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Abstract— The presence of external disturbances such as
wind may affect the stability of a quadrotor during flight. This
paper proposes a robust autonomous flight control of a feedback
linearized quadrotor model with the presence of external
disturbances by using the active anti-disturbance control
(AADC) technique. In the inner-loop control, the feedback
linearization technique is used to simplify the nonlinear and
under-actuated quadrotor dynamics into the corresponding
linear representation. In the outer-loop control, the AADC
technique using extended state observer (ESQO) and state
feedback is proposed for trajectory tracking and disturbance
rejection control of the quadrotor, respectively. Here, ESO
estimates the external disturbances by using only the output of
the system. To evaluate the effectiveness of the proposed
controller, simulations of the quadrotor were carried in which
the results obtained show the advantage of the proposed control
algorithm for hovering and trajectory tracking of the
quadrotor.

Keywords— Quadrotor, unmanned aerial vehicle, disturbance
observer, extended state observer

I. INTRODUCTION

Recently, unmanned aerial vehicles (UAV) such as
quadrotor has received considerable attention for various tasks
including crop monitoring, surveillance, border patrol, as well
as photography, and videography. Nevertheless, control of a
quadrotor is nontrivial due to the underactuated and nonlinear
model, and also susceptible to external disturbances such as
wind. Thus, an advanced controller is needed to accomplish
the designated task effectively.

A straightforward control approach for the quadrotor is by
using linear controllers. In the literature, linear control such as
linear quadratic regulator (LQR) and proportional-integral-
derivative (PID) was proposed [1]-[3]. These linear
controllers were derived based on the linearized quadrotor
model around certain nominal operation conditions, e.g.
hovering condition. Thus, the performance guarantee of a
quadrotor using these controllers is limited around this
nominal operation condition only.
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Feedback linearization (FL) is another linearization
approach for the quadrotor. In contrast to the linearization at
an operating point only, FL produces a linear representation
of the nonlinear quadrotor model over a wide range of
operating conditions via coordinate transformation and
nonlinear state feedback [4]. The linear representation can be
used to design various linear controllers in the outer-loop
control. A static FL was applied by Mahmood and Kim [5] to
linearize the nonlinear quadrotor dynamics for the formation
control problem. Similarly, dynamic FL was implemented in
other studies to solve the trajectory tracking problem of a
quadrotor [6]-[8]. However, only ideal conditions were
considered in these studies in which all parameters were
assume known, and no disturbance was present.

To improve the robustness of the feedback linearized
model, common control methods used are adaptive and robust
techniques [9], [10]. Nevertheless, the closed-loop transient
response is shaped by the robust and adaptive control
component instead of the nominal model. Also, these methods
may not respond fast enough when a strong disturbance is
present [11]. The active anti-disturbance control (AADC)
technique is proposed in many studies to overcome these
limitations.

Unlike adaptive or robust techniques, AADC reacts
directly to the disturbance by feedforward compensation
control design using sensor measurement or disturbance
estimation. A high-order sliding mode observer was proposed
by Mokhtari et al. [12] for trajectory tracking of a quadrotor
in the existence of sinusoidal disturbances. More recently, a
linear disturbance observer (LDO) was successfully
implemented in [13], [14] to improve the robustness of FL
towards wind disturbances. However, full state information is
required to implement the observer. In another work, an
extended state observer (ESO) was successfully employed by
Liu et al. [15] to remove the lumped disturbance for feedback
linearized rotor-active magnetic bearings. Unlike LDO that
can only estimate the disturbance, ESO can also estimate the
plant dynamics based on the output of the system.
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Motivated by these studies, this paper aims to improve the
robustness of the feedback linearized quadrotor model for
solving trajectory tracking problem under the influence of
external disturbance using ESO. Here, state feedback (SF)
control and ESO, so-called SF-ESO are applied in the outer-
loop control for trajectory tracking and disturbance rejection
of the linearized quadrotor model, respectively. We show that
the proposed SF-ESO can enhance the trajectory tracking
performance of the quadrotor despite the occurrence of
external disturbances. To the best of our knowledge, this study
is the first to propose SF and ESO for improving the feedback
linearized quadrotor system.

