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Abstract  The main challenge in teaching is to build 
experiences that include students and promote their 
thinking processes required to make meaning of those 
experiences. Thinking is unique for human beings and is 
characterized as a continuous rebuilding of high-level 
mental abilities that are consciously developed over time to 
create a more sophisticated structure of knowledge. The 
polytechnic curriculum is generally aimed at training 
students to become engineering technicians as well as 
critical thinkers; and at the same time assume personal 
responsibilities in exercising technical judgments that may 
contribute to the needs, expectations and growth of the 
diverse economy of any nation. This study adopts a 
qualitative approach using thematic analysis to explore 
polytechnics students’ mathematical thinking processes 
(MTPs) in linear algebra based on Mason’s approach. The 
researchers interviewed seven students; and the selection 
of the students for the interview was based on their posttest 
scores previously published in our quantitative study 
consisting of two students who achieved the highest scores, 
three students who achieved moderate scores and two 
students who achieved the least scores. A semi structured 
interview was used to acquire rich and detail insight in the 
students’ understanding with regards to their MTPs. 
Deductive coding method was used to generate codes and 
themes from the interview data as the verbatim quotes of 

each student are examined. Results of this study showed 
development of MTPs among the students with respect to 
specializing, generalizing and conjecturing while 
convincing shows a non-significant result. 

Keywords  Polytechnic Students, Mathematical 
Thinking Processes, Linear Algebra, Qualitative Approach 

1. Introduction
Polytechnic education is an important sub-sector of the 

education system which provides middle level workers for 
the workforce needed in the industrial and technological 
development of a country. The development of polytechnic 
education is of great importance at this time as it can be an 
economic diversification tool for reducing unemployment 
through the development of entrepreneurship. Ref [1] 
asserted that the primary function of polytechnic education 
is to train students in technical and vocational fields so that 
after graduation they can become self-employed and create 
jobs for others; leading to the awards of Certificates, 
National Diploma, Higher National Diploma and 
Advanced Professional Diploma which are relevant to the 
needs, expectations and growth of the diverse economy and 
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industries of the nation. Nowadays, every country’s future 
depends on the quality of education that its citizens 
received. The countries that have the most benefit are those 
with a well-educated population in the field of sciences, 
engineering, technology and social sciences that 
characterize the 21st century [2]. 

One of the reason for teaching mathematics at 
polytechnic level is to provide and equip students with 
skills and knowledge that will make them self-dependent as 
well as to be competent to work as technicians. Different 
research indicates that students’ low attainments in 
mathematics can have significant long-term consequences, 
affecting later school achievement, employment and future 
earnings [3]. In many countries, underachievement in 
mathematics is strongly associated with social, cultural and 
economic disadvantages [4, 5]. According to [6-8], all 
engineering technicians must be able to grasp, either 
individually or under the guidance of trained engineers and 
scientists, the reasons and objectives for carrying out 
technical and managerial responsibilities; and must have 
personal leadership abilities and logical thinking. From the 
context of the education system, each individual is 
expected to become an effective problem solver in his real 
life [9, 10]. It is critical that students are prepared with 
knowledge to face real-life problems in their learning 
situation and to find out the right solution to these problems. 
In addition, students are considered to be able to effectively 
engage with linear algebra information in order to analyze 
the information, transform the information and generate 
new ideas on contributing to the development of 
mathematical thinking in linear algebra [11]. However, the 
challenges of mathematics teaching in the 21st century are 
to create experiences that engage students and support their 
mathematical thinking skills which will make them think 
independently, and also be able to make sense of their 
learned experiences. Students nowadays are challenged to 
think critically on their own, be able to use available 
resources at their disposal to understand ideas, and develop 
skills in various academic areas. Helping students to learn 
how to think mathematically has been identify as an 
important educational goal, as it is used to describe 
thinking that is purposeful, reasoned, and goal directed [2]. 
A greater role in terms of students’ mathematical thinking 
skills is mostly played by teachers because the ability of 
students to think mathematically may be directly affected 
by the approaches employed by the teachers in delivering 
the mathematics instruction and learning [2]. This implies 
that developing student-centered learning strategies will 
make the teaching to be effective by promoting and 
improving the performance of students in the classroom. 

