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Forced convection boundary layer flow in a thin nanofluid film on a
stretching sheet under the effects of suction and injection
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The forced convection thin-film hybrid nanofluid flow over a stretching sheet with heat transfer is investigated
in the present study. The effect of the suction and injection is considered. The concerned hybrid nanoparticles
are copper and alumina which are dissolved in blood base fluid. Suitable similarity variables are applied to
convert the nonlinear governing partial differential equations subject to appropriate boundary conditions into a
set of ordinary differential equations. The MATLAB solver bvp4c is utilized to solve the similarity transformed
governing equations numerically. There exists a great agreement when the present computed findings are
compared with the published results for a limiting condition. Dual solutions are obtained for the velocity
and temperature profiles. Conflict behavior is observed for the effect of the unsteadiness parameter and mass
transfer parameter on both solutions of the velocity and temperature distributions. The increment of the mass
transfer parameter has enhanced the velocity profile in the injection case, while an opposite trend is detected in
the suction situation.
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1. Introduction

Recently, technological developments have driven re-
searchers to conduct various studies to meet the needs
of consumers. Heat transfer is a crucial part of certain re-
gions like the synthetic industry, oil and gas, atomic energy,
electrical energy, and so on. The investigation on the heat
transfer issues over a stretching sheet from a slit has at-
tracted the attention of scientists because of its significance
in numerous modern applications. Crane [1] was the first
researcher who has studied the viscous fluid flow when the
sheet was stretched. The advancement of theoretical works
on the boundary layer flow along with a stretching sheet
has also attracted the interest of other researchers due to its
wide application in the industry and engineering [2, 3].

Some scientists have been motivated to do a few ex-
aminations on a similar issue and broadened it with the

nearness of a thin film. The reason behind this is that the
thin-film flow has altogether added to the territory of busi-
nesses, designing, and innovation just as other developing
fields of science. Wang [4] initiated a liquid film problem
with an accelerated fluid flow over a stretching sheet. The
nonlinear governing partial differential equations (PDEs)
subjected to boundary conditions have been reduced to
the nonlinear ordinary differential equations (ODEs) by
employing appropriate similarity transformations.

Andersson et al. [5] imported the similarity transforma-
tion for the dimensionless temperature. Andersson et al. [5]
extended the work of Wang [4] by reducing the governing
time-dependent equations into ODEs with the help of the
new similarity variables. These issues have been addressed
by Wang [6] with the implementation of the semi-analytical
method and the numerical method has been practiced by
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Table 1. Thermophysical properties of the fluid

Physical property Blood Alumina Copper
Cρ(J/kg×) 3617 765 385
ρ(kg/m3) 1150 3970 8933

k(W/m× K) 0.53 40 400

Liu and Andersson [7] and Metri et al. [8]. The presence of
a couple of additional effects such as thermophoresis and
constant wall temperature has given noteworthy conse-
quences to the movement of the liquid, (see [9–12]). Santra
and Dandapat [11] investigated the thin-film flow over a
heated horizontal stretching plate. Further, Qasim et al. [12]
had applied Buongiorno’s model which incorporates the
effects of Brownian motion and thermophoresis to analyze
the thin-film nanofluid flow.

Hybrid nanofluid contains two distinct nanoparticles
that are dissolved in the base fluid and the fluid has a better
thermal conductivity as compared to the regular nanofluid.
Sidik et al. [13] claimed that higher thermal properties are
produced with the presence of hybrid nanoparticles as com-
pared to the fluid with a single nanoparticle in the base
fluid. Bvp4c is a package in MATLAB programming and
generally be utilized to solve heat transfer problems. Ac-
cording to Afonso and Vasconcelos [14], bvp4c is a bound-
ary value problem solver with a fourth-order accuracy func-
tion that implements the Lobatto IIIa formula which is a
kind of collocation method. Afonso and Vasconcelos [14]
had tested the capacity and productivity of the solver via
certain cases of boundary value problems. Sulochana and
Sandeep [15] applied the bvp4c to investigate the charac-
teristic of velocity and temperature for the copper-water
nanofluid.

The main aim of the present study is to obtain the nu-
merical simulation of the heat transfer in a thin film hy-
brid nanofluid flow over an unsteady permeable stretching
sheet. The governing equations of the fluid problem in
the form of PDEs are transformed into a set of ODEs by
implementing the similarity transformations that were pro-
posed by Wang [6]. The nanoparticles alumina and copper
in blood as a base fluid are considered. MATLAB solver
bvp4c is applied to compute the numerical solutions of the
concerned fluid problem. Then, the influence of the perti-
nent parameters on the velocity and temperature profiles
are graphically displayed and discussed.

