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The heat and mass transfer characteristics on unsteady squeezing flow of 
magnetohydrodynamic (MHD) Casson nanofluid with chemical reaction, thermal 
radiation and heat generation/absorption effects is investigated in this study. The 
influences of viscous and joule dissipation are also examined. The flow is caused by 
squeezing between two parallel plates embedded in a porous medium. The highly 
coupled nonlinear partial differential equations are reduced to a system of nonlinear 
ordinary differential equations via similarity transformations. The transformed 
equations are solved using numerical scheme of Keller-box method. The accuracy of 
present method is validated through comparison of skin friction coefficient, Nusselt 
and Sherwood numbers with previously published results. Comparisons reveal that 
good agreements are achieved. Graphical results for velocity, temperature and 
nanoparticles concentration are analysed with various parameters. Findings 
demonstrate that the fluid velocity and temperature enhance when the plates move 
closer. Besides, increase in Hartmann number suppressed the fluid velocity and 
concentration due to the presence of strong Lorentz forces. The Brownian motion 
boosts the fluid temperature and concentration. Moreover, nanoparticles 
concentration is found to be higher in constructive chemical reaction and opposite 
effect is observed in destructive chemical reaction. 
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1. Introduction 
 

Recent advancement in nanotechnology has led to the development of a new innovative class of 
heat transfer fluids known as nanofluid. Choi and Eastman [11] were the first to introduce the 
nanofluids engineered by colloidal suspensions of nanometer-sized particles in a base fluid. 
Conventional heat transfer fluids or base fluids such as water, ethylene glycol or kerosene oil have 
limited heat transfer capability due to their low thermal conductivity. Thus, the concept of nanofluid 
was discovered to improve the heat transfer performance by dispersing metallic or non-metallic 
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nanoparticles in the conventional fluids [3]. Moreover, Eastman et al., [13] reported that the addition 
of copper (10 nm) particles in ethylene glycol increases the thermal conductivity up to 40%. Several 
researchers stated that suspending 1–5% volume of nanoparticles in base fluids can enhance the 
thermal conductivity by more than 20% [21,39,40]. Later, Buongiorno [7] examined seven slip 
mechanisms that generate a relative velocity between nanoparticles and base fluids. He concluded 
that among all the mechanisms, only Brownian diffusion and thermophoresis are found to be 
important factors in convective flow of nanofluid. Brownian motion and thermophoresis of 
nanoparticles effectively boost the thermal conductivity of base fluid. Nowadays, Buongiorno’s 
model has been adopted by many researchers in their study [5,14,23,30]. 

The study of boundary layer flow caused by squeezing between two parallel plates has increased 
tremendously due to its applications in chemical engineering and food industry. Some practical 
examples of squeeze flow include compression, polymer processing and injection molding. Stefan 
[35] initiated the investigation on behavior of a lubricant confined between approaching horizontal 
surfaces. Later, the study of squeeze film lubrication between two infinitely long parallel plates was 
introduced by Cameron [8]. The squeeze film phenomenon occurs when two surfaces are separated 
by a lubricant and moved towards each other with a normal stress. Commonly, the lubricant is a 
viscous fluid. Wang [38] studied unsteady squeezing flow of an incompressible viscous fluid between 
two parallel plates. The similar problem was solved by Bujurke et al., [6], Rashidi et al., [27] and Khan 
et al., [16] via semi-analytical methods.  

Casson fluid is a non-Newtonian fluid classified as shear thinning fluid because it exhibits an 
infinite viscosity at zero velocity gradient, no flow occurs when force is applied below the yield stress, 
and zero viscosity at infinite velocity gradient. The Casson model was originally invented by Casson 
(1959) for printing inks and silicon suspension. The model is ideal for studying the flow characteristics 
of blood. Common examples of Casson fluid are honey, jelly, tomato sauce and concentrated fruit 
juices [33]. Researches done by Khan et al., [17] and Sampath et al., [28] are among the pioneering 
works to investigate the unsteady squeezing flow of Casson fluid between two parallel plates.  