This paper is organized as follows. First, in Section II, the
quadrotor dynamics is presented. Then, the proposed control
system design is presented in Section III. Results and
discussion are developed in Section IV. Finally, Section V
concludes this paper.

II. NONLINEAR QUADROTOR MODEL

Consider a quadrotor configuration seen in Fig. 1 with
F, = {x., Ve, Z. } is the earth-fixed frame, F, = {x;,, yp, 2, } is
the body-fixed frame, and F; (j = 1,2,3,4) are the lift forces
produced by the four rotors. Let {x, y, z} denotes the absolute
position of the quadrotor with respect to F,, and {¢, 0,1}
denotes the orientation (roll, pitch, yaw) of the quadrotor. By
considering the translational and rotation components, the 6-
DOF dynamic model of the quadrotor can be expressed as [5]

¥ =auB/m+T./m (1)
y=pul/m+1,/m 2)
i=—a; +yut/m+T,/m (3)
¢ =09 (L, —1,)/I, +uP /1, )
0 =Y (I, — I)/1, + uP¥/I, (5)
=0 (I, — 1) /1, + ut/1, (6)

T .
where u = [u{l}, MOENos u{4}] are the control inputs of the
system, m is the mass of quadrotor, a, is the gravitational
acceleration, and

a = c(@)s@)c@) +s(P)s)
B = c(@)s@)s(¥) — s(Pp)c() (M
y = c(¢)c(6)

with the terms s(+) and c(+) are the sine and cosine functions,
respectively. Meanwhile T, and I; (q = x,y,z) denote the
disturbing forces on the quadrotor and the moment of inertia
along each axis, respectively.

The quadrotor dynamic is underactuated and nonlinear as
can be seen from (1) - (6) which may create a challenge in the
controller design process. One of the approaches to solve this
issue is by linearizing the dynamics via the FL method as
presented in the following section.

Ve

Fig. 1. The configuration of a quadrotor.

III. CONTROL SYSTEM DESIGN

This section presents the proposed control algorithm that
allows the quadrotor to track the desired trajectory while
simultaneously rejecting the external disturbances which
present in the quadrotor dynamics in (1) - (6). The control
algorithm consists of inner-loop control and outer-loop
control. FL technique is used in the inner-loop control to
simplify the nonlinear and underactuated quadrotor dynamics
into four linear-decoupled equations. For the outer-loop
control, linear state-feedback control is designed for trajectory
tracking based on the assumption that the inner-loop control is
linear. To improve the tracking control, the ESO is employed
to estimate the lumped disturbance on the quadrotor. A detail
of the proposed control algorithm is presented in the following
subsections.

A. Feedback Linearization of Quadrotor Dynamics

Linearization of nonlinear dynamics via feedback
linearization approach involves coordinate transformation and
nonlinear state feedback [4]. In this study, the absolute
position of the quadrotor (x,y,z) and heading () are
selected as the output to be controlled. Since the quadrotor
dynamics is underactuated in which ¥, y and Z in (1) - (6) are
all depend on u{, control input u'" need to be delayed by
double integrator while other control inputs remain unchanged
[16]. For notation consistency, control input u =

[, u@,uB )" are

[a®, @, 73, @] ie.

W =¢ ¢=¢ ¢=ul)

replaced by u=

72 = @
u =u

8
76 = 43 ®)
a4 = @

By considering control input #, dynamics in (1) - (6) can
be written as

4
x=f(x) + }Z g; ()t} o)
y = [hy, hy ha, byl = [x,y,2,9]"

In which x = [pX’ Dx» py; py; Dz Pz (: E: 4): 4): 9: 9: lp! ltb] €
R!* is the extended state, y is the output vector, and
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The dynamics of the quadrotor in (9) is feedback
linearizable using an inner-loop control given as

u=A"1x)(-bXx) +v) (10)

