin nt)

n=—oo n=1
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of the function ¢;, j =1,2. Then

(01, P2)(t Z Bye Z (o, ; cosnt + 3, ; sinnt)
n=—00 n=1

with the coefficients

2iA, 0 — (" — p")iAn

By =0, B, = — forn # 0
/1/ n __ Mn
and
oy, = 2bn’2 — <'u_n — pln)bn,l’ ﬁn — 2an,2 — (,u_n - /'Ln)an,l
pn = P —
for | = 1,2,.... The analytic solution & can be constructed in terms of the

conjugation operator

O(e") = ¢1(t) + 1K, (61, 62)(t) + 1,
D(pe') = da(t) — K, (2, ¢1)(t) + 1,

where 7y is an arbitrary real constant.

2.6.2 Symm’s Integral Equations

Symm'’s integral equation is one of the well-known integral equation
underlying numerical method for conformal mapping which lies on the potential

theoretic formulation.

The pair of integral equations of first kind which still contain the unknown

parameter u

/F log|z — Clo(Q)ldc| = —loglsl, = €Ty,

/1og|z—<|a<<)|d<|—logu ~ logldl, zery,
T

/ RGIEE

are coupled integral equations for densities o(¢) and g and known as Symm’s

and the condition equation

integral equations for conformal mapping of doubly connected regions (Symm,

1969).
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2.6.3 Charge Simulation Method

For doubly connected region onto an annulus, a pair of conjugate harmonic
functions are approximated by a linear combination of complex logarithmic
potentials without integration. The charges @;, ¢ = 1,..., N, are determined
to satisfy the Dirichlet boundary conditions at N; and N; collocation points
arranged on the boundary components Iy and I'y respectively. That is to say,

they are solutions of a system of N simultaneously linear equations

07 ZjEF07j:17"'aN17

N
Y Qiloglz — Gl = |
i=1 1, Zjerl,]:Nl—f—l,...,N.

(See, e.g., Amano (1994)).

For cases involving mapping of bounded multiply connected regions
mapped onto a disk with concentric circular slits and an annulus with concentric
circular slits , together with some normalizing conditions, they obtain the charge
@11, -y Qnn,, the approximation of the constants log p1, ...,1og i1, and the the

mapping functions

F():Z_uepoZQljlog glj.
=1 j=1 Ly

(See, e.g., Okano et al. (2003)).

2.6.4 Mikhlin’s Integral Equation

Mayo (1986) solves the multiply connected mapping problems by means of
an integral equation of the second kind attributed to Mikhlin. Mikhlin assumes
that the solution of the modified Dirichlet problem can be rewritten as the integral
of a double layer density function, v given as follows:

1 Ologr(x,y,z(s), g(s))
27 / v(s) on d

u(z,y) = S,
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where
rt=(z—(s))" + (y — 9(s))"
Mikhlin showed that the solution v(¢) can be determined from the integral

equation

v(t) + ! /F v(s) [alog—r(s,t) —a(s,t)| ds = —2log |t — af,

T ong

where

(5.) 1, if s,t lie on the same curve,
a(s,t) =
0, otherwise.

2.6.5 Fredholm Integral Equation

Reichel (1986) describes a fast iterative method for solving Fredholm
integral equations of the first kind whose kernels have a logarithmic principal part
for multiply connected regions. The method is a Fourier-Galerkin method, and
due to the singularity of the kernel, the linear system of simultaneous equations

is block diagonally dominant and can be solved rapidly by an iterative method.

The numerical method involves solving the the system of integral equations
g 1
0+ Y [ O] = fila). zeTh 1<k<n
j=1"7T;
[ owlci=0. 1<r<n
I

for ¢; € R, 0} € L*(T';). The mapping function ¢(z) is defined by

6(2) = = exp (Z [ m—= C)o—;<<>|d<\) .
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2.6.6 Warschawski’s and Gershgorin’s Integral Equations

Henrici (1986) discussed two classical integral equations underlying
numerical conformal mapping for doubly connected regions which are
Warschawski’s and Gershgorin’s integral equations. These well-known integral

equations are stated in Theorem 2.6 and 2.7 (see, Henrici, 1986, p. 466-468).

Theorem 2.6 (Warschawski’s Integral Equations for Doubly Connected Regions)
If the boundary curves are such that z! is continuous and the boundary
correspondence functions 0, have continuous derivatives, then the function 6, and

01 satisfy the system of integral equations
Bo b1
hio) + [ walr )y dr = [ (o)) dr =
0 0

Bo b1
01(o) —I—/ v10(7,0)04(T) dT — / v11(7,0)01(7) dT = 0,
0 0

where the kernels v; ; are the Neumann kernels defined as

1,
voo(m0) = Im )

1 )
v1(7,0) = m ! z0(0) — z1(1)’
v1o(T,0) = = m—zj(a)
1o(7,0) 7TI z1(0) — 20(7)’

v11(7,0) = —Im 4(0)

7 z(0) —2(1)

Theorem 2.7 (Gershgorin’s Integral Equations for Doubly Connected Regions)
Under the hypothesis of Theorem 2.6, the functions 6] and 6, satisfy the system

of integral equations
Bo B1 _ 0
90(0'> - / UO,O(U, 7')90(7') dT+/ UI,O(O', 7')91(7') dr = Qargu
0 0

Bo B1
01(0) — /0 vo1(o, 7)0o(T) dT + /0 v11(0,7)01(T)dT = 2 arg &

Both, the Warschawski’s and Gershgorin’s integral equations do not

involve the modulus p~! of the given doubly connected regions. If the functions
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0o, 01 and/or their derivatives are known, the modulus may be determined from

the following formula:

1 2(0) —z| 1 /50 PAG
Log— =1 - — R 0 d
Ogu ©8 2(0)—z| 27 J, eZO(T) —z o(7) dr
1 [ 24 (1)
— [ Re—=——0i(r)d 2.14
* 27r/0 e21(7') -z 1(7) dr, (2.14)

which holds for arbitrary z interior to I';.

2.6.7 The Boundary Integral Equation via the Kerzman-Stein and

the Neumann Kernels

Based on a certain boundary relationship satisfied by a function which
is analytic in a region interior to a closed Jordan curve, Murid et al. (1999)
construct a boundary integral equation related to the analytic function. Special
realizations of this integral equation are the integral equations related to the
Szego kernel, the Bergman kernel, and the Riemann map. The kernels arise in

the integral equations are the Kerzman-Stein kernel and the Neumann kernel.

Murid and Razali (1999) extend the similar construction to a doubly

connected region using a boundary relationship

D(z>:c<z)[ G ]_, ceT, (2.15)

where D(z) is analytic and single-valued with respect to z € ) and is continuous
on QUT, while ¢, P, and ) are complex-valued functions defined on I' with the

following properties:

co, 2z €T,
(P1) e(z) =4 "
¢, 2€ Fla

(P2) P(z) is analytic and single-valued with respect to z € €,
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(P3) P(z) is continuous on QUT,

(P4) P(2) has a finite number of zeroes at a,as, . .., ay,,

(P5) P(z) #0,Q(2) #0,z €T

The integral equation for D that is related to the boundary relationship (2.15) is
as shown below (Murid and Razali, 1999).

Theorem 2.8

Let w and v be any complez-valued functions that are defined on I'. Then

1 . u(z)
9 (2) T(z)Q(Z>] ()
. u(z) v(2)T(w)
PV— B Dl
+ PV, F[(w—z)Q(w) o | D(w)|du]
D(w
= —c(2)u(2) Z Ezeasjm

ajinsidel’

— ulz)(co — 1) {%/FQ%W} el (2.16)

where the minus sign in the superscript denotes complex conjugation and where

—Fl, if z € Fo,
Fo, 1fZ€F1

I'y =

Special realization of this integral equation with the assignment

c(z) =ilf(2)|, P(2) = f(2), D(2) = v ['(2), Q(z) = 1, (2.17)

and the choice of u(z) = T'(2)Q(z) and v(z) = 1 is the integral equation with the

Kerzman-Stein kernel, i.e.,
VPG + [ Aol
r

= —i(1-wT(z) i/r (wﬂdw] , z€el, (2.18)

27i —2)f(w)
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where
H(w,z) — H(z,w), ffw,zel w#z,
A(z,w) =
0, ifw=ze€el,
and
1 T
H(w,z) = — (Z), weQUID zel,w# 2.
271 (z — w)

The kernel A is known as the Kerzman-Stein kernel (Kerzman and Trummer,
1986) and is smooth and skew-Hermitian. The kernel H is usually referred to as

the Cauchy kernel.

Another realization of the boundary integral equation with the assignment
c(z) = =[f(2)’, P(2) = (2)%, D(2) = f'(2), Q(2) = T(2), (2.19)

and the choice of u(z) = T'(2)Q(z) and v(z) = 1 is given as

(e [ M) )] = <umva3/@%@l—m_,zen

2mi Ty - Z)f(’UJ)
(2.20)
where
2
Tw) |T() __1 ] , ifw,z el w# 2z
2mi | w—-%Z w—z
M(Z’w) = "
1 Im[2"(t)2 (t)]7 ifw=zel.
o |Z’(t> 3

Multiplying both sides of (2.20) by T(z) and using the fact that
T(2)T(z) = |T(2)]* =1 gives

+ [N wTw)s Wl
= (1—-p)T(2) {i/ #dw L ser (2.21)

27 Jp —2) f(w)?
where N is the Neumann kernel (see, e.g., Henrici, 1986, p. 282) defined by
1 T
—Im[ﬂ}, ifw,zel',w# z,
T Z—w

N(z,w) = (2.22)

L Iml["(t)2/(2)]
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However, the integral equations (2.18) and (2.21) are not in the form of
Fredholm integral equations and no numerical experiments have been reported in
Murid and Razali (1999). In Chapter 3, we shows the integral equations (2.18)
can be modified to a numerically tractable integral equation which involves the

unknown inner radius, .

In this project, we also derive some boundary integral equation satisfied by
a function analytic on a multiply connected regions subject to certain conditions.
This derivation improves the boundary integral equation (2.16) derived by Murid
and Razali (1999) which was limited to doubly connected regions. Furthermore
it leads to a much simpler derivation of a system of an integral equations
developed in Chapter 3. Another two special cases of this result are the integral
equation involving the Neumann kernel related to conformal mapping of multiply
connected regions onto an annulus with circular slits and onto a disk with circular
slits. All these are described in Chapter 4 and the numerical conformal mappings

are discussed in Chapters 5 and 6.



CHAPTER 3

AN INTEGRAL EQUATION METHOD FOR CONFORMAL
MAPPING OF DOUBLY CONNECTED REGIONS VIA THE
KERZMAN-STEIN KERNEL

3.1 Introduction

Let the outer and inner boundary curves be given in parametric

representation as follows:
FO:Z:ZO(t)a Ogtg 607

Fl:z:zl(t), O§t§ 51.

If f is a function which maps the region 2 bounded by I'y and I’y
onto the annulus A = {w : p < |w| < 1} so that the inner and the outer
boundaries correspond to each other, the boundary correspondence function 6,

(outer boundary) and 6; (inner boundary) are continuous functions satisfying

flzo(t)) = €W, 0 <t < p, (3.1)

f(z() = pe”®  0<t< 3. (3.2)
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If the unit tangent to I' at z(t) is denoted by T'(z(t)) = 2/(t)/|Z'(t)|, then it can
be shown that

e £ Gol0)
Faolt) = { TGl ol 3.3)
i o Pa()
The boundary relationships (3.3) and (3.4) can be combined as
f) = E gy FE - p (3.5)

i 1f')I
where I' =Ty U T'y.

3.2 The Integral Equation for conformal Mapping of Doubly

Connected Regions via the Kerzman-Stein kernel

Consider again the boundary integral equation for conformal mapping of

doubly connected regions via Kerzman-Stein kernel as in (2.18), i.e.,

VI + / Az, w)v/Fw) |du

1 flwy
27ri/rz (w—z)f(w)d] - #eh (38

where the minus sign in the superscript denotes complex conjugation, and

= —i(l-wT(2)

H(w,z) — H(z,w), w,z€l w#z

0, w=zel,
1 T
H(w,z):—(—z), we QU zeTl,w# 2, (3.8)

271 (z — w)

and
_F17 if z € Fo,

Fo, 1fZ€F1

I'y =
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The single integral equation in (3.6) can be separated into a system of two

integral equations given by

Fila) + / Az, w)v/F(w) |dul

ZLT['i /;1—\1 ('wﬂdlll , =2 € Fo,(39)

= — i(1-pw)T(2) — 2p) f(w)

P+ / Az, 0)y/F(w) |du

= — i(1=pw)T(21)

LI R/ (T N
27ri/r0 (- a)f@" ] ’ 1 € 11(3.10)

Taking the boundary relationship (3.5) into account, (3.9) and (3.10)

become

FGa) + [ Alzo,w)V/Fw) o

= —i(1— Z L f’(w) w _ Z =z
(3.11)

PG+ [ Al w)/Flw) ldul

= —i(1— z —1 f'w) w _ z=2z
= —i(1=p)T'(21) |:27T1 /1“0 (w— z1) T(w)éjglwu;‘] d ] ; 1€T1.
(3.12)

e

Using |f'(w)| = +/f'(w)y/f'(w) and T(w)|dw| = dw, after some
mathematical manipulations, integral equations (3.11) and (3.12) become
Pl + [ Al w)V/Fw) du
r

1 - f’(w) .
27riu(1_’u)T(ZO) /F1 m |dw, z =2z €T, (3.13)

P+ / Aler, w)y/Fw) duw

1 Y J'(w)
_ Tm(l_”)T(Zl)/po Lo ldul,  s=a el (314
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Since ' =Ty UT"; , (3.13) and (3.14) may be written as

o) + / Az, w)y/F(w) |duw]| — / Az, w)v/F(u0) |du

1 7 T
27r1u/ V ' (w) [dw] — _/ f(w =z €I,
f’(21)+/ A2y, w)/f(w) |dw| — / V! (w) |dw)

1
T om F( W —7Z1) 'f ) |dw ’_2_7“ b ( _Z—l)Vf(w)‘dw’aZZ%EFl-

Applying definition (3.7) to A(zp, w) in f—l“l of the first equation, and to A(zy, w)

in fFo of the second equation, we obtain

Pl + / Aol — [ o S0 T
1 /—, B T(Z()) "(w Y —
27riu/ (w—zo f(w) |dv] 27T1/F1 (W — %) f'w) o€ Lo,
VG [ oo | = T Tl — [ A 0) V) ol
-l w—u ul- o [ GV wlul, == el

After some cancellatlons, we get

TG+, AoVl + 55 | )
_ 1 T(0) o .
~ 2 /Fl TR o € Ty, (3.15)

ey — = [ ) el — [ A w) ) ldw)

27i F(w—z) 1

- \/ w)|dw|, 2=z €T (3.16)

27 Jp,

Rearranging, (3.15) and (3.16) yield

P+ | Ao, w)/Flw) dul
L]
_r, 27 | p(w — %) (w—

V f!(w) |[dw| = 0, z=z €Ly, (3.17)
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pl(z)  T(w)
(W-z1)  (w—2)

V ['(w) |dwl

1
f’(21)+/F o

_/_F Az, w)y/F(w) [dw| =0, ==z €T (3.18)

Note that there are three unknown quantities in the integral equations

(3.17) and (3.18), namely, \/f"(z0) , \/f'(21) and pu. For numerical purposes,

a third equation involving p is needed so that the system of integral equations

above can be solved simultaneously.

Consider equations (3.1) and (3.2) which on differentiation give
Fllao(t)z(t) = e*Wigy(1),
fla)zi(p) = ue™®ib(p).
Taking the modulus on both sides of the equations, we obtain
' (zo(0)2()] = [e®@igy(t)] = €70 ]|y (1)), (3.19)

(2 t)2p)] = |ue®™Pi03(p)] - = |ulle™ P36 (p)]- (3.20)

The absolute values of e®® and e?1(?) are both equal to 1. The boundary
correspondence functions 0y(t) and 6;(p) are increasing monotone functions and
thus the derivative of them are never negative which imply |0,(t)| = 6;(t) and
|07 (p)| = 01(p). The quantity p is the inner radius of the annulus A = {w : p <
|w| < 1} where 0 < < 1. Thus (3.19) and (3.20) can now be written as

[/ (z20()z0(t)] = 0(), (3.21)
[f(z1(0)z21 ()] = pbi(p). (3.22)

Upon integrating (3.21) and (3.22) with respect to ¢ and p respectively from 0 to

21 gives
2T 2T
| iramania = [ aod-aoi-m @2
0 0

/0 N a@)A@) dp = g / ") dp = pO ()T = p2m. (3:24)
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Subtracting (3.23) from (3.24) multiplied by p, we obtain

" / 17 olt)) (b)) di — / @A) dp=0.  (3.25)

Observe that no knowledge of zeroes or singularities of f(z) is required in
constructing equations (3.17) and (3.18). Note also that the system of integral
equations in (3.17), (3.18) and (3.25) is homogeneous and does not have a
unique solution; if {u,/f/(2)} is the solution set, then so is {u,x+/f'(2)} for
arbitrary complex number . A technique for determining a unique solution will

be described in the next section.

Defining

L[ 4T T(w)
27 |(w—2) (w— 2)

(3.17), (3.18) and (3.25) can be written briefly as

g(zo)—i-/F A(zo, w)g(w) \dw[—/ B(zp,w)g(w) |dw| =0, z=2zy €Ty, (3.26)

-

g(z1)+ [ D(z1,w)g(w) |dw|—/r Az, w)g(w) |[dw| =0, z=2z €Ty, (3.27)

To

" / " lg(zo(6)22(8)] di — / @AW dp =0, (3.28)
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3.3 Numerical Implementation

Using parametric representation zo(t) of T'g for ¢ : 0 < ¢ < [y and z;(p) of
[y for p: 0 <p<p, (3.26) and (3.27) become

Bo
g(a() + / Alz0(t), 20(5))g (z0(5)) 24(5)] ds
51
- / Bzolt), 21 (a)g(=1 (@)1 (@)] dg = 0, zo(t) € Ty, (3.20)

Bo
9(z1(p)) + i D(z1(p), 20(s))g(20(s))| 29(s)| ds

J631
- / A(21(p), 21(0)g(z1 (@)@ dg = 0, = (p) € Ty (3.30)

Multiply (3.29) and (3.30) respectively by |24(¢)|*/? and |2 (p)|*/? gives

Bo
[20(0)]g(20(t)) + /0 [20(D)[2120(5) 2 A(z0(1), 20(s))g(20(5)) 20 (s)[/* ds

B
—/0 260221 (@) '*B(20(t), 21(0))g(21()) |21 ()? dg = 0, z(t) € T,
(3.31)

Bo
|Z§(P)|1/29(2’1(P))+/0 |21(0) 2 |26(5) 2 D(21(p), 20(s))g(20(5)) | 20(s)[/* ds

B1
—/0 121 (p) 2125 ()2 A2 (p), 21(0))9(21(0)] 21 (0)] P dg =0, z1(p) € I'1.