Thinking is special to humans, such that the ability to 
think makes them the most evolved beings of all time in the 
world [12-14]. Human beings encounter several problems 
in their lives and try to directly solve these problems in the 
light of their previously acquired experiences and 
knowledge. In a process known as mathematical thinking, 

students are expected to think and solve problems using 
abstractions logically and make reasoning in real life 
problems. According to [15, 16], mathematical thinking 
becomes the first vision in terms of leaning mathematics 
concepts and ideas which can be used to solve both routine 
as well as non-routine problems. Studies conducted by [17, 
18] showed that mathematical thinking is among the core 
of the major theories of linear algebra in scientific and 
technological reasonings. Thus, in terms of teaching and 
learning of mathematical thinking, the development of 
education now requires teaching strategies that emphasize 
students’ involvement in their learning, where focus is on 
knowledge construction [19-21]. Therefore, to develop 
students’ mathematical thinking skills in linear algebra, the 
teaching and learning should be encouraged with a 
constructive way of finding solution to problems rather 
than over dependence on the usual conventional approach 
which sometimes lead to learning through memorization 
without understanding the subject matter. Hence, for 
students to be able to develop their mathematical thinking 
skills, they need to elaborate, defend, and extend their 
positions, opinions, and beliefs to become active learners 
rather than passive recipients of information, and be able to 
take responsibility for their own thinking and learning. 

Mathematical thinking is a dynamic process that enables 
people to increase the complexity of their ideas by handling 
and expanding their understanding [12-25]. Mathematical 
thinking is viewed by many researchers, mathematicians 
and mathematics educators as a process of extending the 
complexities of students’ ideas which combines several 
mental and math-related activities such as “exemplifying, 
specializing, completing, deleting, correcting, comparing, 
sorting, organizing, changing, varying, reversing, altering, 
generalizing, conjecturing, explaining, justifying, verifying, 
convincing, and refuting” [26]. The students’ ability to 
think mathematically and use mathematical thinking in 
solving linear algebra problems is important in polytechnic 
education as it serves as the first advanced mathematics 
course. Being able to use mathematical thinking in solving 
linear algebra problems is one of the most ultimate goal of 
teaching mathematics at polytechnic level, so that the 
students would be able to conduct mathematical 
investigations themselves and also identify the 
applicability of the mathematics learned in real world 
situations. Ref [27] proposed an approach that the 
following mathematical thinking processes must be applied 
by students to solve mathematical problems successfully. 
The first process is specializing, which refers to trying 
special cases by looking at examples, whereas the second 
process is generalizing, which considers looking for 
patterns and relationships between concepts. The third 
process is conjecturing, which predicts the relationships 
and results while the fourth process is convincing, which is 
used to find the reasons and communicate the reasons why 
something is true. 

Meanwhile, [24] conducted a quantitative study in order 
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to develop polytechnic students mathematical thinking 
processes in linear algebra based on Mason’s approach. 
The findings of their study showed that there was 
significant difference between the mean scores of the 
groups on posttest. In addition, they used 
independent-samples t-test to further study the differences 
on students’ mathematical thinking processes. Results 
from their study showed development of mathematical 
thinking processes and learning among the students with 
respect to specializing, generalizing and conjecturing while 
convincing shows a non-significant difference. Therefore, 
this study will use a qualitative approach to explore 
polytechnics students’ mathematical thinking processes in 
linear algebra. 

2. Methodology 
A qualitative research method has been adopted in this 

study using thematic analysis approach. Qualitative 
research is viewed by [28] as an exploratory study that 
provides versatility and independence in exploring the 
phenomena under study so as to channel natural curiosity. 
According to [29], Qualitative study examines phenomena 
in their natural environment, trying to make sense or 
explaining on the basis of the students’ experience or 
meaning. 

The study employed a purposive sampling technique; 
although there are differences in purposive sampling 
technique as it can be executed using different approaches 
[28]. The posttest scores of the study of [24] becomes the 
basis for the interview selection in this study. The 
researchers selected seven students and invited them to be 
interviewed to explore their mathematical thinking 
processes. The selected students are two students who 
achieved the highest scores, three students who achieved 
moderate scores and two students who achieved the least 
scores [30-34]. 