T. .
where v = [vx, Vy, Uy, vw] is the vector of control input for
the linearized system, and

K r Syep B
m ml, ml, ml,
B A sy (a
m ml, ml ml,
A= )4 _(sd)c@ _(cdfs@ 0 (n
m ml, ml,
1
i 0 0 0 E
L;l hy (%)
b(x) = : 12)
L?' hy (%)

with T' = c¢psy — s¢psfcy and A = cpcyp + s¢psOsy . LZhj
denotes the k-th Lie derivative of h; along g. In case of exact
feedback linearization with no external disturbances, i.e. T, =
T, =T, =0, (10) transforms the quadrotor dynamics in eq.
(9) into four decoupled linear dynamics given as

dt e (13)
aw_, )
a7 at ¥

However, exact feedback linearization may not be possible
in practice as there are always parameter uncertainties and
external disturbances on the quadrotor dynamics, i.e. Ty #
0 (9 = x,y,z). Thus, inexact feedback linearization occurs
which yield nominal linear part and the unknown disturbance

part,d = [dx, dy,d,, dw]T given by

d(x adiy
szx dy, ﬁzvy+dy
dt dt (14)
d(Z) d(¥)
dt =Uz+dz, Tsz-l'dw
B. ESO Design
Consider w; = [x,y,z]" and wg =1 . Then, the

linearized dynamics (14) is transformed into the extended-
state equation given as

Wl - W2

WZ = W3

W3 = W, , (15)
Wy = ws + [171’17'4}‘ V3]

Ws = [dy, dy, d,]

We = Wy
W7 = V‘VS + v4 (16)
WS = dll)

To estimate the disturbance dj (G =xy21Y), a linear
ESO is designed as [11]

VT’1 =W, — pr (W —wy)
Wy = W3 — Bo(Wy —wy)

W3 =Wy — B3 (Wy —wy) 17)
Wy = Ws — B4 (Wy — wy) + [vy,v5,v5]"

Ws = —Bs(W; — wy)

We = W7 — Bs(Ws — we)

Wy = Wg — B7(We — We) + vy (18)
Wg = —Pg(Ws — W)

where Wy, W, ..., Wg are estimates of states wy, w,, ..., wg,
respectively, and f;, By, ..., Bg are the observer gains to be
designed. Note that the disturbances are estimated by the
extended states, i.e.

N A A AT
Wg = [Adx,dy, dz] (19)
Wg = d'l/)
Proposition 1: For a bounded disturbance d]-, there exist
observer gains Sy, 31, ..., Bg such that the ESO (18) renders
Wy, Wy, «., Wg) = (W, Wy, ..., Wg).

Proof: Subtracting (15) - (16) from (17) - (18), the
observer error is given by

6%1 =e, — f1e;

?2 =e3 — fre;

é3 = e, — fzer (20)
€, = es — Pueq r

és = —fse; — [dx: dy, dx]

‘%‘6 = e; — Pees

é; = eg — Preq (21)

ég = —Pgec — dy
where e =w; —w; (i =1,2,..8) represents the
estimation error. It has been shown that BIBO stability for (20)
is guaranteed under the assumption that d; is bounded [11].
The observer gains can be determined by using the pole

placement method, where the characteristic equations for (20)
- (21) are given by [15]
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(s+w) =0 (22)

(s+wy)’ =0 (23)

where wg and wy, are positive bandwidth values. Then,
the ESO gains are calculated as

Bl = qu, BZ = 100)5

Bs = 10w2,[>’4 = 5(0:; (24)
Bs = wf}’
Bs = 3wy, B; = 3w}, Bs = w}, (25)

This concludes the proof. m

C. Closed-loop Controller Design

The feedback linearized model in (14) can be written in a
state-space form as

w; = Ajw; +B;j(vj +d;) je{xyzy} (26)

with w, = [q,¢,4,41" (q =x,y,2) and wy, = [, 9],
and

01 0 O
. Joo1o0
Ax_Ay_AZ_ 0 0 0 1}
0 1 0 0 0 O
All’:[o 0]'
B,=B,=B,=[0001],
B¢=[01]T

