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Abstract The unsteady three dimensional boundary
layer flow near a stagnation point region is studied
numerically under the influence of microgravity
environment. The boundary layer plate was embedded by
the nanofluid with nanosized copper particles and water as
a based fluid together with thermal radiation effect. The
problem was mathematically formulated in term of coupled
governing equations consisting of continuity, momentum
and energy equations derived from the fundamental
physical principles with Tiwari and Das nanofluid model.
Boundary layer and Boussinesq approximation were then
applied to the coupled equations and then reduced into
non-dimensional equations to lessen the complexity of the
problem using semi-similar transformation technique.
Implicit finite different method known as Keller box
method was used in this problem. The problem was then
analyzed in terms of physical quantities of principal
interest known as skin frictions and Nusselt number which
explained the flow behavior and heat transfer analysis.
From the outcome of the analysis, it was found that the
parameter values for curvature ratio lead to the different
cases of the stagnation point flow which is either plane
stagnation flow or asymmetry stagnation flow. On the
other hand, by increasing the nanoparticles volume fraction
which is one of the nanofluid parameter may increase the
skin frictions on both X— and y— directions. The

presence of thermal radiation parameter was found to have
increased the rate of change of heat transfer at the boundary
layer flow.
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1. Introduction

A part of fluid dynamic discipline which is concerned
with the mechanic of the fluid and the extended force on
them; boundary layer flow is a slice of bigger picture which
studies transportation phenomena happen to the flow such
as flow behavior, heat transfer and concentration
distribution. A bunch of studies has been conducted to
discover and get more understanding on this research field
either experimentally [1-6] or theoretically [7-11]. Hence,
boundary layer concept is the most successful in achieving
simplification of the equation of motion and energy and has
been applied to a large variety of practical situation
importantly in engineering applications such as hot rolling,
skin friction drag reduction, grain storage, glass fiber and
paper production [12]. In general, the boundary layer
concept provides a good description of the velocity and
temperature field.

Stagnation point is a part of boundary layer flow which
holds important properties as proven by Bernoulli principal
is having the higher pressure on the flow [13]. For a past
few decades, stagnation point flow has engrossed the
attention of many researchers due to its growing industry
and scientific applications such as cooling of electronic
devices by fan, cooling of nuclear reactor during
emergency shutdown and hydrodynamic process. Hiemenz
[14] was the first person who has studied the
two-dimensional forward stagnation point and reduced the
Navier-Stokes equation to nonlinear ordinary differential
equations. Then, Mahapatra and Gupta [15] focus on the
heat transfer on steady two-dimensional stagnation-point
flow of an incompressible viscous fluid over a flat
deformable sheet. The problem is then extended using
non-Newtonian fluid by Nazar et al. [16] by studying
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steady two-dimensional stagnation point flow of an
incompressible micropolar fluid over a stretching sheet.

Generally, there are three different ways of heat transfer,
namely conduction, convection and radiation. Radiation is
a form of electromagnetic energy transmission and it is
independent from any medium between the emitter and the
receiver. In addition, the studies of radiative heat transfer in
a fluid flow is currently undergoing great enlargement of
many researcher. Raptis, Perdikis and Takhar [17] have
done an analysis on the steady MHD asymmetric flow of
an electrically conducting fluid past a semi-infinite
stationary plate with presence of thermal radiation. For the
case of heat and mass transfer, Pal [18] analyses
two-dimensional  stagnation point flow of an
incompressible viscous fluid over a stretching vertical
sheet in the presence of buoyancy force and thermal
radiation. Next, Bhattacharyya and Layek [19] add effect
of suction/blowing on steady boundary layer
stagnation-point flow over a porous shrinking sheet with
the presence of thermal radiation.

Nanofluid is engineered by dispersing a small quantity
of nanosized particles usually less than 100nm, which are
uniformly and stably suspended into a conventional fluid
called base fluid such as ethylene glycol, oil, water,
bio-fluids and polymer solution [20]. Choi [21] was the
first person who has developed this special class of fluid by
elaborated it using Maxwell equation. For the boundary
layer problem, there are two famous mathematical models
which are proposed by Tiwari and Das [22] and
Buongiorno [23] in studying the effect of nanofluid at
boundary layer. Mustafa et al. [24] focus on the effect of
Brownian motion and thermophoresis for two-dimensional
stagnation-point flow of a nanofluid towards a stretching
sheet. Haq et al. [25] on the other hand present a model for
the stagnation point flow of nanofluid with
magnetohydrodynamics (MHD) and thermal radiation
effects passed over a stretching sheet.

