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Abstract. A crystallographic group is a discrete subgroup of the set of isometries of Euclidean
space where the quotient space is compact. A torsion free crystallographic group, or also known
as a Bieberbach group has the symmetry structure that will reveal its algebraic properties. One
of the algebraic properties is its nonabelian tensor square. The nonabelian tensor square is a
special case of the nonabelian tensor product where the product is defined if the two groups
act on each other in a compatible way and their action is taken to be conjugation. Meanwhile,
Bieberbach group with quaternion point group of order eight is a polycyclic group. In this
paper, by using the polycyclic method, the computation of the nonabelian tensor square of this
group will be shown.

1. Introduction
A crystallographic group is a description on the symmetrical pattern of a crystal. It is a
symmetry group which has configuration in space. When a crystallographic group is torsion
free where all elements are of infinite order except its identity then it is called a Bieberbach
group. It is an extension of a free abelian group of finite rank by a finite point group. Research
on homological invariants has been increasing in number since it is related to the study of the
properties of the crystal using mathematical approach. One of homological invariants is the
nonabelian tensor square of the group. The nonabelian tensor square is requisite in determining
the other properties of the group. The study of the nonabelian tensor square was first introduced
by Brown and Loday [1]. He introduced the nonabelian tensor product, G⊗H, for two groups G
and H. The nonabelian tensor square is a special case of the nonabelian tensor product in which
G = H and the action is conjugation. In 1987, the nonabelian tensor squares of all nonabelian
groups of order up to 30 are computed [2]. Kappe et al. [3] determined the nonabelian tensor
squares of 2-generator 2-groups of class 2 in 1999. Rashid et al. [4] computed the nonabelian
tensor square of groups of order 8q while Zainal et al. [5] determined the nonabelian tensor
squares of some groups of p-power order. In this research, the crystallographic groups being
considered are taken from Crystallographic, Algorithms and Table (CARAT) package [6]. By
using the technique developed by Blyth and Morse [7], these groups are transformed from matrix
representation to polycyclic presentation before their nonabelian tensor squares are computed.
It is crucial to perform the consistency check for those polycyclic presentations so that we can
proceed to find the homological invariants of the groups. Recently, Tan et al. [8] used this

http://creativecommons.org/licenses/by/3.0


2

1234567890

The Asian Mathematical Conference 2016 (AMC 2016) IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 893 (2017) 012006  doi :10.1088/1742-6596/893/1/012006

method to find the nonabelian tensor square of crystallographic groups with symmetric point
group of order six. Therefore, in this research, the nonabelian tensor square of a crystallographic
group with quaternion point group of order eight will be explicated.

1.1. Some Preliminaries
In this section, some basic definitions and preparatory results that are used in the computations
of the nonabelian tensor square are presented.

Definition 1 [9] The nonabelian tensor square of a group G, denoted as G⊗G, is generated by
the symbols g ⊗ h for all g, h ∈ G subject to the relations

gg′ ⊗ h = (gg′ ⊗ gh)(g ⊗ h) and g ⊗ hh′ = (g ⊗ h)(hg ⊗ hh′)

for all g, g′, h, h′ ∈ G, where hg = hgh−1.

Definition 2 [10] Let G be a group with presentation 〈G|R〉 and let Gϕ be an isomorphic copy
of G via the mapping ϕ : g → gϕ for all g ∈ G. The group ν(G) is defined to be

ν(G) = 〈G,Gϕ|R,Rϕ, x[g, hϕ] = [xg, (xh)ϕ] = xϕ [g, hϕ], ∀x, g, h ∈ G〉.

Definition 3 [11] Let Fn be a free group on generators gi, . . . , gn and R be a set of relations of

group Fn. The relations of a polycyclic presentation Fn/R have the form:

geii = g
xi,i+1

i+1 . . . g
xi,n
n for i ∈ I,

g−1j gigj = g
yi,j,j+1

j+1 . . . g
yi,j,n
n for j < i,

gjgig
−1
j = g

zi,j,j+1

j+1 . . . g
zi,j,n
n for j < i and j 6∈ I

for some I ⊆ {1, . . . n}, certain exponents ei ∈ N for i ∈ I and xi,j , yi,j,k, zi,j,k ∈ Z for all i, j
and k.

