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In this article, the fluid flow and heat transfer on MHD Casson nanofluid influenced by the non-coaxial
rotation of moving disk passing through a porous medium is analyzed. A mixture of single-wall and
multi-wall carbon nanotubes in the human Casson blood is used as the nanoparticles. Make use of the
Laplace transform technique, the analytical solutions of the temperature and velocity profiles are
obtained. The results show that the temperature and velocity profiles increase with the incorporation
of CNTs. The nanofluid velocity reduces with a higher magnetic strength, but it is improved with the
porosity. The imposition of CNTs has descended both primary and secondary skin friction and amplified
the Nusselt number. SWCNTs have provided a greater heat transfer rate and skin friction as compared to
MWCNTs. The obtained solution is verified when the present results show an excellent agreement with
the published results and numerical values by Gaver-Stehfest algorithm.

� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Ain Shams Uni-
versity. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/
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1. Introduction

The non-Newtonian fluid is known as the fluid that disobeys
Newton’s Law of viscosity. Its applications have been widely
encountered in diverse areas of industries such as food processing
industries, bio-engineering processing, extraction of petroleum
product from crude oil, drilling operations, and metallurgy process
[1]. This fluid has a highly complex characteristic compared to the
Newtonian fluid. Therefore, the industries demand a good simula-
tion of this fluid flow, which is crucial to analyze their heat transfer
system. Motivated by these factors, the complexity of non-
Newtonian flow and its rheology have attracted scientists and
researchers to expand their interest subjected to this field. The flow
regimes of non-Newtonian fluid models with various geometries
were found in Hussanan et al. [2], Saqib et al. [3] and Abdulhameed
et al. [4]. The non-Newtonian fluids can be existed in different
models due to different rheology such as Jeffrey, Maxwell, second
grade, Brinkman type, power law, Bingham, Oldroyd-B, and
Walter-B models [5]. One of the great discoveries on this type of
fluid is Casson fluid. This type of fluid was firstly pioneered by Cas-
son [6] to discuss the rheology of the pigment oil suspension flow
of printing ink. This fluid behaves as viscoplastic, mainly influ-
enced by the yield stress, which needs to be surpassed by the
applied stress to induce fluid flow [7]. More precisely, the vis-
coplastic fluid tends to exhibit both elastic and solid behaviors that
significantly depend on the applied stress [8]. The fluid experiences
a likely solid phase when the yield stress is dominant and an elastic
behaviour is exhibited when the flow is dominated by the applied
stress [9]. Recently, the Casson model has been used to describe
the characterictics of human blood [10]. Mukhopadhyay et al.
[11] studied the non-Newtonian flow features of Casson fluid with
an unsteady stretching sheet and was enlarged by Pramanik [12],
imposing the exponentially radiative stretching sheet together
with a porosity effect. Khalid et al. [13,14] investigated the Casson
fluid flow behavior induced by free convection with an oscillating
vertical plate and further expanded by Khalid et al. [15], introduc-
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ing the magnetic field and porosity effects in their study. They used
Laplace transform technique to solve the momentum and energy
equations with an oscillating boundary condition. The same
approach was utilized by Khan et al. [16] to solve natural convec-
tion of MHD Casson fluid immersed in a porous medium past a
moving vertical plate. This study suggested that the increase of
Casson parameter and magnetic field decreased fluid velocity,
while the increase of porosity increased fluid velocity. Ezzat [17]
analyzed the MHD and porosity effects on free convection flow
bounded with a porous vertical plate and they adopted a similar
approach as in [15,16] to solve the problem. Ezzat [18] and Ezzat
and Abd-Elaal [19] extended the work done by [17] by considering
the flow of viscoelastic conducting fluid. All studies [17–19]
revealed that porosity was the key factor in the enhancement of
velocity but the magnetic field acted as the velocity retarded agent.
Ezzat and Abd-Elaal [20] and Ezzat [21] improved the previous
studies [17–19] by imposing the effect of a relaxation time on
the flow. More relevant Casson fluid studies with several effects
are available in Reddy et al. [22] and Das et al. [23].