A classical state-feedback (SF) controller can be
implemented in the outer-loop control to track the desired
trajectory and stabilize (26) given by

je{x,y, 2z} (27)

with K;, G;, and R; represent the feedback gain matrix,
feedforward gain, and desired output trajectory, respectively.
The closed-loop dynamics is obtained by substituting (27) into
(26), given as

w; = (A; — BiK;)w; + G;BR; + B;d; (28)

The closed-loop dynamics in (28) is influenced by the
external disturbance d; . To improve the control, a
compensation scheme by integrating SF and ESO, so-called
SF-ESO is designed in this paper, given by

v =0, — d; (29)

where Vo, is the nominal SF in (27), while dj is the

estimated disturbance in (19). Substituting (29) into (26)
yields

w; = (A; — BK;)w; + G;B;R; + B;(d; — d))

(30)
= (A; — BiK;)w; + G;B;R; + B¢

where ¢; = d; — (ij . Based on Proposition 1, ¢; =0
which indicates that the external disturbance is effectively
rejected by the controller.

IV. RESULTS AND DISCUSSION

In this section, the performance of the proposed SF-ESO
is evaluated by implementing the algorithm in a

MATLAB/Simulink simulation environment. The quadrotor
model parameters are adopted from [5] with m = 0.6 kg,
L, = 0.005796 kg - m?,I,, = 0.005796 kg - m?,I, =
0.010296kg - m? and a, = 9.81ms™2. For the feedback
control, state feedback gains are K, =K, =K, =
[81 108 54 12], and K, = [6 9] which were chosen based
on the pole-placement method. For estimating and
compensating the lumped disturbance in the translational axis,
the gain for ESO is w, = 70. Meanwhile for yaw, no ESO is
used as the disturbance is not considered as in (6). Initially,
the quadrotor is assumed to be on ground at coordinate
[x(0),y(0),2(0)] = [0,0,0]m with heading of ¥ (0) =/
2rad. Other states were set to zero.

Two simulation studies were carried out to test the
effectiveness of the proposed control algorithm towards
rejecting external disturbances. The bounded external
disturbances considered which may represent wind
disturbances and parameter uncertainties are given as [17]

T, =T, = 5sin 0.5t + 2sin 0.5t
. s
+ 25sin (Zt + E)

) T
+ sin (3t _§) (31)
T, = 3sin(1.5t) + 2sin(0.5t)
+0.2sin (t + E)
2

The simulation results are presented in the following
subsections. The performance of the proposed SF-ESO is
compared with the classical state feedback control (SF) that
has no disturbance rejection capability as a benchmark given
in (27). Integral absolute error (I4AE) is used to quantify the
controllers’ performance given as

T
IAE =f |E(t)|dt (32)
0

Here, T is the simulation period and E =1, —q,(q =
X,¥,z,1) is the error between the desired and actual value.

A. Simulation Experiment 1: Hover

Hover is one of the main maneuvers of a quadrotor which
is important for various missions in which the quadrotor needs
to remain in one place. In this simulation work, the quadrotor
supposed to fly from the initial position on the ground to the
desired hovering position and heading given by

[Re, Ry, R, = [1,—1,2]m

Y(0) =m/2rad (33)

The ability of the quadrotor to hover at this fixed position
despite the presence of external disturbances in (31) is studied
in this simulation experiment. The proposed controller in (29)
was implemented to achieve this objective. The performance
of the proposed controller is compared with the results
obtained by using SF as a benchmark. The results of this
simulation experiment are shown in Fig. 2 and tabulated in
TABLE L.

In Fig. 2, the time response of the quadrotor for hovering
maneuver by using SF and SF-ESO controller is shown.
Generally, both controllers were able to make the quadrotor
fly to the desired fixed position. Nevertheless, some
deviations from hover position can be seen in the translational
motion (x, y, z) for the quadrotor with SF which was caused
by the external disturbances.

Authorized licensed use limited to: UNIVERSITY TEKNOLOGI MALAYSIA. Downloaded on May 29,2022 at 06:08:55 UTC from IEEE Xplore. Restrictions apply.