Definition 4 [11] Let G be a group generated by g1, . . . , gn and the consistency relations in G
can be evaluated in the polycyclic presentation of G using the collection from the left as in the
following:

gk(gjgi) = (gkgj)gi for k > j > i,

(g
ej
j )gi = g

ej−1
j (gjgi) for j > i, j ∈ I,

gj(g
ei
i ) = (gjgi)g

ei−1
i for j > i, i ∈ I,

(geii )gi = gi(g
ei
i ) for i ∈ I,

gj = (gjg
−1
i )gi for j > i, i 6∈ I

for some I ⊆ {1, . . . , n}, ei ∈ N. Then, G is said to be given by a consistent polycyclic
presentation.

Next, some properties of the group ν(G) are presented. Besides, the relations of the
homological functors of a group G with the subgroups of ν(G) such as [G,Gϕ] is also shown.

Theorem 1 [7] If G is polycyclic then ν(G) is polycyclic.

Theorem 2 [10] Let G be a group. The map σ : G ⊗ G → [G,Gϕ] C ν(G) defined by
σ(g ⊗ h) = [g, hϕ] for all g, h in G is an isomorphism.
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Theorem 3 [7] Let G be a polycyclic group with a polycyclic generating sequence g1, . . . , gk.
Then [G,Gϕ], a subgroup of ν(G), is given by

[G,Gϕ] = 〈[gi, gϕi ], [gδi , (g
ϕ
j )ε], [gi, g

ϕ
j ][gj , g

ϕ
i ]〉

for 1 ≤ i < j ≤ k, where

ε =

{
1 if |gi| <∞;

±1 if |gi| =∞
and

δ =

{
1 if |gj | <∞;

±1 if |gj | =∞.

Theorem 4 [12] Let Q(6) be a Bieberbach group of dimension 6 with quaternion point group
of order eight, then its polycyclic presentations is established as:

Q(6) = 〈a, b, c, l1, l2, l3, l4, l5, l6|a2 = cl6, b
2 = cl5l

−1
6 , ba = bcl−25 l26, c

2 = l5l
−1
6 ,

ca = cl5l
−1
6 , cb = c, la1 = l−14 , lb1 = l−13 , lc1 = l−11 , la2 = l3,

lb2 = l−14 , lc2 = l−12 , la3 = l−12 , lb3 = l1, l
c
3 = l−13 , la4 = l1,

lb4 = l2, l
c
4 = l−14 , la5 = l6, l

b
5 = l5, l

c
5 = l5, l

a
6 = l5, l

b
6 = l6, l

c
6 = l6,

llij = lj , l
l−1
i
j = lj for j > i, 1 6 i, j 6 6〉.

This presentation is proven to be consistent.

2. Main Results
In this section, the main result of this research which is the nonabelian tensor square of a
crystallographic group with quaternion point group of order eight is presented as follows:

Theorem 5 Let Q(6) be a Bieberbach group of dimension 6 with quaternion point group of
order eight, then its nonabelian tensor square is established as:

Q(6)⊗Q(6) = 〈a⊗ a, b⊗ b, l1 ⊗ l1, a⊗ b, a⊗ c, a⊗ l1, a⊗ l2, b⊗ l1, b⊗ l2,
(a⊗ b)(b⊗ a), (a⊗ c)(c⊗ a), (a⊗ l1)(l1 ⊗ a), (a⊗ l2)(l2 ⊗ a),

(a⊗ l6)(l6 ⊗ a), (b⊗ l1)(l1 ⊗ b), (b⊗ l2)(l2 ⊗ b)〉.

Proof : By Theorem 2, G⊗G ∼= [G,Gϕ], therefore we can find G⊗G by finding [G,Gϕ]. By
Theorem 3, [G,Gϕ] = 〈[gi, gϕi ], [gδi , (g

ϕ
j )ε], [gi, g

ϕ
j ][gj , g

ϕ
i ]〉.

First, we have,

〈[gi, gϕi ]〉 = {[a, aϕ], [b, bϕ], [c, cϕ], [l1, l
ϕ
1 ], [l2, l

ϕ
2 ], [l3, l

ϕ
3 ], [l4, l

ϕ
4 ], [l5, l

ϕ
5 ], [l6, l

ϕ
6 ]}.

