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ABSTRACT The deployment of sub-6 GHz macro-cell networks, which are overlaid by millimeter-wave
(MMW) small-cells, is a promising method to accommodate the unprecedented growth of data traffic
demands and user devices. Although such a hybrid network could provide seamless connectivity and achieve
high-quality services, there is a need to ensure that the growing number of base stations (BSs) does not
affect biological safety, especially when the BSs are operated at high frequencies. This paper focuses on
an analytical framework to investigate the electromagnetic field (EMF) exposure in a cellular network with
coexisting sub-6 GHz and MMW BSs using a stochastic geometry approach. Locations of sub-6 GHz and
MMW BSs are modeled as Poisson point processes (PPP). By incorporating different channel propagation,
antenna, and fading models for sub-6 GHz and MMW tiers, the incident power density (IPD) coverage
probability and the average IPD are derived and validated byMonte Carlo simulations. The impact of various
system parameters such as BS density, number of antenna elements, and blockage density are investigated to
gain insights on the network scenario. The results demonstrate that the variation of the EMF exposure level
closely depends on the BS density and the number of antennas deployed at the BS. The results also show
that the receiver sensitivity has a significant impact on the average IPD. For the same receiver sensitivity,
it is revealed that an MMW user is exposed to a higher average IPD level than the sub-6 GHz counterpart.
The results are also compared with the existing international regulations.

INDEX TERMS Electromagnetic field (EMF), millimeter wave, sub-6 GHz, stochastic geometry, Poisson
point process, incident power density.

I. INTRODUCTION
With the rapid growth of wireless technologies, including the
fifth-generation (5G) cellular networks, machine-to-machine
(M2M) communications, and the internet of things (IoT),
the demand for high network capacity, extremely high trans-
mission speed and seamless connectivity have been esca-
lated worldwide. Currently, there has been an increasing
interest in deploying millimeter wave (MMW) small-cells
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underlying the conventional sub-6 GHz macro-cells to pro-
vide ample network capacity and ubiquitous coverage [1].
The sub-6 GHz network can provide universal coverage, but
it encounters the spectrum shortage to support the substan-
tial increase of wireless devices in the 5G and beyond 5G
networks. Therefore, MMW communication, which uses the
high segment of the frequency spectrum, e.g., 28 GHz and
73 GHz bands, will complement the sub-6 GHz network as
it has the potential to provide multi-gigabit communication
services due to the availability of huge bandwidth in the
MMW spectrum.
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There are several unique features of MMW communica-
tions, making it different from the sub-6 GHz propagation.
For example, MMW signals incur severe penetration loss,
low diffraction, and scattering through blockages, resulting
in a shorter link distance than the sub-6 GHz communica-
tion [2]. Moreover, the susceptibility of MMW propagation
to blockage leads to very different path loss laws for the line-
of-sight (LoS) and non-LoS links [3], [4]. Two key features
of MMW cellular networks will be dense base station (BS)
deployments and high directional transmissions at both BS
and mobile. Adding BSs in a particular area can significantly
boost the network capacity but produces more electromag-
netic field (EMF) exposure in the surrounding environment.
Furthermore, the beamforming technology with high direc-
tional antenna gain leads to a higher concentration of elec-
tromagnetic energy in a specific direction, which poses new
issues when performing the EMF exposure assessment.

All BSs and wireless devices emit EMF, where the level of
EMF needs to comply with the relevant regulatory require-
ments on human exposure. Despite the established exposure
limits and safety standards by regulatory bodies such as
International Commission on Non-Ionising Radiation Protec-
tion (ICNIRP) [5], International Electrotechnical Commis-
sion IEC-62232 [6], Federal Communications Commission
(FCC) [7], and Institute of Electrical and Electronics Engi-
neers IEEE [8], the EMF radiation in human and animal tissue
has been, and continue to be, a public concern. The EMF
exposure has received increasing interest in the past few years
due to the rapid deployment of new BSs, especially the 5G
technologies, to support the unprecedented capacity of the
future wireless networks.

A. RELATED WORKS
There have been many research efforts on assessing the
EMF exposure based on measurements [9]–[13] and sim-
ulations [14]–[16] in the past years. In general, the EMF
exposure originates from two possible sources, i.e., (i) uplink
signal from user equipment (UE), and (ii) downlink signal
from BSs [17]. The former refers to the EMF in the near-field
region and is commonly indicated by a specific absorption
rate (SAR). Meanwhile, the latter refers to EMF exposure in
the far-field region, which is measured based on the power
density (PD) level. The measurement and characterization
effort of EMF exposure from radio frequency (RF) devices
started in the early 1990s, where the first version of ICNIRP
guideline for the exposure limit to the electric, magnetic and
electromagnetic field was provided in [18]. Such a guideline
has served as a basis in many EMF studies, including the
works in [9]–[13], [15]. The work in [9] provided a thorough
discussion related to the issues and challenges in the EMF
measurements of 5G networks. Among the key issue is the
use of new techniques in 5G networks, such as massive
MIMO and millimeter wave, which require the revision of
EMF exposure assessment approaches.

Recently, several research works have been developed
to characterize the RF EMF exposure on humans from

cellular BSs [10]–[13], some of which incorporated the mas-
sive MIMO and MMW parameters. Specifically, the authors
in [10] performed a real-site EMF measurement in the
mid-city environment for the multiple BSs operated at 6 GHz
to 18 GHz. The work in [11] focused on the impact of
EMF exposure regulation in the planning phase of the 5G
networks consisting of multiple locations of BSs operated at
below 3 GHz. In [10] and [11], the authors found that the
variation of the EMF level strictly depends on the commu-
nication environments and the adopted approach for mea-
suring the EMF levels. Subsequently, the authors in [12]
and [13] presented a comprehensive description of measure-
ment methodology to assess the RF EMF exposure from
5G new radio (NR) BSs operated at sub-6 GHz and MMW
bands. However, the measurements were obtained from a
single transmitting node, and thus the results may not be
accurate in multiple BS scenarios or dense networks. Since
the 5G networks are not fully deployed, the RFEMF exposure
assessment that incorporates new 5G features is still an open
problem.