The research instrument used for the purpose of 
gathering data in this study is a semi structured interview in 
order to acquire rich and detail insight on the students’ 
understanding with regards to their mathematical thinking 
processes. The semi structured interview is guided by an 
interview protocol which is a tool for extracting direct data 
from participants regarding their details of experience and 

reflection of meaning [33], [35]. It is also an informal 
grouping of topics and questions that the interviewer will 
ask in different ways for different participants [36, 37]. The 
purpose of having the interview guide is to help the 
researcher to focus on the topics prepared as well as tailor 
their questions to the interview context without 
constraining them to a particular format. Ref [30] stated 
that researchers should remain neutral and should not share 
opinions in the conduct of the interview to avoid biases. 
The interviewer should be genuinely open to the 
participants’ responses and at the same time be 
knowledgeable in the research topic in order to link the 
interview data to the theory. Moreover, the researcher 
should be aware of the procedures and questions formed, as 
well as the participants’ non-verbal cues, such as 
expression and body language. 

Before the commencement of the interview, the 
researchers followed research ethics by providing a set of 
principles that assist them in conducting an ethically 
sounded study through obtaining students consent as well 
as assigning code to each participant in order to keep their 
identity confidential. Each student was interviewed for at 
least 30 minutes and the interview was conducted on 
6&7/08/2019 and was held in Room 7, Centre for Continue 
Education (CCE) in a polytechnic in Kebbi State so as to 
minimize disturbances as well as create a comfortable 
environment. 

3. Result and Analysis 
Seven students were invited for interview to explore 

their mathematical thinking processes. The data was 
recorded, transcribed and analyzed using thematic analysis. 
Deductive coding method was used to generate codes and 
themes from the interview data as the verbatim quotes of 
each student are examined. Ref [38] stated that deductive 
codes are normally used in qualitative research where the 
researchers are able to anticipate or predict the kinds of 
data and themes that will emerge from the data. The 
questions of the interview were analyzed by identifying 
themes as shown in Table 1. The themes identified from the 
analysis of the conversation formed the basis of analyzing 
the students’ mathematical thinking processes. 
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Table 1.  Students’ comments on the type of mathematical thinking processes they learn 

Interviewee 
Identity Verbatim quotes Codes Theme 

1 
EXG015 

(i). “I can try solving other examples with the help of, errr with the help and guidance 
of the learning material”. Specializing Specializing 

 
 

Generalizing 
 
 
 

Conjecturing 
 
 
 

 

(ii). “I can say Cramer’s formula …. They are accordingly representing the 
determinant of the given question, determinant of x, determinant of y and determinant 
of z”. 

Specializing 
Generalizing 

(iii). “This form of ammm, matrix represent Gaussi, ummmm …. Aaa, this name, 
Gausy method. I think the name is Gaussian method. First of all, the first aammm row 
will not be changed, while there is changing of rows, you know …… What I mean is 
second and third row will be multiplied by a whole number, not zero Sir. Then you add 
the first and second rows to row one, to have row four and row five. You also repeat 
the same in row five to have row six”. 

Generalizing 
Conjecturing 

 

(iv). “I think when the values of “a” is equal to zero, then it is linearly independence 
and if the “a” is not equal to eemm .. zero then is linear dependence”. Specializing 

2 
EXG018 

(i). “I can solve linear algebra examples, by looking at the materials given. I can also 
look for relationship and predict their outcome”. 

Specializing 
Generalizing 
Conjecturing 

Specializing 
 
 
 
 

Generalizing 
 
 
 
 

Conjecturing 
 
 
 
 
 

(ii). “This is determinant method Sir, or method of ammm … solving linear equation 
using determinant method”. Specializing 

(iii). “The symbols represent the determinant of A, x, y and z respectively”. 
“Determinant of ‘A’ is the determinant of the given matrix while x, y and z are the 
determinant of matrix x, y and z”. 

Generalizing 
 

Generalizing 
(iv). “This is known as row reduction that is what R1, R2 and Rn means rows”. 
“Multiply eeemmmm, a row by a number that is not zero, then umm …, adding row 
two and row three with row one to have the remaining rows, until you …”. “You will 
do that until eemm .. until you have a triangle of zero numbers by the down corner of 
the matrix. Then you you, .. you solve for x, y, z”. 

Conjecturing 

(v). “If the scalar “a” is equal to zero then the linear combination becomes linearly 
independence whereas if “a” is not equal to zero then the combination becomes 
linearly dependence”. 

Specializing 

3 
EXG027 

(i). “I can find solution to a given question and explain the steps involved in it using 
similar examples”. 

Specializing 
 Specializing 

 
 
 

Generalizing 
 
 
 
 

Conjecturing 
 
 
 
 
 
 

(ii). “It has about three names Sir. Cramer’s rule or matrix inversion method or 
solution of linear equation using determinant method. And the symbols represent 
determinant of a given matrix i.e. determinant of A, determinant of aamm x, y and z 
respectively”. 