(3.32)
Defining
do(t) = |2(t)"?g(z0(t)),
¢1(p) = 121(0)"?g(z21(p)),
Koolt,s) = [25(t)["?|20(s)["/* Az0(t), 20(s)),
Ko(t,q) = [260)1"?21(@)]"* B(z0((t), 21(q)),
Kio(p,s) = [21(0)["*[2(s)[">D(21(p), 20(s)),
Ku(pg) = 120" Az1(p), 21(0)),
and so (3.31) and (3.32) become
Bo B1
do(t) + | Koolt,s) ¢o(s) ds— | Ko(t,q) ¢1(q) dg=0, z(t) € I'p, (3.33)

0 0
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Bo B1

$1(p)+ ; Kio(p, s) ¢o(s) ds— ; Kii(p,q) ¢1(q) dg =0, =z (p) €l (3.34)

Note that the kernel K(t,s) and K;1(p,q) preserve the skew-Hermitian

properties. Applying the same procedure to the third equation (3.28), we get

uéﬂmﬁn%ﬁ—ﬂﬂwmm2@=o (3.35)

which is the third equation involving p that can be solved simultaneously with

integral equations (3.33) and (3.34).

Choosing n equidistant collocation points t; = (i — 1)Gy/n, 1 <i <n
and m equidistant collocation points p, = (2 —1)8;/m , 1 <1 < m and applying
the trapezoidal rule for Nystrom’s method to discretize (3.33), (3.34) and (3.35),

we obtain

do(ti) + ﬁOZKoo (i, t;) ol ZKm i»py) ¢1(py)) =0, (3.36)

¢1<pz) + 50 Z KIO pu Qb()( - El Z Kll(p17pj)¢1(p]) = 07 (337)

1=1
M%Z% =25 oo = o (3.38)
1=1

Note that in the third equation (3.38),

6| = V/(Re ¢0)? + (Im )2,
|61] = v/ (Re ¢1)2 + (Im ¢)>.

Equations (3.36), (3.37) and (3.38) lead to a system of (n +m + 1) non-
linear complex equations in n unknowns ¢g(¢;), m unknowns ¢;(p,) and p. By

defining the matrices

f

Bz] = _OKOO(tzytj)a
n
B

Cm = EKOI(tzapj)a
b

Ez] = EOKIO(pmt])u

S
|

I
_K 79 )
m 11(]9 p])
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Troi = ¢o(ts),

T, = ¢1(pz)7

the system of equations in (3.36) and (3.37) can be written as n +m by n +m
system
[Inn + Bnn] Xon — Onmxlm - 00n7 (339)

EmnXOn + [ Imm - Dmm] X1im = Olm- (340)

In addition, equation (3.38) becomes

u% Y ((Rez,)’+ (mz,)") - %Z((Re wu)? 4+ (Imay,)?) = 0. (3.41)

=1 1=1

The result in matrix form for system of equations (3.39) and (3.40) is

Inn + Bnn _Cnm Xon OOn
Emn Imm - Dmm X1im Olm
Defining
I’rm + Bnn _Onm Xon
A= and  x= ,
Emn [mm - Dmm Xim

the previous (n+m) X (n+m) complex system can be written briefly as Ax = 0.
Separating A and x in terms of the real and imaginary parts, the system can be

written as
Re A Re x—Im A Im x+i (Re A Im x+Im A Re x) =0 + Oi.

Thus, the single (n +m) X (n +m) complex linear system above is equivalent to
the 2(n 4+ m) x 2(n 4+ m) real system involving the Re and Im of the unknown

functions, i.e.,
ReA : —ImA Rex 0
—| ... | (3.42)
ImA ReA Imx 0
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Therefore, the linear system above can be solved simultaneously with the
non-linear equation (3.41) which also involves the Re and Im parts of the unknown
functions. Since the system of integral equations (3.17), (3.18) and (3.25) has no
unique solution, the system of equations (3.42) and (3.41) also in general has no

unique solution. For uniqueness, we turn to the conditions f'(a) > 0 or f/(z*) = 1.

Since we are dealing with boundary values, the condition f’(z*) = 1 looks
more appropriate for our numerical purpose. However, it leads to a difficulty as
discussed next. We first assume that zo(t1) = 29(0) is to be mapped onto 1 under
the mapping function f. For the test regions that we have chosen in Section 2.5,
the unit tangent vector T'(zo(t1)) is equal to i. For z = zy(¢;) , the boundary
relationship (3.5) yields

ACIGY)
|/ (z0(t1))|”
f'(z0(t1)) = [f'(20(t1))]- (3.43)

Making use of |f'(zo(t))z(t)| = 0,(t) and (3.43) give

Rexor + ilmzor = do(tr) = v/ f'(20(t1))|25(t1)] = /0y (1), (3.44)
which yields immediately the conditions

Rel'(n = \/96@1),

IIIlJZOl = 0.

(3.45)

But 6j(t1) is unknown in advance. By knowing only the imaginary part of g,
without its real part will not yield a unique solution of equations (3.42) and (3.41).
A different strategy for getting the required uniqueness condition is described

next.

As is well known that the mapping function, f exists up to a rotation of
the annulus, that is up to a factor of modulus 1. For a given f, suppose f is

made unique by prescribing f(z(0)) = 1, then, the function, F' such that

F(2) = e f(2), (3.46)
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for arbitrary a € R, also maps a doubly connected region onto an annulus.

Differentiating (3.46) gives

Fl(2)=e“f'(z)  or  /F'(z) =+eéef(z). (3.47)
Note that if {u,+/f'(z)} is a solution set of (3.17), and (3.18), then so is
{p, K/ F'(2)} = {u, /e f'(z)} where  is any complex number, C.
Suppose
F*(2) = re“ f(2), r,a € R (3.48)
is a mapping function that maps a doubly connected region onto an annulus

A* ={w:rp <|w| <r}. Thus Arg(F*(z)). Thus Arg(f(z)) differ by a.

Differentiating (3.48), gives

F¥(2) = ref'(z) or VF(2) = \/réaf!(z). (3.49)

Since /r € R C C, then {u, /F*'(2)} is also a solution set of our integral
equations (3.17) and (3.18). Note that F*' also satisfies (3.25).

The boundary relationship (3.5) implies

oy _ €0 f(2)] ref'(z)
evf(z) = i T(z) e f(2)]] zel. (3.50)
Since € f(z) = F(z) and re'* f(z) = F*(z), (3.50) can also be written as
F(z) = |F§Z)|T(z) \Iigil LeT, (3.51)

where |F(z)| is either 1 or p. The idea now is to solve for the unique solution
V F*'(z) from the system of integral equations (3.17), (3.18) and (3.25) with a
prescribing value of F*'(20(0)). If F*'(29(0)) = B*, then

¢o(t1) = Re woy +1Im zo1 = /F*(20(t1))[2(t1)| = /B* [2(t1)].



43

or

Re zg1 = Rey/B* |z)(t1)],
Im g = Im+/B* |2{(t1)].

The boundary values of F(z) are then computed according to equation (3.51).

(3.52)

By means of equation (3.46), we then have

f(z) = e *F(2), zel.
It remains to determine a.. Observe that

F*(2(t)) = re'® f(20(t)) = rel@ei®®. (3.53)
Differentiating (3.53), we obtain
F*' (2(t)) 2 () = re i) (t)ei®®.

Substituting t; = 0, gives

F*'(2(0))2(0) = re'ig)(0).
Since F*'(2(0)) = B*, v is then calculated by the formula

a = Arg[—iz;(0) B*]. (3.54)

The system of equations (3.42), (3.41) and (3.52) is an over-determined
system of non-linear equations involving 2(n + m) + 3 equations in 2(n +m) + 1
unknowns. Method for solving system having unequal number of equations and
unknowns are best dealt with as problems in optimization (Woodford, 1992, p.
146). The solution of this system of equations will coincide with the minimizer of
a function which is produced by taking the sum of squares of the left-hand sides
of the over-determined system of the non-linear equations (the right-hand sides
of the equations being zero). We use Gauss-Newton algorithm to solve this non-
linear least square problem which is a modification of Newton’s method. Some
discussion on this method can be found in, see e.g., Antia (1991, pp. 271-345),
Murray (1972, pp. 29-55) and Wolfe (1978, pp. 218-247).
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Our non-linear least squares problem consists in finding the vector p for

which the function S : R2™+™+3 _ Rl defined by the sum

2(n+m)+3
Sp)=f"f= Y (fip)’
i=1
is minimal. Here, p stands for the (2n 4 2m + 1)-vector (Rezo1, Rexgy, ..., Rexqp,
Rex11, Rexya, ..., Rexyy, Imzgr, Imzgs, ..., Imzg,, Imzyq, Imzqs, ..., Imxy,,, @),

and f = <f17 f27 ceey f2n+2m+3)-

The Gauss-Newton algorithm is an iterative procedure and we have to
provide an initial guess for the vector p , denoted as p°.This initial approximation,
which, if at all possible, should be a well-informed guess and generate a sequence

of approximations p', p2, p°, ... based on the formula

P =p" — ((Je(P")) " Je(P")) ' (Je (")) £("), (3.55)

where Jg(p) denotes the Jacobian of f at p (note that J¢(p) is not square but
(2n 4 2m + 3) X (2n + 2m + 1) matrix). It is reasonable to use the convergence

criterion

Ip*) —p®||<e,  and  |SEFD — W) < ¢

where ¢ is predefined tolerances expressing the desired level of accuracy which

has been chosen as 1 x 107" and || || is the vector norm.

The numerical implementations on some test regions show that the Gauss-
Newton method is successful for all test regions except for the frame of Cassini’s
oval. This problem occurs since our initial estimation is quite far off the final
minimum. The strategy for getting the initial estimation is based on (3.1) and

(3.2) where upon differentiating and squaring the two equations, we obtain

Po(t) = V f'(20(t)z(t) = /i (t)e® ),
¢1(t) = Vf'(21(p)z1(p) = 1/ pib (p)en @),

The boundary correspondence functions 6y(t) and 6;(p) are initially

approximated by 6y(t) ~ ¢ and 6,(p) =~ p respectively which implies 0j(t) ~
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01(p) ~ 1. The inner radius , p is initially approximated by u ~ 0.5 for all
regions, except for circular frame which is approximated by p. These initial
guesses are applied for the lowest number of n and m of our experiments. In all
our numerical experiments, we have chosen the number of collocation points on
[y and I'y being equal, i.e., n = m. The information from the solution of lower
n is then exploited to calculate the starting vector p® related to 2n number of

collocation points.

It has been discussed in the literature (see, e.g., Wolfe (1978, pp. 218-247),
Fletcher (1986)) that the Gauss-Newton method is too naive for the solution
of the least squares problems. Most of the effective methods for solving the
least squares problem which are currently in use are, however, modifications of
the Gauss-Newton method. As a general rule, if one faces with a convergence
problem with the Gauss-Newton algorithm, then it is recommended to use
the one of the modification of the Gauss-Newton named Lavenberg-Marquardt
with the Fletcher’s algorithm (see, e.g., Wolfe (1978, pp. 233-246)). This
method is more robust than the Gauss-Newton algorithm and is reasonably
efficient and reliable. The Lavenberg-Marquardt algorithm combines the Gauss-
Newton method and steepest descent method. Whereas Gauss-Newton method
converges quadratically in a neighborhood of the root, the steepest descent
method converges only linearly. However, the steepest descent method converges
to one of the local minima starting from almost arbitrary starting values while

the Gauss-Newton method requires a good initial approximation.
The key to the Lavenberg-Marquardt algorithm is to replace (3.55) by

p" =p" -~ HP"E(P"), AN>o, (3.56)

where H(p*) = ((Je(p*) T Je(p*) + AF) 2 (Je (p™))T.

For \¥ = 0, it yields the Gauss-Newton method, whereas as A\* increases,

the direction specified by H(p*) tends to that of the steepest descent method.
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Thus, in this algorithm, we start with a large value of \* and go on reducing it as
the solution is approached, so as to switch from the method of steepest descent
to the Newton’s method. This Lavenberg-Marquardt with Fletcher’s algorithm
is applied in our numerical implementation. The difference between the methods
of original Lavenberg-Marquardt algorithm and with Fletcher’s algorithm lies in

the technique used to determined suitable values for the A*.

By means of (3.46), the boundary correspondence function 6(t) is

computed by
0(t) = Arg(e ™ F(z(t))) = —a + ArgF(z(t)).

Applying (3.51), we have

0(t) = —a + Arg[—i2'(t)F*'(2(t))].

Having computed the values of ¢o(t;) = Rexo; + ilmzg; = /F*(20(t:))|20 (t:)],

and ¢1(p,) = Rewy, + ilmzy, = /F*'(21(p.))|21' ()], We can then compute the

indicated boundary correspondence functions y(t) and 6;(p) by the formula

Oo(t) = —o+ Arg(—iz(t) #5(1)),
01(p) = —a+ Arg(—izi(p)oi(p)).

The computed values of 6y(t) and 6, (p) are then compared with the exact
boundary correspondence functions for four selected regions, namely frame of

limacon, frame of Cassini’s oval, elliptic frame and circular frame.

3.4 Examples and Numerical Results

In our numerical experiments, we have used four test regions whose exact
boundary correspondence functions are known as discussed in Section 2.5. The

results for the sub-norm error of the boundary correspondence functions 6y(t)
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and 6;(p) and the value p are shown in Tables 3.1 to 3.4. All the computations
are done using MATHEMATICA package (Wolfram, 1991) in single precision (16

digit machine precision).

The numerical computations for the elliptic frame and frame of Cassini’s
oval are compared with those obtained by Amano (1994), though his distribution
is different from ours. The notations E,; and E,4 that are used by Amano are

defined as follows:

By = max{max||f(zo(t:)| = 1f, max[|f(z1(t:)] = pl},

Ea = max{[|ro(t) = 7on(t)lloc: [71(P) = Tim (P)l]oo }-

Example 3.1. Frame of Limacon:

Table 3.1: Error Norm (frame of limacon).

n=m |7o(t) = 1n(t)llc  IT1(P) = Tim(P)llcc  ll1r = pimlloo

16 9.7(—06) 5.1(—06) 2.8(—05)
32 4.2(-10) 3.1(—10) 2.1(—10)
64 1.3(—15) 1.8(—15) 1.1(—16)

Example 3.2. Frame of Cassini’s Oval:

Table 3.2 shows the results using the proposed approach. The results
obtained using Amano’s method (1994) are also shown in Table 3.3 for

comparison.
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Table 3.2: Error Norm (frame of Cassini’s Oval) using the proposed method.

n=m |7o(t) = Ton(t)llc  IT1(P) = Tim(P)llcc  ll1e = prmllo

16 6.4(—03) 2.5(—03) 2.1(—03)
32 6.9(—05) 2.7(—05) 2.1(—05)
64 1.1(—08) 3.7(—09) 3.9(—09)

Table 3.3: Error Norm (frame of Cassini’s oval) using Amano’s method.

16 9.7(—03) 9.1(—03)
32 3.8(—04) 3.4(—04)
64 5.0(—07) 6.9(—07)

Example 3.3. Circular Frame:

Table 3.4: Error Norm (circular frame).

n=m |7(t) = Ton(t)llc  IT1(P) = Tim(P)llcc M1t = p1mlloo

8 9.8(—11) 4.6(—09) 1.4(—06)
16 8.9(—16) 7.1(~15) 9.5(—11)
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Example 3.4. Elliptic Frame:

Tables 3.5 and 3.6 shows our results and Amano’s results (1994)

respectively.

Table 3.5: Error Norm (elliptic frame) using the proposed method.

n=m |[7(t) =71l [I7(P) = Tim(P)llo N1t — pmlloo

16 4.0(—04) 3.2(—04) 3.7(—05)
32 5.1(—06) 1.0(—05) 3.7(—06)
64 2.7(—09) 5.9(—09) 2.2(—09)
128 3.6(—15) 5.8(—15) 1.8(—15)

Table 3.6: Error Norm (elliptic frame) using Amano’s method.




CHAPTER 4

AN INTEGRAL EQUATION RELATED TO A BOUNDARY
RELATIONSHIP

4.1 Introduction

Murid et al. (1999) have derived boundary integral equations for conformal
mapping of simply connected region via the Kerzman-Stein and the Neumann
kernels. These integral equations have been used effectively for numerical
conformal mapping. In Chapter 2, the boundary integral equations for conformal
mapping of doubly connected regions via the Kerzman-Stein and the Neumann
kernels have been discussed. These boundary integral equations are the extensions
from those of simply connected region. In this chapter, we focus on improving and
extending the boundary integral equation derived by Murid and Razali (1999) in

Section 2.6.7 to the case of multiply connected regions.

4.2 The Boundary Integral Equation

Let I'g, I'y, ..., 'y be M +1 smooth Jordan curves in the complex z-plane

such that I'y, I's, ..., ')y lies in the interior of I'y. Denote by € the bounded
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(M + 1)-connected region bounded by I'g, T', ..., I'y;. The positive direction of
the contour I' = 'y U 'y U --- U T, is usually that for which €2 is on the left as

one traces the boundary (see Figure 2.4).

It is well known that if A is analytic and single-valued in €2 and continuous
on QUT', we have (Hille, 1973, p. 176)

L/Fmdw _ %h(z)’ 2el. (4.1)

27 w— Z

Suppose D(z) is analytic and single-valued with respect to z € Q and
is continuous on €2 U I'. Furthermore, suppose that D satisfies the boundary
relationship

D(z) = ¢(z) [T(Z)C;((z))D(z)] : , zel, (4.2)

where the minus sign in the superscript denotes complex conjugation, T'(z) =

Z'(t)/]2'(t)| is the complex unit tangent function at z € T', while ¢, P, and @ are

complex-valued functions defined on I' with the following properties:

(P1) D(z) and P(z) are analytic and single-valued with respect to z € €,
(P1) D(z) and P(z) are continuous on QU T,

(P1) P(2) has a finite number of zeroes at ay, as, ..., ap in €,

(P1) ¢(2) #0,P(2) #0,Q(2) #0,D(z2) #0,z € I'.