A simulation-based EMF exposure assessment has also
received an increasing interest among the researcher
and academia. The work in [14] presented an extensive
system-level simulation to obtain the compliance boundary
of massive MIMO BSs. The work in [15] compared the
human exposure in terms of SAR and PD under different
wireless technologies. Recently, the effect of massive MIMO
on the EMF exposure has been further studied in [16], where
the authors revealed that the pencil beamforming could be
beneficial for network throughput and reduces the EMF level.
However, the simulation studies in [14]–[16] considered the
standard regular hexagonal model for BS locations, which
is not sufficiently accurate for the current BS deployment
that requires irregular network topologies. The irregular net-
work topologies are due to the variation demand of network
capacity and various communication environments, e.g., res-
idential areas, high-rise buildings, and rural areas. While
the system-level simulation is straightforward in design,
it requires extensive computational time and resources, and
it does not transparently provide insight into the system
parameters. The lack of existing EMF assessment approaches
has led to increasing interest in mathematical analysis. Com-
pared to the EMF measurement, the mathematical model can
provide an analytic prediction of the EMF exposure before
the actual BS deployment.

Stochastic geometry is a useful mathematical and statisti-
cal tool for modeling and analyzing wireless networks with
random topologies. This tool can provide a tractable analyti-
cal result where it has been widely applied to model and ana-
lyze the performance of wireless networks, including the 5G
cellular networks [19]–[21], device-to-device communica-
tions [22], and energy harvesting networks [23]. However, all
these works focused on common performance indicators such
as signal-to-noise-plus-interference ratio (SINR), through-
put, and energy efficiency. While the downlink and uplink
analysis of such performance metrics are well understood by
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now, more fine-grained analysis of EMF exposure, particu-
larly at MMW frequency, is still an open issue.

To the best of our knowledge, there are very few discus-
sions regarding the analytical study on the EMF exposure
so far, except for recent work in [24]. However, there are
several differences between our work and [24]. First, in [24],
the authors considered a single tier MMW network, while in
our work, a hybrid sub-6 GHz andMMW tiers are considered
along with entirely different channel propagation, antenna,
and fading models in each tier. Second, the work in [24]
did not consider any cell association strategy in the analy-
sis, while the maximum-biased received power (MRP) cell
association strategy is adopted in our work, where all the
BSs are assigned with an association bias value and the user
is connected to a BS that has the strongest biased received
power. Third, the global exposure metric considered in [24]
is a different scope compared with our work. In [24], a global
exposure, which is the summation of the received power
from all BSs, was considered by using a fitted distribution of
channel gain. In contrast, our work considers the distribution
of incident power density (IPD) and the average IPD, which
provide a more rigorous way to study the EMF exposure in
a general system model instead of the site-specific scenario.
Due to the differences in the system modeling, our analysis
in this work is completely different from [24].

B. CONTRIBUTIONS
This paper analyzes the EMF exposure experienced by a user
from a two-tier cellular network using a stochastic geometry
framework. The main contributions of this paper are summa-
rized as follows:

1) We present a mathematical framework for evaluating
the EMF exposure in a cellular network with coex-
isting sub-6 GHz and MMW BSs by leveraging tools
from stochastic geometry. The key factor that makes
the EMF exposure analysis in hybrid networks dis-
tinct from other performance analyses is that the IPD
depends on the total received power from BSs rather
than the SINR, which serves as an indicator for the
network reliability.

2) We present a detailed system model for coexisting sub-
6 GHz andMMWnetworks and review the expressions
of the relevant distance distributions, which serves as
a basis for our analytical model. We consider two net-
work cases, i.e., (i) a fully loaded network, representing
a network with all active BSs, and (ii) a partially-loaded
network, which refers to a network with a fraction of
inactive BSs. Then, we characterize the IPD coverage
probability of the typical user when the user equip-
ment (UE) either connects to a sub-6 GHz BS orMMW
BS. Using the IPD coverage probability expression in
the two scenarios, we develop an expression for the
average IPD of the typical user under hybrid networks.

3) To get a simpler IPD coverage probability expres-
sion, we consider a special environment case where a
simplified blockage model is adopted. We develop an

TABLE 1. Summary of notations.

approximation of IPD coverage probability for dense
MMW BS deployments.

4) Numerical results are provided to validate our mathe-
matical analysis. We investigate the impact of system
parameters, such as BS density, number of antenna
elements, blockage density, and transmitted power on
the IPD coverage probability and the average IPD.
We also compare the analytical results with the existing
exposure limit from ICNIRP [5] and FCC [7].

The rest of the paper is organized as follows. In Section II,
the system model is introduced. The stochastic geometry
analysis of the EMF exposure is provided in Section III.
In Section IV, numerical and simulation results are presented
to investigate the impact of system parameters on the EMF
exposure. Finally, a conclusion is provided in Section V.
A summary of notations is also provided in Table 1.

II. SYSTEM MODEL
In this section, the spatial distribution of the sub-6 GHz
and MMW BSs, antenna and channel models are introduced,
followed by the cell association strategy. Then, we provide
the definition of power density.