The growing demand among emergence industries has
recently made heat energy transfer a significant process in indus-
trial applications. As a result, the heat transfer system with
advanced features becomes a necessary to ensure the efficiency
of the heating and cooling process. The implementation of nan-
otechnology in the heat transfer system can create a great oppor-
tunity for the industries to improve their energy performance,
which may contribute to energy saving, reducing time processing,
increasing thermal rate, and lengthen the working life equipment
[24]. The indispensable factor in developing nanofluids as one of
the strategies to enhance the heat transfer capabilities due to
their high thermal conductivity has attracted numerous research-
ers’ interest. The discussion on nanofluids was initiated by Choi
and Eastman [25]. Nanofluid is a smartly engineered fluid that
can enhance the fluid thermal conductivity by immersing the
nanometer-sized particles into the convectional base fluid such
as water, ethylene glycol, and mineral oils. The insertion of
nanoparticles into base fluid results in the fluid’s superior physi-
cal, mechanical, and electrical properties [26–29]. Recently, one
such development in nanoparticles is carbon nanotubes (CNTs).
They are found to have a unique property of aspect ratio,
mechanical strength, electrical and mechanical conductivity,
which provides them as the ideal candidates for industrial appli-
cations such as industrial cooling, fuel cells, nuclear reactors,
sensing and imaging, microscale fluidic application, nanofluid
coolant, drug delivery and cooling of microchips [30,31]. Anwar
et al. [32] studied the porosity impact on the natural convective
flow of nanofluid generated by moving vertical plate. The radia-
tion and magnetic field effects were included, and the exact solu-
tion was obtained by applying the Laplace transform technique.
Alwawi et al. [33] examined the influences of magnetic fields
and surface heat flux from a solid sphere on the Casson nanofluid
problem. CNTs in nanofluid are usually found in two types which
are single-wall carbon nanotubes (SWCNTs) with a diameter of
less than 1 nm and multi-wall carbon nanotubes (MWCNTs)
made of several concentrically interlinked nanotubes with diam-
eter more than 100 nm [34,35]. Khalid et al. [36] investigated
the CNTs suspension impacts in Newtonian fluid flow by free con-
vection phenomena without porosity and magnetic field effects.
Khalid et al. [37] have included the impacts of magnetic field
and porosity to study the heat transfer and flow of Casson fluid
with CNTs suspension. In both studies, a vertical plate with an
oscillating motion was considered, and the governing equations
were solved by the Laplace transform technique. The investiga-
tion on natural convection flow with CNTs effect was presented
by Saqib et al. [38] by considering flow past two parallel plates.
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Besides, Saqib et al. [39] reported the flow over a vertical
microchannel. Saqib et al. [38,39] have chosen carboxy-methyl-
cellulose (CMC) as the base fluid. Alkasasbheh et al. [40] investi-
gated the heat transfer on Casson nanofluid MHD flow using both
water and human blood as the base fluid to suspend CNTs parti-
cles over a stretching sheet.

The rotating fluid models are found in many situations encoun-
tered by engineering, especially in designing products such as jet
engines, pumps, and vacuum cleaners. Since the rotating fluid gives
a strong effect on the fluid motion from non-rotating fluid, this
subject has fascinated many researchers’ attention. The flow fea-
tures and heat transfer with the rotating system in a circular pipe
concentrating on the MHD effect were studied by Recebli et al.
[41,42]. Their findings revealed that the velocity declined with
the imposition of the magnetic field. The similar MHD impacts
on the velocity profiles were also highlighted by Selimli et al.
[43] and Selimli and Recebli [44] in the steady state of MHD liquid
metal duct flow. Acharya et al. [45] carried out a comparative study
of SWCNTs and MWCNTs in a rotating regime past a stretching
sheet together with a magnetic field effect. They observed that
the improvement of SWCNTs and MWCNTs volume fraction
increased the nanofluid temperature. Besides, rotating nanofluid
with SWCNTs has a higher temperature compared to MWCNTs.
The other study on nanofluid CNTs flow in a rotating frame was
also performed by Kumam et al. [46] and Shah et al. [47] . Mean-
while, Hayat et al. [48] investigated the non-Newtonian fluid at
infinity in a porous mediumwith a non-coaxial rotation type. Then,
it was expanded by Asghar et al. [49], considering an accelerated
porous disk. Ersoy [50] continued the work by including suction
and blowing cases. The slip condition and Hall current effects in
a non-coaxial rotation of viscous fluid in a porous medium were
analyzed by Guria et al. [51]. The results of the study show that
the boundary layer thickness and velocity decreased with increas-
ing magnetic and suction parameters. Next, the study of oscillating
non-coaxial rotation disk in viscous fluid flow was presented by
Ghara et al. [52], and they have considered the magnetic field
and porosity effect in their study. A similar problem of an oscillat-
ing disk without the magnetic and porosity effects in the non-
coaxial rotating viscous fluid was investigated by Mohamad et al.
[53], and they applied the Laplace transform technique in solving
their exact temperature and velocity solutions. Ersoy [54]
extended the previous work by considering a disk executing non-
torsional oscillation with the fluid having non-coaxial rotation at
infinity. Mohamad et al. [55] examined the combined heat and
mass transfer effects on the non-coaxial rotating flow and after
that was furthered by Mohamad et al. [56], in taking magnetic
and porosity effects into account. The disk executing cosine and
sine oscillations was considered in both studies. Recently, Moha-
mad et al. [57] conducted a similar heat and mass transfer MHD
problem in the non-coaxial rotation of oscillating porous disk but
replacing the viscous fluid with second-grade fluid. Mohamad
et al. [58] obtained the exact solutions for an accelerated non-
coaxial rotation of MHD viscous fluid immersed in a porous med-
ium. To the best of the authors’ knowledge, the study on free con-
vection flow of carbon nanotubes immersed in Casson nanofluid
with non-coaxial rotation has not been emphasized in the litera-
ture or anywhere. Therefore, the present work aims to investigate
the heat transfer and nanofluid flow of MHD Casson human blood
with carbon nanotubes in a porous medium due to non-coaxial
rotation by taking magnetic field and porosity into account. Exact
solutions to the governing momentum and energy equations are
obtained by implementing Laplace transform technique. The
impacts of pertinent parameters on temperature and velocity pro-
files are graphically illustrated, coupled with a comprehensive
discussion.
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2. Mathematical model