Specializing 
 

Generalizing 

(iii). “It represents Gaussian elimination method Sir. The first row will be left 
untouched as a constant, you will multiply row two and three with a number that 
when … when you add or subtract the rows from row one it will make their first 
numbers to be zero. So, these two new rows now become row four and five. Then you 
repeat the same thing to the second number of row five to also make it zero to have 
another new row which is row six. Then from there you find the value of z from row 
six, then you substitute the value of z from row five and you also substitute y and z 
from row one to have”. 

Generalizing 
Conjecturing 

(iv). “A mapping is described as linear transformation if (1) T(u+v)=T(u)+T(v) if u 
and v are in V under addition, then (2) T(kv)=kT(v) but if k is not equal to zero under 
scalar multiplication”. 

Specializing 

4 
EXG021 

(i). “I am confident, that I can use the linear algebra peer tutoring to solve similar 
examples”. 

Specializing 
 

Specializing 
 
 

Generalizing 
 
 

Conjecturing 
 
 

(ii). “Determinant method Sir. They represent determinants of matrix A, x, y and z 
Sir”. 

Specializing 
Generalizing 

(iii). “It represents reduction of row. It can be described as reduction of row two and 
row three until the left bottom corner becomes zero, until you have only one number 
before the equality sign in the last row that will be used to find the unknown”. 

Generalizing 
 

Conjecturing 
(iv). “If the values of “a” are not zero then is linear dependence while if the values of 
“a” are equal to zero then it is linearly independence”. Specializing 
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Table 1 continued 

5 
EXG008 

(i). “I can use it to solve similar examples in linear algebra, most especially the 
topic I teach my group members”. 

Specializing 
 

Specializing 
 
 
 

Generalizing 
 
 
 
 
 
 

Conjecturing 
 
 
 
 

 

(ii). “It is known as Cramer’s formula and the symbols are representing 
determinant of matrix A i.e. the given matrix and uuummm .. the remaining ones 
are determinants of x, y and z”. 

Specializing 
 

Generalizing 
(iii). “The matrix represents a system of simultaneous linear equation using 
Gaussian method. Keeping row one constant and multiplying row two and three 
with a whole number other than zero in order to make the first number of both row 
two and three to be zero, that is to say a21 and an1 if we relate to the above matrix. 
Then aaam, then you also try and make an2 to be zero. From there Sir, then you 
uumm .. you try and find the values of ann by equating it to xn”. 

Generalizing 
Conjecturing 

(iv). “It can be describe under addition as T(u+v)=T(u)+T(v). It can be described 
under multiplication as T(uv)=uT (v) for u not equal to zero”. 

Conjecturing 
 

(v). “If we arrived at answers that are not equal to zero and those that are equal to 
zero”. “What I mean is umm, if we have answers that are not equal to zero then it 
is said to be linearly dependent. And eeemm if we have answers that are equal to 
zero then it is said to be linearly independent”. 

Specializing 

6 
EXG033 

(i). “I can show and explain steps involve in solving linear algebra questions 
especially, looking at similar examples in the material given to us”. 

Specializing 
 

Specializing 
 
 
 

Generalizing 
 
 
 
 
 
 
 
 

Conjecturing 
 
 
 

 

(ii). “Ammm, matrix inverse method. Yes, or determinant method. Because D 
represent eemm the determinant of a given matrix, D1 represent determinant of x, 
D2 represent determinant of y, and D3 represent determinant of z”. 

Specializing 
 

Generalizing 
(iii). “It represents Gaussy reduction. That method involve reduction of rows 
Sir.Yes Gaussian elimination, the steps in it involve reducing the numbers that 
are at the end of the left hand side of a matrix to zero, then followed by finding the 
unknowns. By finding z when aamm the coefficient of both x and y are reduced to 
zero in row three. Then finding y using the value of z when the coefficient of x is 
reduced to zero. So also finding the value of x using the values of y and eem z”. 

Generalizing 
 

Conjecturing 

(iv). “Addition and multiplication. I mean a mapping is linear transformation if 
amm, ummm …, T(u+v)=T(u)+T(v) under addition and also T(kv)=kT(v) under 
multiplication”. 

Conjecturing 

(v). “If all the answers of “a” are not equal to zero then, then thee combination is 
linear dependent. For , the linear independent, if the amm, all “a” if all the 
answers of “a” are equal to zero then, it have become, it becomes linear 
independent”. 