A. BASE STATION MODELING
We consider a two-tier network consisting of macro-cell base
stations (MBSs) and small-cell base stations (SBSs) that are
randomly distributed in a two-dimensional Euclidean space
R2, as illustrated in Fig. 1. The MBS tier is operated at sub-
6 GHz where the locations of the MBSs are modeled as a
Poisson point process (PPP) {xm}1 ≡ 8m with intensity λm.
Meanwhile, the SBS tier is assumed to operate at MMW
where the locations of SBSs are distributed following another
independent PPP {xs} ≡ 8s with intensity λs. Mobile UEs
are distributed independently following a homogeneous PPP
8u with intensity λu. Without loss of generality, the EMF

1Vectors in R2 are presented by bold lowercase letters.
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FIGURE 1. (a) An example of a cellular network with coexisting
sub-6 GHz MBSs and MMW SBSs. (b) A realization of the sub-6 GHz MBSs
and MMW SBSs using PPPs.

exposure analysis is performed on the typical outdoor UE,
which is located at the origin.2 For convenience, we denote
the subscript k ∈ (m, s) to represent the sub-6 GHz and
MMW tiers, respectively.

In this paper, we assume that when multiple UEs are asso-
ciated with a BS, the BS chooses a single UE in a round-robin
fashion. It follows that only one UE in each BS is active at
each time slot. We also assume that all the BS in the k-th tier
transmit the same power in the downlink denoting by Pk .3

Besides, we consider two network cases, i.e., fully loaded
and partially loaded networks. In the former case, each BS
has at least one UE to serve, where in practice, this case
represents a scenario with more UEs than BSs. In the latter
case, a BS may not have any user within its cell, and thus
it is inactivated, meaning that this BS neither transmits nor
generates interference. The latter case also can be regarded as
ultra-dense networks in which there are more BSs than active
users [26]. Let pke represents the empty probability of the
k-th tier, which corresponds to the probability that the base

2The notion of typicality is based on Slivnyak’s theorem [25], which states
that the statistics observed at a random point of a PPP is the same as that
observed at the origin.

3In practice, the effect of EMF also dependent on the adaptive transmit
power scheme and beamforming technique adopted by the BS. However, for
practicality, the maximum transmitted power and perfect beam alignment are
assumed for each BS.

stations of the k-th tier are inactive. pke can be approximated
as [27]

pke ≈
(
1+

λu

3.5λk

)−3.5
. (1)

From (1), the k-th tier network is considered as fully loaded
when pke = 0, whereas the k-th tier network is partially
loaded if pke > 0. From the thinning theorem [25], given pke ,
the transmitting BSs in the k-th tier can be approximated as a
PPP 8̄k with intensity λ̄k = (1− pke )λk .

B. ANTENNA MODELING
We assume that all the sub-6 GHz MBSs are equipped with
omnidirectional antennas with gain denoted by Gm. Mean-
while, directional antennas with sectored gain patterns as
in [22] are adopted at all MMW SBSs. The antenna elements
at an MMW SBS are denoted by Na. The sectored antenna
gain pattern is given as

Gs(θ ) =


G1 = Na |θ | ≤ θs

G2 =

√
Na −

√
3

2π Na sin
( √

3
2
√
Na

)
√
Na −

√
3

2π sin
( √

3
2
√
Na

) otherwise
(2)

where G1, G2, and θs, are the main-lobe gain, side-lobe gain
and main-lobe beamwidth, respectively, such that θs =

√
3

√
Na
.

The user antenna gain also can be modeled in the same
manner. However, for simplicity, each UE is assumed to have
an omnidirectional antenna with antenna gain denoted byGu.

A perfect beam alignment is assumed between the typical
UE and its serving BS [28], [29], where the effective gain on
the desired link is G1Gu. For the interfering BSs, we assume
that each interferer is transmitting with the main-lobe beam
pointed at a random direction. Thus, the steering angle of the
interfering BSs is modeled as independently and uniformly
distributed over (0, 2π ]. In this case, the antenna gain of an
interfering link is given by [29]

Gs =


a1 = G1Gu wp b1 =

θs

2π
a2 = G2Gu wp b2 = 1−

θs

2π

(3)

where ai is the probability distribution with probability (wp)
bi such that i ∈ (1, 2).

C. PROPAGATION MODELING
1) BLOCKAGE MODELING
The effect of blockage is not prominent in the sub-6 GHz
transmission signals since such signals have a high penetra-
tion capability and diffraction characteristics [4]. In contrast,
the MMW signals are vulnerable to severe penetration losses,
which lead to completely different path loss laws for LoS and
non-LoS propagation. Following the work in [19], [20], [29],
we consider a distance-dependent blockage model where an
MMW link with distance r can be either in LoS or non-LoS
state. The probability of LoS and non-LoS states are denoted
respectively by pL(r) = e−βr and pN (r) = 1−e−βr , where β
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is a parameter determined by the average size and the density
of the blockages [19]. From the thinning theorem of PPP [25],
the point process of MMW SBS, i.e., 8s can be divided
into two independent and non-homogeneous PPPs, which are
denoted by8L

s and8
N
s with intensities, λspL(r) and λspN (r),

respectively. Here8L
s and8

N
s represents the point process of

LoS SBSs and non-LoS SBSs, respectively.

2) SMALL-SCALE FADING
The small-scale fading of a link in the k-th tier is denoted
by hk . Rayleigh fading is commonly used to model the sub-
6 GHz communications to capture rich-scattering environ-
ment [1] in which the small-scale fading for sub-6 GHz link,
i.e., hm, is assumed to follow an exponentially distributedwith
unit mean [28]. In contrast, Nakagami fading is assumed in
MMWcommunications to exploit the sparse scattering nature
of MMW channel [30]. The small scale fading for MMW
is assumed as a normalized Gamma distribution such that
hs ∼ 0(N , 1

N ) with N ∈ (NL ,NN ) is the Nakagami fading
parameters [19], [23]. Here NL and NN are Nakagami fading
parameters for LoS and non-LoS links, respectively.