On the other hand, g jitter effect can be defined as inertia
effect due to quasi-steady, oscillatory or transient
accelerations arising from crew motions and machinery
vibrations in parabolic aircrafts, space shuttles or other
microgravity environments. Theoretical studies on g-jitter
indicated convection and temperature gradient on
microgravity environment at boundary layer flow has also
been conducted previously [26] and [27]. Theoretical study
on the boundary layer flow induced by g-jitter has been
conducted by Sharidan ef al. [28] by considering g-jitter in
a three-dimensional stagnation point flow problem with
free convection flow. As for the nanofluid with g-jitter
effect, Rawi ef al [29] studies the unsteady
two-dimensional convective boundary layer flow of
nanofluids past a vertical permeable stretching sheet
associated with the effect of g-jitter.

Based on this motivation, a part of the present work
focusses on the conjugate study of a flow and heat transfer
with several physical effects. The nanofluid model used in
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this study is proposed by Tiwari and Das [22] and effects
such as g-jitter and thermal radiation that is considered
with boundary layer flow 1is studied near a
three-dimensional  stagnation  point region. The
mathematical model is solved using Keller box method and
the effects considered in this problem will be analyzed in
terms of skin frictions and Nusselt number graphically.

2. Mathematical Formulations

Consider an incompressible viscous nanofluid which
unsteadily flows at the boundary layer near a
three-dimensional stagnation point region with uniform
temperatures at the wall. Thermal radiation effect is
considered in this boundary layer problem and the flow is
conducted under microgravity environment. Copper
nanoparticles and water that carries their own
thermophysical properties are considered in representing
the presence of nanofluid in this flow problem. The

temperature for both; boundary body, 7 . and ambient
nanofluid, 7/, are assume be in a uniform temperature
Three

Cartesian coordinate (x, y,Z) is chosen such that x —

initially. dimensional stationary orthogonal

and y —coordinates are measured along with the surface

while the Z — coordinate is measured normal to the
surface of origin nodal point N. For the flow cases near a
stagnation point region, nodal and saddle point are the
points that represent the flow behavior in which they are
vice versa in term of the pattern of the curvatures. Under
the microgravity environment, the gravitational field

depend on time t" defined in [30] as,
g)=g, [1 +&cos (72'(01‘* )]

where the gravitational field represents in term of mean

(1

gravitational acceleration g, & is the amplitude of the

gravitational modulation and @ is the frequency of
oscillation driven from the g-jitter effect. From the
fundamental of physical principle, the nature of the fluid
flow near the boundary layer can be presented
mathematically in terms of coupled equations. Under the
boundary and Boussinesq approximations, the coupled
partial differential equations that represent the flow are as
follows:

6_u+@+6_w:0, )
x oy oz
Py| mtu_—tv_—t+tw_—|=
ox oz
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The appropriate initial and boundary conditions are
given by

t*<0:u:v:w:0,T:1;_
for any x,y and z,
1'20:u=v=w=0,T=T,

(6)
onz=0,x20, y=0,
u=v=w=0,7T=T,
asz—w, x20, y=0.

where u,v and w are the velocity components along
the directions x, ),z axesand 7 is the temperature of

the nanofluid. The nanofluid model used in this problem
is initially proposed by Tiwari and Das [22] on 2016
which focuses on the nanoparticles volume fraction. Here

Py and g4, are the density and dynamic viscosity

while /3

n

N and (C ) are the thermal expansion,
: P Jnf

thermal diffusivity and specific heat at constant pressure
carried out by the chosen nanofluid. Parameter a and

b present the principle curvature happening at the nodal
point corresponding to the flow near the stagnation point

region measured at the plane X =0 and y=0. Both
a and b are to be assumed a positive values in which
lead to the nodal point by holding the properties |a| > |b|
with @ >0 without loss the generality. It corresponds to
the characteristic carried by the principle curvature at the
nodal point. Introduced parameter ¢ such that ¢ = b/ a
and ¢ is the curvature ratio, with range 0 to 1.