Specializing 

7 
EXG012 

(i). “I can solve similar examples using the linear algebra peer tutoring strategy as 
a guide”. 

Specializing 
 Specializing 

 
 
 
 
 

Generalizing 
 
 
 
 
 
 
 

Conjecturing 
 
 
 

(ii). “I can also look for a relationship and predict a solution of a linear algebra 
question through explaining all the steps involves in it”. 

Generalizing 
Conjecturing 

(iii). “It is like Cramer’s method. It is it, yes, it is Cramer’s method. They 
represent determinant Sir … Determinant of the, the matrix that is in the question 
is aamm rep represented by D, where D1, D2, D3 represent determinants of x, y, z 
Sir”. 

Specializing 
Generalizing 

(iv). “Gaussian reduction. Of cause yes …. The first step is swapping of rows. 
Keeping row one constant and trying to change the values of the eemm a21 and 
an1 to zero through multiplying the two rows with a number that when its, you, 
you add them to row one they will give us zero. Then repeat the same cancellation 
to make ammm …, an2 to be zero. Then find the solution of ann=xn and 
substitute the eemm the answer to find a22 and also substitute for x1, x2 to find 
x3”. 

Generalizing 
 
 

Conjecturing 
 

(v). “For addition it is T(u+v)=T(u)+T(v) and under multiplication is multiplied 
by scalar k if the k is not equal to zero. That is T(kv)=kT(v)”. 

Conjecturing 
 

(vi). “When “a” is not equal to zero then is linear dependence Sir and if when “a” 
is equal to zero then it is linear independence”. Specializing 
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The result of Table 1 shows an astonishing outcome as it 
demonstrated three out of the four mathematical thinking 
processes. The findings shows a significant difference in 
the mathematical thinking processes of specializing, 
generalizing, and conjecturing without demonstrating any 
element of convincing. The students’ comments appeared 
to be positive even though one of the mathematical 
thinking processes was not achieved. Besides, majority of 
the students were able to respond to the questions posed to 
them, except in the case of question [iv(d)] (refer to 
Appendix A) whereby some of them did not attempt it 
while others gave an incorrect response. Some of the 
comments about the question were that “to be sincere sir, 
aaaa … I don’t know; I think this can be true Sir when zero 
vector is equal to zero,” which shows an absence of 
convincing in their mathematical thinking processes. 

4. Discussion 
The outcomes from the students’ verbatim quotes (see 

Table 1) of the interview analysis complement that of the 
quantitative analysis in the study of [24] as the students 
were not able to achieve the final mathematical thinking 
process (convincing) which shows a totally different result 
of non-significant differences. This means that, 
specializing, generalizing, and conjecturing were the 
successful mathematical thinking processes in this study as 
evident in the study of [24] where the Cohen’s d values for 
the test appeared to have an effect size that is large in the 
difference of mean [39, 40]. The results are in line with the 
findings of [41, 42] whom characterized mathematical 
thinking as a way to improve students’ understanding and 
expand their mastery level of mathematics problems. The 
analysis of the findings in Table 1 revealed a positive result 
of a significant difference in the first three mathematical 
thinking processes (specializing, generalizing, and 
conjecturing) with a non-significant outcome in the last 
mathematical thinking process (convincing). This may be 
attributed to the fact that convincing is associated to an 
in-depth examination of trying to establish and justify why 
something is true. The studies of [27], [41], [43] argued 
that the first three mathematical thinking processes can be 
achieve if the specialization process is properly designed 
through a useful conjecturing, then it can be helpful in 
making generalization. Thus, the results in this qualitative 
analysis may be attributed to what [44] calls “the notion of 
a monitor.” Ref [44] claimed that convincing is not merely 
a question of verification in justifying the claim, but it is 
worth adding the notion of a monitor. The monitor serves 
as an internal opponent who drives beyond complacent 
acceptance, doubts and claims, challenges assumptions 
already made, and attempts to negotiate meanings in the 
best possible way in the circumstances. 