Let Pkr (xk ) denote the received power at the typical UE
from a BS located at xk in the k-th tier, which is given by [31]

Pkr (xk ) = PkGkGuhkδkLk (xk )−1, (4)

where δk =
(

wfk
4πd0

)2
is the path loss intercept with wfk is

the wavelength of the frequency and d0 is 1 meter reference
distance. Lk (xk ) = ||xk ||αk represents the path loss of the
typical UE from a BS with distance ||xk ||, and αk is the path
loss exponent.

D. CELL ASSOCIATION
It is worth noting that the typical UE is assumed to be served
by either a sub-6 GHz MBS or MMW SBS that is in LoS
condition in order to guarantee the quality of service of
the user. We consider the maximum biased received power
association where the association probabilities are defined in
the following definition.
Definition 1: The probability that the typical UE is asso-

ciated with a sub-6 GHz MBS based on the maximum biased
received power is defined as

Am = P
[
PmBmGmδmL

−1
m,min > PsBsG1δsL

−1
s,min

]
, (5)

whereas the probability that the typical UE is associated with
a MMW SBS based on the maximum biased received power
is defined as

As = P
[
PsBsG1δsL

−1
s,min > PmBmGmδmL

−1
m,min

]
, (6)

where Bm and Bs refer to the bias value of the sub-6 GHz and
MMW tiers, respectively.

E. POWER DENSITY
The incident power density (IPD) is a metric used to assess
the EMF exposure in the far-field region.

Definition 2: The IPD is defined as the rate of energy flow
per unit area, which is measured in watts per square meters
(W/m2) [17]. From (4), the IPD at the typical UE from a BS
located at xk is given by

Sk (xk ) =
Pkr (xk )
Ae

=
PkGkhk
4πL(xk )

(7)

where Pkr (xk ) is given in (4) and Ae = w2
fk Gu/4π is the

antenna effective area of the typical UE.
In general, the total IPD at any observation point is the sum

of the energy coming from all the transmitting devices in the
surrounding communication areas. Note that the IPD for sub-
6 GHz and MMW tiers can be derived separately due to the
orthogonality of both frequencies. In this paper, we analyze
the IPD at the typical UE when it is served by a BS from k-th
tier. Therefore, the total IPD at the typical UEwith the serving
BS at x∗ in the k-th tier is given by

Dk (x∗) = Sk (x∗)+ Ik , (8)

where Sk (x∗) refers to the IPD from the serving BS in the k-th
tier and is given in (7). Ik is the total IPD from the interfering
BSs in the k-th tier, which is given by

Ik =
∑

xk∈8k\x∗

PkGkhk
4πL(xk )

. (9)

III. STOCHASTIC GEOMETRY ANALYSIS
In this section, we develop the mathematical model that char-
acterizes the IPD of the two-tier network. We first provide
the relevant distance distributions and the association prob-
abilities that will be used in the subsequent analysis. Then,
we derive the expressions for the IPD coverage probability of
the sub-6 GHz andMMWnetworks, followed by the analysis
of dense MMW networks.

A. DISTANCE DISTRIBUTION
Let Rm and Rs be the distance from the typical UE to the
nearest sub-6 GHz MBS and the nearest MMW LoS SBS,
respectively. The following lemmas provide the cumulative
distribution function (CDF) and probability distribution func-
tion (PDF) of Rm and Rs.
Lemma 1: The CDF and PDF of the distance Rm, are

respectively given as [32]
FRm (rm) = 1− exp(−πλmr2m), (10)

and
fRm (rm) = 2πλmrm exp(−πλmr2m). (11)

Lemma 2: The CDF and PDF of Rs, are respectively given
by [33]

FRs (rs) = 1− exp
(
−
2πλs
β2

[
1−

1+ βrs
exp (βrs)

])
, (12)

and

fRs (rs) = 2πλsrs exp
(
−βrs −

2πλs
β2

[
1−

1+ βrs
exp (βrs)

])
.

(13)
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Next, we characterize the cell association probabilities of
sub-6 GHz and MMW tiers. Following the maximum biased
received power in Section II-D, the typical UE can be served
by either a MBS or a SBS. The expression of cell association
probabilities for the sub-6 GHz and MMW tiers are provided
in the following lemmas.
Lemma 3: The association probability of the typical UE to

a sub-6 GHz MBS is given by

Am =

∫
∞

0
[1− FRs (km(rm))] fRm (rm)drm, (14)

and the association probability to a LoS MMW SBS is

As =

∫
∞

0
[1− FRm (ks(rs))] fRs (rs)drs, (15)

where km(rm) =
(

PsBsG1δs
PmBmGmδm

) 1
αs r

αm
αs
m , ks(rs) =

(
PmBmGmδm
PsBsG1δs

) 1
αm

r
αs
αm
s , FRm (rm), fRm (rm), FRs (rs) and fRs (rs) are given in (10),
(11), (12) and (13), respectively. Note that As can also be
computed as As = 1−Am [28].

Proof: The proof of Lemma 3 follows the same lines as
given in [29, Appendix B]. �
Now, let Xk denotes the conditional distance that the typical
UE associates with a BS in the k-th tier. We provide the PDF
of the conditional distance in the next lemma.
Lemma 4: The PDF of Xm conditioned on Am given by

fXm (xm) =
[1− FRs (km(xm))]

Am
fRm (xm), (16)

and the PDF of Xs conditioned on As

fXs (xs) =
[1− FRm (ks(xs))]

As
fRs (xs), (17)

where km(xm), ks(xs), FRm (xm), fRm (xm), FRs (xs) and fRs (xs)
are the same as provided in Lemma 3.