Note that the boundary relationship (4.2) also has the following equivalent
form:

-

By means of (4.1), an integral equation for D may be constructed that is related

zel. (4.3)

to the boundary relationship (4.2) as shown below:
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Theorem 4.1

Let u and v be any complez-valued functions that are defined on I'. Then

s u(z) s

2 <>+T<z>@<z>]D( '
i cBuz) v o
27?1/p[c(w)(w—2)62(w) W=z el
= —c(z)u(z) | D %ﬁ% , zel (44)

aj insidel’

where the minus sign in the superscript denotes complex conjugation.

Proof. Consider the integral

L(z) = pv-L [UET)Dw)

27 Jy w— 2

|dw|, =ze€T. (4.5)
Using T'(w)|d(w)| = dw and (4.1), since D is analytic on €2, we obtain
1
Li(z) = §v(z)D(z), zel. (4.6)

Next we consider the integral

L) py L [ _cRuE)Dw)

- —|dw|, z¢€T. 4.7
o7t o ctwy@ — 20w 7

Using the boundary relationship (4.3), | D(w)|?> = D(w)D(w) and T (w)|dw| = dw,

we get
1 D(w) N
L(z) =— — | ———d : 4.
o(2) = —elhu2) |5 [P ] (49
Applying the residue theory and formula (4.1) to the integral in (4.8), I(z)
becomes
1 D(z) D(w)
1 =— - Res ———| . 4.9
2(2) = —c(2)u(z) 2 7(2) +a.m58iderweasi (@ 2)P) (4.9)

Applying the boundary relationship (4.2) to the first term on the right-hand side
yields

wADE) ) > Res Lw]i @0

Ih(z) = _.Q—T(Z)Q(Z) o ot (w— z)P(w)
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Finally looking at I5(z) — I1(z), yields

1 c(z)u(z)D(w) _pvL (@) T(w)Dw),
271 Jr c(w)(w )W| | 2m /F (w=2) ’_ |
B (Z)D(Z) —o(ulz S <5 (w)
e 0| X kT
- %vu)D(z), zel o

Rearrangement of (4.11), gives (4.4). This completes the proof. B

Remark 1. If P(z) does not have any zeroes in €2, then the right-hand side

of (4.4) becomes zero.

4.3 Application to Conformal Mapping of Doubly Connected Regions

onto an Annulus via the Kerzman-Stein Kernel

Let w = f(2) be the analytic function which maps the doubly connected
region 2 bounded by the two smooth Jordan curves I'y and I'; onto the annulus
A =A{w: p < |w| <1} so that I'y and I'y correspond respectively to |w| = 1
and |w| = p (see Figure 4.1). As is well known such a mapping function f exists
up to a rotation of the annulus, and the function f could be made unique by

prescribing that
fl@)=0, f'(a)>0 or f(z*)=1, (4.12)

where a € 2 and z* € ' are fixed points.

The boundary values of f can be represented in the form
fzo(t) =% To:z=2(t), 0<t< b, (4.13)

flz(@) = pe®® Ty z=2(t), 0<t<p, (4.14)
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Figure 4.1: Mapping of a doubly connected region 2 onto an annulus.

where 6y(t) and #(t) are the boundaries correspondence functions of I'y and I'y

respectively.

The unit tangent to I' at z(¢) is denoted by T'(2(t)) = 2'(¢)/|#'(t)|. Thus

it can be shown that

L oy o) fo@) 1. o fee()
e B0 FEE) g Pa)

The boundary relationships (4.15) and (4.16) can be unified as

HOIPYIO

=590

zeTl. (4.17)

Note that the values of |f(2)] is either 1 or p for z € I' = 'y UT'y. Also
note that since f’(z) is different from 0 and analytic in Q U T, thus an analytic
square root, denoted by \/m, may be defined on Q UT. Comparing (4.17)
with (4.3) leads to a choice of c(z) = i|f(2)], P(z) = f(2), D(z) = /f'(2),
Q(2) = 1, u(z) = T(2)Q(z) and v(z) = 1. With these assignments, Theorem 4.1
and Remark 1, imply

oyl [ [ OTE 1w |
f(”PVsz[mwmw—z) | VIRl =02l

(4.18)
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Note that (4.18) does not posses a unique solution. If f(z) satisfies (4.18),

then so is rel® f(z), i.e.

oy L ([ e eTE T ] o
VEEFET + PV [ Lmiaﬂww_z) | Ve wTldu] =0,

zel, (4.19)

for any real constant » > 0 and a.

To achieve uniquenee, several condition need to be imposed. Suppose
F(z) = ref(z), r,aeR (4.20)
is a mapping function that maps a doubly connected regions onto an annulus

A=w:rp < |w| <r. The Arg(F(z)) and Arg(f(z)) differ by a.

As is well known such a mapping function F(z) exists up to a rotation
and the rotation could be fixed by prescribing F'(2*) = r, where 2* € Ty is fixed

point.

\

F(z)=re“f(z)

Iy

Figure 4.2: Mapping of doubly connected region onto an annulus
The equation (4.20) with z = z* implies

F(z") =ref(z*) =,
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and Figure 4.2 implies

(4.21)
Im [F'(z*)] >0
Note that
F'(z*) = re“f'(z)
= re®(Re f/(z*) +1 Im f'(2*))
= —rsinalm f'(z*) +ircosalm f'(z%). (4.22)
Applying the condition in (4.21), we obtain
sinaIm f'(2*) = 0,
cosalm f/(2*) > 0,
which admit the solution a = 0 since Im f’(2*) > 0. Thus « is now fixed.
So the equation (4.20) becomes
F(z)=rf(2). (4.23)
To fix r, we observe that
F(z(t)) = ré®® 2(t) € Ty. (4.24)

Differentiating and taking modulus on both sides of equation (4.24), we obtain
| (20(t))20(t)] = [rid(£)e™ @] = 65(2)]. (4.25)

The boundary correspondence function 6y(t) is an increasing monotone function
and it’s derivative is positive, we have |0(t)| = 6,(t). Thus, integrating (4.25)
with respect to ¢ to 2w gives

2

/0 "ot 2(0)de = |1 [ dy(0ydt = 2,
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Setting the condition
2
| 1 Gattzgtolae = 2.
0

implies r = 1. Hence F(2) = f(z2).

The integral equation (4.18) can also be written briefly as

VI(z)+ /FA*(z,w)\/f’(w)]dM =0, zel, (4.26)
where

A*(Z’w)_il SITG)_ Tw)

Com | [f)l@=-%2)  (w—2)

This result has already been given in Chapter 3 but the derivation
presented here is much simpler. The integral equation will be used in Section
5.2, Chapter 5 for the numerical conformal mapping of doubly connected region

onto an annulus with some normalizing conditions different from Chapter 3.

4.4 Application to Conformal Mapping of Multiply Connected
Regions onto an Annulus with Circular Slits via the Neumann

Kernel

This section gives an application of Theorem 4.1 to conformal mapping of
multiply connected region €2 of connectivity M + 1. Let w = f(z) be the analytic
function which maps € conformally onto an annulus (p; < |w| < 1) with circular
slits of radii po < 1, ..., par < 1 (see Figure 4.3). The mapping function f is
determined up to a rotation of the annulus. The function f could be made unique

by prescribing (4.12).

The boundary values of f can be represented in form

flzo() =€P®  Ty:z=2(), 0<t<p, (4.27)

F(zp(1) = ppe D T 2= 2,(t), 0<t<B,, p=1,2, .., M, (4.28)
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-
[V EAN/ZV I

Iy

Figure 4.3: Mapping of a multiply connected region €2 of connectivity M + 1 onto

an annulus with circular slits.
where 0y(t),0:(t), ..., 0p(t) are the boundaries correspondence functions of I'y, 'y,

..., I'ps respectively.

The unit tangent to I' at z(t) is denoted by T'(2(t)) = 2/(¢)/|#'(t)|. Thus

it can be shown that

L B0 FGot) L Pl
Pl =t g G ~ 1 @D e * <
(4.29)
ey = P o B ) g )
e O ET0) R R TIET0)
(4.30)
B B0 PG o PE0)
) =& O G oo~ =1 @ Dipgmr 7€
(4.31)

forp=2,..., M. If M = 1, then relationship (4.31) does not exist; i.e., only (4.29)
and (4.30) hold. Note that 6;(t) > 0 and ¢;(t) > 0 while ¢ (¢) may be positive

or negative since each circular slit f(I',) is traversed twice (see Figure 4.3). Thus

0,(t)/10,(t)] = 1.

The boundary relationships (4.29), (4.30) and (4.31) can be unified as

TGP O
f&) =T g 2 €T, (4.32)
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where I' = Iy UT'; U---UT'y. Note that the value of |f(2)]| is either 1, p; or
p, for z € I'. However we cannot compare (4.32) with (4.3) due to the presence
of the + sign. To overcome this problem, we square both sides of the boundary
relationship (4.32) to get

F()?
1F'(2)

f(2)* = —|f(2)*T(2)? zel. (4.33)

Comparison of (4.3) and (4.33) leads to a choice of ¢(z) = —|f(2)|*, P(z) =
f(2)%, D(z) = f'(2), Q(2) = T(z2), u(z) = T(2)Q(z) and v(z) = 1. Substituting
these assignments into (4.4) leads to an integral equation satisfied by f'(2), i.e.,

, 1 ()T T(w) |,
z PV— — — w)|dw
f1(2) + %nﬁbﬂmwﬁ—aﬂm s | £ )l

=fRPTEE | Y, Res o S e s

ajinsidel’

For the case where €2 is a multiply connected regions being mapped onto
an annulus with concentric circular slits, f(z) does not have any zeroes in €. Thus

the right-hand side of (4.34) vanishes and the integral equation (4.34) becomes
1 2T (2)2 T
2mi Jo || f(w)]2(@ —2)T(w) (w—2)
(4.35)

Multiply both sides by T'(z) and using the fact T'(2)T(z) = |T(2)|*> = 1 gives

FOPTE T()
7“)f(>+Pan/"Lﬂ P@—2)  w-2)

f(w)|dw| =0, zeTl.

T(w) f'(w)|dw| =0,

zel. (4.36)

Note that (4.36) does not posses a unique solution. If f(z) satisfies (4.36),

then so is rel® f(z), i.e.

T(:)lre f(2)) -
Lpy L [|m@ﬂ@wn@ ~TC | pruire fw)du] o

21 lreief(w)]?(w —2z) (w—2)

zeTl. (4.37)
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for any real constants » > 0 and a.

Suppose
F(z) = ref(z), r,a€R (4.38)

is a mapping function that maps a multiply connected regions onto an annulus
(ruy < |w| < r) with circular slits of radii rus <, ..., rupy < 1 and the Arg(F(2))
and Arg(f(z)) differ by .. Asis well known such a mapping function F'(z) exists
up to a rotation and the rotation could be fixed by prescribing F'(2*) = f, where
zx € 'y is fixed point. Using the same ideas presented in Section 4.3, imposing
the conditions

sinaIm f'(z*) =0,
cosaIm f'(2*) > 0,

/0 | olt)) 2 (0)d = 2.

lead to @ = 0 and r = 1. Hence F(z) = f(2).

The integral equation (4.36) can also be written briefly as

g(2) +/FN*(z,w)g(w)|dw| =0, zel, (4.39)

where

9(z) = TRE)f'(2),
T(z)  IfPTE)
(z—w) [f(w)P(z-w)

N*(z,w) = —

1
4.40
21 ( )

This integral equation will be used in Sections 5.3 and 5.4 for the numerical
conformal mapping of doubly connected region onto an annulus and triply

connected region onto an annulus with a slit.

Comparing (4.3) and (4.33) yields still another possible assignments, i.e.,

co(z) = =1, P(2) =1, D(2) = ['(2)/ f(2) and Q(z) = T'().
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Application of Theorem 4.4 with Remark 1 to these assignments, along with the
choice of u(z) = T(2)Q(z) and v(z) = 1, gives

P o1
7o) Vo )y

T(z)?*  T(w)
(w—2)Tw) (w-—z2)

Tl —0, et (441)

If we multiply both sides of (4.41) by T'(z), we obtain

f'(z) 1 T(z) T(z) flw)y
T(z) ) PV% &= -2 T(w) ) |dw| =0, ze€T.
(4.42)
The integral equation (4.42) can also be written briefly as
O(2) + / N(z,w)®(w)|dw| =0, zel, (4.43)
r

where ®(z) =T(z)f'(2)/f(2) and N is again the Neumann kernel (2.22).

From (4.27) and (4.28), we see that
F'(20(t))z0(t) = i6(8)e™® = if (20(1))0p(t), 0<t < Fo,  (4.44)
F(zp(0)2 (1) = ip 0, (1) = if (2,(£))6,(t), 0<t< B, (4.45)
In other words,
f'(r)Z(r) =if(z(7)0'(7), =(r) €T, 0<7<pB,
which implies

f'(z(7)) B s T
o) M =), e o<T<p

Substituting this result into (4.43) and using the definition that T'(z(7)) =

2'(1) /|2 (1)], we get

0 (1) + /06 k(r,0)0'(c)doc =0, 0<71 <0, (4.46)
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where
o | amlgte) o
k(r,0) = [2(T)|N(2(7), 2(0)) = %Im {j((:)} : ifr=o0

For doubly connected regions, the integral equation (4.46) is also known

as the Warschawski’s equation (see Section 2.6.6).

4.5 Application to Conformal Mapping of Multiply Connected

Regions onto a Disk with Circular Slits via the Neumann Kernel

This section gives an application of Theorem 4.1 to conformal mapping
of multiply connected region €2 of connectivity M + 1 onto a disk with circular
slits. Let w = f(z) be the analytic function which maps €2 conformally onto a
disk |w| < r with circular slits of radii p,r, where 0 < p, <1, p=1,2,..., M (see

Figure 4.4). The function f could be made unique by prescribing (4.12).

’

\reme }w\}} i |y

z¥

Iy

Figure 4.4: Mapping of a multiply connected region €2 of connectivity M + 1 onto

a disk with circular slits.
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The boundary values of f can be represented in form

f(z0(t) = re®® Ty:z2=2(t), 0<t< b, (4.47)

f(Zp(t)) = NPTéap(t)? Fp ‘2= Zp(t)7 O S 3 S ﬁp? p= 17 27 "'7M7 (448)

where 0y(t), 01(t), ..., Oa(t) are the boundaries correspondence functions of I'y,

I'y, ..., 'y respectively.

Thus it can be shown that

_ Ty o) fo) v w(t)
fao®) =TT GG ~ 1 e ey € Mo (449
g B TGO TGO
Flap(t)) = =T p<t>)|9;(t)|\ff(zp(t))| 2T (2, ( ))|f(zp(t))|, pe(jgo)

for p =1,2,..., M. Note that 6;(t) > 0 while ¢ (t) may be positive or negative
since the circular slit f(T',) is traversed twice. Thus 0,(t)/|0, ()| = £1.

The boundary relationships (4.49) and (4.50) can be unified as

ENLCIPNE
1) = £ TG

where I' =y UTy U---UT'y. Note that the value of |f(2)]| is either r or p,r for

zel, (4.51)

z € I'. Squaring both sides of the boundary relationship (4.51) gives

2 f'(2)°

S = P

z el (4.52)

Comparing (4.52) with (4.3), leads to a choice of ¢(z) = —|f(2)|?, P(z) =
f(2)%, D(z) = f'(2), Q(2) = T(2), u(z) = T(2)Q(z) and v(z) = 1. Substituting

these assignments into (4.4) leads to an integral equation satisfied by f'(2), i.e.,
1 2T (2)2 T
fw+wf/ SOPTEP __ T(w)
2mi Jr | |f(w)*(@ - 2)T(w)  (w—2)

Z uf){eas f'(w) ] , zel'. (4.53)

ajinsidel’
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To evaluate the residue in equation (4.53) we use the fact that if f(w) =
g(w)/h(w) where g and h are analytic at a, and g(a) # 0, h(a) = h'(a) = 0,
h"(a) # 0, which means «a is a double pole of f(w), then (Gonzalez, 1992)

,9(0) _ 21"(a)g(a)

Resf( ) h”(a) 3 h”(a)2

(4.54)

Applying (4.54) to the residue in (4.53) and after several algebraic manipulations,

we obtain

fllwy 1
o f@r T e @ (455)

Thus integral equation (4.53) becomes

) | f(2)]?T(2)? T(w) |
z PV— — — w)|dw
Pz + 2m/ [|f<w>|2< T ey | [
o p T2 cer. (4.56)

(@—2)*f'(a)’
Multiply both sides of the equation by f’(a)T'(z) and use the fact that T'(2)T'(z) =
IT(2)]? =1 gives

F@TE )
LV [‘ MHOPTE TG oo i
- _|f(z)|2(a@)2, zel. (4.57)
Equation (4.57) can also be written as
g(z,a) +/FN*(Z,w)g(w, a)|dw| = | f(2)|*h(a, 2), zel. (4.58)

where the kernel N* is as given in (4.40) and

9(z,a) = f(a)T(2)f'(2),
h(a,z) = —

This integral equation will be used in Chapter 6 for the numerical

conformal mapping of multiply connected regions onto a disk with slits.



CHAPTER 5

NUMERICAL CONFORMAL MAPPING OF MULTIPLY
CONNECTED REGIONS ONTO AN ANNULUS WITH
CIRCULAR SLITS

5.1 Introduction

We have discussed in Chapter 4 the theoretical aspects of constructing
some integral equations for conformal mapping of doubly connected region onto
an annulus via the Kerzman-Stein kernel and conformal mapping of multiply
connected regions onto an annulus with circular slits via the Neumann kernel.
In this chapter, we shall discuss the numerical aspects of conformal mapping of
multiply connected regions based on the integral equation developed in Chapter

4.

5.2 Conformal Mapping of Doubly Connected Regions onto an

Annulus via the Kerzman-Stein Kernel

5.2.1 A System of Integral Equations

Suppose €2 is a doubly connected region bounded by I'y and I'; as shown

in Figure 4.1. Since €2 is a doubly connected region, the single integral equation
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in (4.26) can be separated into a system of equations

n(z0) + | Azo, win(w)|du| - / Pl whn(w)ldel =0, s €Ty (51

o+ [ Qe wmldn] = [ AGyuwwidnl =0, s eT, (52
where
n(z) = V()
Pew) = g _u(;(i)f) T

[ uT(z)  T(w
Qe = o | EH ey
Alz,w) = W_H(va)a w,z € w# z,
0 w=zel,
H(w,2) = 1 T(z) weQUT, z €T, w#z.