Moreover, when the students were asked (using some 
linear algebra prompt and questions) about the type of 

mathematical thinking processes they learn, they 
responded correctly to the first question prompted to them. 
As a result, it is clear that they demonstrated element of 
specializing when they were asked about the method of 
solving simultaneous linear equation that uses the formula 
x = ∆1 ∆⁄ , y = ∆2 ∆⁄  and z = ∆3 ∆⁄ ; and they also 
demonstrated generalizing while given their feedback on 
what the symbols ∆, ∆1, ∆2, ∆3 represent. They further 
responded to the type of system of linear equation the given 
matrix represents in the second question which indicates 
that they were able to demonstrate the concept of 
generalizing as all students recognized the linear equation 
to be Gaussian elimination or row reduction method. 
However, their responses demonstrated that they achieved 
the concept of conjecturing in this question as they were all 
able to describe all the possible steps involved in finding 
solution to the given matrix. From the feedback given by 
the students in the third question, four of them were able to 
respond to the question correctly, two gave an incorrect 
response whereas one did not attempt answering the 
question saying that “I’m not sure. I don’t know Sir”. Their 
responses clearly show that four students had demonstrated 
the concept of conjecturing in this question while the 
remaining three did not. Surprisingly, none of the students 
shows any element of convincing in the fifth question as 
five of the students did not attempt the question while the 
remaining two provided an incorrect answer. This may be 
because convincing is associated with in-depth 
examination of trying to find out and communicate reasons 
why something is true. Finally, all the students were able to 
respond to question six that a1v1 + a2v2 + a3v3 + ⋯+
anvn = 0 is linearly dependence if a ≠ 0 and is linearly 
independence if a = 0. As a result, it is clear that they 
demonstrated element of specializing in their verbatim 
quotes with regards to linear combination. From the 
responses demonstrated by the students, it is clear that three 
out of the four mathematical thinking processes where 
significant leading to a conclusion that: specializing, 
generalizing and conjecturing were the successful 
mathematical thinking processes during this study. 

The findings in this study is similar to that of [43], 
[45-48], who found out that supporting specialization and 
generalization activities will stimulate students’ to use their 
own powers in making sense of mathematics as well as 
predict relationships. This form of interaction makes up a 
greater part of mathematical thinking, which could be 
attributed to students’ encounter with new mathematical 
concepts or problems after specialization (which is the first 
stage suggested when students are stuck and are unable to 
continue with a question), formulation is built in their 
minds, which seems to be the starting point for using 
generalization which can also be expanded to remember 
prior information as well as linking and predicting new 
relevant concepts. The results of this study show that 
students are consistently learning new concepts or deal 
with problems while relating it with other similar examples 
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(specialization); explore patterns or interactions between 
concepts and try to articulate them mathematically 
(generalizing); predict relationships and results through 
making some judgments on differences and similarities 
between examples to find the appropriate way to solve the 
problem (conjecturing). This finding varies from previous 
studies conducted by [43], [49-54] who found out that 
students should discuss their ideas and convey them 
directly to others in order to convince themselves, convince 
a friend who asks friendly questions and then convince an 
enemy. 

In a nutshell, Table 1 showed three out of four 
mathematical thinking processes that are demonstrated by 
the students during the conduct of their interview. From 
seven students’ verbatim quotes, the process of 
specializing happens to be the most frequent identified 
code achieved which appeared in twenty-one different 
places based on their responses. This is in line with the 
study of [55] who argued that a successful mathematical 
thinker is able to demonstrate specializing process through 
trying special cases while looking at previous examples as 
well can easily connect new concepts to familiar one 
through seeking explanation when others came up with 
new ideas. Thereafter, generalizing process appeared as the 
second most frequent identified code from the students’ 
verbatim quotes which are coded in sixteen different places. 
This shows that students are able to look for patterns and 
relationship to a given question and also know what 
representation is appropriate to use and when to make use 
of it. Furthermore from the students’ verbatim quotes, 
conjecturing was coded in twelve different places which 
makes it the third frequent identified code. This may be 
attributed to the fact that conjecturing is expected to be one 
of the mathematical thinking traits a successful 
mathematical thinker should possesses in the study of [55]; 
which leads to predicting a range of reasoning methods and 
proof by students through several informal ways of 
representing problem and its solutions using a range of 
representation in expressing his/her thinking. 