Consider the non-coaxial rotation of an incompressible Casson
nanofluid is unsteadily flowed by free convection with a moving
vertical disk. The upward direction is referred to the x-axis of the
disk while normal to the plane of disk is referred to the z-axis.
The space z > 0 is occupied with the Casson nanofluid of constant
kinematic viscosity tnf and it was bounded by a moving disk at
z ¼ 0. The medium in this study is considered to be porous and is
filled with the Casson nanofluid, which is made up by the mixture
of CNTs (SWCNTs or MWCNTs) and human blood. Both disk and
nanofluid have rotated, and their axes are considered to be in plane
x ¼ 0. When t ¼ 0; both nanofluid and disk initially rotate on z0-
axis with a consistent angular velocity X and temperature T1.
Later, when t > 0, the disk starts to move and rotate on z-axis,
while the nanofluid at infinity remains to rotate on z0-axis. Both
rotations have a consistent angular velocity X with the tempera-
ture of the disk raises to Tw. The two axes of rotation are separated
by a distance, known as l. A uniform strength of the transverse
magnetic field B0 is applied along the normal to the disk passing
through the porous medium. The geometry illustrating the prob-
lem is shown in Fig. 1. The rheological equation which describes
the relation of shear stress and strain rate for the incompressible
flow of a Casson fluid can be written as follows [2,13,15,37]

sij ¼
2 lþ pyffiffiffiffi

2p
p

� �
eij;p > pc

2 lþ pyffiffiffiffiffiffi
2pc

p
� �

eij;p < pc

8><
>:

where p ¼ eijeij and eij is the i; jð Þth component of deformation rate,
p is the product of the component of deformation rate with itself,pc

is a critical value of this product based on the non-Newtonian
model, l is the plastic dynamic viscosity of the non-Newtonian fluid
and py is the yield stress of fluid. Under the above stated assump-
tions along with the Boussinesq approximation and the nanofluid
model proposed by Tiwari and Das [59], the problem is governed
by the momentum and energy equations as

qnf
@F
@t

þ dF ¼ lnf 1þ 1
c

� �
@2F
@z2

þ dlþ qbTð Þnf gx T � T1ð Þ ð1Þ

qCp
� �

nf

@T
@t

¼ knf
@2T
@z2

ð2Þ
Fig. 1. Geometry of the problem.
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with associated initial and boundary conditions as

F z;0ð Þ ¼ Xl; T z;0ð Þ ¼ T1; z > 0

F 0; tð Þ ¼ U0; T 0; tð Þ ¼ Tw; t > 0

F 1; tð Þ ¼ Xl; T 1; tð Þ ¼ T1; t > 0 ð3Þ
where d ¼ qnfXiþ rnf B0

2 þ lnf =k1. The velocity for a rotating fluid is
introduced in the form of complex velocity F ¼ Fðz; tÞ ¼ f ðz; tÞþ
igðz; tÞwhere f ðz; tÞ is (real part) primary velocity and gðz; tÞ is (imag-
inary part) secondary velocities. Besides, T ¼ Tðz; tÞ is the nanofluid
temperature, c ¼ l

ffiffiffiffiffiffiffiffi
2pc

p
=py is Casson parameter, k1 is the permeabil-

ity of porous medium, gx is the acceleration due to gravity, and U0is
characteristic of velocity. The thermophysical properties in Casson
nanofluid with CNTs involves thermal conductivity knf , electric con-
ductivity rnf , dynamic viscosity lnf , density qnf , heat capacitance

qCp
� �

nf , and thermal expansion coefficient for temperature qbTð Þnf
where all are clearly defined as in (4).

The nanofluid thermal conductivity and dimensionless heat
transfer rate in this study are analyzed by applying the theoretical
model introduced by Xue [60]. This model is established based on
Maxwell theory by taking into account the rotating elliptical nan-
otubes with a substantial axial ratio and offsetting the space distri-
bution impacts on CNTs. Thus, the model is given as

lnf ¼
lf

1� /ð Þ2:5
;bnf ¼

1� /ð Þ qbð Þnf þ / qbð ÞCNTs
qnf

;

qnf ¼ 1� /ð Þqnf þ /qCNTs;

qCp
� �

nf ¼ 1� /ð Þ qCp
� �

nf þ / qCp
� �

CNTs;

rnf

rf
¼ 1þ

3 rCNTs
rf

� 1
� �

/

rCNTs
rf

þ 2
� �

� / rCNTs
rf

� 1
� �

8<
:

9=
;;

knf
kf

¼
1� /þ 2/ kCNTs

kCNTs�kf
ln kCNTsþkf

2kf

1� /þ 2/ kf
kCNTs�kf

ln kCNTsþkf
2kf

ð4Þ

where the subscripts CNTs and f denote to carbon nanotubes and
fluid, and / is the nanofluid solid volume fraction, which afterwards
are used based on their particular thermophysical properties as tab-
ulated in Table 1.

The appropriate non-dimensional variables are introduced as

F� ¼ F
Xl

� 1; z� ¼
ffiffiffiffi
X
t

r
z; t� ¼ Xt; T� ¼ T � T1

Tw � T1
ð5Þ

After employing the variables in Eq. (5) and the nanofluid model
in Eq. (4) on the system of equations, Eqs. (1), (2) and (3) reduce to

@F
@t

þ d1F ¼ 1
/1

1þ 1
c

� �
@2F
@z2

þ /3GrT ð6Þ

@T
@t

¼ 1
a1

@2T
@z2

ð7Þ

and their non-dimensional conditions become

F z;0ð Þ ¼ 0; T z;0ð Þ ¼ 0; z > 0

F 0; tð Þ ¼ U � 1; T 0; tð Þ ¼ 1; t > 0

F 1; tð Þ ¼ 0; T 1; tð Þ ¼ 0; t > 0 ð8Þ
where



Table 1
Thermophysical properties of Casson fluid, SWCNTs and MWCNTs.