Next, we have,

〈[giε, (gϕj )∂ ]〉 = {[a±1, (bϕ)±1], [[a±1, (cϕ)±1], [[a±1, (lϕ1 )±1], [[a±1, (lϕ2 )±1], [[a±1, (lϕ3 )±1],

[[a±1, (lϕ4 )±1], [[a±1, (lϕ5 )±1], [[a±1, (lϕ6 )±1], [[b±1, (cϕ)±1], [[b±1, (lϕ1 )±1],

[[b±1, (lϕ2 )±1], [[b±1, (lϕ3 )±1], [[b±1, (lϕ4 )±1], [[b±1, (lϕ5 )±1], [[b±1, (lϕ6 )±1],

[[c±1, (lϕ1 )±1], [[c±1, (lϕ2 )±1], [[c±1, (lϕ3 )±1], [[c±1, (lϕ4 )±1], [[c±1, (lϕ5 )±1],

[[c±1, (lϕ6 )±1], [[l±11 , (lϕ2 )±1], [[l±11 , (lϕ3 )±1], [[l±11 , (lϕ4 )±1], [[l±11 , (lϕ5 )±1],

[[l±11 , (lϕ6 )±1], [[l±12 , (lϕ3 )±1], [[l±12 , (lϕ4 )±1], [[l±12 , (lϕ5 )±1], [[l±12 , (lϕ6 )±1],

[[l±13 , (lϕ4 )±1], [[l±13 , (lϕ5 )±1], [[l±13 , (lϕ6 )±1], [[l±14 , (lϕ5 )±1], [[l±14 , (lϕ6 )±1],

[[l±15 , (lϕ6 )±1]}.
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Lastly, we have,

〈[gi, gϕj ][gj , g
ϕ
i ]〉 = {[a, bϕ][b, aϕ], [a, cϕ][c, aϕ], [a, lϕ1 ][l1, a

ϕ], [a, lϕ2 ][l2, a
ϕ], [a, lϕ3 ][l3, a

ϕ],

[a, lϕ5 ][l5, a
ϕ], [a, lϕ6 ][l6, a

ϕ], [b, cϕ][c, bϕ], [b, lϕ1 ][l1, b
ϕ], [b, lϕ2 ][l2, b

ϕ],

[b, lϕ3 ][l3, b
ϕ], [b, lϕ4 ][l4, b

ϕ], [b, lϕ5 ][l5, b
ϕ], [b, lϕ6 ][l6, b

ϕ], [c, lϕ1 ][l1, c
ϕ],

[c, lϕ2 ][l2, c
ϕ], [c, lϕ3 ][l3, c

ϕ], [c, lϕ4 ][l4, c
ϕ], [c, lϕ5 ][l5, c

ϕ], [c, lϕ6 ][l6, c
ϕ],

[l1, l
ϕ
2 ][l2, l

ϕ
1 ], [l1, l

ϕ
3 ][l3, l

ϕ
1 ], [l1, l

ϕ
4 ][l4, l

ϕ
1 ], [l1, l

ϕ
5 ][l5, l

ϕ
1 ],

[l1, l
ϕ
6 ][l6, l

ϕ
1 ], [l2, l

ϕ
3 ][l3, l

ϕ
2 ], [l2, l

ϕ
4 ][l4, l

ϕ
2 ], [l2, l

ϕ
5 ][l5, l

ϕ
2 ],

[l2, l
ϕ
6 ][l6, l

ϕ
2 ], [l3, l

ϕ
4 ][l4, l

ϕ
3 ], [l3, l

ϕ
5 ][l5, l

ϕ
3 ], [l3, l

ϕ
6 ][l6, l

ϕ
3 ],

[l4, l
ϕ
5 ][l5, l

ϕ
4 ], [l4, l

ϕ
6 ][l6, l

ϕ
4 ], [l5, l

ϕ
6 ][l6, l

ϕ
5 ]}.

Thus, there are 189 elements of [G,Gϕ] based on Theorem 3, but they are not independent.
Some of these elements are identities and some of those are products of power of the other
elements. Hence, some of them can be eliminated. Some calculations of the elimination are
shown in the following:

i.[l3, l
ϕ
3 ] = [l3, l

ϕ
3 ]
b

= [l1, l
ϕ
1 ] by relations of Q(6).

ii.[l4, l
ϕ
1 ] = [l4, l

ϕ
1 ]
a

= [l1, l
−1ϕ
4 ] by relations of Q(6)

= [l1, l
ϕ
4 ]−1.