5. Conclusions 
Most of the polytechnic curriculum depends heavily on 

mathematics; and the success of the students depends 
strongly on their ability to connect mathematics with the 
technical and vocational fields [56, 57]. Linear algebra is 
one of the unavoidable advanced courses in mathematics 
that many students encountered at both polytechnic and 
university levels; therefore, one of the most essential thing 
that would support and improve students learning in it is to 
promote their thinking skills. Teaching and learning of 
polytechnic linear algebra should be encouraged with a 
constructive way of finding solution to problems rather 
than over dependence on the usual conventional approach 
which sometimes lead to learning through memorization 

without understanding the subject matter. Most of the 
conventional teaching and learning in colleges emphasize 
the development of knowledge rather than thinking skills 
[58][59]; although different researches shows that the 
important of thinking skills in educating students is to cope 
with the rapidly changing world. For students to be able to 
develop their thinking skills, they need to elaborate, defend, 
and extend their positions, opinions, and beliefs so as to 
become active learners rather than passive recipients of 
information, making them taking responsibility for their 
own thinking and learning. 

Moreover, this study looked into mathematical thinking 
processes of polytechnic students in learning linear algebra 
through a qualitative approach which contributes to the 
body of knowledge by providing useful empirical 
information for polytechnic curriculum planners, 
mathematics educators and students. In developing 
polytechnic students’ problem solving skills, there is need 
for the incorporation of mathematical thinking processes 
with real life application. The information provided helps 
students understand the importance and relevance of 
thinking skills in solving linear algebra problems. This 
could help curriculum planners and mathematics educators 
to strengthen polytechnic instructions by having a 
curriculum that closely reflects the real-life application. 

In order to develop students’ mathematical thinking 
processes, linear algebra questions were prompted in the 
interview protocol. The interview was recorded, 
transcribed and analyzed using thematic analysis. 
Deductive coding method was used to generate codes and 
themes from the interview data as the verbatim quotes of 
each student are examined. Students’ comments on the 
mathematical thinking processes show that they have 
demonstrated some elements of specializing, generalizing, 
and conjecturing without demonstrating any element of 
convincing. Based on the themes generated from the 
students’ verbatim quotes, it is therefore concluded that 
students have developed their mathematical thinking 
processes. 

6. Recommendations for Future 
Research 

From the findings of this study, the following 
recommendations were made for future research: 
i) The findings of this research show the need for further 

research on the development of mathematical 
thinking in linear algebra among polytechnic students. 
It would be of great interest and provide deeper 
insight if several polytechnics and a wider range of 
participants from the same program level are used 
over a longer period of time. This may lead to the 
achievement of a more robust result with regards to 
all the mathematical thinking processes. 

ii) The main purpose of polytechnic education is to train 
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students in technical and vocational fields to provide 
middle-level workers with the required manpower in 
a country’s industrial and technological growth. It 
would be of great opportunity to achieve this if a 
closer alliance is made with regards to the application 
of linear algebra concepts to real life situation (like 
traffics flow, electrical network, and stress analysis of 
a truss). This indicates that more research needs to be 
done to help bridge this gap between the linear 
algebra taught in our polytechnic classrooms and the 
real-life scenario. 

iii) The developed learning strategy in this research was 
confined to linear algebra learning. Results from the 
research have shown that it has the potential to 
develop students’ mathematical thinking processes 
with respect to Mason’s approach. Therefore, 

research should be conducted to incorporate 
technology into the learning instruction to see its 
effectiveness. It would also be useful if another 
learning instruction will be developed to incorporate 
technology into linear algebra classroom using other 
mathematical thinking perspectives (such as Tall’s 
model and Schoenfeld’s model) to respond to the 
learning environment of the 21st century. 
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Appendix A. Semi Structured Interview Protocol 
The purpose of this interview protocol is to guide/remind the researchers on the steps to be followed during the interview 
session. 

Research Title: Polytechnic Students’ Mathematical Thinking Processes in Linear Algebra: A Qualitative Approach. 

Interview Details 

Date:  6&7/08/2019 

Time:  10am-1pm 

Interviewer: The Researcher(s) 

Interviewee: Name/Student Identity 

Steps 

1. The interviewer introduced himself to the interviewee. 

2. The interviewer informed the interviewee about the: 

i. Purpose and benefit of the study to the interviewee. 

ii. Participant and sources of data being collected. 

iii. Ways to protect the confidentiality of the interviewee. 

iv. Duration of the interview session. 

v. Audio/voice recording throughout the interview session. 

3. Guide the interviewee to read and sign the consent form. 

4. Turn on the audio/voice recorder and test it. 

5. Probe a question that will capture the attention of the interviewee and make him/her comfortable. 

6. Proceed with the questions: 

i. What is your experience in using the linear algebra peer tutoring strategy (LAPTS)? 

ii. What do you feel during the LAPTS intervention? 

iii. Did the LAPTS helps you in understanding the topics covered? 

iv. What mathematical thinking processes do you know and which of them do you learn using the LAPTS? 
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No. Prompt and Questions Mathematical Thinking 
Processes (MTPs) 

iv(a) 

Which of the methods of solving simultaneous linear equation uses x = ∆1 ∆⁄ , y = ∆2 ∆⁄  and 

z = ∆3 ∆⁄ ; and explain to me why is called that? 