2mi (z — w)’

The kernel A is known as the Kerzman-Stein kernel (Kerzman and
Trummer, 1986) and is smooth and skew-Hermitian. The kernel H is usually
referred to as the Cauchy kernel. The integral equations (5.1) and (5.2) involve
the unknown parameter p. To obtain a unique solution, we first consider applying
the condition f(29(0)) = 1. For the test regions that we have chosen, the
unit tangent vector T'(z9(0)) is equal to i. From equation (4.15), this implies

1(20(0))?/|n(20(0))|* = 1, which means

Re [11(20(0))*/In(z0(0)]*] = 1, (5.3)
Im [(2(0))*] = 0. (5.4)

Next we consider equation (4.13), which upon differentiation and taking

modulus on both sides, gives

[f (20(0)20()] = [ @i65(t)] = [6(t)]. (5:5)
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Since the boundary correspondence function 6y(¢) is an increasing monotone
function and it’s derivative is positive, we have |0)(t)| = 6,(t). Thus, upon

integrating (5.5) with respect to ¢ form 0 to 27 gives

/0 17 ot (D))t = / "0 (1)dt = Bo(D)]27 = 2. (5.6)

We note that, in Chapter 3 however did not use the conditions (5.3), (5.4)

and (5.6) to achieve uniqueness, but instead

" / " n(zolt)) 2 ()dt — / (a2 (0)Z (@)t = 0
and

where B* is predetermined.

Thus the system of integral equations comprising of (5.1), (5.2) with the
conditions (5.3), (5.4) and (5.6) has a unique solution.

5.2.2 Numerical Implementation

In Chapter 3 have shown how to treat the equations (5.1) and (5.2)

numerically and obtained the system (3.42) i.e.

ReA --- ImA Re x 0
ImA --- ReA Im x 0

The system of equations (5.6), (5.3) and (5.4) can be written briefly as

Bo
/0 |po(s)|?ds = 2, (5.8)
Re [¢0(0)?/]60(0)]] = 1, (5.9)
Im[p(0)’] = 0. (5.10)
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where

do(t) = |=(0)]"*n(z0(1)),
o1(t) = [ n(a(D)).

Since ¢ = Re ¢ + ilm ¢, equations (5.8), (5.9) and (5.10) become

n

Z((Rexoj)2+(1mxoj)2) = n, (5.11)
Re[zg,/(Rexo)® + (Imzg1)?)] = 1, (5.12)
Ima3, = 0. (5.13)

Therefore, the real nonlinear system in (5.7) can be solved simultaneously with
the equations (5.11), (5.12) and (5.13) which also involves the Re and Im parts of
the unknown functions. This system is an over-determined system of nonlinear
equations involving 2(n + m) + 3 equations in 2(n + m) + 1 unknowns. As in
Chapter 3, we also use Gauss-Newton method to solve this nonlinear least square

problem.

5.2.3 Numerical Results

For our numerical experiments, we have used three test regions i.e. frame
of Cassini’s oval, ellipse/circle and elliptical domain with circular hole. The exact
boundary correspondence function for Cassini’s oval is discussed in Section 2.5.5.
All the computations are done using MATHEMATICA package (Wolfram, 1991)
in single precision (16 digit machine precision). We also show the comparisons
of our numerical computations for the test regions with with those obtained
by Amano (1994), Ellacott (1979), Papamicheal and Warby (1984) and Symm
(1969).
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Example 5.1. Frame of Cassini’s Oval:

Let

Fozz(t):\/b%coth—l—\/aé—bésin22teit, ag >0, by > 0,
Flzz(t)—\/b%coth%—\/a‘ll—b‘llSmQZteit, a; >0, b, >0, 0<t<2rm.

The exact mapping function is

apz a061
z) = , ==,
/) V322 + af — b} a a1by

Figure 5.1 shows the region and image based on our method. The results
for the sub-norm error between the exact values of 6y(t), 61(t), u and their
corresponding approximations 6y, (t), 61,(t), p, are shown in Table 4.1. Table
4.2 shows the results obtained in Chapter 3 with different normalizing conditions
from ours. Table 4.3 shows the results calculated by Amano (1994) and Symm
(1969), though their distributions are different from ours. The notations F); and

E 4 that are used by Amano or Symm are defined as follows:

By = max{max||f(z(t:))| = 1f, max|[f(z1(t:))| = pl}, (5.14)
Ea = max{|[[0o(t) = on(t)lloo; 161 () = O1n(t)loc}- (5.15)

4 ah
O )\~

ko -5 &J 5 1

Figure 5.1: Frame of Cassini’s Oval with ag = 2v/14,a1 = 2,by = 7, and b; = 1.
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Table 5.1: Error norm (frame of Cassini’s oval) using our method

n=m minimal S(x) [|0o(t) = Oon(O)llcc  [101() = O1a()]loc 1t — pnlloo
16 8.4(—31) 6.4(—03) 2.5(—03) (—03)
32 8.4(—30) 6.9(—05) 2.7(—05) 2.1(—05)
64 5.5(—30) 1.1(—08) 4.1(—09) 3.1(—09)
128 3.4(—28) 2.7(—15) 8.9(—16) (—16)

Table 5.2: Error norm (frame of Cassini’s oval) in Chapter 3 with different

conditions

n=m |0o(t) = Oon()lloc [101(t) = O1n(t)lloc 1t = pinlloe

16 6.4(—03) 2.5(—03) 2.1(—03)
32 6.9(—05) 2.7(—05) 2.1(—05)
64 1(—08) 3.7(—09) 3.9(—09)

Table 5.3: Error Norm (frame of Cassini’s oval) using Amano’s method and

Symm’s method

Amano’s Method Symm’s Method
n=m Ey Ey n=m FEy
16 9.1(—03) 9.7(-03) 64 1.94(—02)
32 3.4(—04) 3.8(—04) 128  3.00(—03)
64 6.9(—07) 5.0(—08) 256 7.00(—04)
128  7.7(—11) 7.7(—11)

Example 5.2. Ellipse/Circle:

Let

Fo:2(t) = 2cost+isint,

I'y:2(t) = 05(cost+isint), 0<t<2m.
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We have adopted this example problem from Ellacott (1979) with pp =
0.4141 for comparison. See Table 4.4 for radius comparisons. Figure 5.2 shows

the region and its image based on our method.

Figure 5.2: Conformal mapping ellipse/circle onto an annulus

Table 5.4: The radius comparison for ellipse/circle

minimal Radius Comparison Value of
n=m  S(x) = B 1t
8 3.0(—31) 2.7(—02) 0.441484
16 4.9(—30) 3.8(—04) 0.4144811
32 4.2(—30) 2.0(—05) 0.4141199465
64 9.3(—28) 2.0(—05) 0.414119807860853

Example 5.3. FElliptical Region with Circular Hole:

Let

To={(x,9): (& + gao)/a3 + 7 =1},

1
Flz{(x,y):x2+y2:§ag}7 1 <ay<2.

We have adopted this example problem from Papamichael and Warby
(1984) for comparison of p. Since the conditions of the problem are somewhat
different, A = w: p < |w| < 1in ours and @ = w : 1 < |w| < M in Papamichael

and Warby (1984), our radius p should be multiplied by M for comparison (See



72

Table 4.5). In Table 4.6, we list the computed approximations of p based on
our method and the computed approximations to the modulus M based on
Papamichael and Warby method. The notation Ey that is used by Papamichael
and Warby is defined as

En = max{max || f(zo(t;))| = M[[, max || f(z1(5:))] = 1]}, (5.16)

Figure 5.3 shows the region and its image based on our method.

()
() )

Figure 5.3: Conformal mapping elliptical region with circular hole onto an annulus

with ag = 0.20.

Table 5.5: The computed approximations of u and M for elliptical region with

circular hole

Our Method Papamichael and Warby Method
ag 1 M 1/M

1.04 0.4803797010421916 2.081686628 0.4803797010315426
1.08 0.4869154853494373 2.053744500 0.4869154853488348
1.20 0.5080480086200778 1.968317921 0.5080480085716803
1.40 0.5480734581257742 1.824572938  0.5480734582724585
1.60 0.5938360511745354 1.683966719  0.5938359640467455
1.80 0.6455396040618700 1.549091634 0.6455396040180280
2.00 0.7043817963286256 1.419684616 0.7043817963017217
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Table 5.6: The radius comparison for elliptical region with circular hole

ap  n=m minimal S(x) || —1/M|« n=m Ey

1.04 32 4.6(—29) 2.0(—06) 31 2.1(—05)
1.08 32 8.4(—31) 1.4(—06) 31 8.7(—06)
120 32 5.2(—30) 3.0(—07) 20 7.5(—08)
140 32 1.4(—29) 1.9(—08) 20 2.0(—06)
1.60 32 3.7(—29) 2.4(—06) 25 3.2(—05)
1.80 32 1.3(—29) 3.5(—05) 23 3.9(—04)
2.00 32 2.3(—29) 1.1(—04) 27 2.0(—03)

5.3 Conformal Mapping of Doubly Connected Regions onto an

Annulus via the Neumann Kernel

5.3.1 A System of Integral Equations

Suppose {2 is a doubly connected region bounded by I'y and I'y (see Figure
4.3 with M = 1). For the special case where € is a doubly connected region, the

single integral equation in (4.39) can be separated into a system of equations

Z[) / N Zo, \dw[ / Po(ZQ, ) ( )|dUJ‘ :0, ZoEFo, (517)
g(zl)+/ Pi(z,w)g(w)|dw| — / N(z,w)g(w)|dw| =0. 2z €T, (5.18)
o
where

9(z) = T(2)f'(2),

1Tt TE
Polz,w) = 2mi _(Z—w) ,u%(?—@)]7
() T6)
AE) = i Gw  Ew
1Im{@], ifw,zelw# 2,
N(z,w) oy

1 Im[(1)2 )]
2T

. ifw=z€l.
EO
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The kernel N is also known as the Neumann kernel (Henrici, 1974).
Note that the PV symbols are no longer required in (5.17) and (5.18) since
the integrands are continuous along their respective paths of integrations. The
integral equations (5.17) and (5.18) also involve the unknown parameter py.
Naturally it is also required that the unknown mapping function f(z) be single-

valued in the problem domain (Henrici, 1974, p. 217), i.e.,

) f(w)dw =0 (5.19)

which implies

/—r g(w)|dw| = 0. (5.20)

Note that the system of integral equations consisting of (5.17), (5.18) and
(5.20) is homogeneous and does not have a unique solution. To obtain a unique
solution, we need to impose some conditions on ¢(z). First, we consider applying
the condition f(zo(0)) = 1. From (4.29), this implies g(z¢(0))/|g(20(0))| = 1i,
which means

Re[g(20(0))] = 0, (5.21)

Im [g(20(0))/1g(20(0)]] = 1. (5.22)

Next we consider equations (4.27) and (4.28). Upon differentiation and
taking modulus to both sides of equations (4.27) and (4.28), gives

[T (z0(8))f (20()20(8)] = |T(20(2))e™ i (t)] = 165(t)]. (5.23)
T @) ()@ = [T(a(8) ™ Vi1 (t)] = w6y ()] (5.24)

Since the boundary correspondence functions 6y(f) and 6;(t) are increasing
monotone functions, their derivatives are positive which implies |6 (t)| = 6} (¢)
and |0 (t)| = 01(t). Upon integrating (5.23) and (5.24) with respect to ¢ form 0

to 2w gives

/0 " aCo)zh()]dt — /0 gt = Bo(t) 27 = 2, (5.25)

/O @ E)A®NE = / "0,(1)dt = b (D)FT = 2. (5.26)
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Thus the system of integral equations comprising of (5.17), (5.18), (5.20)
with the conditions (5.21), (5.22), (5.25) and (5.26) has a unique solution.

5.3.2 Numerical Implementation

Suppose 'y and I'; be given in parametric representations as follows:

Iy : z=2z(t), 0<t<p,

Then the system of integral equations (5.17), (5.18), (5.20), (5.25) and (5.26)

become

Bo

9(z0(t)) + i N (20(t), 20(5))g(z0(s))] 29 (5)|ds

B1
- [ At s Dg(arlslansllds = 0. ft) € To. (5:2)

Bo
9(21(15))+/0 Py(21(t), 20(s))g(20(s))|20(s)|ds

B1
— [ N(zi(t), z21(5))g(21(s))[21(s)[ds = 0, z(t) € Iy, (5.28)

0

51

/0 9(21(5))|2,(5)]ds = 0, (5.20)
Bo

/0 l9(z0(s))2h(s)|ds = 2, (5.30)
61

/0 19(21(5)) 2, (s)|ds = 2mpm. (5:31)

Multiply (5.27) and (5.28) respectively by |2(t)] and |2](t)| gives
|20(t)]g9(20(t)) + /Oﬂo [20(t) |V (20(t), 20(s))g(20(s))|25(s)|ds

- /051 |20(8) | Po(z0(t), 21(s))g(21(s))[21(s)]ds = 0, zo(t) € T'o, (5.32)
1) |9 (21 (1)) + /OBO |21 ()| P(21(t), 20(s))g(20(s)) | 2(s)|ds

B1
—/0 |21 (D)IN (21(8), 21(5))g(21(s))|21(s)|ds = 0, z1(t) € T'1. (5.33)
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Defining
Pot) = [2(t)]g(z0(t)),
P1(t) = [21(t)]g(=(1)),
Koo(to, s0) = |20(t)|N(20(t), 20(s)),
Koi(to, s1) = |z0(t)[Po(20(t), 21(s)),
Kio(ti,s0) = [21(t)[Pi(21(t), 20(s)),
Kii(ti,s1) = [Z@#)[N(21(t), 21(s)),

the system of equations (5.32), (5.33), (5.29), (5.30), (5.31), (5.21) and (5.22) can

be briefly written as

Bo B1

gb()(t) + Koo(to, S[))¢0(8)d3 — K()l(t(), Sl)gbl(S)dS = O, (534)
0 0
Bo 61

¢1(t> + KlO(tla SQ)¢0(S)CZ$ — Kll(tb Sl)¢1<$)d8 = O, (535)
0 0
B1

gi(s)ds = 0,  (5.36)

Bo
/o |bo(s)lds = 2w,  (5.37)

B1
/0 p1(s)|ds = 2wy, (5.38)
Rego(0) = 0,  (5.39)

m [¢o(0)/[do(0)]] = 1. (5.40)

Since the functions ¢ and K in the above systems are J-periodic, a reliable
procedure for solving (5.34) to (5.38) numerically is by using the Nystrom’s
method. We choose Gy = (i1 = 27 and n equidistant collocation points
ti = (1 — 1)By/n, 1 < i < n on I'y and m equidistant collocation points
t: = (i —1)Bi/m, 1 < i < m, on I';. Applying the Nystrom’s method with
trapezoidal rule to discretize (5.34) to (5.38), we obtain

Po(t ZKOO tistj)ol(t; ZKm it3)oi(t;) = 0, (5.41)

Bo
)+ Kt nle) ~ 2 Kt b)) = 0. 50
]:



7

Z¢1<t3) = 0, (5.43)
Z!cbo(tj)l = n (5.44)
Dol = mp. (5.45)

Equations (5.41) to (5.45) lead to a system of (n + m + 3) non-linear complex
equations in n unknowns ¢y(¢;), m unknowns ¢;(t;) and p;. By defining the

matrices

Toi — ¢O(tz)7

Ty; = (bl(t;)?

B;j = @Koo(tl,t]),
n
B

D;; = @Klo(t;,t]),
n
B

Em = EKH@%’E)’

the system of equations (5.41) and (5.42) can be written as n + m by n + m

system of equations

[]nn + Bnn]XOn - Cnmxlm = 0, (546)

DmnXOn + []mm - Emm]xlm = 0. (547)

The result in matrix form for the system of equations (5.46) and (5.47) is

I+ Bp - —Chum Xon Oon
= : : (5.48)
Do o Lom — Emm X1m O11m
Defining
Iy + B - —Chm Xon Oon
A= ; e : , X= : and 0 = S

Dmn e Imm - Emm Xim Olm
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the (n +m) x (n + m) system can be written briefly as Ax = 0. Separating A

and x in terms of the real and imaginary parts, the system can be written as
ReARex —ImAImx +i(ImARex + ReAImx) =0+ 0i. (5.49)

The single (n +m) x (n 4+ m) complex system (5.49) above is equivalent to the
2(n +m) x 2(n + m) system matrix involving the real (Re) and imaginary (Im)

of the unknown functions, i.e.,

ReA - ImA Re x 0
= : ) (5.50)
ImA -+ ReA Im x 0

Note that the matrix in (5.50) contains the unknown parameter ;.

Since ¢ = Re ¢ 4+ ilm ¢, equations (5.43), (5.44), (5.45), (5.39) and (5.40)

becomes

Z(Rexlj—l—ilmxli) = 0, (5.51)

Z \/(Re z;)? + (Imzp;)? = n, (5.52)

7j=1
Z (Rex5)% + (Imz5)? = mpu, (5.53)
j=1
Rexm = 0, (554)
Im [z01/v/(Rexo1)2 + (Imzg)?] = 1. (5.55)

We next proceed to solve simultaneously the real nonlinear system in (5.50)
with the equations (5.51) to (5.55) which also involves the Re and Im parts of
the unknown functions. This system is an over-determined system of nonlinear

equations involving 2(n +m) + 5 equations in 2(n + m) + 1 unknowns.

We tried using the Gauss-Newton algorithm for solving this system.

However, it turns out that this algorithm failed to converge. Following the
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recommendation given in Wolfe (1978, p. 233-246), we then applied one of the
modifications of the Gauss-Newton namely the Lavenberg-Marquardt with the
Fletcher’s algorithm on this problem. This Lavenberg-Marquardt algorithm is
more robust than the Gauss-Newton algorithm and is reasonably efficient and
reliable for all the least-squares problem. However, it tends to be a bit slower

than the Gauss-Newton algorithm.

Our nonlinear least square problem consists in finding the vector x for
which the function S : R2™*™)+5 — R! defined by the sum of squares

2(n+m)+5

Sx) =fTf= > (fix)

i=1
is minimal. Here, x stands for the 2(n +m) + 1 vector (Re x¢1, Re zgg, ..., Re xqpn,

Rexn, Re$12, ceey Re:z:lm, Imxm, IIIlZL'OQ, ceey Il’Il(L’(}m IIHIH, Imxlg, ey Imxlm,

p1), and £ = (f1, fa, --'7f2(n+m)+5)‘

The Lavenberg-Marquardt algorithm is an iterative procedure with
starting value denoted as xg. This initial approximation, which, if at all possible,
should be well-informed guess and generate a sequence of approximations x;, Xo,

X3, ... base on the formula
Xk+1 = X — H(Xk)f(xk), /\k Z 0, (556)

where H(Xk) = ((Jf(Xk))TJf(Xk) + )\kf)_l(Jf(Xk>>T.