2. Materials and method

Consider two-dimensional incompressible thin-film hybrid
nanofluid over an unsteady permeable stretching sheet
with the suction and injection conditions. The horizon-

Fig. 1. Physical schematic [6].

tal plane of the sheet is placed at the x−axis from the
narrow slit and y is perpendicular to it. The fluid flows
over a horizontal plane with stretched velocity Uw(x, t) =
bx(1− αt)−1 in which b > 0 (stretching rate), α > 0. The
problem is valid only for αt < 1 as depicted in Fig. 1
[6]. The porous boundary layer is sucked, Vw > 0 and in-
jected, Vw < 0 with velocity Vw = (Vw)0 (1− αt)−

1
2 where

(Vw)0 is an initial concentration of the reactant species. The
surface temperature for slit and reference is defined as
Tw(x, t) = T0 + Tre f

[
bx2

2v

]
(1− αt)−

3
2 [6]. Then, the govern-

ing equations in the form of unsteady thin-film flow are as
follows [16]:

ux + vy = 0 (1)

ρhn f
[
ut + uux + vuy

]
= µhn f uyy (2)

(
ρcp
)

hn f

(
Tt + uTx + vTy

)
= khn f Tyy (3)

where u and v are velocity in x and y directions, respec-
tively. ρhn f is the density of the hybrid nanofluids, the effec-
tive dynamic viscosity µhn f , khn f manifests the conduction
due to the heat of nanodispersion and

(
cp
)

hn f manifests
the energy capacity of the nanodispersion. The problem is
subjected to

y = 0 : u = Uw, v = Vw, T = Tw, y = h(t) :

uy = Ty = 0, v = h′(t)
(4)

where Uw and Tw are the surface velocity and the temper-
ature of the stretching sheet respectively. The following
transformations for nondimensional are introduced [6]:
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ψ =
[
vb(1− αt)−1

] 1
2 xβ f (η),

T = T0 − Tre f

(
bx2

2v

)
(1− αt)−

3
2 θ(η)

η =

(
b
v

) 1
2

(1− αt)−
1
2 β−1y

(5)

Here, ψ(x, y, t) is the stream function and identically sat-
isfies the continuity equation (1). Thin-film thickness
is represented by β, where β = b[ν(1 − αt)]−

1
2 h(t) and

the changing of the thin-film thickness can be written as
h′(t) = − 1

2 αβ(νb−1)(1− αt)−
1
2 . By imposing the equa-

tion (5) into the governing equations (1)-(3) along with the
boundary conditions (4), we have,

(
A1
A2

) (
f ′′′(η)

)
+

γ

[(
f (η) f ′′(η)

)
−
(

f ′(η)
)2 − S

(
f ′(η) +

1
2

η f ′′(η)
)]

= 0

(6)

(
A3
A4

)
θ′′(η) + Pr γ[

−S
(

3
2

θ(η) +
1
2

ηθ′(η)

)
− 2

(
f ′(η)θ(η)

)
+
(

f (η)θ′(η)
)]

= 0

(7)

f ′(0) = 1, f (0) = w, f (1) = 0.5S, f ′′(1) = 0 (8)

θ(1) = 1, θ′(1) = 0 (9)

Ai (i = 1, 2, 3, 4) is the thermophysical properties for
the hybrid nanofluid. S = αb−1 measures the unsteadiness

of the dimensionless and Pr =
(
µcp
)

b f

(
kb f

)−1
denotes

the Prandtl number. The thermophysical characteristics of
the hybrid nanofluid are demonstrated in [17] as follows.

A1 : ρhb f =
[
φ1ρs1 + φ2ρs2 + (1− φ1) (1− φ2) ρb f

]
A2 :

(
ρCp

)
hr f =

[
φ1
(
ρCp

)
s1 + φ2

(
ρCp

)
s2 + (1− φ1) (1− φ2)

(
ρCp

)
b f

]
A3 : µhn f =

µb f

[1− (φ1 + φ2)]
2.5

A4 :
Khn f

Kn f
=

Ks2 + 2Kn f − 2φ2

(
Kn f − Ks2

)
Ks2 + 2Kn f + φ2

(
Kn f − Ks2

) where
Kn f

Kb f
=

Ks1 + 2Kb f − 2φ1

(
Kb f − Ks1

)
Ks1 + 2Kb f + φ1

(
Kb f − Ks1

)

where ρ, ρCp, µ and k and are density, heat capacity, dy-
namic viscosity, and thermal conductivity, respectively. The
subscripts hn f , b f , s1 and s2 refer to the hybrid nanofluid,
base fluid, the solid component for alumina and copper,
accordingly. Also, φ1 and φ2 are the volume fraction of the
nanoparticle alumina and copper. The characteristics of the
hybrid nanofluids, copper and alumina as well as blood as
base fluids are depicted in Table 1 [17, 18].