Properties Material q Kgm�3
� �

Cp JKg�1K�1
� �

k Wm�1K�1
� �

r Sm�1
� �

b� 10�5 K�1
� �

Human blood 1053 3594 0.492 0.8 0.18
SWCNTs 2600 425 6600 27� 10�5 106 � 107

MWCNTs 1600 796 3000 44� 10�5 1:9� 10�4
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d1 ¼ iþM2/2 þ
1

/1K

� �
; a1 ¼ Pr/4

k
; k ¼ knf

kf
;/4

¼ 1� /ð Þ þ / qCp
� �

CNTs

qCp
� �

f

;

/1 ¼ 1� /ð Þ2:5 1� /ð Þ þ /qCNTs

qf

 !
;/3 ¼

1� /ð Þ þ / qbð ÞCNTs
qbð Þf

1� /ð Þ þ /qCNTs
qf

;

/2 ¼ 1þ
3 rCNTs

rf
� 1

� �
/

rCNTs
rf

þ 2
� �

� / rCNTs
rf

� 1
� �

0
@

1
A 1

1� /ð Þ þ /qCNTs
qf

� �
are the constant parameters. The dimensionless parameters

such as Prandtl number Pr, Grashof number Gr, magneticM, poros-
ity K parameters, and amplitude of disk U are defined as

Pr ¼
tf qCp
� �

f

kf
;Gr ¼ gxbT f Tw � T1ð Þ

X2l
;M ¼ rf B0

2

Xqf
;
1
K
¼ tf

k1X
;U ¼ U0

Xl
:

3. Exact solutions

Making use of the Laplace transform technique, the system of
governing equations (6), (7), and (8) are converted from partial dif-
ferential equations (PDEs) into a set of ordinary differential equa-
tions (ODEs) system. Thus, we have

d2

dz2
F
�

z; qð Þ � n1qþ n2ð Þ F
�

z; qð Þ ¼ �n3Gr T
�

z; qð Þ ð9Þ

d2

dz2
T
�
ðz; qÞ � ða1qÞ T

�
ðz; qÞ ¼ 0 ð10Þ

F
�

0; qð Þ ¼ U � 1ð Þ1
q
; F
�

1; qð Þ ¼ 0 ð11Þ

T
�

0; qð Þ ¼ 1
q
; T
�

1; qð Þ ¼ 0 ð12Þ

Then, the boundary conditions in Eq. (11) and Eq. (12) are used
to solve Eq. (9) and Eq. (10). The solutions are

F
�

z; qð Þ ¼ U
q
exp �z

ffiffiffiffiffi
n1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ n7

pð Þ � 1
q
exp �z

ffiffiffiffiffi
n1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ n7

pð Þ�

n6Gr
q

exp �z
ffiffiffiffiffi
n1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ n7

pð Þ þ n6Gr
q� n5

exp �z
ffiffiffiffiffi
n1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ n7

pð Þþ

n6Gr
q

exp �z
ffiffiffiffiffiffiffiffi
a1q

pð Þ � n6Gr
q� n5

exp �z
ffiffiffiffiffiffiffiffi
a1q

pð Þ ð13Þ

T
�
ðz; qÞ ¼ 1

q
exp �z

ffiffiffiffiffiffiffiffi
a1q

pð Þ ð14Þ

Employing inverse Laplace transform on Eq. (13) and Eq. (14),
the exact solutions for velocity and temperature profiles form
as
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Fðz; tÞ ¼ F1ðz; tÞ � F2ðz; tÞ � F3ðz; tÞ þ F4ðz; tÞ þ F5ðz; tÞ � F6ðz; tÞ
ð15Þ

Tðz; tÞ ¼ erfc
z
2

ffiffiffiffiffi
a1
t

r !
ð16Þ

with

F1ðz; tÞ ¼ U
2

expðz ffiffiffiffiffiffiffiffiffiffi
n1n7

p Þerfc z
2

ffiffiffiffiffi
n1

t

r
þ ffiffiffiffiffiffiffi

n7t
p� �	

þexpð�z
ffiffiffiffiffiffiffiffiffiffi
n1n7

p Þerfc z
2

ffiffiffiffiffi
n1

t

r
� ffiffiffiffiffiffiffi

n7t
p� �


;

F2ðz; tÞ ¼ 1
2

expðz ffiffiffiffiffiffiffiffiffiffi
n1n7

p Þerfc z
2

ffiffiffiffiffi
n1

t

r
þ ffiffiffiffiffiffiffi

n7t
p� �	

þexpð�z
ffiffiffiffiffiffiffiffiffiffi
n1n7

p Þ z
2

ffiffiffiffiffi
n1

t

r
� ffiffiffiffiffiffiffi

n7t
p� �


;

F3ðz; tÞ ¼ n6Gr
2

expðz ffiffiffiffiffiffiffiffiffiffi
n1n7

p Þerfc z
2

ffiffiffiffiffi
n1

t

r
þ ffiffiffiffiffiffiffi

n7t
p� �	

þexpð�z
ffiffiffiffiffiffiffiffiffiffi
n1n7

p Þerfc z
2

ffiffiffiffiffi
n1

t

r
� ffiffiffiffiffiffiffi

n7t
p� �


;

F4ðz; tÞ ¼ n6Gr
2

expðn5t þ z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1 n5þn7ð Þ

p
Þerfc z

2

ffiffiffiffiffi
n1

t

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n5þn7ð Þt

p� �	

þexpðn5t � z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1 n5þn7ð Þ

p
Þerfc z

2

ffiffiffiffiffi
n1

t

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n5þn7ð Þt

p� �

;

F5ðz; tÞ ¼ n6Gr erfc
z
2

ffiffiffiffiffi
a1
t

r !" #
;

F6ðz; tÞ ¼ n6Gr
2

expðn5t þ z
ffiffiffiffiffiffiffiffiffiffi
a1n5

p Þerfc z
2

ffiffiffiffiffi
a1
t

r
þ ffiffiffiffiffiffiffi

n5t
p

 !"