B e et i
_ £
E ¥
= [
f
0 1 1 1 1
0 5 10 15 20 25
Time (seconds)
2 e
f
= ——Desired
£ 2 R PR Actual (SF)
> | —--Actual (SF-ESO)
0
0 5 10 15 20 25
Time (seconds)
E
N 1
0
0 5 10 15 20 25
Time (seconds)
1.5
E 1
=05
0

0 5 10 15 20 25
Time (seconds)

Fig. 2. Time response of the hovering quadrotor.

On the contrary, a good hover control can be seen by the
quadrotor with SF-ESO which is shown by the ability to
maintain the hover position despite the presence of external
disturbances. This shows the ability of the proposed SF-ESO
to actively reject the disturbance as further verified by
quantitative analysis using [AE that is lower than the
benchmark (SF) as tabulated in TABLE I. Notice that the
performance of both controllers for heading 1 was identical
as no aerodynamic moment disturbance considered.

TABLE I. QUANTITATIVE COMPARISON BETWEEN SF-DOBC
AND SF-IDOBC FOR QUADROTOR HOVERING PROBLEM.

Controller I4E

X y z P
SF 72145 72064 | 7.0082 | 2.3562
SF-ESO 3.1051 31027 | 2.9901 23562
?,Z;lucmn 56.9603 | 56.9452 | 57.3343 0

B. Simulation Experiment 2: Time-varying Trajectory
Tracking

Another important maneuver for the quadrotor is the time-
varying trajectory tracking. The capability of the proposed
control scheme to track the desired time-varying trajectory
while rejecting the external disturbances were demonstrated
in this simulation study. The desired trajectory was a circle of
radius 5m at 2Zm above ground given as

R,(t) = 5sin(0.1257t)
) T
R,(t) = 5sin (0.1257t + E)

R,(t) = 2

(34

In this simulation study, the external disturbances were
also generated by using (31). Results of the simulation by
using the proposed control (SF-ESO) and the benchmark
control (SF) are shown in Fig. 3 and tabulated in TABLE 1I for
a period of T = 50s.

—Desired
i —Actual (SF)
p;;:lclm ===+ Actual (SF-ESO)
2.5+
2
=15
\E— -
N 1 - -
05 Disturbance’
O - -
5 T~ Initial (/// 5
0 ‘*\,\\r\:osmon ///_,-» 0
~
y (m) 5 -5 x (m)

Fig. 3. 3D position for trajectory tracking of the quadrotor.

It can be seen from Fig. 3 that both controllers were
generally able to track the desired circular trajectory.
However, the quadrotor with the benchmark controller (SF)
was struggling to closely track the desired path due to the
existence of external disturbances as indicated by the large
oscillation in its trajectory. In contrast, the quadrotor with the
proposed SF-ESO was able to closely track the desired
circular path while rejecting the external disturbances as
shown by the smooth trajectory. This is further supported by
quantitative analysis via the JAE performance index tabulated
in TABLE II that shows some reduction in the error which was
achieved by the proposed SF-ESO with respect to the
benchmark SF.

TABLE II. QUANTITATIVE COMPARISON BETWEEN SF-DOBC
AND SF-IDOBC FOR QUADROTOR HOVERING PROBLEM.

Controller IAE
x y z P
SF 25.9657 | 32.8302 | 7.0059 2.3562
SF-ESO 25.6592 | 32.4668 | 2.9891 2.3563
Reduction (%) | 1.1804 1.1069 | 57.3345 0

V. CONCLUSION

An active disturbance rejection control scheme is proposed in
this paper to improve the robustness of autonomous trajectory
tracking of a quadrotor in the presence of external
disturbances. This is achieved by using SF and ESO that
respectively track the desired trajectory and compensate for
the lumped disturbance of inexact feedback linearized
quadrotor system. Two simulation studies were carried out:
hovering and trajectory tracking of the quadrotor in the
presence of bounded time-varying disturbances. Results show
that the proposed controller improves the hovering and
trajectory tracking of the quadrotor as compared to the
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benchmark controller. Future research direction includes the
deployment of the proposed controller on experimental
hardware.
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