Proof: The proof follows from that of [29, Lemma 4]
and hence is skipped. �

B. POWER DENSITY ANALYSIS
As mentioned in Section II-E that the IPD is one of the metric
used for the EMF exposure assessment from BSs. In this
subsection, we provide the IPD distribution for the sub-6 GHz
and MMW networks.
Definition 3: The IPD coverage probability is defined as

the probability that the IPD experienced by the typical UE
achieves the predefined threshold. The IPD coverage proba-
bility of the typical UE when it is tagged to a BS in tier k-th,
is given by

Ek (γ ) = P
(
Dk (x∗) > γ

)
, (18)

where γ is the predefined IPD threshold, and Dk (x∗) is given
in (8). Note that Ek (γ ) can also be interpreted as the com-
plementary cumulative distribution function (CCDF) of IPD
since the CDF is given by P (Dk (x∗) ≤ γ ).

Now, we present the expressions of IPD coverage proba-
bility for both tiers in the next theorems.

Theorem 1: The IPD coverage probability given that the
typical UE is associated with a sub-6 GHz BS can be tightly
approximated as

Em(γ ) ≈
V∑
v=0

(−1)v
(
V
v

)∫
∞

Dm

(
1+

sPmGm
4πxαmm

)−1
Lm(xm)

×[1− FRs (km(xm))]fRm (xm)dxm, (19)

where

L(xm) = exp

(
−2πλ̄m

εx2−αmm

αm − 2
G(xm)

)
(20)

such that λ̄m = (1 − pme )λm with pme is given in (1), and
G(xm) = 2F1

(
1, 1− 2

αm
, 2− 2

αm
,−x−αmm ε

)
is the Gauss

Hypergeometric function, and ε = avPmGm
4πγ . In (19), Dm =

2D2/wfm represents the far-field Fraunhofer distance [17]
with D represents the largest dimension of the antenna. s =
av
γ
where v refers to the index of the Binomial expansion, and

a = V (V !)−
1
V with V is the parameter for the normalized

Gamma random variable. FRs (·) and fRm (·) are given in (12)
and (11), respectively.

Proof: The proof is similar to that of [29, Appendix C].
However, for the reader’s convenience, a simplified version
is given in Appendix A. �
Theorem 2: The IPD coverage probability given that the

typical UE is associated with a MMW BS can be tightly
approximated as

Es(γ ) ≈
V∑
v=0

(−1)v
(
V
v

)∫
∞

Ds

(
1+

sPsG1

NL4πx
αL
s

)−NL
×L(xs)N (xs)[1− FRm (ks(xs))]fRs (xs)dxs, (21)

where

L(xs) = exp

(
−2πλ̄s

2∑
i=1

bi

∫
∞

xs
QiL(t)pL(t)tdt

)
, (22)

N (xs) = exp

(
−2πλ̄s

2∑
i=1

bi

∫
∞

xs
QiN (t)pN (t)tdt

)
, (23)

QiL(t) = 1−
(
1+

sPsai
NL4π tαL

)−NL
, (24)

QiN (t) = 1−
(
1+

sPsai
NN4π tαN

)−NN
. (25)

such that λ̄s = (1 − pse)λs, ai and bi are given in (3)
with i ∈ (1, 2). In (21), Ds = 2NaD2

a/wfs represents the
far-field Fraunhofer distance [17] with Na and Da represent
the number of antenna elements and the dimension of a single
antenna element, respectively. FRm (·) and fRs (·) are given
in (10) and (13), respectively.

Proof: The proof is given in Appendix B. �
In contrast to the sub-6 GHz tier, the aggregate of the

EMF exposure from interfering MMW SBSs is the summa-
tion of IPD generated by LoS MMW SBSs and non-LoS
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MMW SBSs. Since the point process corresponds to LoS
and non-LoS SBSs are independent, the Laplace transform
of the sum of independent random variables can be writ-
ten as the product of the individual Laplace transform as
given in (21).
Remark 1: From (1), for any fixed user intensity (λu),

the empty probabilities pke in Theorem 1 and Theo-
rem 2 increase as the BS intensity (λk ) enlarges. Hence,
the expression (20) in Theorem 1, and (22)-(23) in Theo-
rem 2, which represent the total IPD of the interfering sub-
6 GHz MBSs and MMW SBSs, respectively, converges to
1 as the λk → ∞. Therefore, in partially-load networks,
when λk � λu the IPD is mainly contributed by the
serving BS while the IPD from the interfering BSs can be
neglected.

Next, we provide the analytical expression for the average
IPD at the typical UE in the following proposition.
Proposition 1: The average IPD given that the user is

associated to a BS in the k-th tier can be expressed as

Ēk =
∫
∞

γ

Ek (x)dx + γ Ek (γ ), (26)

where Ek (γ ) is either given in (19) or (21), and γ ∈ [γm,∞)
where γm is the minimum activation threshold.