þexpðn5t � z
ffiffiffiffiffiffiffiffiffiffi
a1n5

p Þerfc z
2

ffiffiffiffiffi
a1
t

r
� ffiffiffiffiffiffiffi

n5t
p

 !#
;

where

n0 ¼ c
cþ 1

;n1 ¼ /1n0;n2 ¼ d1n1;n3 ¼ /3n1;n4 ¼ a1 � n1;n5 ¼ n2

n4
;

n6 ¼ n3

n4n5
;n7 ¼ n2

n1
:

4. Skin friction and Nusselt number

Skin friction is evaluated to determine the shear stress at the
boundary, and its dimensional form of Casson nanofluid is given
as [15,23]

s ¼ �lnf 1þ 1
c

� �
@F
@z

����
z¼0

ð17Þ

After the dimensionless process, Eq. (17) reduces to
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s ¼ � 1

1� /ð Þ2:5
1þ 1

c

� �
@F
@z

�����
z¼0

ð18Þ

where s� ¼ s ffiffiffiffiffitfp
=X

3
2llf . By substituting Eq. (15) into Eq. (18), the

solution yields

sðtÞ ¼ s1ðtÞ � s2ðtÞ � s3ðtÞ þ s4ðtÞ þ s5ðtÞ � s6ðtÞ ð19Þ
where

s1ðtÞ ¼ U
ffiffiffiffiffiffiffiffiffiffi
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p
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p
exp �n7tð Þffiffiffiffiffiffi
pt

p
	 


;

s2ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffi
n1n7

p
erfc

ffiffiffiffiffiffiffi
n7t

p� �� ffiffiffiffiffiffiffiffiffiffi
n1n7

p �
ffiffiffiffiffi
n1

p
exp �n7tð Þffiffiffiffiffiffi
pt
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s3ðtÞ ¼ n6Gr
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s4ðtÞ ¼ n6Gr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1ðn5 þ n7Þ

q
expðn5tÞerfc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn5 þ n7Þt

q� �h
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1ðn5 þ n7Þ

q
expðn5tÞ �

ffiffiffiffiffi
n1

p
exp �n7tð Þffiffiffiffiffiffi
pt

p


;

s5ðtÞ ¼ �n6Gr
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a1
pt

r" #
;

s6ðtÞ ¼ n6Gr
ffiffiffiffiffiffiffiffiffiffi
a1n5

p
expðn5tÞerfc

ffiffiffiffiffiffiffi
n5t
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Nusselt number is evaluated to analyze the heat transfer rate
and describes the convective ratio to conductive heat transfer.
The Nusselt number is presented as [38]

Nu ¼ � knf
kf

@T
@z

����
z¼0

¼ k

ffiffiffiffiffiffi
a1
pt

r
: ð20Þ
5. Results and discussion

In this paper, the heat transfer problem on non-coaxial rotating
MHD Casson nanofluid flow passed through a porous mediumwith
a moving disk is solved using Laplace transform method. The
human blood base fluid is used to suspend both CNTs nanoparticles
(SWCNTs and MWCNTs). At this part, with the help of pictorial
illustration, the influences of Grashof number Gr, Casson parame-
ter c, magnetic field parameter M, porosity parameter K , nanopar-
Table 2
Primary sp and secondary ss skin friction for SWCNTs and MWCNTs.

Gr K M c /

0.2 0.5 2 0.2 0.5 0.02
0.4
0.6

5
10

3
5

3
5

0.8
1.0

0.12
0.22
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ticle volume fraction /, dimensionless time t, and amplitude of
disk U on the physical behaviour of velocity and temperature pro-
files are further analyzed. Since the rotating nanofluid regime is
involved in this problem, the graphs for velocity profile are pre-
sented in primary f and secondary g velocities, which respectively
are defined by the real part and the imaginary part of velocity.
From these graphs, the obtained solutions satisfy both initial and
boundary conditions. Furthermore, the numerical results for skin
friction and Nusselt number Nu are also presented in Table 2 and
Table 3 with sp and ss are denoted for primary skin friction and
secondary skin friction, respectively. To check the validity of the
obtained solutions, the present results are compared to published
results by Mohamad et al. [53]. The identical profile of Eq. (15)
for both SWCNTs and MWCNTs in present results and Eq. (53) in
published results are observed as in Fig. 11 by allowing parameter
of nanoparticle volume fraction and magnetic field / ¼ M ¼ 0,
porosity K ! 1, and Casson parameter c ! 1 in the present
results, and lettingx ¼ 0 in the published results. Further, the pre-
sent velocity solution is also verified with the numerical Gaver-
Stehfest algorithm [61,62] as tabulated in Table 4. This algorithm
provides a numerical inversion of Laplace transform and its numer-
ical values is used to compare with the exact solutions. The results
from the comparison have satisfied with small error. Hence, the
validity of the obtained solution is verified.