Our strategy for getting the initial estimation xq is based on (4.27) and

(4.28) which upon differentiating, we obtain

ooft) = f'(z0(0)z() = i (6)e™,
oi(t) = F(2())2(t) = mit] (£)e™ .

For initial estimation, we assume 6y(t) = 0;(t) = ¢t which implies 6;(t) =

¢1(t) = 1 and choose p; = 0.5 as our initial guess of the inner radius. In all our
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experiments, we have chosen the number of collocation points on I'y and I'; being
equal, i.e., n = m. Having solved the system of equations for the unknown
functions @o(t) = [z(0)|T(20(t))f'(20(t)), ¢1(t) = [21(0)|T(z1(2))f"(z1(2)) and
1, the boundary correspondence functions 6y(t) and 60;(t) are then computed

approximately by the formulas

Oo(t) = Arg f(z0(t)) ~ Arg(—igo(t)),
0.(t) = Arg f(a(t)) = Arg (—ig(t)).

We note that the numerical implementation described here are basically the same
as in Mohamed and Murid (2007b) but with set of conditions different from (5.36)
to (5.40).

Once the boundary values of the mapping function f are known, the values
of the mapping function can be calculated by quadrature at any interior points of
its domain of definition through Cauchy’s integral formula for doubly connected

region which read as follows:

Theorem 5.1 (Cauchy’s Integral Formula)
Let f be analytic on the boundaries I' = T'g U Ty and the region Q2 bounded by Ty

and I'y. If ¢ is any point on €2, then

10 = 5 [
DO, 1 S,

5.57
27 Jr, 2 —C 2mi ) p, 2 —( ( )

The Cauchy’s integral formula (5.57) can be also written in the

parametrized form, i.e.

o f(20(t)) 20 B f(z(t)2
J”(C)ZQL7ri i —f(zo((tt)))_ g(t)dt_QLm 0 —f(21((t)))_ C(t)dt. (5.58)

By using of (4.27) and (4.28), the Cauchy’s integral formula (5.57) can

then be written in the form

1 Bo ifo(t) o/ (¢ 1 b1 i01(t) o (¢
—,/ ) gy L [T me 00 (5.59)
2m Jy

- 0241 eV (t)
f(Q) = 2o(t) — ¢ 2mi J, z1(t) = ¢
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For the points which are not close to the boundary, the integrands are well
behaved. However for the points near the boundary, the numerical integration
is inaccurate due to the influence of the singularity. This difficulty is overcome
through the introduction of an iterative technique as given in Swarztrauber (1972,
p. 303). If we define fy({) to be f(z) where z is a point on the boundary which

is closest to (, then we can define

fen©) = 5 [ P20 o) (5.60)

i
In practice the iteration converges rapidly. Using this technique, we are able to

maintain the same accuracy throughout the region €.

5.3.3 Numerical Results

For numerical experiments, we have used seven common test regions based
on the examples given in Amano (1994), Ellacott (1979), and Symm (1969). All
the computations are done using MATHEMATICA package (Wolfram, 1991) in

single precision (16 digit machine precision).

There are four test regions whose exact boundary correspondence functions
are known i.e. circular frame, frame of Limacon, elliptic frame and frame of
Cassini’s oval as discussed in Section 2.5. N number of collocation points on
each boundary has been chosen. The results for the sub-norm error between
the exact values of 0y(t), 01(t), p1, f(¢) and their corresponding approximations
Oon(t), O1,,(t), p1n, frx(C) are shown in Tables 5.7, 5.8, 5.10, 5.11, 5.13, 5.14, 5.16
and 5.17. We also compare our numerical results with those obtained by Amano
(1994), Symm (1969) and Ellacott (1979), though their distribution are different
from ours (see equations (5.14), (5.15) and (5.16)).

1

Some integral equations do not involve the modulus p; " of the given

doubly connected region such as the Warschawski’s and Gershgorin’s integral
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equations (See Section 2.6.6). In such cases, the functions 0y(t), 6,(t) are

determined first. Then, the modulus is computed using formula (2.14)

1 20(0) —w 1 /ﬁo 24(t)
Log— = L _— | - — Re ——————04(¢)dt
8 T o8 21(0) —w 27 J, ezo(t)—w o(?)
1 (™ 21(t)
— ——0{(t)dt .61
+27r i Rezl(t)—wl() , (5.61)

for w is a any arbitrary point z interior to I'y.

In this thesis we have used our computed solutions 6y, (t) and 60;,(t) to
approximate pi, represented by ui,, based on the formula (5.61). Since 6, (t)
and 61, (t) are computed based on Nystrom’s method with trapezoidal rule, the

approximation uj, is calculated by means of

1 20(0) —w 1 24(t;)
Log— = L _ | - - Re —————0,(t;
o8 B 0wl n ;:1 TS o(t:)
1S A
— ——0:(t;). .62
+= Z.EI:Rezl(ti)—w ) (5.62)

The error norm ||y — p3,|| are also displayed in the tables.

Example 5.4. Frame of Cassini’s Oval:

Lo:z2(t) = \/b30082t+\/ag—bgsin22teit, ag >0, by > 0,
y:z(t) = \/b%coth—l—\/a‘f—b‘fsin22teit, a; >0, b >0, 0<t¢<2m.

The exact mapping function is

Aoz aobs
f Z) = s = —
(=) V22 +al — b3 H a1bo

Figure 5.4 shows the region and image based on our method. Tables 5.7,
5.8 and 5.9 show our results together with the results of Amano (1994) and Symm
(1969).
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Figure 5.4: Frame of Cassini’'s Oval : a rectangular grid in 2 with grid size 0.25
and its image with ag = 2v/14,a; = 2,00 = 7, and b; = 1.

Table 5.7: Error Norm (Frame of Cassini’s oval) using our method

N minimal S(x) [|00() = Oon ()]l [|01(¢ ) 01 (1) | oo
16 3.2(—28) 6.3(—03) 1.9(—03)
32 3.1(-28) 6.0(—05) 1.6(—05)
64 7.2(—30) 3.2(—08) 1.2(—08)
128 2.3(—28) 1.9(—08) 7.1(—09)

Nl = panlloe 11 — #1700

16 1.5(—03) (—03)
32 1.3(—05) 2.0(—03)
64 1.8(—09) 5.4(—04)
128 0 (—04)

Table 5.8: Error Norm (Interior of Frame of Cassini’s oval) using our method

N [fi(€) = F( Dl

32 9.3(—05)
64 3.8(—08)
128 1.1(—08)
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Table 5.9: Error Norm (Frame of Cassini’s oval) using Amano’s method and

Symm’s method

Amano’s Method Symm’s Method
N Ey E4 N En
16 9.1(—03) 9.7(—03) 64  1.94(—02)
32 3.4(—04) 3.8(—04) 128  3.00(—03)
64 6.9(—07) 5.0(—08) 256 7.00(—04)
128 7.7(=11) 7.7(—11)

Example 5.5. Elliptic Frame:

To:z2(t) = agcost+ibysint, ag>0, by > 0,

[y:z2(t) = ajcost+ibysint, a; >0, by >0, 0<t<2m.

The exact mapping function is

24+ /22— (ad — b3) _ar+b

f<2): a0+b0 ’ 1_a0+bo.

Figure 5.5 shows the region and image based on our method. Tables 5.10,
5.11 and 5.12 show our results together with the results of Amano (1994) and
Symm (1969).

Figure 5.5: Elliptic Frame : a rectangular grid in  with grid size 0.25 and its

image with ag = 7,a; = 5,bp = 5 and b; = 1.
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Table 5.10: Error Norm (Elliptic Frame) using our method

N minimal S(x)  [[6o(t) — Oon(t)[lc  1101(t) = O1a(1)]l

(
16 5.6(—31) 2.3(—03) 6.6(—03)
32 2.8(—19) 3.5(—06) 9.9(—06)
64  3.2(—29) 1.9(—08) 1.7(—08)
128 4.9(—30) 7.6(—09) 6.7(—09)

Nl = panllee i1 = 7 loo

16 2.0(—03) 9.4(—03)
32 3.0(—06) 1.1(—03)
64  7.0(—12) 1.9(—04)
128 5.6(—17) 4.7(—05)

Table 5.11: Error Norm (Interior of Elliptic Frame) using our method

N £e(Q) = F(Dllo

32 1.2(—04)
64 3.1(—08)
128 3.3(—09)

Table 5.12: Error norm (Elliptic frame) using Amano’s method and Symm’s

method

Amano’s Method Symm’s Method
N Ey Ea N Ep
(—02) ) 64 2.52(—02)
(—03) ) 128 3.90(—03)
64 8.4(—05) 2.7(—05) 256 6.00(—04)
(=07) )




Example 5.6. Frame of Limacon:

Lo:z(t) = agcost—+ bgcos2t + i(agsint + by sin 2t),

['y:2(t) = agcost+ bycos2t + i(ay sint + by sin 2t),

The exact mapping function is

Va3 + 4byz —
f(Z): CL0+ 0<% ap aq

2 bo ’ ap

M1 = —.
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ag >0, bg > 0,

CL1>O, by > 0.

Figure 5.6 shows the region and image based on our method. Table 5.13,

5.14, and 5.15 show our results together with the result of Symm (1969).

Figure 5.6: Frame of Limacons : a rectangular grid in €2 with grid size 0.4 and

its image with ap = 10, a; = 5, b(] =3 and b1 = b0/4



Table 5.13: Error Norm (Frame of Limacon) using our method

N minimal S(x) [|00(t) = on(t)lloc  161(t) = O1n(t)] o0
8 1.1(-12) 7.4(—04) 4.8(—04)
16 1.3(—24) 4.2(—06) 1.5(—06)
32 7.5(—30) 7.3(~11) 2.5(—11)
64 6.8(—29) 8.9(—16) 8.9(—16)

Nl = panllee Nl — w3, 100

8  4.1(—03) (—03)
16 1.5(—05) 4.1(—04)
32 2.4(-10) (—04)
64 0 (—05)

Table 5.14: Error Norm (Interior of Frame of Limacon) using our method

N fil€) = F(Olls
32 1.5(—10)

Table 5.15: Error Norm (Frame of Limacon) using Symm’s method

N 64 128 256
Ey  6.3(=03) 1.0(—03) 2.0(—04)

Example 5.7. Circular Frame:

87
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The exact mapping function is

o\ 2c
& = 51 A—1+<cz—p2>+¢<1—<c—p>2><1—<c+p>2>’
P = 1—(c2— —i-\/l—c— (1—(c—i—p))

Figure 5.7 shows the region and image based on our method. Tables 5.16

and 5.17 show the results.

Figure 5.7: Circular Frame : a rectangular grid in €2 with grid size 0.05 and its

image with ¢ = 0.3 and p = 0.1.

Table 5.16: Error Norm (Circular Frame) using our method

N minimal S(x) [|00(t) = Oon(t)lloc  101(t) — 01 (t)]l o0
4 1.6(—07) 5.1(—02) 1.1(—01)
8  24(—14) 8.7(—04) 1.7(—04)
16 8.7(—29) 1.3(—07) 2.5(—08)
32 1.6(—30) 1.3(—15) 8.9(—16)

Nl = panlloe Nl — 13,100

) )
16 4.7(—09) 8.8(—04)
32 4.2(-17) )
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Table 5.17: Error Norm (Interior of Circular Frame) using our method

N (@) = F(Dllo

16 4.6(—08)
32 2.7(—12)
64 1.6(—15)

Example 5.8. Ellipse/FEllipse:

Fo:2(t) = 2cost+isint,

[y:2(t) = cost+10.5sint, 0<t <27

We have adopted this example problem from Ellacott (1979) with pup =
0.5650 for comparison. See Table 5.18 for radius comparisons. Figure 5.8 shows

the region and its image based on our method.

Figure 5.8: Ellipse/Ellipse : a rectangular grid in  with grid size 0.25 and its

image.
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Table 5.18: The radius comparison for ellipse/ellipse

minimal Value of Radius Comparison
N S(x) f 1= i
8 2.6(—25) 0.598436 3.3(—02)
16 5.1(—31) 0.5648148 1.9(—04)
32 3.0(—30) 0.5645690618 4.3(—04)
64 9.3(—30) 0.564569038602491 4.3(—04)

Example 5.9. Ellipse/Circle:

[o:2(t) = 2cost+isint,

I'y:2(t) = 05(cost+isint), 0<t<2m.

We have adopted this example problem from Ellacott (1979) with up =
0.4141 for comparison. See Table 5.19 for radius comparisons. Figure 5.9 shows

the region and its image based on our method.

Figure 5.9: Ellipse/circle : a rectangular grid in Q with grid size 0.25 and its

image.
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Table 5.19: The radius comparison for ellipse/circle

minimal Value of Radius Comparison
N S(x) f 1= i
8 5.3(—31) 0.469081 5.5(—02)
16 8.6(—31) 0.4156028 1.5(—03)
32 2.1(—30) 0.4141208357 2.1(—05)
64 6.4(—30) 0.414119807861178 2.0(—05)

Example 5.10. Elliptical Region with Circular Hole:

To={(x,9): (& + g0 /a3 + 7 =1},

1
Iy :{(x,y):x2+y2:§a§}, 1<ag<2.

We have adopted this example problem from Papamichael and Warby
(1984) for comparison of uy. Since the conditions of the problem are somewhat
different, A = w:p <|w| <1 in ours and Ap = w:l<|w|<M in
Papamichael and Warby (1984), our radius p; should be multiplied by M for
comparison (See Table 5.21). In Table 5.20, we list the computed approximations
of 111 based on our method and the computed approximations to the modulus M
based on Papamichael and Warby method. The notation Ey that is used by
Papamichael and Warby is defined as (5.16). Figure 5.10 shows the region and

its image based on our method.
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Figure 5.10: Elliptical region with circular hole : a rectangular grid in € with

grid size 0.05 and its image with ay = 2.0.

Table 5.20: The computed approximations of p and M for elliptical region with

circular hole

Our Method Papamichael and Warby Method
ap 1 M 1/M
1.04 0.4803797010444083 2.081686628 0.4803797010315426
1.08 0.4869154853494394 2.053744500 0.4869154853488348
1.20 0.5080480086200779 1.968317921  0.5080480085716803
1.40 0.5480734581257743 1.824572938  0.5480734582724585
1.60 0.5938360511745342 1.683966719 0.5938359640467455
1.80 0.6455396040618699 1.549091634  0.6455396040180280
2.00 0.7043817963288784 1.419684616 0.7043817963017217

5.4 Conformal Mapping of Triply Connected Regions onto an

Annulus with a Circular Slit Via the Neumann Kernel

5.4.1 A System of Integral Equations

Suppose € is a triply connected region bounded by I'g, I'y and I'y (see
Figure 4.3 with M = 2). For the special case where Q) is a triply connected

regions being mapped onto an annulus with a concentric circular slit, the single
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Table 5.21: The radius comparison for elliptical region with circular hole

ap N minimal S(x) |1 X M — 1|« N Ex

(
1.04 32 5.1(—12) 3.3(—06) 31 2.1(—05)
1.08 32 3.2(—12) 2.2(—06) 31 8.7(—06)
120 32 1.3(—13) 4.1(=07) 29 7.5(—08)
140 32 6.1(=17) 2.3(—08) 29 2.0(—06)
160 32 1.8(—13) 3.0(—06) 25 3.2(—05)
1.80 32 4.3(—10) 3.9(—05) 23 3.9(—04)
2.00 32  6.4(—06) 2.5(—04) 27 2.0(—03)

integral equation in (4.39) can be separated into a system of equations

o(z0) + [ N(zo,w)g(w)|du] - /  RaCao,wlg(w)ldul

To

-/ Qo(20, w)g(w)|dw| =0, 2o € Ty, (5.63)
o)+ [ P ulgw)ldv] [ N w)gw)lau

- | @irwg)lde] =0, =z el (5.64)
o)+ [ PaCeawlgfw)ldnl — [ @ateaw)g(wdu

— | N(z,w)g(w)|dw| =0, 2z €Ty, (5.65)

Ty

where N is the Neumann kernel (2.22) and

o) = T
Rew) = o | )
W) = 5 :<zT£ZL>‘u%g7w>:’
Al = g g
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[T @ TE
Qi(z,w) = 2mi | (z —w)  p3(Z—wW)

1| 1) BTG
Pyz,w) = i |G-w) G-w)|

11 B TE)
Q=) = o e—w) G-

As in the doubly connected case, several additional conditions are required
to help achieve uniqueness. The single-valuedness requirement on the mapping

function f(z) implies
| atwidul <o (5.66)
/_r g(w)|dw| = 0. (5.67)

The set of equations (5.63) to (5.67) does not guarantee a unique solution.
The conditions (5.21), (5.22), (5.25) and (5.26) are also valid for the triply
connected case under consideration. If the triply connected region is symmetric

with respect to the axes, we can also impose the conditions

Relg(=1(0))] = 0, (5.68)
Relg(2(0))] = 0. (5.69)

Thus the system of integral equations comprising of (5.63), (5.64), (5.65),
(5.66), (5.67) with the conditions (5.21), (5.22), (5.25), (5.26), (5.68) and (5.69)

has a unique solution.

5.4.2 Numerical Implementation

In this section we describe a numerical method for computing the mapping

function f(z), p1 and po for the case of a triply connected regions. Suppose ',



['1 and I'; be given in parametric representations as follows:

I z=2(t), 0<t< b,
I : z=2z(t), 0<t<pf,
FQ . Z:ZQ(t), O§t§52

Then the system of integral equations (5.63), (5.64), (5.65), (5.66), (5.67),

and (5.26) become

Bo

9(=0(t)) + i N (20(t), 20(5))g(20(s))] 2 (5)|ds

B1
_/0 Po(20(t), 21(s))g(z1(s))|21(s)|ds

B2

-/ Qo(20(t), 22(s))g(22(s))|25(s)[ds = 0, z(t) € T,
Bo

9(2’1(15))+/0 Pr(21(t), 20(5))g(20(s))|20(s) | ds
b1

-/ N(z1(t), 21(5))g(z1(5))|21(s)|ds
B2

-/ Qu(21(1), 22(5))g(22(s)) |25(s)|ds = 0, z1(t) € Ty,

Bo
9(22(75))+/0 Py(2(t), 20(5))g(20(s))|20(s)|ds

51

-/ Qa2(22(1)), 21(5))g(21(s))[21(s)|ds
B2

— | N0, ms()lAelds =0, 5 €Ty
9(21(5))]24 (s)lds = 0,
9(z(5))|(s)]ds = 0,

19(20(5))z(s)|ds = 2,

l9(21(5))21(8)|ds = 2mp;.