Fig. 1 shows an unsteady incompressible Newtonian
fluid flows through the stretching sheet with wall transpira-
tion at the boundary layer flow. It is important to derivate
the physical quantities of the fluid flow behavior that can
be a good reference to researchers or engineers in practi-
cal applications. In this research, the physical quantities
are the local skin fraction, C f which depicts the wall shear
stress, τw(x) and the heat transfer rate qw(x) that is shown
through the Nusselt number, Nux. The physical quantities

are defined as

C f =
τw(x)
ρ f u2

w
and Nux =

xqw(x)
k f (Tw − T∞)

(10)

τw(x) and qw(x) in term of fluid is defined by Rehman et al.
[19] as

τw(x) = −µhn f

(
1 +

1
β

)(
∂u
∂y

)
y=0

and

qw(x) = −kw

(
∂T
∂y

)
y=0

(11)

Using similarity equation (6), the dimensionless local skin
friction and heat transfer coefficient can be rewritten as



532 Nur Ilyana Kamis et al.

C f Re
1
2 =

1
δ

[
1

(1− φ1)
2.5 + (1− φ2)

2.5

](
1 +

1
β

)
f ′′(0),

Nux Re−
1
2 =

1
δ

(
khn f

k f

)
θ′(0)

(12)

where Reynold number, Re = xuw
Vf

.

3. Results and discussion

By setting the Prandtl number, Pr=2.0363 [16] the solu-
tion of (6) and (7) associated with boundary conditions
(8) and (9) can be obtained by using the bvp4c MATLAB
solver. The relative tolerance has been fixed to 1× 10−10

throughout the computational process. The effect of the
unsteadiness parameter S and intensity of the constants
mass transfer parameter w on the velocity and temperature
profiles are graphically demonstrated and discussed. The
values of the nanoparticles volume fraction have been fixed
initially at φ1 = 0.05 for alumina and φ2 = 0.04 for copper
concentrations. The legitimacy of the method is obtained
by contrasting the current outcome and the past outcome.
It can be seen in Table 2 that the numerical values are in
good agreement with the results by Wang [6].

A non-uniqueness solution namely the first and second
solutions have been identified when S and w varies. The
first solution is the solution that converges asymptotically
with a thin boundary layer while the second solution con-
verges asymptotically with a thicker boundary layer. The
positive value of the parameter S points out the acceler-
ating fluid flow in a thin film. The effect of S and w on
C f Re

1
2 and NuxRe−

1
2 are depicted in Table 3. It is found

that the growth of S escalates C f Re
1
2 for both solutions. The

increases of S tends to reduce the NuxRe−
1
2 in injection and

first solution for the suction case. However, an opposite
manner is observed for the first solution in the suction case.

Fig. 2a and 2b show the effect of S on the velocity distri-
bution for the suction case, w > 0 and injection case, w < 0,
respectively. There exist dual solutions for the accelerating
fluid flow either in the suction case or injection case. The
first solution reveals enhancement in velocity profile as S
increases from 2.1 to 2.4 for the suction case. It remains the
same pattern for the injection case. Meanwhile, the second
solution is only obtained when S = 2.3 and S = 2.4 for
the suction case and S = 0.9 to S = 1.8 for the injection
case. The second solutions remain the same trend as the
first solution for both cases. This phenomenon increases
the wall shear stress and leads to a boosted-up momentum
boundary layer in the fluid.