The effect of different values of time t on f and g profiles for
both SWCNTs and MWCNTs in Casson nanofluid are depicted in
Fig. 2. From these figures, the growth in both f and g profiles for
the cases of SWCNTs and MWCNTs are reported when the values
of t increase. This effect is possible because the buoyancy force is
enhanced when time increases, and this creates the external
sources that will continuously supply energy to the flow. When
flow gets more energy, both velocity profiles of Casson nanofluid
with SWCNTs and MWCNTs increase. Table 2 estimates SWCNTs
and MWCNTs to have a drop in sp with a percentage of 35.78%
and 35.72%, and a drop in ss with 37.27% and 37.21% decrement.
A slight difference of rate which is less than 0.1% is observed
between SWCNTs and MWCNTs but the highest rate is still given
by SWCNTs. The same effect is also reported for the temperature
profile in Fig. 3, where the increase in t results in the rising of Cas-
son nanofluid temperature for both SWCNTs and MWCNTs. A sim-
ilar impact of t on velocity and temperature profiles are found in
[5,13,53,55,56]. The nanofluid has high temperature when the flow
is near the surface due to applied wall temperature, and it gradu-
ally decreases when the nanofluid flow away from the surface.

Fig. 4 illustrates the Grashof number Gr impacts on f and g pro-
files for Casson nanofluid with SWCNTs and MWCNTs. The results
U SWCNTs MWCNTs

sp ss sp ss

2 2.0636 �0.4419 2.0464 �0.4375
1.3253 �0.6066 1.3155 �0.6003
0.9821 �0.7204 0.9758 �0.7126
�2.1736 �0.4771 �2.1607 �0.4719
�6.8815 �0.5163 �6.8352 �0.5100
1.9881 �0.4468 1.9702 �0.4425
1.9271 �0.4508 1.9087 �0.4465
5.2543 �0.2767 5.0306 �0.2810
8.8358 �0.1772 8.4386 �0.1816
1.7335 �0.3836 1.7188 �0.3799
1.6121 �0.3621 1.5983 �0.3585
�0.7561 �0.5792 �0.8215 �0.5472
�5.3366 �0.7837 �5.4572 �0.7111

3 4.5980 �0.8799 4.5602 �0.8713
4 7.1324 �1.3178 7.0740 �1.3050



Table 3
Nusselt number Nu for SWCNTs and MWCNTs.

t / Nu Enhancement / Decrement Rate

SWCNCTs MWCNTs SWCNTs MWCNTs

0.2 0.02 6.6932 6.6165 – –
0.4 4.7328 4.6785 �29.299% �29.290%
0.6 3.8643 3.8200 �18.351% �18.350%

0.12 10.2010 9.9017 52.41% 49.65%
0.22 12.9773 12.5550 27.22% 26.80%

Table 4
Comparison of present velocity result with Gaver-Stehfest algorithm at t ¼ 0:2, Gr ¼ 0:5, K ¼ 2, M ¼ 0:2, c ¼ 0:5, / ¼ 0:02, U ¼ 2 and Pr ¼ 21.

z SWCNTs MWCNTs

Present results Gaver-Stehfest Present results Gaver-Stehfest
Primary Secondary Primary Secondary Primary Secondary Primary Secondary

0 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000
0.5 0.6371 0.0367 0.6371 0.0367 0.6398 0.0366 0.6398 0.0366
1.0 0.3484 0.0339 0.3484 0.0339 0.3524 0.0340 0.3524 0.0340
1.5 0.1636 0.0203 0.1636 0.0204 0.1672 0.0207 0.1672 0.0207
2.0 0.0651 0.0093 0.0652 0.0093 0.0675 0.0096 0.0675 0.0096
2.5 0.0218 0.0034 0.0219 0.0034 0.0230 0.0036 0.0230 0.0036
3.0 0.0061 0.0010 0.0061 0.0010 0.0066 0.0011 0.0066 0.0011
3.5 0.0014 0.0002 0.0014 0.0002 0.0016 0.0003 0.0015 0.0003
4.0 0.0003 0.0000 0.0003 0.0000 0.0003 0.0000 0.0003 0.0000

Fig. 2. Impact t on primary f and secondary g velocity profile with c ¼ 0:5;Pr ¼ 21;Gr ¼ 0:5;K ¼ 2;M ¼ 0:2;/ ¼ 0:02and.U ¼ 2

Wan Nura’in Nabilah Noranuar, Ahmad Qushairi Mohamad, S. Shafie et al. Ain Shams Engineering Journal 12 (2021) 4099–4110
show that f and g profiles for SWCNTs and MWCNTs increase with
increasing values of Gr. This behavior is induced by the domination
of buoyancy forces created by an increase in the temperature gra-
Fig. 3. Impact of t on temperature profile with Pr ¼ 21 and./ ¼ 0:02
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dient. Consequently, viscous force is diminished, and this leads to
increase f and g profiles of Casson nanofluid. This velocity propaga-
tion under the influence of Gr has been also mentioned in
[15,29,39]. In this figure, both types of CNTs have the same nature
on velocity profiles. A clear illustration of their effects is presented
in the zooming box as depicted in the figures. It suggests that both
f and g profiles for MWCNTs are higher than SWCNTs. This is due
to MWCNTs has a low density, which causes their velocity profiles
to be prominent.