95

(5.25)

(5.70)

(5.71)

(5.72)
(5.73)
(5.74)
(5.75)

(5.76)
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Multiply (5.70), (5.71) and (5.72) by |z,(t)|, |21(¢)| and |25(¢)| respectively gives

Bo

|26(t)lg(20(t)) + i |26(E)IN (20(t), 20(5))9(20(s))|20(s)|ds
B1

-, |20(8)[Po(20(1), 21(s))g(21(5)) |21 (s)lds

B2
—/0 |26(1)|Qo(20(t), 22(s))g(22(s))|25(s)[ds = 0, 20(t) € T'o,(5.77)

0l0a) + [ OG0, 2ol 0l

- [ HOINGO. A6 A

- [ OO s =0, w0 €T 67
0l + [ TN l0), 26Nl 5l

[ O, 2 Do I

- [ ON Gt Nl =0, ) €T 579

We next define

Po(t) = |z(t)]g(z0(1)),

¢1(t) = |z1(0)]g(=(1)),

P2(t) = |25(t)]g(22(1)),
Koo(to, s0) = |20(t)|N(20(t), 20(s)),
Koi(to,s1) = |20(t)[Polz0(t), 21()),
Koz(to,s2) = |20(t)|Qo(20(2), 22(s))
Kio(ti, s0) = [21(8)[Pi(21(t), 20(s))
Kii(ti,s1) = [A()IN(21(t), z1(s))
Kia(ty,s2) = [21(8)[Q1(21(2), 22(s))
Kao(ta,s0) = |25(t)[Pa(22(t), 20(s)),
Ka(t2,s1) = |25(t)[Q2(22(t), 21(s)),
Ka(ta, s2) = [2(t)[N(22(1), 22(s)).
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Thus equations (5.77), (5.78), (5.79), (5.73), (5.74), (5.75) and (5.76) can be

briefly written as

dolt) + Oﬁ°zz60<to,sO>¢o<s>ds-— Oﬁlzzb1<to,sl>¢1<s>ds

- 052[(02(250,32)@(5)(15—0, 2o(t) € T, (5.80)
b1(t) + an Kuo(ts, s0)do(s)ds — Oﬁl Kt (b, 1)1 (s)ds

- 0ﬁ2K12(t1,32)¢2(s)ds=O, L(f) €Ty, (5.81)
)+ [ Bttsssoron(ohts — [ Konttn )61 5105

- OBQKQQ(@,SQ)@(s)ds:o, 20(t) € T, (5.82)
Oﬂl 61(s)ds = 0, (5.83)
Oﬁz ¢(s)ds =0, (5.84)
‘A%WM®W8=2R (5.85)
/0 61| ds = 20, (5.86)

We choose By = 1 = (o = 27 and n equidistant collocation points ¢; =
(i —1)By/n, 1 <i <non Ty, m equidistant collocation points t; = (i — 1)3;/m,
1 <i<m,onT; and [ equidistant collocation points ¢; = (1 —1)3/1,1 <1 <1,
on I'y. Applying the Nystrom’s method with trapezoidal rule to discretize (5.80)
o (5.86), we obtain

ot ﬁOZKoo (tis 1) do(l; ZK(H i t5)1(t5)
Ba - e _
_TZ 02(ti, 1) pa(t;) = 0, (5.87)
=1
%Zm oo(t3) = -3 Kualty )6 (1)
J=1

ZKH ) ea(t:) =0, (5.88)
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oot + 2 > Kol )6n() = 3 Bl 7615
By <
_ 72 Z KQQ(tg,t3)¢2(t3-) =0, (5.89)
j=1
> an(ty) =0, (5.90)
j=1
I
> éalt;) =0, (5.91)
7=1
> leo(t)] = n, (5.92)
j=1
> o)) = myn. (5.93)
j=1
Equations (5.87) to (5.93) lead to a system of (n + m + [ + 4) non-linear

complex equations in n unknowns ¢ (¢;), m unknowns ¢ (¢;), | unknowns ¢s(t;),

w1 and po, as well as the unknown parameters p; and po. By defining the matrix

Xoi = ¢o(ti), X7 = ¢1(t3), Xy; = Pa(t;),
By = P Kooltit)), O = D Ko(tit), Dy = 2Kt 1)
ij — n 00\Y%y b5/, ij m 01\%%5 b5/ ij l 02\t45 b5 )5
Bo 153} Bo
E;; EKw(t;,tj), Fy = EKn(twt;), G TKlz(t;atj%
Bo I B2
Hy; = —FKaolt; t),  Jy=—Kalt,t;), Ly = 7K ),

the system of equations (5.87), (5.88) and (5.89) can be written as n 4+ m + [ by

n 4+ m + [ system of non-linear equations

[[nn + Bnn]xOn - Cnmajlm - DanQl = Oa (594)
EmnxOn + [Imm - me]xlm - Gmll'2l - O, (595)

Hiynxon — JimTim + [Ill — Lll]xgl =0. (5.96)
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The result in matrix form for the system of equations (5.94), (5.95) and (5.96) is

Ly + By - —C, A Xon Oon
E,.. oo L — e G xim | =1 04, |- (5.97)
Hp, e —Jim e Iy — Ly X2 Oa
Defining

Ly + Bon -+ —Com e =Dy
A = Eon oo L — Fo oo =G ,
H,, e — T coo Iy — Ly
Xon Oon,
x=| xi, |, and 0=1 04, |-
Xy Og

the (n+m+1) X (n+m-+1) system can be written briefly as Ax = 0. Separating

A and x in terms of the real and imaginary parts, the system can be written as
ReARex —ImAImx +i(ImARex + ReAlmx) =0+ 0i. (5.98)

The single (n +m + 1) X (n +m + 1) complex system (5.98) can also be written
as 2(n+m +1) x 2(n + m + 1) system matrix

ReA - ImA Re x 0
= : . (5.99)
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Note however that the 2(n+m+1) X 2(n+m+1) matrix in (5.99) contains
the unknown parameters p; and po. Since ¢ = Re ¢ + 1Im ¢, equations (5.90),
(5.91), (5.92), (5.93), (5.21), (5.22), (5.68) and (5.69) become

Y Rewy; +ilmay;) =0, (5.100)
j=1

l
Z(Re To; +ilmz,:) =0, (5.101)
j=1

>/ (Reaw,)? + (Imay,)? = n. (5.102)

Z \/(Re 215)? + (Imz5)% = myu, (5.103)
j=1

Re ol = 0, (5104)
Im [1‘01/\/(Re ZL'01)2 + (Im 1’01)2] = 1, (5105)
Re 11 = 0, (5106)
Re o1 — 0, (5107)

Thus a unique solution can be obtained from the system of equations (5.99)
to (5.107). This system is an over-determined system of nonlinear equations
involving 2(n + m + 1) + 8 equations in 2(n + m + 1) + 2 unknowns. We use a
modification of the Gauss-Newton called the Lavenberg-Marquardt algorithm to
solve this nonlinear least square problem. The Lavenberg-Marquardt algorithm

which is stated in (5.56), i.e.
Xk+1 = X — H(Xk>f(Xk>, )\k Z 0,

where H(xy) = ((Je(xx))" Je(xx) + M D) "1 (Jp(x1))T and Jg(x). Here, x stands for
the 2(n +m + 1) 4+ 2 vector (Re xg1, Rexgg, ..., Rexg,, Rexy, Rexya, ..., Rexypy,
Rexo1, Rexgs, ..., Rexq, Imxgy, Imzgs, ..., Imzg,, Imzyy, Imxio, ..., Imay,,

Im gy, Im xgy, ..., Im gy, iy, p2), and £ = (fy, fo, -~-7f2(n+m+l)+8)-

Our strategy for getting the initial estimation xq is based on (4.27) and
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(4.28) where upon differentiating, we obtain

do(t) = f'(20(t)z)(t) = 65 (t)e),
oi(t) = f(2(t)2(t) = mib; ()",
Do(t) = f'(22()24(t) = poiflhy(t)e®®).

For initial estimation, we assume 6y(t) = 6,(t) = 65(t) = t which implies
0y(t) = 07(t) = 04(t) = 1 and choose p1 = pp = 0.5 as our initial guess of the
inner radii. In our experiments, we have chosen the number of collocation points
on Iy, I'y and T'y being equal, N, i.e., n = m = [. After solving this system
of equation for the unknown functions ¢o(t) = |2((t)|T(20(t)) f'(20(t)), ¢1(t) =
AOIT (D) (1), 62(8) = 0T (a(8) F (25(8)), i and pi, the boundary
correspondence functions 0y(t), 61(¢) and 02(t) are then computed approximately

by the formulas

Oo(t) = Arg f(20(t)) = Arg (—ido(t)),
0:(t) = Arg f(1(t)) = Arg (—ig: (1)),
O2(t) = Arg f(za(t)) = Arg (Fide(t)).

5.4.3 Interior of Triply Connected Region

Section 5.4.2 deal with conformal mapping on the boundary of triply
connected regions. In this section, we describe a numerical procedure for
computing the mapping of interior points. Once the boundary values of the
mapping function f are known, the values of the mapping function for triply
connected regions may be calculated by quadrature at any interior points of its

domain of definition through Cauchy’s integral formula (see Theorem 5.1).
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Let f be analytic on the boundaries I' = I'y UT'; UT's and the region €2
bounded by I'y, I'y and I's. If ¢ is any point on €2, then

1
— Fff%dz
1 (2) 1 (2) 1 (2)
= 5= Foz_gdz—% . Z_Cdz—% _FQZ_Cdz.(E).lOS)

The Cauchy’s integral formula (5.108) can be also written in the parametrized
form, i.e.

LR GE® 1 [P 05
27 Jo 20(t) = C 271 J, 21(t) — ¢

L[ )50
27 0 Zg(t) - C

By means of (4.27) and (4.28), the Cauchy’s integral formula (5.108) can then be

f(¢) = dt

t. (5.109)

written in the form

1 Bo ifo(t) o/ (¢ 1 b1 i01(8) 5 (¢
MF_JE_ﬂ%Ff/HiJﬁﬁ
21 Jo  20(t) — C 21 Jo  z(t) = ¢
_ L [P A, (5.110)
2mi Jo ) —C '

For the points which are not close to the boundary, the integrands are
well behaved. However for points near the boundary, the numerical integration is
inaccurate due to the influence of the singularity. This difficulty is overcome
through the introduction of an iterative technique as given in (5.60) (see

Swarztrauber (1972)).

5.4.4 Numerical Results

For numerical experiment, we have used two test regions. We have not
found any exact mapping function documented in the literature. These test

region are chosen base on the example in the Reichel (1986), Okano et al. (2003),
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Kokkinos et al. (1990) and Ellacott (1979). We have adopted the example
problem from the above literature for comparison. All the computations were
done using MATHEMATICA package (Wolfram, 1991) in single precision (16

digit machine precision).

Example 5.11. Ellipse/two circles:

Let

[o:z0(t) = 2cost+isint,
I'y:z(t) = 0.5(cost+isint),

Iy:z(t) = 1.2+0.3(cost+isint), t:0<t<2m.

We have adopted the example problems from Reichel (1986) and Kokkinos
et al. (1990) for comparison of py and s (see Tables 5.22 and 5.23). We obtain
the results p; = 0.42588654195460685 and pe = 0.810970795718853. Since the
conditions of the problems are somewhat different, o = 1 in ours, pg = 1.5 in
Reichel’s and pg = 2 in Kokkinos et al., our radii ; and s should be multiplied
by 1.5 and 2 respectively. Values of p; and ps in Reichel are denoted here by
p1.r and po g respectively. While the values of y1 and o in Kokkinos et al. are
denoted here by 1 x and g g respectively. Figure 5.11 shows the region and its

image based on our method.

Figure 5.11: Ellipse/two circles : a rectangular grid in  with grid size 0.05 and

its image.
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Table 5.22: Radii comparison with Reichel (1986) for Ellipse/two circles.

minimal Radii Comparison

N S(x) | x 15— pagllee 2 X 1.5 = pa Rl

16 3.3(—11) 1.4(—03) 1.3(—02)
32 6.8(—22) 9.8(—07) 6.6(—06)
64 1.1(—23) 8.6(—09) 4.3(—09)

Table 5.23: Radii comparison with Kokkinos et al. (1990) for Ellipse/two circles

Radii Comparison

Nl x 2= pmllee |12 X 2 — p2x|oo

16 1.4(—03) 1.3(—02)
32 9.7(—07) 6.6(—06)
64 2.0(—09) 7.2(~10)

Example 5.12. FEllipse/Circle/Ellipse:

Let

Lo:20(t) = 2cost+isint,
['y:z(t) = 0.25(cos t +isin t),

[o:29(t) = 140.5cost+0.25isint, t:0<t<2m.

We have adopted the example problems from Ellacott (1979) for
comparison of u; and py (see Table 5.24). We have chosen n = m = | = 64
number of collocation points. Figure 5.12 and 5.13 shows the region and its

image based on our method and Ellacott method respectively.
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Table 5.24: Radii comparison for Ellipse/two circles

Our Method Ellacott (1979)
Radius Radius ity — tp. || o
11 = 0.24061238546734354 fi,p = 0.25 9.4(—03)
1o = 0.6859816257842841 p2,p = 0.68 6.0(—03)

P H ™
e SR ™\
£ i 2\
‘ i 1 4
: - i
i 5iig £
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Figure 5.12: Ellipse/Circle/Ellipse : a rectangular grid in 2 with grid size 0.05

and its image.

T, oD

2

Figure 5.13: Conformal mapping of Ellipse/circles/ellipse onto an annulus with

a concentric circular slit base on Ellacott method.



CHAPTER 6

NUMERICAL CONFORMAL MAPPING OF MULTIPLY
CONNECTED REGIONS ONTO A DISK WITH CIRCULAR SLITS

6.1 Introduction

We have shown in Chapter 5 that the proposed method for the
numerical conformal mapping of multiply connected regions onto an annulus
with circular slits via the Kerzman-Stein and the Neumann kernels can produced
approximations of high accuracy. In this chapter, we shall discuss numerical
aspects of conformal mapping of multiply connected regions onto a disk with

circular slits based on the integral equation developed in Chapter 4.

6.2 Conformal Mapping of Doubly Connected Regions onto a Disk

with a Circular Slit Via the Neumann Kernel

6.2.1 A System of Integral Equations

Suppose {2 is a doubly connected region bounded by I'g and I’y (see Figure
4.4 with M = 1). For the special case where (2 is a doubly connected region being
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mapped onto a disk with a circular slit, the single integral equation in (4.58) can

be separated into a system of equations

ooa) + [ N(zoow)glw,a)lduw] - / Po(z0, w)g(w, ) dul

FO *Fl
= ?h(a,20), 20 €Ty, (6.1)
g(mra) + / Py, w)g(w,a)ldw] — [ Nz, w)g(w, a)|du
Fo *Fl
= pir’h(a,z1), =z €l (6.2)

where

h(a,z) = __ZéZé%%E’
A = 5 :<ZT =k u%é(?m] |
A fre IO e
2N IO .

The kernel N is also known as Neumann kernel.

Note that there are four unknown quantities in the integral equations (6.1)
and (6.2), namely, g(zo,a), g(z1,a), r and p;. Naturally it is also required that the
unknown mapping function f(z) be single-valued in the problem domain (Henrici,
1986), i.c.

f(w)dw = 0, (6.3)

-

which implies

/—r g(w,a)ldw| = 0. (6.4)

Several conditions can be obtained to help achieve uniqueness. We first

consider equation (4.47). Upon differentiation and taking modulus to both sides
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of equation (4.47), gives

(@) T (20(8) f (200)20(D)] = 1f'(a)T(z0(t))re™ Vit (2)]
= ['(a)r|6o(t)]. (6.5)

Since the boundary correspondence function 6y(¢) is an increasing monotone
function and it’s derivative is positive, this implies |0y(t)] = 64(t). Upon

integrating (6.5) with respect to ¢ form 0 to 27 gives

/0 " lozo(t), a)zh(t)|dt = f'(a)r / o (tydt= fa)ram. (6.6)

Next we consider the Cauchy integral formula

PR L PR B Y O PR S B )

2m Jrz—a 27 Jp, 2 —a 2m1 ), z—a

dz, (6.7)

which implies

e L[ f(a)f (20(t))20(t) L7 flla)f'(za(t)#()
fila) = 2mi J, 2o(t) — a dt = 2mi J, z1(t) —a d.

(6.8)

We have two possibilities: set a value for f’(a) and treat r as unknown, or
set a value of r and treat f'(a) as unknown. Thus the system of integral equations
comprising of (6.1), (6.2), (6.4) with the conditions (6.6) and (6.7) will lead to a
unique solution. In the following section, we show the numerical implementation

and numerical results with the value of f’(a) predetermined.