Proof: The proof follows by assigning a non-negative
value to γ , and the fact that Ek (γ ) is the CCDF of γ [34]. Note
that the use of activation threshold γm is needed to capture the
radio-frequency receiver sensitivity [22]. �

C. IPD COVERAGE PROBABILITY OF DENSE MMW
NETWORKS
In this subsection, we develop the IPD coverage probability
of the typical UE for dense network scenario. Following the
system performance analysis in [19], [35], theMMWnetwork
is expected to be densely deployed to achieve significant
coverage. For such a scenario we consider a simplified LoS
model in [19], where the LoS probability in Section II-C can
be simplified as a step function Sb(x), where Sb(x) = 1 if
0 < x < Rb and Sb(x) = 0, otherwise. Here, it is assumed
that the typical UE has LoS condition to the BS in a fixed

disc of radius Rb, where Rb =
(
− ln(1−AL )

πλS

)0.5
with AL

is given in [19, Lemma 2]. The IPD coverage probability
in Theorem 2 can be simplified by approximating the LoS
probability with a step function and by further neglecting the
small-scale fading. The expression of IPD coverage probabil-
ity with simplified LoS probability is given in the following
theorem.
Theorem 3: The IPD coverage probability for dense

MMW networks is given by

Es(γ ) ≈ 2πλs
V∑
v=0

(−1)v
(
V
v

)∫ Rb

Ds
W(r)L(r)

×
[
1− FRm (ks(r))

]
r exp(−πλsr2)dr, (27)

whereW(r) = exp
(
−

sPsai
4πrαL

)
and

L(r) = exp

(
−2πλs

2∑
i=1

bi

∫ Rb

r
[1−W(t)]tdt

)
. (28)

Proof: The proof is provided in Appendix C. �
Remark 2: Note that the derivation approach in Theo-

rem 3 is more tractable andmuch easier to numerically evalu-
ate as the computation of Theorem 3 involves integration over
a finite interval only.

IV. PERFORMANCE EVALUATION
In this section, simulation and numerical results are presented
to validate the accuracy of the theoretical analysis. Monte
Carlo simulations are considered for the system in a square
area of 5 km x 5 km and the simulation results are obtained
by averaging over 104 realizations. We generate the network
with the first tier of randomly distributed sub-6 GHz BSs,
followed by overlaying theMMWSBSs in the first tier, where
both tiers are distributed as PPPs with the corresponding
intensities. The typical user is located at the center of the
simulation area. The propagation, antenna model, blockage
model, and cell association are as described in Section II. The
parameter values in Table 1 are employed in the simulation.
Some parameters are changed in some figures to observe their
impact on the IPD coverage probability and the average IPD.

A. VALIDATION OF THE ANALYTICAL MODEL
Fig. 2 plots the IPD coverage probability of the typical UE
for various λs. The analytical results are obtained from The-
orem 1 and Theorem 2 by using V = 5 terms of approxi-
mation.4 In Fig. 2, we set the empty probability pme = pse =
0 to represent the fully-loaded networks. We also included
in Fig. 2 the results based on analytical approximation in
Theorem 3. Besides, to validate the IPD coverage probability
for partially-loaded networks, we plot in Fig. 3 the IPD
coverage probability of the typical UE for various Na. Since
the partially-loaded case occurs when the density of users is
comparable or less than that of the BSs, i.e., λu < λk , and due
to the fact that more SBSs are deployed in the future, we con-
sider the empty probability in the MMW tier only where we
set pme = 0 and pse = (0.2, 0.8) in Fig. 3. It can be seen
from both Fig. 2 and Fig. 3 that the simulation results closely
match with the analytical results, which confirm the derived
analytical expressions in Theorem 1 and Theorem 2. It is also
seen in Fig. 2 that the approximation in Theorem 3 becomes
tighter as the intensity of MMW SBSs increases. Hence,
the approach for approximation in Theorem 3 is valid in very
dense MMW BS deployments.

In addition, it is also observed from Fig. 2 that there is a
contradicting trend between the IPD coverage probability in
the sub-6 GHz and MMW tiers. When λs increases, the IPD
coverage probability at the sub-6 GHz tier decreases, whereas

4Note that using more approximation terms, i.e, V ≥ 5, leads to more
accurate analytical results at the cost of longer computation time.
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TABLE 2. Simulation parameters.

FIGURE 2. The IPD coverage probability of the fully-loaded networks for
different MMW SBSs intensities λs. The dash lines, solid lines, and
dash-dot lines are the IPD coverage probability obtained from Theorem 1,
Theorem 2, and Theorem 3, respectively.

the IPD coverage probability at theMMW tier increases. This
can be explained by the fact that the increasing MMW BS
intensity λs leads to a lower distance from the typical UE to
the nearest LoSMMWSBSs. Such a lower distance increases
the likelihood that the typical UE connects to the MMW BS.
Since from Lemma 3 we have As = 1 − Am, increasing As
will consequently decrease Am.

B. EFFECT OF BASE STATION PARAMETER
Next, we plot in Fig. 4 and Fig. 5 the average IPD in the sub-
6 GHz and MMW tiers, respectively. The analytical results
are obtained from Proposition 1 using V = 5 and two values
of the RF receiver sensitivity, i.e., γm = −120 dBm, and
γm = −90 dBm. From Fig. 4 and Fig. 5, it is observed
that the average IPD increases with the intensity of BSs.
The intuitive reason is that when increasing the BS intensity,
more BSs exist closer to the typical UE resulting in a shorter
distance between the typical UE and the potential serving BS.
From (7), it is seen that such a shorter link distance conse-
quently increases the IPD from the serving BS.Moreover, this

FIGURE 3. The IPD coverage probability of the partially-loaded networks
for different number of BS antenna element Na.

is due to the fact that more BSs in a particular area introduce
more radiating sources, where it is observed from (8) that
the additional BSs increase the total IPD from the interfering
BSs and subsequently increases the EMF level at the typical
UE. The results in Fig. 4 also demonstrate that the average
IPD increases with the transmit power. This is because the
IPD is directly proportional to the transmit power and thus
increasing the transmit power at the BS generates more EMF
exposure to the user.