Tell me what ∆, ∆1, ∆2, ∆3 represents? 

Specializing 
 
 

Generalizing 

iv(b) 

What type of system of linear equation do a row-by-column 𝑛 × 𝑛 matrix represent and 

explain the steps involved? 

Describe the possible steps involved in finding solution to the given matrix. 

Generalizing 
 
 

Conjecturing 

iv(c) What are the conditions that described a mapping T: V → U to be called linear transformation? Conjecturing 

iv(d) 
Consider R to be a field of real numbers and V as a 3-dimensional space R3 under addition and 

scalar multiplication. How did you think this can be true? 
Convincing 

iv(e) 
If a linear combination of a simultaneous linear equation is a1v1 + a2v2 + a3v3 + ⋯+ anvn =

0, what makes it to be linearly dependence or linearly independence? 
Specializing 

v. Will you use the LAPTS in other mathematics questions? 

7. Play back the recorded audio and request the interviewee to reflect on his/her thoughts while answering the 
questions. 

8. Take note of every detail, such as body language, facial expression etc. 

9. Thank the interviewee for his/her cooperation and participation, as well as assure them of the confidentiality of the 
activity. 

10. Turn off the audio/voice recorder. 

Appendix B. Students Consent Form 
Polytechnic Students’ Mathematical Thinking Processes in Linear Algebra: A Qualitative Approach 

Email: abdurrahman@graduate.utm.my 

Instruction: Please read carefully and ask any question you may have before agreeing to take part in this study. You are 
free to ask any questions or concerns regarding your right as a subject in this study. The researchers can as well be reached 
through the provided email above. 

Purpose of the study: This research aims to develop polytechnic students’ mathematical thinking in linear algebra 
through qualitative approach. By knowing the key factors, a learning strategy (LAPTS) was designed by the researchers in 
order to promote students’ mathematical thinking processes. Consequently, the researchers will identify the effectiveness 
of the learning strategy as well as how it assists students in developing their mathematical thinking processes in a linear 
algebra classroom. 

Procedure: If you are to be in this study, we will like to conduct an interview with you for a period of about 30 minutes; 
and the interview will be recorded but with your permission/consent. We are going to ask you five questions about your 
experience in using the developed learning strategy (LAPTS). This is not a test, but rather it’s to help us understand your 
thoughts or comments during the LAPTS intervention. 

Risks and Benefits: There are no known risks associated with participation in this study. Participation in this study will 
involve no costs or payments to you but it may give you a chance to share your thoughts, feelings and views. You may 
benefit from participating in this study by receiving additional assistance from a peer tutor, which may increase retention 
and mastery or you may be assigned as tutee, which may increase you in confidence and help to reinforce material. 

Confidentiality of Records: Your personal information will NOT be revealed to the third party. In any sort of report that 
this research will be made public, be rest assured that any information that will make it possible to identify you will not be 
revealed. Research records will be kept in a locked file; only the researchers will have access to the records even though a 
transcriptionist will be used to transcribe the oral recording. Interview will only be recorded with your written 
permission/consent. The audio record tapes as well as transcripts will become the property of the study and will be 
immediately destroyed after finishing the research. 
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Participation in this Study: Participation in this study is completely voluntary. Please feel free to say as much or as little 
as you want and you can decide not to answer any question, or to stop the interview any time you want. You are entitle of 
withdrawing your consent any time you wish to, as well as discontinue participating in the study or activity without 
prejudice. 

Statement of Consent: I certify that I have read the above information, and have received satisfactory answers to my 
inquiries concerning the study procedures and other matters. I have been told of the confidentiality of information 
collected for this study. 

Name & Signature of Student: _________________________________________ Date: _______________________ 

I, ____________________________________________, with Admission No: __________________________ also 
agree to participate in one or more electronically recorded interview(s) for this study. I understand that such interview(s) 
and related materials will be kept completely anonymous, and that the results of this study may be published in an 
academic journal or book. 

Signature of Interviewee: _______________________________________________ Date: _____________________ 

Signature of Interviewer: _______________________________________________ Date: _____________________ 
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