The identical behavior is noticed in both f and g profiles for Cas-
son nanofluid with SWCNTs and MWCNTs under the impact of
porosity parameter K as shown in Fig. 5. Both types of CNTs depict
the increasing trend for both f and g profiles of Casson nanofluid
with increasing K , which has also been observed by [29,32]. By
having a high porous medium, the nanofluid able to flow passing
through it at a high speed. This behavior is possible because when
values of K increase, the applied pressure gradient in a medium
and drag effect acting opposite to the flow decrease, and therefore,
escalate both f and g profiles of Casson nanofluid with SWCNTs
and MWCNTs. In this figure, the changes in f and g profiles have
insignificantly seemed. However, by assisting with the zooming



Fig. 4. Impact of Gr on primary f and secondary g profile with c ¼ 0:5; Pr ¼ 21;K ¼ 2;M ¼ 0:2;/ ¼ 0:02; t ¼ 0:2 and.U ¼ 2

Fig. 5. Impact of K on primary f and secondary g profile with c ¼ 0:5;Pr ¼ 21;Gr ¼ 0:5;M ¼ 0:2;/ ¼ 0:02; t ¼ 0:2 and.U ¼ 2
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part, it is clearly observed that velocity of Casson nanofluid with
MWCNTs is prominent compared to SWCNTs, and it reflects the
same reason as discussed in Fig. 4. This effect is also supported
by the low skin friction of MWCNTs in Table 2, which causes less
friction drag on the surface. The diminution rate of sp and ss are
3.66% and 1.11% for SWCNTs and 3.72% and 1.14% for MWCNTs,
which proves that SWCNTs have an inferior rate compared to
MWCNTs.

Fig. 6 reports the reverse effects on both f and g profiles for Cas-
son nanofluid with SWCNTs and MWCNTs in the presence of mag-
netic fieldM. Both profiles for SWCNTs and MWCNTs descend asM
increases. The diminution of velocity is due to the conqueror of
Lorentz forces, which is created by the presence of electric and
magnetic fields. This forces have acted as the frictional forces and
become the key factor in slowing down the nanofluid’s velocity.
Therefore, when M increases, the nanofluid experiences a high
resistance, and the nanofluid flow is retarded, which is also fol-
lowed by the decrease in momentum boundary layer thickness.
This particular impact of M on velocity can be justified with
[16,39,40]. Moreover, under this influence, Casson nanofluid with
MWCNTs have a prominent effect on both f and g profiles than
SWCNTs due to the same factor discussed in Figs. 4 and 5. It is quite
clear from Table 2 that SWCNTs have high sp and ss than MWCNTs,
which implies that the surface has experienced a great friction drag
and affects their low velocity profiles. Its changing rate of sp and ss
are also 9% and 1.61% less than of the changing rate by MWCNTs.
Overall from Fig. 6 and Table 2, when compared to the other
effects, it suggests that magnetic field has a major and significant
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impact on the velocity profiles. Thus, it may be useful in several
applications, such as in the medical field, the blood flow in the
body can be controlled by regulating the intensity of the applied
magnetic field.

The impact of Casson parameter c on the physical behavior of f
and g for Casson nanofluid with SWCNTs and MWCNTs can be
found in Fig. 7. It is useful to note that Casson fluid is known as vis-
coplastic fluid, where the non-Newtonian behavior is affected by
the value of c. As c increases, the shear stress of fluid exceeds
the yield stress, which causes the fluid to act like a Newtonian fluid
and leads the flow to be faster. In the figure, the effect of increment
c value is followed by an amplification in fluid plasticity, which
then reduces the momentum boundary layer thickness and f pro-
file. [8,15,23,37] have reported the same statement for the velocity
profile of Casson fluid. Such behavior is clearly noticed within the
interval 0:5 � z � 2 and then, f profile gradually approaches the
boundary condition after z � 2. However, the g profile for both
types of CNTs exhibit both increasing and decreasing trend, which
has been greatly affected by the presence of yield stress. The g pro-
file increases until it achieves the utmost velocity at z ¼ 0:5 and
afterward declines as it goes far from the surface. Furthermore,
due to the low density of MWCNTs, it causes f and g profiles of Cas-
son nanofluid with MWCNTs to be prominent and also seems to
have a slow rate of velocity decrement compared to SWCNTs.
Table 2 reveals that MWCNTs have less sp and high ss than
SWCNTs. Moreover, the values of sp reduce and the values of ss
increase for both CNTs in favour of c. Comparatively, SWCNTs
has exceeded 0.85% of sp and less 0.97% of ss from MWCNTs.



Fig. 6. Impact of M on primary f and secondary g profile with c ¼ 0:5;Pr ¼ 21;Gr ¼ 0:5;K ¼ 2;/ ¼ 0:02; t ¼ 0:2 and.U ¼ 2

Fig. 7. Impact of c on primary f and secondary g profile with M ¼ 0:2;Pr ¼ 21;Gr ¼ 0:5;K ¼ 2;/ ¼ 0:02; t ¼ 0:2 and.U ¼ 2
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Fig. 8 justifies the effect of different nanoparticles volume frac-
tion / on f and g profiles for SWCNTs and MWCNTs cases. The
figures reveal that f and g profiles of Casson nanofluid with
SWCNTs and MWCNTs enhance with increasing values of /. This
nature of velocity propagation is clearly visualized within the
interval 0 � z � 2:5 for the f profile and 0:5 � z � 3 for the g pro-
files. The enhancement in velocity profile when the carbon nan-
otubes are added to human blood may contribute to some of the
health benefits, particularly in the development of drug delivery
process, in order to help the drug transportation specifically to
the cancerous growth as well as to the damaged arteries areas in
Fig. 8. Impact of / on primary f and secondary g profile with
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the fight against cardiovascular disease. As discussed previously,
MWCNTs confirms a high-velocity profile than SWCNTs due to
their low density properties, which also assures it to have small
values of sp as in Table 2. This effect causes MWCNTs to experience
less friction drag at the surface and have a high velocity distribu-
tion. Both CNTs nanofluids have reported decreasing sp and
increasing sp with /. The effect of different values of / on Casson
nanofluid temperature for SWCNTs and MWCNTs is depicted in
Fig. 9, where the increase in / results in the growth of temperature
profile for both types of CNTs. This is because the insertion of more
CNTs in human blood enhances the nanofluid’s thermal conductiv-
M ¼ 0:2; Pr ¼ 21;Gr ¼ 0:5;K ¼ 2; c ¼ 0:5; t ¼ 0:2 and.U ¼ 2