6.2.2 Numerical Implementation

Suppose 'y and I'; be given in parametric representations as follows:

Iy : z=z(t), 0<t< by,

Iy: z=2z(t), 0<t<p.
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Then the system of integral equations (6.1), (6.2) and (6.4) become

Bo

g(20(t), a) + i N(z0(t), 20(5))g(20(5), a)|z(s)|ds
B1
—/0 Po(20(t), 21(s))g(z1(s), a) |21 (s)|ds = r*h(a, z(t)),
Zo(t) c Fo, (69)
Bo
atha)+ [ Pl al)alls). a)lz(s) s
B1
-/ N(z1(t), 21(5))g(21(s), )| 21(s)|ds = r*pih(a, 21 (1)),
z(t) € Ty, (6.10)
81
/0 g(z1(s),a)|z1(s)|ds = 0. (6.11)

Multiply (6.9) and (6.10) by |z,(t)| and |z] ()| respectively gives
Bo
|20(8)19(20(t), @) + i |20 ()N (20(1), 20(5))g(20(s), @) |0 (s) |ds
b1
—/0 [20(£)[ Po(20(t), 21(s))g(21(s), a) |21 (s) |ds

= r2|z{J6(t)\h(a, 20(t)), 20(t) € Ty, (6.12)
|21 (8)|g(21(t), a) + |21 ()| Pr(21(2), 20(5))g(20(s), a)| 20 (s)|ds

e '
—/O 21 ()N (21(1), 21(5))g(21(s), a) |21 (s)|ds

— 221 (D) h(a, (1), ai(t) €Ty, (6.13)
Defining
Po(t) = |z(t)lg(20(t), a),
¢1(t) = [21(t)]g(z(t), ),
w(t) = r?lzt)|h(a, 20(1)),
n(t) = ruilat)h(a, z(1)),
Koo(to, s0) = |2(t)[N(20(t), 20(s)),
Koi(to,s1) = [2(t)[Folz0(t), 21(s)),
Kio(ty,s0) = [21(t)[Pi(21(t), 20(s)),
Kii(ti,s1) = [Z@#)[N(21(t), 21(s)),
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the system of equations (6.12), (6.13), (6.11), (6.6) and (6.8) can be briefly written

Bo B1
oo(t) + i Koo (to, s0)po(s)ds — i Ko (to, s1)01(s)ds = yo(t), (6.14)
Bo B1
o1(t) + i Kio(t1, s0)po(s)ds — i Kiy1(t1, $1)p1(s)ds = 71 (t), (6.15)
" () =0, (6.16)
Bo
/0 |bo(s)|ds = f'(a)r2m, (6.17)
L[ o) L [P 6)
27 Jo  20($) —ad 27ri/ z1(s) — ad = f(a)" (6.18)

Since the functions ¢, v, and K in the above systems are [-periodic, a
reliable procedure for solving (6.14) to (6.18) numerically is using the Nystrom’s
method with trapezoidal rule (Atkinson, 1976). We choose §y = 1 = 27 and n
equidistant collocation points t; = (i—1)5y/n, 1 < i < non Iy and m equidistant
collocation points t, = (2 — 1)1 /m, 1 <1 < m, on I'y. Applying the Nystrom’s
method with trapezoidal rule to discretize (6.14) to (6.18), we obtain

oot ﬁ” ZKOO (ts, 1) ot ZKM (i, t,) 01 (t,) = 7o(t;), (6.19)

ZKN t ) o(t ZKH tt,)o1(t) = 1(t,), (6.20)
Zlcm(t]) =0, (6.21)
Zn; [6o(t;)] = f'(a)rn, (6.22)
=

1 — 1 1 — 1 B
p ; m¢0(tj) o > m%(t]) = f'(a)". (6.23)

=1 "1\

Equations (6.19) to (6.23) lead to a system of (n + m + 3) non-linear

complex equations in n unknowns ¢g(t;), m unknowns ¢ (t,), f'(a), r and py. By



defining the matrices

Toi = olti),
T, = ¢1(t.),
Yoi = olt),
T = mn(k),
By = %Kao(t,,t]),
G, = %Km(tz,tj),
E; = %Klo(tz,tj),
D, = %Kll(tz,tj),

111

the system of equations (6.19), (6.20) and (6.23) can be written as n +m + 1 by

n 4+ m system of equations

[Inn + Bnn]XOn - C1nmxlm = "Yon,
EmnXOn + [Imm - Dmm]xlm = Tim>

FnXOn + Gmxlm = f,(a)Q'

Since ¢ = Re ¢ + ilm ¢, equations (6.21) and (6.22) becomes

i(Rexh—i—iImxlj) = 0,
Z \/(Re 205)? + (Imzg;)2 = f'(a)rn.

Jj=1

(6.24)
(6.25)
(6.26)

(6.27)

(6.28)
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The result in matrix form for the system of equations (6.24), (6.25) and (6.26) is

Ion + Bpp - —Chm Yon
) o, )
E,n coo Lo — Dy : = Yim : (6.29)
Xim :
F, Gm f'(a)?
Defining
Lon + Bpp - —Chm Yon
Xon :
A = E,. oo T — Do | »X= : and y = Vim ,
Xim
F, - G f'(a)?

the (n +m + 1) X (n 4+ m) system can be written briefly as Ax =y. Separating
A, x and y in terms of the real and imaginary parts, the system can be written

as
ReARex —ImAImx +i(ImARex+ReAImx) =Rey+ilmy. (6.30)

The single (n +m + 1) x (n + m) complex system (6.30) above is equivalent to
the 2(n+m+ 1) x 2(n+m) system matrix involving the real (Re) and imaginary

(Im) of the unknown functions, i.e.,

ReA --- ImA Re x Rey
= : . (6.31)
ImA --- ReA Im x Imy

Note that the matrix in (6.31) contains the unknown parameters r and
p1. The value of f’(a) is predetermined. The system of equations (6.31), (6.27)
and (6.28) is an over-determined system of non-linear equations involving 2(n +

m + 1) + 2 equations in 2(n 4+ m) + 2 unknowns.



113

We use a modification of the Gauss-Newton called the Lavenberg-
Marquardt with the Fletcher’s algorithm to solve this nonlinear least square
problem. Our nonlinear least square problem consists in finding the vector x
for which the function S : R?"+™+4 — R! defined by the sum of squares

2(n+m)+4

Sx)=ff= ) (filx)’

i=1
is minimal. Here, x stands for the 2(n +m) + 2 vector (Re x¢1, Re zgg, ..., Re xqpn,
Rexi1, Rexqa, ..., Rex1,, Imag, Imaxgs, ..., Imxg,, Imziq, Imxqs, ..., Imzq,,
pa,7), and £ = (f1, fa, ..., fotntms1)+2). The Lavenberg-Marquardt algorithm is an
iterative procedure with starting value denoted as xy. This initial approximation,
which, if at all possible, should be well-informed guess and generate a sequence

of approximations x;, X, X3, ... base on the formula (5.56) i.e.
Xk+1 = X — H(Xk)f(Xk), /\k Z 0,

where H(Xk) = ((Jf(Xk))TJf(Xk) + )\kl)il(Jf(Xk))T.

The strategy for getting the initial estimation is to provide rough estimates
of the slit radius, p ~ 0.5, 7 = 1 and set f’(a) = 1 for the test region. Then
the non-linear system of equations (6.29) and (6.27) reduces to over-determined
linear system. Writing the over-determined system as Bx = y, we use the least-
squares solutions of Bx = y which are precisely the solutions of B'Bx = Bly
(Johnson et al., 1998). The solutions are then taken as initial estimation. These
initial guesses are applied for the lowest number of n and m of our experiments.
In all our experiments, we have chosen the number of collocation points on I'y
and I'; being equal, i.e., n = m. The information from the solution of u; and r
of lower n is then exploited as an estimate of p; and r for the next 2n number of

collocations points.

The system of equations (6.31) with (6.27) and (6.28) are then solved for

the unknown functions

¢o(t) = |2(D)f (a)T (20(1)) f'(20(2)),
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¢1(t) = [2(O]f (@)T (22(8) f (21 (1)),

p and r. Finally the boundary correspondence functions 6y(t) and 6;(t) are

computed approximately by the formulas

Oo(t) = Arg f(20(t)) = Arg(—igo(t)),
0.(t) = Arg f(=1(1)) = Arg(+igy (1)),

6.2.3 The Interior Mapping

Once the boundary values of the mapping function f are known, the values
of the mapping function may be calculated by quadrature at any interior points

of its domain of definition through Cauchy’s integral formula (see Theorem 5.1).

By using (4.47) and (4.48), the Cauchy’s integral formula (5.57) can then

be written in the form

1 [P relf® 20 (1) 1 (O pyre®® (t)
_ = oW — A .32
U 2mi /0 2o(t) — ¢ 27 J, 21(t) — ¢ ’ (6:32)

where ( is any point on ).

For the points which are close to the boundary, we use the iterative
technique as given in equation (5.60). In practice the iteration converges rapidly.
Using this technique, we are able to maintain the same accuracy throughout the

region ().
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6.2.4 Numerical Results

For numerical results, we have used five test regions whose exact boundary
correspondence functions are known as given in Section 2.5. The test regions are
annulus, frame of Limacon, elliptic frame, circular frame and frame of Cassini’s
oval. We set f'(a) = 1 for all test regions. Note that, f(z) maps 2 conformally
onto a disk |w| < r with a circular slit of radius p;r, where 0 < py < 1. Thus
g(z) = f(z)/r maps Q onto a disk |w| < 1 with a circular slit of radius p;. This
implies that f and g have the same values of 6y(t), 0;(t) and p;. The results for
the sub-norm error between the exact values of 6y(t), 6:1(t), p1, f(¢) and their
corresponding approximations 6y, (t), 61, (t), pin, fx(¢) are shown in Tables 6.1
to 6.10. Figures 5.1 to 5.5 shows the regions and corresponding images based
on our method. All the computations are done using MATHEMATICA package

(Wolfram, 1991) in single precision (16 digit machine precision).

Example 6.1. Annulus:

[o:z(t) = cost+isint,

I'y 1 2(t) = 7(cost+isint), 0<t<2r.

The exact mapping function is

1 it
04 =logz+— —io; q
_ 20 21 2 E _ _—20
g(z) = —e . , 0<o<—, m=e
1 T 2
Oy =logz+ — +io; q
2i 2

For the purpose of numerical comparison, we set 7 = ¢ = e~ ™" (see Section
2.5.1) and since 04(77i/2;9) = 0 (Whittaker and Watson, 1927), this implies
a = e 2. We have chosen 7 = 0.50, and o = 0.20. Figure 6.1 shows the region

and image based on our method. See Tables 6.1 and 6.2 for results.
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Figure 6.1: Annulus : a rectangular grid in 2 with grid size 0.05 and its image

with radius p; = e~

Table 6.1: Error Norm (Annulus)

n=m minimal S(x) [|00(t) — bon(t)llec [101() = Orn(O)llo  [I1t1 — pinlloo
16 8.4(—15) 1.9(—02) 6.3(—01) 1.7(—02)
32 2.7(—24) 5.0(—05) 8.9(—04) 2.8(—05)
64 3.5(—30) 2.4(—10) 2.3(—09) 8.2(—11)
128 2.4(—30) 8.9(—16) 7.0(—14) 2.2(—16)

Table 6.2: Error Norm (Interior of Annulus)

n=m |fi(¢) = f({)ll

32 1.8(—04)
64 3.0(—10)
128 1.3(—15)

Example 6.2. Circular Frame:
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The exact mapping function is

1 T
0, (=1 T
20 ! (21 ng(Z) - 2 7 q) T 20

g(z2) = e : , 0<o<—, m=e",
0, (%logf(z)%—mg-l—ia; Q) ’
with
z2—A 2c
= — A=
1(z) Az —1’ L+ (2= p2) + /(1= (c—p))(L— (c+p)?)
i 2p
" 1—(2—=p)+ /T =(c—p)2)(1—(c+p)?)

For the purpose of numerical comparison, we set 7 = ¢ = e~ and since
, o In(7) A—e %
0,(m7i/2;q) = 0, this implies 7 = and a = —————. We have chosen
-7 1— Ae20

c= 0.3, p=0.1, and ¢ = 0.50. Figure 6.2 shows the region and image based on
our method. See Tables 6.3 and 6.4 for results.

Figure 6.2: Circular frame : a rectangular grid in  with grid size 0.05 and its

image with radius p; = e,

Table 6.3: Error Norm (Circular Frame)

n=m minimal 5(x) [|00(t) = Oon(t)[lcc [101(F) = Orn(O)llcc [l — panllo
4 1.0(—04) 1.0(—01) 5.9(—01) 4.9(—01)
8 3.6(—08) 2.3(—04) 2.0(—03) 1.6(—04)
16 2.1(—16) 1.0(—08) 4.2(—07) 2.0(—08)
32 4.6(—29) 8.9(—16) 5.1(—14) 1.8(—15)




118

Table 6.4: Error Norm (Interior of Circular Frame)

n=m |[fi(C) = f(Q)lls

16 4.5(—06)
32 2.7(—12)
64 2.9(—15)

Example 6.3. Frame of Limacon:

Lo:z2(t) = agcost+ bgcos2t +i(agsint + bysin2t), ag >0, by > 0,

['y:2(t) = ajcost+ bycos2t+i(arsint + bysin2t), a3 >0, by > 0.

The exact mapping function is

1 .
04 (—_logf(z) + oz —io; C])
% 21

2
g(z) = —e - , O<o< E, M1 = 6_20,
0 1 log f(2) + imT n 2
—log f(2) + — + io;
4 92i g 92 o5 q
with
2
_Vagt+4boz—ag . @
f(Z) - 2b0 ) r= a/().
For the purpose of numerical comparison, we set 7 = ¢ = e~™" and since
In(# 2b —20 2 2
04(m7i/2;q) = 0, this implies 7 = n(r) and a = (2boe ;‘)ao) %0 We have
. 0

chosen ag = 10, a1 = 5, by = 3, by = by/4, and o = 0.10. Figure 6.3 shows the

region and image based on our method. See Tables 6.5 and 6.6 for results.

Table 6.5: Error Norm (Frame of Limacon)

n=m minimal S(x) |[6o(t) = on(D)llcc [102(t) = brn(t)lloc  [lpn = pr1nlloo

32 7.8(—10) 2.5(—02) 4.0(—02) 6.9(—03)
64 1.4(—22) 6.3(—05) 2.4(—04) 1.5(—05)
128 4.8(—28) 2.9(—10) 3.8(—09) 5.8(—11)
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Figure 6.3: Frame of Limacons : a rectangular grid in €2 with grid size 0.4 and

its image with radius p; = e=2.

Table 6.6: Error Norm (Interior of Frame of Limacon)

n=m |[fx(¢) = f(Q)lls

32 9.2(—03)
64 5.2(—05)
128 1.1(—09)

Example 6.4. FElliptic Frame:

Fo:2(t) = agcost+ibysint, ag >0, by > 0,

['y:z2(t) = ajcost+1ibyisint, a; >0, by >0, 0<t<27.
The exact mapping function is

1 .
2094 (Z log f(z) + UTTT —io; Q>

g(z) = —¢ - , 0<o< E, M1 = 6720,

0 11 f()+17r7'+, 2

R R 1‘

4 oY 0g J (< B o5 q

with

2 2_b2 b
f(z):Z+ 22 — (ad 0)’ f:a1+ L
a0—|—b0 (l0—|—b0

For the purpose of numerical comparison, we set 7 = ¢ = e~ and since

hl(?:) and a4 — 6740’(@0 + b0)2 + (CLQ — b0)2  We
—7 2e727(ag + by)

have chosen ag =7, a; =5, by =5, by = 1, and ¢ = 0.15. Figure 6.4 shows the

0,(m7i/2;q) = 0, this implies 7 =

region and image based on our method. See Tables 6.7 and 6.8 for results.
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Figure 6.4: Elliptic frame : a rectangular grid in €2 with grid size 0.25 and its

image with radius p; = e™2.

Table 6.7: Error Norm (Elliptic Frame)

n=m minimal S(x) [|00(t) — bon(t)llec [101() = Orn(O)llo  [I1t1 — pinlloo
16 2.0(—03) 1.6(—01) 6.4(—01) 1.7(—02)
32 6.5(—08) 8.9(—04) 2.3(—03) 3.2(—04)
64 6.2(—18) 1.0(—07) 8.7(—07) 2.8(—08)
128 1.2(—25) 1.2(—14) 3.2(—13) 1.2(—14)

Table 6.8: Error Norm (Interior of Elliptic Frame)

n=m |fi(¢) = f({)ll

32 9.4(—04)
64 2.8(—07)
128 1.2(—13)

Example 6.5. Frame of Cassini’s Oval:

Fo:z2(t) = \/b30082t+\/ag—bgsin22teit, ag >0, by > 0,
[y:z(t) = \/b%COSQt%—\/a‘f—b‘fsin22teit, ap>0,b0, >0, 0<t<27m.
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The exact mapping function is

1 1T
0, =1 T o
20 ! (21 ng(Z) * 2 7 q> T 20

1 : , O<o< —, w=e",
T
0, <Zlogf(z)—l—7+ia; q)

g(z) = —e 5

with
apz o a061

z) = , =
1) Vb222 +al — by a1bo

For the purpose of numerical comparison, we set 7 = ¢ = e~ and since
In(7 e 17 (ag — b}
0,(m71/2; q) = 0, this implies 7 = ) and a % We have chosen

ap=2vV14, a1 =2, by =7, by = 1, and o = 0.15. Figure 6.5 shows the region

and image based on our method. See Tables 6.9 and 6.10 for results.

Figure 6.5: Frame of Cassini’s oval : a rectangular grid in 2 with grid size 0.25

and its image with p; = e,

Table 6.9: Error Norm (Frame of Cassini’s oval)

n=m minimal S(x) [|6o(t) = Oon(t)llcc 1161(t) = O1n(t)llcc [t — fr1nloo
32 1.2(—08) 4.0(—03) 5.0(—03) 6.0(—04)
64 2.1(—20) 1.0(—06) 1.1(—06) 1.2(—07)
128 1.1(—22) 4.9(—14) 7.5(—12) 8.4(—14)
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Table 6.10: Error Norm (Interior of Frame of Cassini’s oval)

n=m |[fi(C) = f(Q)lls

32 3.1(—03)
64 6.9(—07)
128 2.9(—13)

6.3 Conformal Mapping of Triply Connected Regions onto a Disk

with Circular Slits Via the Neumann Kernel

6.3.1 A System of Integral Equations

Suppose (2 is a triply connected region bounded by T'y, I'; and I'y (see
Figure 4.4 with M = 2). For the special case where () is a triply connected
regions being mapped onto a disk with concentric circular slits, the single integral

equation in (4.58) can be separated into a system of equations

9(z0a)+ | N(zo,w)glw, a)ldw]| - / Po(z0, w)g(w, ) dul

FO *Fl
— Qo(z0, w)g(w, a)|dw| = r*h(a, z), 2o € Ty, (6.33)
T
sea)+ [ P wgwaldel - [ N wlgw.aldul
FO *Fl

— Q1(z1,w)g(w, a)|dw| = pir*h(a, z1), =z €T, (6.34)
I

g(ZQ,CL) +/1“ P2(227w)g<w7a>|dw| - . QQ(Z27w)g(w7a)|dw|

— N(z, w)g(w,a)|dw| = par*h(a, z5), 2z €y, (6.35)
Ty

where N is as Neumann kernel (2.22) and

9(z,a) = [f(a)T(2)f(a),

h(a,z) = —%
1| T TR
Pz w) = 27 | (z —w)  p3(z —w)
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Qo(z,w) = % :(izz)u)_uﬁ(g(?@)]’
Pz w) = %(jﬁ))—éi(_;)) ’
@iz w) = 2L7r1 :(jizzu)_%(i—z)@)
Polzw) = %m_(izzu)_gi(—% |
@z, w) = 2% :szfufﬁ—%(;f_z)m

There are five unknown quantities in the integral equations (6.33), (6.34)
and (6.35), namely g(zo,a), g(z1,a), g(z9,a), 1, pto and r. The single-valuedness

requirement on the mapping function f(z) implies
| stw.alawi =0, (6.36)
-
/ g(w, a)|dw| = 0. (6.37)
—Ty

The set of equation (6.33) to (6.37) does not guarantee a unique solution.
Several conditions can be obtained to help achieve uniqueness. Suppose f maps
Q) conformally onto a unit disk with circular slits. Thus the value of r = 1.
Next we consider applying the condition f(z(0)) = 1. From (4.49), this implies
9(20(0),a)/|g(20(0),a)| = i, which means

Re[9(20(0),a)] =0, (6.38)

Im [g(2(0), @)/|9(20(0), a)|] = 1. (6.39)

If the region is symmetric with respect to the axes, we can also impose

the conditions

Re[g(21(0),a)] = 0, (6.40)
Re [9(22(0),a)] = 0. (6.41)
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Thus the system of integral equations comprising of (6.33), (6.34), (6.35),
(6.36), (6.37) with the conditions (6.38), (6.39), (6.40) and (6.41) will lead to a

unique solution.