In addition, in Fig. 4 and Fig. 5 the average IPDs are com-
pared with the existing EMF standard limits from ICNIRP
and FCC. The ICNIRP general public restrictions of IPD
are 40 W/m2 and 55/f 0.177s , for frequency below 6 GHz and
6-300 GHz, respectively [5, Table 6]. Meanwhile, the maxi-
mum IPD for the frequency range of 1.5-300 GHz from the
FCC guideline is 10 W/m2 [7, Appendix A]. It is observed
from both Fig. 4 and Fig. 5 that there is a significant difference
between the average IPD with γm = −120 dBm and that of
γm = −90 dBm. In this paper, γm is also regarded as the
receiver sensitivity, which determines the minimum received
signal that can be captured by the receiver. Decreasing the
value of γm is equivalent to increasing the receiver sensitivity,
where it can be seen in (26) that a smaller value of γm
will increase the average IPD as the first term of (26) can
be thought of as the computation of area within the CCDF
region [34]. Therefore, the lower receiver sensitivity leads to
a higher average IPD, which translates to a more accurate
assessment of the EMF exposure.

Next, by comparing Fig. 4 and Fig. 5, it is noticed that
under the same value of receiver sensitivity, the average IPD
at MMW tier is higher than that in the sub-6 GHz tier.
Besides, it is seen from Fig. 5 that the average IPD increases
with the number of BS antenna elements. The reason is that
the total gain of an antenna array is determined by the vector
addition of the field radiated by the individual element [36].
Since in this work we have assumed that the main-lobe gain
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FIGURE 4. The average IPD as a function of λm. The solid lines and
dash-dot lines are the average IPD obtained from Proposition 1 for
γm = −90 dBm and −120 dBm, respectively.

FIGURE 5. The average IPD as a function of λs. The solid lines and
dash-dot lines are the average IPD obtained from Proposition 1 for
γm = −90 dBm and −120 dBm, respectively.

equals to the number of antenna elements, i.e., Na, increasing
Na leads to a higher main-lobe gain, which thus exposing the
typical UE with stronger EMF and higher average IPD from
the serving BS. Therefore, a proper selection of BS antenna
element needs to be considered to ensure that the system
complies with the EMF exposure limits.

C. EFFECT OF THE BLOCKAGE
Fig. 6 illustrates the IPD coverage probability of the typical
UE for various blockage parameters β. It is seen from Fig. 6
that the IPD coverage probability of the typical UE at the
MMW tier decreases with the blockage parameter β, whereas
the IPD coverage at the sub-6 GHz tier increases with β.
The intuitive reason is that the typical UE is more likely to

FIGURE 6. The IPD coverage as a function of β.

communicate with a LoS MMW SBS in an area with light
blockage. In contrast, the association probability to the LoS
MMW SBS decreases in the dense blockage areas because
the MMW signal cannot penetrate the building. Moreover,
the presence of blockages also can reduce the EMF from the
interfering BS, which leads to the decreasing average IPD
in dense building environments. On the other hand, the sub-
6 GHz signal is less affected by blockage since it has a long
wavelength and can penetrate easier through the blockage.
In the hybrid network, the association probability to the MBS
increases as the blockage parameter enlarges, which subse-
quently increases the average IPD at the sub-6 GHz tier.

V. CONCLUSION
This paper presented a mathematical framework for analyz-
ing the EMF exposure in the coexisting sub-6GHz andMMW
cellular networks. We consider two scenarios network cases,
i.e., fully-loaded network with all BSs in active states and
partially-loaded network where only a fraction of inactive
BSs. By using stochastic geometry tools, we investigated the
effects of system parameters on the IPD coverage probability
and the average IPD. The presented results showed that the
IPD coverage probability and the average IPD increase with
the increment of the BS intensity, i.e., λk , which subsequently
increases the potential of EMF exposure. It is also found that
the MMW tier contributes more EMF exposure to the user
than the sub-6 GHz tier due to the use of directional antennas
at MMW BSs. Moreover, the results demonstrated that the
increasing number of antenna elements at MMW BSs leads
to a stronger IPD. Also, it is revealed that a better receiver
sensitivity will allow for an accurate EMF assessment. On the
other hand, the presence of blockages could reduce the EMF
from the interfering BSs. Findings in this paper will be useful
for the analytic prediction of EMF exposure before the actual
BS deployment to ensure a proper selection of the BS param-
eters in order to comply with the EMF exposure international
regulations.
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For future work, it would be interesting to consider the
EMF exposure in the hotspot areas since MMW BSs will
be deployed in highly populated areas to support the net-
work capacity. From stochastic geometry perspective, this
will necessitate the distribution of BSs and users generated
by Poisson cluster processes (PCPs), which also incorporate
the BSs and users coupling. Considering the EMF exposure
in terms of the absorbed IPD in different human tissues, such
as skin, fat and muscle, would also be of interest.

APPENDIX A
PROOF OF THEOREM 1
Let Am be the event that the typical UE associate with the
sub-6 GHz MBS. From (18), the IPD coverage probability of
the typical UE when it is associated to the sub-6 GHz MBS
located at x∗ is given by

Em(γ ) = P
(
Dm(x∗) > γ,Am

)
= AmP

(
Dm(x∗) > γ |Am

)
, (29)

where Am is given in (14) and the second term of (29) is
derived as

Em(γ ) = P
[
Dm(x∗) > γ

∣∣Am]
×P

[
Sm(x∗)+ Im > γ

∣∣Am]
(a)
= P

[
g <

Sm(x∗)+ Im
γ

∣∣∣∣Am]
(b)
≈ E

[(
1− exp

(
−
a(Sm(x∗)+ Im)

γ

))V ∣∣∣∣∣Am
]

(c)
=

V∑
v=0

(−1)v
(
V
v

)
E
[
exp

(
s(Sm(x∗)+ Im)

)∣∣Am] , (30)
where (a) is obtained from (8) and by included a dummy
random variable g, which follows a normalized Gamma with
low variance, such that g ∼ 0

(
V , 1

V

)
with parameter V . (b)

is from the CDF of g, where it can be tightly lower bounded
as P[g < z] > (1−e−az)V , with a constant a = V (V !)−

1
V [23,

Lemma 5]. (c) is obtained by using the Binomial expansion
of (b) with s = av

γ
.