The effect of w on the velocity profile for the suction
case is presented in Fig. 3a. The intensity of the suction
escalates as w increases from 0.2 to 1.1. The enhancement
of the parameter w illustrates the dominance of suction at
the surface permeable stretching sheet. The presence of
suction traps the hindering particles in the liquid system
and slow-down the fluid flow over the stretching sheet. The
increasing of w has reduced the local wall shear stress. The
momentum boundary layer thickness becomes thinner as
the suction effect is intensified. There is an enhancement in
the velocity distribution for the injection case as shown in
Fig. 3b. The intensity of the injection rises when the value
of w decreases from -0.8 to -1.0. The velocity distribution
is enlarged as w is increased. Besides, the thickness of
the momentum boundary layer is slightly increased. The
second solutions exist when w = 0.2, w = −0.9 and w =

−1.0. The particles in the fluid moved faster with a larger
injection effect.

Fig. 4a and 4b depict the trend of temperature dis-
tributions for the suction case and injection case respec-
tively. The thickness of the thermal boundary layer be-
comes thicker since the temperature of the fluid increases
as S improves from 2.1 to 2.4 in the first solution. This indi-
cates that there is more heat transfer from the outside of the
thin film to the hybrid nanofluid flow. The existence of the
second solution on the temperature distribution for S = 2.3
and S = 2.4. A smaller thermal boundary layer thickness
is noticed for S = 2.4. This opposite trend of the variations
of the S = 2.4 on θ(0) for injection case is illustrated in Fig.
4b for both solutions.

Fig. 5a illustrates the temperature distribution decreases
as the suction parameter increases from 0.2 to 1.1. However,
there is an increment on θ(0) as w decreases from -0.8 to -1.0
for the injection case (see Fig. 5b). The given temperature
profiles in Fig. 5a and 5b evident that the thermal boundary
layer turns out to be thinner when the boundary of the thin
film is sucked in compared to the injected one. The thermal
gradient in the suction case is higher than in the injection
case. Fig. 5 also depicts the second solution for both cases.
It shows an opposite pattern for the second temperature
solution in the injection case when compared with the first
solution. The second solution in the suction case only exists
at w = 0.2.

4. Conclusions

This research paper has investigated the issue of boundary
layer flow and heat transfer in a thin film with an accel-
erating hybrid nanofluid flow over a porous stretching
sheet. The behavior of the fluid is addressed and discussed
graphically. There occur dual solutions for the velocity and
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(a) (b)

Fig. 2. Effect of S on velocity for suction case (a) and injection case (b)

Table 2. Comparison of numerical results and analytical results for some values of S

S Wang [6] Present study
β f ′′(0) θ′(0) β f ′′(0) θ′(0)

0.6 3.13125 -3.74233 - 3.13171 -3.74279 -0.14232
0.7 2.57701 -3.14965 - 2.57600 -3.14961 -0.11301
0.8 2.15199 -2.68094 0.09047 2.15199 -2.68097 -0.09047
1.0 1.54362 -1.97238 - 1.54342 -1.97239 -0.05860

(a) (b)

Fig. 3. Effect of w on velocity for suction case (a) and injection case (b)

temperature profiles in either suction or injection situations.
The velocity profiles are enhanced in both solutions as S
increases for both suction and injection cases. There is a
reduction in the velocity field in the suction case but an
opposite manner is noticed for the injection case when the
constants mass transfer parameter w is enlarged. S has
increased the temperature distribution in the first solution
for the suction case but the profiles are diminished in the

second solution for the injection case. The increment of
mass transfer parameter w has declined the temperature
profile in the first solution (suction case) and the second
solution (injection case). However, a different trend is ob-
served for the first temperature solution in the injection
case.
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Table 3. Values for local skin friction, C f Re
1
2 and Nusselt number NuxRe−

1
2 for various number of S and w

Parameters
Cases C f Re

1
2 NuxRe−

1
2

Suction Injection First solution Second solution First solution Second solution

S

2.1 - -18.4878 - -31.5109 -
2.3 - -5.0994 -2.5020 -12.1070 -5.2030
2.4 - -3.2838 -2.3445 -9.1614 -5.8770
- 0.9 10.5245 1.1551 -3.7924 -1.1324
- 1.4 12.2527 1.7577 -4.1574 -1.2810
- 1.8 15.6161 2.2394 -4.5661 -1.3553

w

0.2 - -1.5385 -6.4191 -1.9795 -11.242
0.8 - -7.8867 -9.1644 - -
1.1 - -31.6180 -25.9819 - -
- -0.8 9.5175 - -4.2214 -
- -0.9 10.2486 0.8010 -3.9863 -1.0894
- -1.1 11.5126 1.0339 -3.8162 -0.9822

(a) (b)

Fig. 4. Effect of S on temperature for suction case (a) and injection case (b)
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