Conversely, the negative value of parameters a or b
is able to occur but it is at the saddle point in which most
of the practical does not lies on it. Due to that, the analysis
on the stagnation point region will focus on the nodal

point in which the geometry of the cylinder (C = 0) is
included and sphere (c = 1) lies on it. As for the

thermal radiation parameter, ¢, is a nonlinear radiative

heat flux and according to the Rosseland approximation
from Sheikholeslami et al. [31] for radiation, it can be
simplified as,

4c° OT!
g =", 9
3k oz
where o is Stefan-Boltzman constant and & is the
mean absorption coefficient. By using Taylor’s series
expansion and neglecting the higher order, the
temperature difference within the flow T * about T -
can be expressed as
T z4T£T—3TO:. ®)
Substituting equation (8) into equation (7), then
equation (5) becomes
or or or oT
At U—FV—FW—=
ot ox oy 0z
L OT 1 1661 0T ©
nf 2 * 2"
0z (pCp )nf 3k oz

Since water is used as the based fluid, which is a type
of viscous Newtonian fluid, the expression of
thermophysical characteristic of the nanofluid derived
from Maxwell equation defined in Rawi ef al. [29] in term
of nanoparticles and the based fluid are

u
a. = ky ,

Py =(1-9)p, +¢p,.
B), =(1-4)(eB), +4(P),.

(
(7C,), =(1-9)(eC,), +4(eC,),-

k, (k+2k)-24(k —4,)

k, (ks+2kf)+¢(kf—ks) ’

(10)

where ¢ is an important parameter which represents

nanofluid properties stressed out by Tiwari and Das
nanofluid model known as nanoparticles volume fraction

and k hold the thermal conductivity parameter. The
subscript f and § represent the fluid and solid

characteristics carried by the nanofluid chosen in this
research and the thermophysical properties are shown in
Table 1.
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Table 1. Thermophysical of nanoparticles and based fluid
Thermophysical Properties Water Copper

Jo, (kgm_3 ) 997.1 8933

C, (Jkg’lK’l) 4179 385

k(Wm’lK’l) 0.613 401

£x107 (K"l) 521 1.67

Equations (1)-(3) and (9) are then undertake semi
similar transformation technique together with the initial
and boundary conditions equation (6) to reduce the
complexity of the problem with the following
semi-similar solution

=04,
n=Gr"
= va’Gr'*t,
u=va’*xGr'” f'(t,n),
v=va’ yGr”zh’(t, r)),
w=—vaGr'*(f +h),
(T-T)
T,-T)
)
va’Gr®’
o)-E0),
8o

(11)
o@,n)=

Q=

where U is the kinematic viscosity of the base fluid and
Grashof number is denoted by G7 and defined as

Gr—goﬂ(T T)/( ’ 2) The prime at the

function f and /4 indicated the partial differential

equation with respect to 77 . Here @ and Q are the

dimensionless variable for temperature and frequency of
oscillation. The partial differential equations on the
equation (1) — (3) and (9) are now become

CS/T+CIS+h) [~ "]+
of’ (12)
C,[1+&cos(n7)]0=C Q—,
ot
ChH +C,[(f +IH —h"]+

C,d1+ecos(x7)10=C. Qgﬁ
T

(13)
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C,+Ni
Rl g (f+h)b'= Q%, (14)
Pl C or
*m3
where Pr= gis the Prandtl number, Nr = 160_—*];
3k 3k

is the thermal radiation parameter and

¢, - { ¢pﬁJ

(k, +2k,)-2¢(k, k)

T 2k ek, k)
c5=1—¢+—¢(pcf’)s.
(pcp)f

The dimensional boundary conditions (6) become,
f(z,0)=f"(z,0)=0,?
h(z,0) = 1'(z,0) =0,
9 7,00=17?
f'—>0?h—>0? 6>0?as?n >

(15)

The dimensional physical quantities of principal interest
considered in this research are skin friction on both
directions and Nusselt number defined as,

con (2] o
Cp = Hy (Zj _0/(pf02a3y)’

_ oT
[a lknf (azl_o +qrj/kf (T,-T,).

By using semi solution transformation technique (11),
physical quantities of principal interest in terms of
non-dimensional obtained as,

C,/Gr" = f"(z,0)/(1-¢)"

C,[Gr =1"(r,0/(1-¢)",
Nu/Gr'™* =(~k,, | k, + Nr)6'(z,0).

Nu
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3. Results and Findings

The system of non-dimensional partial differential
equations (12)-(14) together with boundary equations (15)
are solved numerically using implicit finite different
methods known as Keller box method which is firstly
developed by Keller [32]. This method is widely used in
solving non-linear parabolic problem either for
two-dimensional [33-34] or three- dimensional problem
[35-36]. This method is chosen since it seems to be most
flexible of the common methods, being easily adaptable
and unconditionally stable while achieves the exceptional
accuracy. All the results are obtained by using a uniform

grids inboth 7 and 7 directions with A7 =0.1 and
An=0.04. A solution will be considered converged
when the maximum absolute point change between

iteration is 107'". The flow behavior and heat transfer
distributions are analyzed based on physical quantities of
principal interest such as skin frictions on X — and
y —directions together with Nusselt number. Parameters

involved are amplitude of modulation &, and frequency
of oscillation @ , which represent g-jitter effect,
curvature ratio ¢, which symbolize the flow near a

stagnation point region, nanoparticle volume fraction ¢,

and thermal radiation Nr . The detailed results are
presented for the amplitude of the gravity modulation in the

range 0 <& <1 with values of frequency of the
single-harmonic components 0.2 and 5 as well as the values
for the curvature ratio at the stagnation pointc, 0, 0.5 and 1.
The results presented on each Figures are marked as skin
friction on x— and y —direction on Figure A and B
while Figure C represent the analysis for Nusselt number.