The expectation in the last line of (30) can be given by

E
[
exp

(
s(Sm(x∗)+ Im)

)∣∣Am]
= E

[
exp(−sSm(x∗))E

[
exp(−sIm)

]∣∣Am] (31)

where the inner expectation in (31) is derived as

E
[
exp(−sIm)

]
(a)
= exp

(
−2πλ̄m

∫
∞

xm

[
1−

(
1+

sPmGm
4π tαm

)−1]
tdt

)
(b)
= exp

(
−2πλ̄m

εx2−αmm

αm − 2
G(xm)

)
. (32)

where λ̄m = (1 − pme )λm, (a) follows the sim-
ilar step as in [32, (3)], and (b) is obtained by
using Gauss hypergeometric function [38, p.1005] with

G(xm) = 2F1
(
1, 1− 2

αm
, 2− 2

αm
,−(−xm)−αmε

)
, and

ε = avPmGm
4πγ . Since the IPD is obtained at far-field region,

we include Dm = 2D2/wfm , which represents the far-field
Fraunhofer distance [17] withD represents the largest dimen-
sion of the antenna.

Next, by substituting (32) in (31), and further evaluating
the expectation of the combined expression with respect to
Sm, we have

E
[
exp

(
s(Sm(x∗)+ Im)

)∣∣Am]
(a)
=

∫
∞

Dm

(
1+

sPmGm
4πxαmm

)−1
exp

(
−2πλ̄m

εx2−αmm

αm − 2
G(xm)

)
× fXm (xm)dxm, (33)

where the first term in (a) is obtained by using the moment
generating function (mgf) of the exponential random vari-
able, and fXm (xm) is given in (16). Finally, the expression
in Theorem 1 is obtained from (33) with some algebraic
simplification.

APPENDIX B
PROOF OF THEOREM 2
The derivation of Theorem 2 follows the same lines as in
the proof of Theorem 1 in (30) except for the expression
of the total IPD from interfering MMW BSs. In the MMW
tier, the link between the typical UE and a SBS can be
either in the LoS or non-LoS. From the thinning theorem of
PPP [25], the point process of MMW SBS, i.e., 8s can be
divided into two independent and non-homogeneous PPPs,
which are denoted by 8L

s and 8N
s with intensities, λspL(r)

and λspN (r), respectively. Here 8L
s and 8N

s represents the
point process of LoS SBSs and non-LoS SBSs, respectively.
Subsequently, we can derived the expression of the total IPD
from interfering MMW BSs as

E
[
exp(−sIs)

]
= E

[
exp(−sIL)

]
E
[
exp(−sIN )

]
(34)

where IL and IN are the total IPD from LoS BSs and non-LoS
BSs, respectively. The first term of (34), which is also the
Laplace transform of interference caused by LoS MMW
SBSs, is given by

E
[
exp(−sIL)

]
(a)
= E

exp
−s ∑

x∈8L
s \x∗

PsGshs
4π |x|αL


(b)
= E

 ∏
x∈8L

s \x∗

(
1+

sPsGs
NL4π tαL

)−NL
(c)
= exp

(
−2πλ̄s

2∑
i=1

bi

∫
∞

xs
1− QiL(t)pL(t)tdt

)
(35)

where (a) is from (9), (b) is obtained by using the mgf of
a normalized Gamma random variable with parameter NL ,
and (c) follows from applying the probability generating
functional (PGFL) of PPP 8s and the assumption that Gs is

VOLUME 9, 2021 112789



N. A. Muhammad et al.: Stochastic Geometry Analysis of EMF Exposure in Coexisting Sub-6 GHz

a discrete random variable, where ai and bi are given in (3),

andQiL(t) = 1−
(
1+ sPsai

NL4π tαL

)−NL
. The second term of (34)

can be obtained following the similar steps as in (35).
Next, following the derivation steps in (33), and evaluating

the expectation of the combined expression with respect to Ss,
we obtain the IPD coverage probability of the typical UE in
MMW tier as in Theorem 2.

APPENDIX C
PROOF OF THEOREM 3
The IPD coverage probability can be derived following the
same steps in Appendix B. The only different is that the
total IPD of interfering BSs is contributed by LoS MMW
SBSs within the circular region of radius Rb. Subsequently,
we approximate (34) as

E
[
exp(−sIs)

]
≈ E

[
exp(−sIL)

]
= E

exp
−s ∑

x∈8L
s ∩[B(0,Rb)\x∗]

PsGshs
4π |x|αL


(a)
= exp

(
−2πλs

2∑
i=1

bi

∫ Rb

r
1− exp

(
−
PsGshs
4π tαL

)
tdt

)
(36)

where B(0,Rb) represents the set of LoS MMW SBSs in
a circular with radius Rb and (a) is obtained by neglect-
ing the small-scale fading and using the PGFL of PPP 8s.
The expression in Theorem 3 is obtained by further noting
that the distance distribution of r simplifies to fR(r) =
2πλsr exp(−πλsr2) due to the LoS ball approximation.
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