Therefore, [l1, l
ϕ
4 ][l4, l

ϕ
1 ] = 1.

iii.[b, lϕ4 ][l4, b
ϕ] = ([b, lϕ4 ][l4, b

ϕ])
b

= [b, lϕ4 ]
b
[l4, b

ϕ]b

= [bb, (lb4)
ϕ][lb4, (b

b)ϕ]
= [b, lϕ2 ][l2, b

ϕ] by relations of Q(6).
iv.[a, c−ϕ] = [c−1, [a, c]][a, cϕ]−1

= [c−1, (l−16 l5)
ϕ]

= [c−1, lϕ5 ][c−1, l−ϕ6 ][[c−1, l−16 ], lϕ5 ][a, cϕ]−1

= [a, cϕ]−1 since c commute with l5 and l6.
v.[a, lϕ6 ] = [a, c−1a2] by relations of Q(6)

= [a, aϕ][a, (c−1a)
ϕ
][[a, c−1a], aϕ]

= [a, aϕ][a, aϕ][a, (c−1)ϕ][[a, (c−1)], aϕ], [l−16 l5, a
ϕ]

= [a, aϕ]2[a, (c−1)ϕ][l−15 l6, a
ϕ][l−16 l5, a

ϕ]
= [a, aϕ]2[a, (c−1)ϕ][l−15 , aϕ][[l−15 , a], lϕ6 ][l6, a

ϕ]
[l−16 l5, a

ϕ]
= [a, aϕ]2[a, (c−1)ϕ][l−15 , aϕ][[l5l

−1
6 , lϕ6 ][l6, a

ϕ]
[l−16 l5, a

ϕ]

= [a, aϕ]2[a, (c−1)ϕ][l−15 , aϕ][l5, l
ϕ
6 ][[l5, l6], l

−ϕ
6 ]

[l−16 , lϕ6 ][l6, a
ϕ][l−16 l5, a

ϕ] = [a, aϕ]2[a, (c−1)ϕ][l−15 , lϕ6 ][l−15 , lϕ5 ][l5, a
ϕ]−1

[l5, l
ϕ
6 ][l−16 , lϕ6 ][l6, a

ϕ][l−16 l5, a
ϕ]

= [a, aϕ]2[a, (c−1)ϕ][l−15 , lϕ5 ]
[l−16 , lϕ6 ][l−16 l5, a

ϕ] by relations of Q(6)
= ......
= [a, aϕ]2[a, cϕ]−1
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Until at the end the elements can be reduced to 16. Thus,

[Q(6), Q(6)ϕ] =〈[a, aϕ], [b, bϕ], [l1, l1
ϕ], [a, bϕ], [a, cϕ], [a, l1

ϕ], [a, l2
ϕ], [b, l1

ϕ],

[b, l2
ϕ], [a, bϕ][b, aϕ], [a, cϕ][c, aϕ], [a, l1

ϕ][l1, a
ϕ],

[a, l2
ϕ][l2, a

ϕ], [a, l6
ϕ][l6, a

ϕ], [b, l1
ϕ][l1, b

ϕ], [b, l2
ϕ][l2, b

ϕ]〉.

Therefore, by Theorem 2,
Q (6)⊗Q (6) ∼= [Q(6), (Q(6)ϕ].

Hence,

Q(6)⊗Q(6) = 〈a⊗ a, b⊗ b, l1 ⊗ l1, a⊗ b, a⊗ c, a⊗ l1, a⊗ l2, b⊗ l1, b⊗ l2,
(a⊗ b)(b⊗ a), (a⊗ c)(c⊗ a), (a⊗ l1)(l1 ⊗ a), (a⊗ l2)(l2 ⊗ a),

(a⊗ l6)(l6 ⊗ a), (b⊗ l1)(l1 ⊗ b), (b⊗ l2)(l2 ⊗ b)〉. �

3. Conclusion
In this research, the nonabelian tensor square of a crystallographic group with quaternion point
group of order eight, Q(6)⊗Q(6) is computed.
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