The analysis on Figures 1-3 show a same behavior in
terms of skin frictions and Nusselt number when parameter
g, is analyzed. The increasing of parameter g gives a
fluctuating behavior on skin friction for both directions and
Nusselt number with almost proportional increases and
decreases. It shows that there exists critical point on the
flow due to the fluctuating behavior and singularity in
nanofluid flow.
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Figure 3.  Skin Frictions on A and B while Nusselt number on C for ¢ = 1.0, ¢ = 0.05, Q=0.2 and Nr = 1 with different values of &

On the other hand, since stagnation point parameter is presented by parameter c, the different values chosen for
parameter ¢ will lead to a different case flow near a stagnation point region. It is interesting to discuss that in Figure 1B;
there are no changes in terms of magnitude for the skin friction on y —direction as parameter &£ increases. The value

¢ =0 represents the specific geometry for the plane which is the sphere which leads to the plane stagnation case flow. In
addition, there is another type of flow happening on Figure 3A and 3B when the magnitude of the skin friction for both
directions area found the same as the parameter ¢ increases. Cylindrical geometry on Figure 3 caused by the chosen
parameter value ¢ leads to the axisymmetric stagnation case flow.
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Figure 4. Skin Frictions on A and B while Nusselt number on C for ¢ = 0.5, ¢ = 0.05 and Nr = 1 with different values of & and Q

Figure 4 on the other hand presents an analysis of skin
frictions and Nusselt number when two different values of
; 0 =02 and 1 = 1.0. It is found that,from the
physical quantities of principal interest, there are some
significant differences for different size of frequency of
oscillation as parameter g increases. The bigger size of (]
provided a decreasing value of the peak variation response
for skin frictions and Nusselt number. Generally, for the
larger size frequency of oscillation, the convergence rate
occurs faster than the smaller size of frequency of
oscillation in the microgravity environment.

The effect of nanofluid is analyzed on Figure 5.
Increasing values of parameter ¢, both skin frictions and
Nusselt number are also found to have increased. The
purpose of nanofluid which is to enhance the thermal
conductivity of conventional fluid is proven in this analysis
when the Nusselt number results which represent the heat

transfer at the boundary layer are found to increase as
parameter ¢ increases. Corresponding with that, by
adding nano size particles on the fluid, the frictions on the
boundary layer are found to be increased due to the
increases of resistance which disturb the flow. It will lead
to the increases of skin friction on both directions and will
decrease the velocity of the flow.

Thermal radiation Nr, effect is analyzed in this boundary
layer flow and from Figure 6, skin friction for both
directions together with Nusselt number are increased as
Nr parameter increases. Physically, increases of Nr
parameter will increase the thermal conductivity of the
fluid and decreases viscosity of the fluid. As a result, better
heat transfer in the fluid can be achieved by considering
thermal radiation effect because of the increases of rate of
energy transported in the fluid.
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4. Conclusions

In this article, three-dimensional boundary layer
nanofluid flow near a stagnation point region with thermal
radiation induced by g-jitter was investigated numerically.
The flow problem was govern into mathematical
formulation based on physical principal together with
considered effects and non-dimensional partial differential
equations solved using implicit finite difference method
known as Keller box method. The effect considered were
then analyzed in terms of physical quantities of principal
interest such as skin frictions and Nusselt number which
were then presented graphically. It can be concluded that
e Parameter & produced a singularity solution on the

boundary layer flow as shown on fluctuating graph
for skin friction and Nusselt number.

*  Different values of curvature ratio ¢ will lead to a
special stagnation case flow and show a significant
difference in terms of magnitude for skin friction and
Nusselt number.

*  Larger size of frequency of oscillation ), converge
faster compared to smaller size frequency of
oscillation.

*  Both parameter ¢ and N7 enhanced the thermal
conductivity of the conventional fluid as their
parameter increase.

*  Additional of nanoparticle on the fluid flow increased
skin frictions due to the increases of frictional force at
the boundary layer.
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