Fig. 9. Impact of / on temperature profile with t ¼ 0:2 and.Pr ¼ 21
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ity and directly improves the ability of nanofluid to conduct heat.
This characteristic proves that the fluid with high volume of CNTs
can conduct more heat, which results in the hike of temperature
distribution and enlarges the thermal boundary layer. In Fig. 9, it
is clearly observed that Casson nanofluid’s temperature in the
presence of SWCNTs is higher compared to MWCNTs. This effect
is due to the high thermal conductivity of SWCNTs, which provides
a better conduction of heat. Table 3 observes that Nu for SWCNTs
and MWCNTs augment with the rate 52.41% and 49.65%, respec-
tively correspond to the rising values of /. This result directly
implies to the reduction of nanofluid heat capacitance, which leads
Fig. 10. . Impact of U on primary f and secondary g profile with M

Fig. 11. . Comparison between published results by [53] and p
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to increase the rate of heat transfer. The similar trend of velocity
and temperature distributions can be found in [34,45].

After that, Fig. 10 discusses the influence of different disk ampli-
tude U values on f and g profiles for Casson nanofluid with SWCNTs
andMWCNTs. The results showthat an increase inU increasesboth f
and g profiles for Casson nanofluid with both types of CNTs and
ascends thevaluesofsp. This is because theexternal forces thatmov-
ing disk has created, are used to rotate the fluid and amplify the fric-
tion between the fluid and disk. These forces help CNTs to give full
reaction at all regions of rotating fluid. This results can be verified
with the studyof [32,53]. Under this influence, the velocity of Casson
nanofluid in the presence of MWCNTs seems to be higher than
SWCNTs due to the same reason as discusses for Figs. 4 to 8.
MWCNTs also have high sp and less ss compared to SWCNTs. Overall
for the impacts of CNTs on the velocity and temperature profiles,
comparatively, SWCNTs have a low-velocity profile and a high-
temperature profile compared to MWCNTs. These effects are signif-
icantly affected by its low density and high thermal conductivity
properties, which has been highlighted in [30,34].

6. Conclusion

The current study on the unsteady free convection flow of MHD
Casson nanofluid induced by non-coaxial rotations with a moving
plate embedded in a porous medium is investigated, where it has
been greatly inspired from the previous works [37,53]. A new
mathematical model of Casson nanofluid with non-coaxial rotation
is introduced. The effects of MHD and porosity are taken into
account. The study of Casson nanofluid involves a mixture of
¼ 0:2; Pr ¼ 21;Gr ¼ 0:5;K ¼ 2; c ¼ 0:5; t ¼ 0:2 and./ ¼ 0:02

resent results on primary and secondary velocity profile.
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human blood suspending SWCNTs and MWCNTs. The exact tem-
perature and velocity solutions are generated by using the Laplace
transform method. The verification process is conducted by com-
paring the present results with published results from Mohamad
et al. [53] and numerical values from Gaver-Stehfest algorithm.
The validity of the obtained solution is confirmed when an excel-
lent agreement is observed for both comparisons. The findings in
this study mainly contribute to analyze and control the flow and
heat transfer of rotating Casson nanofluid, where it can be imple-
mented specifically in a rotating human blood system. The model
can also be used in medical applications as the magnetic field’s
imposition is important to treat the cancerous or damaged cell.
The significant results of this study are concluded as follows:

i. Both primary and secondary velocity profiles of Casson
nanofluid for both SWCNTs and MWCNTs increase when
Gr;K; t;/ and U increase.

ii. AsM increases, both primary and secondary velocity profiles
of Casson nanofluid for both SWCNTs and MWCNTs decrease
while as c increases, only the primary velocity profile
decreases and secondary velocity profile shows a fluctuating
trend.

iii. Increasing values of / and t cause an increment in the tem-
perature profile of Casson nanofluid for both SWCNTs and
MWCNTs.

iv. For primary and secondary velocity profile, Casson nanofluid
with MWCNTs is higher than Casson nanofluid with SWCNTs
due to a low density of MWCNTs.

v. For temperature profile, Casson nanofluid with SWCNTs is
higher than Casson nanofluid with MWCNTs due to SWCNTs’
high thermal conductivity.

vi. An increase of /;Gr;K; and t decreases both primary and sec-
ondary skin friction, while the increase of M increases both
primary and secondary skin friction.

vii. The Nusselt number for both types CNTs nanofluids increase
with increasing / but decrease with increasing t.

viii. The rate of heat transfer is enhanced with the suspension of
high values of /. The amount of heat transfer and its incre-
ment rate by SWCNTs suspension is greater than MWCNTs
suspension.
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