6.3.2 Numerical Implementation

Suppose ['g, I'; and I's be given in parametric representations as follows:

Lo z=z(t), 0<t< by,
I z=2z(t), 0<t</pf,
Iy z=12(t), 0<t<pf,

Then the system of integral equations (6.33), (6.34), (6.35), 6.36) and 6.37)

become

Bo

9((t),a) + | N (20(t), 20(5))g(20(s), a)|zo(s)|ds

B1
_/0 Py(z(t), 21(5))g(21(s), a)| 2 (s)|ds

B2
—/0 Qo(z0(t), 22(5))g(22(s), a)|z5(s)|ds = h(a, 2(t)),
Zo(t) € Fo, (642)

Bo
g(2a(t).a) + / Py(21(t), 20(5))g (z0(s), a)|(s)|ds

B1
— | N(zi(t), 21(s))g(21(s), a) |21 (s)|ds

0
B2

- Q1(z1(1), 22(5))g(22(s), ) |25(s)|ds = pih(a, 21 (t)),
Zl(t) - Fl, (643)

Bo
9(2a(t), a) + / Palza(t), 20(5))g (z0s), a)|(s)|ds

B1
— | Qa2(2(t), 21(5))g(21(s), a)|z1(s)|ds

0
B2

-/ N (22(t), 22(5))g(22(s), a)|25(s)|ds = p3h(a, z(t)),
Zg(t) € FQ, (644)
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61

/O g(z1(5), a)|2](8)|ds = 0, (6.45)
B2

/0 9(z2(s), @) (s)]ds = 0. (6.46)

Multiply (6.42), (6.43) and (6.44) respectively by |z,(¢)|, |21(¢)| and |25(t)| gives

Bo

|20(t)|9(20(t), @) + i |26(E)IN (20(t), 20(s5))9(20(5), @)[z(s)|ds
B1

-, |20()[ Po(20(t), 21(s))g(21(5), a) |z (s)|ds

B2
- / 120(0)]Qol20(2), 22(5))9(z2(s), @) 2(s) ds
= |z5(t)|h(a, 20(t)),  20(t) € T, (6.47)

Bo

|21(0)lg(z1(t), a) + i 21O P1(21(E), 20(5))9(20(s), @) 2(s) |ds
B1

— [ [A@OIN(z (1), 21(5)g(21(s), @)l 21 (s)|ds

0

B2
—/0 |21(0)|Q1(21(), 22(5))g(22(s), a)[z5(s) |ds

- M%lzi (t)|h<a’ 21 (t>)7 Zl(t> SHRR (648)
Bo
|25(8)9(22(t), @) + i |25(1)| P2 (22(t), 20(5))g(20(s), @) |z (s)|ds
B1
-/ |25(8)|Q2(22(t), 21(s))g(21(s), )| 21 (s)|ds
B2
—/0 |25 (1) IN (22(1), 22(5)) g (22(5), a) | 25 (s)|ds
= w3l ()h(a, z1(1),  2(t) € L. (6.49)

We next define

do(t) = 12(t)]g(20(t), a),
¢i(t) = [2(B)]g(z(t),a)
$2(t) = [2(t)]g(22(t), a)
wolt) = lz(t)lh(a, (1)),
pi(t) = pil®)h(a, (1),
pa(t) = p3l2(t)[h(a, z(t)
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Thus equations (6.47), (6.48), (6.49), (6.45) and (6.46) can be briefly

written as

Bo B1
Po(t) + i Koo(to, s0)do(s)ds — i Koi(to, s1)¢1(s)ds

[ Kattnsontoris = o) (6.50)
61(1) + an Kuo(t1, 50)60(s)ds — Oﬂl Koy (b, 511 (5)ds

_ 052 Kis(t1, 82)pa(s)ds = ¢y (t), (6.51)
oalt) + 050 Kaolta, 50)o(s)ds — fl Kar(ta, 51)61(s)ds

~ [ Kutts ss1s = a0 (652)
Oﬂl é1(s)ds = 0, (6.53)
" buas =o. (654

We choose By = 8y = (o = 27 and n equidistant collocation points ¢; =

(i —1)Bo/n, 1 <i <non Ty, m equidistant collocation points t; = (i — 1)B1/m,

1 <2< m,onI'y and [ equidistant collocation points t; = (1—1)3/1,1 <1 <1,
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on I'y. Applying the Nystrom’s method with trapezoidal rule to discretize (6.50)

to (6.54), we obtain

o(ti) + % > Kooltss ;) dolt;) - % > Koiltit)oi(t)
=1 =1

-2 > Konlti t;)éa(t;) = 70(ti),

(251(752) + % Z Klo(tm tj)%(tj) - % Z Kll(tza t]>¢1(tj)
j=1 =1

l
_ %Z Klg(tz,t3)¢2(tj) =mn(t),
j=1

da(t;) + % > Kolt; t)dolt;) — % > Ka(t;, ) éa(t))
=1 =1

l
Ba
— T Z KQQ(t%, t]
7=1

Z¢1(t1) =0,
Z%(tj) = 0.

$o2(t;) = 7a(ty),

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

Equations (6.55) to (6.59) lead to a system of (n +m + [ + 2) non-linear

complex equations in n unknowns ¢ (¢;), m unknowns ¢ (¢,), | unknowns ¢ (%;),

as well as the unknown parameters p; and po. By defining the matrices

xo; = Po(t;),
To; = a(t;),
P1. = spl(tz)a
o
Bzg — _KOO(tzat])v
n
B
Dzj = TKOZ(twtj‘)a
B
Fz] = EKH(tz;tj)v
H;; = %Kgo(t%,t]),
B
ng = TKQQ(tg,tJ),

L1, = ¢1(t2)7

woi = polts),

Pq; = pa(ty),

Cy =K tt)

1] m (2R Ve

Ezg = @K10<tl7t])7
n
153}

G = TK12(tz,tj)7
B

Jy = Kaul(ty 1)),
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the system of equations (6.55), (6.56) and (6.57) can be written as n 4+ m + [ by

n + m + [ system of equations

[]nn + Bnn]xOn - Cnml‘lm - DnlIQZ = Pon, (660)
EmnxOn + [Imm - me]«rlm - GmleZ = ©Pim, (661)
Hyxon — Jim@im + [Lu — Lylza = @ (6.62)

The result in matrix form for the system of equations (6.60), (6.61) and
(6.62) is

I, + B,, - —Con e =Dy Xon ©on
E. R T Y € xim | = ©im
Hy, o —Jim e Iy — Ly Xl P
(6.63)
Defining
I+ B, - —Co s =D,
F = E.. R R A —" A
H,, — T coo Iy — Ly
Xon Pon
x=| xim |, and Y=| o. |
X2l P2l

the (n+m—+1) X (n+m+1) system can be written briefly as Fx =Y. Separating
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F, x and Y in terms of the real and imaginary parts, the system can be written

as

ReFRex —ImFImx +i(ImFRex+ReFImx) =ReY +ilmY. (6.64)

The single (n +m + 1) X (n + m + [) complex system (6.64) above is
equivalent to the 2(n +m + 1) X 2(n + m + 1) system matrix involving the real

(Re) and imaginary (Im) of the unknown functions, i.e.,

ReF .- ImF Re x ReY
= : . (6.65)
ImF --- ReF Im x ImY

Note however that the 2(n +m + () x 2(n 4+ m + 1) matrix in (6.65) contains the

unknown parameters py and .

Since ¢ = Re ¢ +1Im ¢, equations (6.58), (6.59), (6.38), (6.39), (6.40) and
(6.41) become

> (Rewy, +ilmay,) =0, (6.66)
1=1

Z(Re To; +ilmz,:) =0, (6.67)
7=1

Re To1 = O, (668)
Im [xm/\/(Re 1’01)2 + (IIIl 1‘01)2] = 1, (669)
Re 11 = 0, (670)
Rexqy; = 0. (6.71)

The system of equations (6.65) to (6.71) is an over-determined system of
nonlinear equations involving 2(n+m-+1[)+6 equations in 2(n+m-+1)+2 unknowns.
We use the Lavenberg-Marquardt algorithm to solve this nonlinear least square
problem. The Lavenberg-Marquardt algorithm which is stated in (5.56). Here, x
stands for the (2n + 2m + 20+ 2) vector (Re xo1, Re zgg, ..., Re xg,, Rez11, Rexyo,
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..., Rexy,,, Rexor, Rexas, ..., Rexq, Imxgy, Im e, ..., Imzq,, Imz1y, Imzq9, ...,

Im 1y, Im o1, Im Z99, ..., Im z9y, pi1, M2)a and f = (fl,fm --'7f2(n+m+l)+6)-

The strategy for getting the initial estimation is to provide rough estimates
of the slit radius, p; ~ 0.8 and ps ~ 0.7 for the test region. Then the non-linear
system of equations (6.63), (6.58) and (6.59) reduces to over-determined linear
system. Writing the over-determined system as Cx =y, we use the least-squares
solutions of Cx = y which are precisely the solutions of CTCx = CTy (Johnson et
al., 1998). The solutions are then taken as initial estimation. In our experiment,
we have chosen the number of collocation points on I'y, I'; and I's being equal,

ie, N=n=m=1.

The system of equations (6.65) together with (6.66) to (6.71) are then

solved for the unknown function
¢o(t) = |zo()|f' (@) T (20(t)) f' (20(2)),
o1(t) = [21(B)]f" (@) T (21(8) /(21 (1)),
$a(t) = |25 ()| f'(a) T (22(2)) f' (22(2)),

i1 and po. Finally the boundary correspondence functions 6y(t), 61(t) and 6(t)

are then computed approximately by the formulas

Oo(t) = Arg f(20(1)) = Arg(—igo(1)),
01(t) = Arg f(21(t)) = Arg(£ip:(t)).
02(t) = Arg f(22(1)) = Arg(xigs(1)).
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6.3.3 Numerical Results

For numerical results, we have used an ellipse and two circle as a test

regions (see Figure 6.6). Let

[o:z0(t) = 4cost+isint,
I'':z1(t) = —1+0.6(cost+1isint),

[y:29(t) = 1.240.3(cost+isint), t:0<t<2m.

Figure 6.6: Ellipse/two circle

We have adopted the example from Reichel (1986) and Kokkinos et al.
(1990) for comparison of y; and po (see Tables 6.11 and 6.12). Figure 6.7 shows
the image of the mapping based on our method. Since the conditions of the
problems are somewhat different, o = 1 in ours and gy = 2.5 in Reichel’s and
Kokkinos et al., our radius should be multiplied by 2.5. Values of p; and ps in
Reichel are denoted here by 1 r and po g respectively. While the values of ji
and po in Kokkinos et al. are denoted here by 1y x and g x respectively. All
the computations are done using MATHEMATICA package (Wolfram, 1991) in

single precision (16 digit machine precision).

Table 6.11: Radii comparison with Reichel (1986)

N minimal S(x) [lpn x 2.5 — piglles 12 X 2.5 — p2rlle
64  2.4(—24) 1.8(—02) 6.0(—04)
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Table 6.12: Radii comparison with Kokkinos et al. (1990)

N x 2.5 = prrlloe  [lp2 X 2.5 — pig || oo
64 1.8(—02) 5.9(—04)

o
o
(6]
o
(5]

S —
1t

Figure 6.7: The image of the mapping.

We think that the accuracy can be further improved by using N = 128.
However, for triply connected regions, this leads to very large nonlinear system
involving 128 x 6 + 6 = 774 equations which require more powerful computer to

handle it.



CHAPTER 7

SUMMARY AND CONCLUSIONS

7.1 Summary of the Research

The main contribution of this project is the construction of some new
boundary integral equations involving the Kerzman-Stein and the Neumann
kernels for conformal mapping of multiply connected regions. The boundary
integral equations involve the unknown parameter radii. The integral equations
are used to solve numerically the problem of conformal mapping of multiply
connected regions onto an annulus with circular slits and a disk with circular

slits.

Chapter 1 contains a general introduction and overview of the research
including the research background, the scope and objectives and the project
outline of. The literature review on the ideas of conformal mapping, some
theories of the Riemann mapping function and conformal mapping of multiply
connected regions are given in Chapter 2. We also presented some well-known
exact conformal mappings of doubly connected regions for certain special regions
like annulus, circular frame, frame of limacon, frame of Cassini’s oval and elliptic

frame. These regions are used as a part of the test regions in our numerical
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implementations that had been carried out in Chapters 3, 5 and 6. Several
methods that have been proposed in the literature for the numerical conformal
mapping of doubly and multiply connected regions were discussed in the last

section of Chapter 2.

In Chapter 3, we showed how the integral equation for conformal mapping
of doubly connected regions via the Kerzman-Stein can be modified to a new
numerically tractable integral equation which also involves the unknown inner
radius, u. However, the integral equation has no unique solution. By imposing
the uniqueness condition and discretizing the integral equation led to an over-
determined system of non-linear equations. The system obtained was the solved
simultaneously using Gauss-Newton algorithm and Lavenberg-Marquardt with

Fletcher’s algorithm for solving the non-linear least squares problems.

The main contribution of this project begin with Chapter 4 where the
boundary relationship satisfied by a function analytic in a doubly connected
region by Murid and Razali (1999) was extended to construction of the bounded
multiply connected regions. Some new boundary integral equations for conformal
mapping of multiply connected regions were constructed. Special cases of this
boundary integral equation are the conformal mapping of multiply connected
regions onto an annulus with concentric circular slits and onto a disk with
concentric circular slits. Furthermore this integral equation leads to a much
simpler derivation of a system of an integral equations developed in Chapter 3
for the case of doubly connected region onto an annulus with the Kerzman-Stein

kernel.

In Chapter 5, we used the integral equations derived in Chapter 4 to solve
numerically the problem of conformal mapping for doubly and triply connected
regions onto an annulus and an annulus with a circular slit with the Kerzman-
Stein and the Neumann kernels respectively. However, the integral equation has

no unique solution. By imposing some normalizing conditions and discretizing the
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integral equations led to an over-determined system of non-linear equations. The
system obtained was then solved simultaneously using Gauss-Newton algorithm
and Lavenberg-Marquardt algorithm. The Lavenberg-Marquardt algorithm is
more robust than the Gauss-Newton algorithm. As a general rule, if one
faced with a convergence problem with the Gauss-Newton algorithm, then it

is recommended to use the Lavenberg-Marquardt algorithm instead.

After the boundary values of the mapping function are calculated, we use
the Cauchy’s integral formula to determine the mapping function in the interior of
the regions. Numerical examples on some test regions are also presented. From
comparison for some test regions, it can be deduced that our method produce
approximation of higer accuracy than the result obtained by Amano (1994),
Ellacott (1979), Papamicheal and Warby (1984), Reichel (1986), Okano et al.
(2003), Kokkinos et al. (1990) and Symm (1969). This results have improved the

theoretical and numerical technique used in Chapter 3.

In Chapter 6, we used the integral equations constructed in Chapter 4 to
solve numerically another problem of conformal mapping of multiply connected
regions onto a disk with circular slits with Neumann kernel. The system of
integral equations obtained also involved the unknown parameter radii. For the
doubly connected regions case, the new system of integral equations is based
on a boundary integral equation satisfied by f’(z), f'(a), r and u, where a is a
fixed interior point with f’(a) predetermined. The boundary values of f(z) is
completely determined from the boundary values of f’(z) through a boundary
relationship. Discretization of the integral equation has led to a system of non-
linear equations. Together with condition of single-valuedness, uniqueness and
the Cauchy integral formula, a unique solution to the system is then computed
by means of an optimization method called the Lavenberg-Marquadt algorithm.
The Cauchy integral formula also used to compute the interior of the regions.
Typical examples for some doubly connected regions show that numerical results
of high accuracy can be obtained for the conformal mapping problem when the

boundaries are sufficiently smooth.
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The same approach in doubly connected regions is further extended to the
case of triply connected region with different normalizing conditions to avoid the
difficulty of computing unknown parameter f’(a). The result obtained however

does not produce a good accuracy compared to the doubly connected regions.

The advantage of our method is that it calculates the boundary
correspondence functions and the unknown parameter radii simultaneously with
same degree of accuracy. The numerical examples show the effectiveness of the

proposed method.

7.2 Suggestions for Future Research

The numerical results shown for the case of triply connected regions onto
a disk with circular slits does not produce reasonable accuracy compared to
the case of doubly connected region. Further work on improving the numerical
technique or normalizing conditions used in this project need to be carried out.
We have also tried out other methods likes the Broyden—Fletcher—Goldfarb—
Shanno (BFGS) method, homotopy method and Gauss-Newton method to solved
our over-determined systems of non-linear equations but these methods lead
to convergence problem. The nonlinear systems are in fact expressible as
multivariate polynomial system. We think that finding suitable technique for
solving these multivariate polynomial systems that arise for conformal mapping

constitutes a good problem for future research.

The derivation of integral equations in Chapter 4 was only for two
important cannonical regions for conformal mapping of bounded multiply
connected regions i.e. a disk with concentric circular slits and an annulus with
concentric circular slits. The integral equations (4.35) and (4.56) are the same

for both canonical regions with only the right-hand side depending on the type of
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the canonical regions. Probably some extensions or modifications of the theories
are required to obtain the integral equations related to the other three important
cannonical unbounded regions, namely the circular slit regions, the radial slit

region and the the parallel slit region.

All the numerical implementation in Chapters 5 and 6 were based on
solving the system of integral equations of conformal mapping problem when
the boundaries are sufficiently smooth. More research is required to modify the
integral equations presented in this project to multiply connected region involving

corners.

With the above summary and recommendations for further research, we

conclude this project.
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