The squeeze flow of electrically conducting fluids between parallel plates under the influence of 
magnetic field has been studied extensively in recent years. The unsteady two-dimensional flow of a 
viscous MHD fluid between two parallel plates was solved by Siddiqui et al., [32] using homotopy 
perturbation method (HPM). Sweet et al., [36] extended the work of Siddiqui et al., [32] by varying 
the fluid density to be a model parameter. In non-Newtonian fluid, Ahmed et al., [2] presented the 
analytical solutions of unsteady MHD squeezing flow of Casson fluid between two parallel plates. A 
novel algorithm was developed by Al-Saif and Jasim [4] to solve the similar problem of Ahmed et al., 
[2]. The research of fluid flow through a porous medium in the presence of MHD effect is important 
in the applications of geothermal energy recovery, oil extraction, nuclear reactors and thermal 
energy storage. A porous medium is a material that contains fluid-filled pores. Khan et al., [18] 
analysed MHD flow of Casson fluid squeezing between two parallel plates embedded in porous 
medium.  

The impact of viscous dissipation on heat transfer of nanofluid flow has received great attention 
due to its engineering applications such as temperature rises in polymer processing, injection 
molding and high rates extrusion. The viscous dissipation effect is only significant for the fluids with 
high velocity and viscosity. It is worth mentioning that Tiwari and Das model was recently used by 
Sheikholeslami and Ganji [29], Pourmehran et al., [26] and Mittal and Pandit [22]. All of them 
investigated the problem of unsteady flow and heat transfer of a nanofluid squeezing between two 
parallel plates in the presence of viscous dissipation. They implemented different types of methods 
in obtaining the solution. The squeezing flow of Copper-water and Copper-kerosene with magnetic 
field and viscous dissipation effects using Tiwari and Das model was discussed by Acharya et al., [1] 
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and Çelik [10]. A series of studies on the similar problem had been investigated by Sheikholeslami et 
al., [30], Hedayati and Ramiar [15] and Azimi and Riazi [5]. They employed Buongiorno’s model on 
their study. Muhammad et al., [23] analysed the effects of MHD and thermal radiation on squeezing 
nanofluid flow between two parallel plates. Heat and mass transfer characteristics were examined 
by considering Brownian motion and thermophoresis. The unsteady squeezing flow and heat transfer 
of nanofluid under the influence of MHD, viscous dissipation and thermal radiation was reported by 
Dogonchi et al., [12] and Sheikholeslami et al., [31] using Tiwari and Das model and Buongiorno’s 
model, respectively. Madaki et al., [19] studied the unsteady squeezing nanofluid flow with viscous 
dissipation and thermal radiation effects using Tiwari and Das model. Madaki et al., [20] extended 
their works by including heat generation or absorption on the flow field. In non-Newtonian fluid, the 
influence of magnetic field on unsteady squeezing flow of Casson nanofluid between parallel plates 
in a porous medium was presented by Sobamowo [33]. The analytical solution was obtained via 
method of matched asymptotic expansion. Later, Sobamowo et al., [34] performed the similar 
problem by applying two different techniques, differential transformation method and variation of 
parameters method. 

The literature survey discussed above reveals that most of the existing studies on unsteady 
squeezing flow between two parallel plates are done for viscous fluid. The study involving non-
Newtonian fluids, especially Casson nanofluid, has not been given much consideration. Motivated by 
the limitation of the above references, this study concentrates on the unsteady MHD flow of Casson 
nanofluid with the effects of chemical reaction, thermal radiation and heat generation or absorption. 
The fluid flow is generated by squeezing between two parallel plates through a porous medium in 
the presence of viscous and Joule dissipation. The governing equations are reduced to ordinary 
differential equations using non dimensional variables. The transformed equations are solved 
numerically via Keller box method. An algorithm is developed in MATLAB software to compute the 
numerical solutions and plot the associated graphs. The results for wall shear stress, heat and mass 
transfer rate are compared with existing literature results to check the accuracy of the present 
algorithm. The effects of various parameters on the behavior of fluid velocity, temperature and 
nanoparticles concentration are examined. 
 
2. Mathematical Formulation 
 

Consider an unsteady, two dimensional, incompressible MHD flow of Casson nanofluid squeezing 
between two parallel plates through a porous medium under the influence of chemical reaction, 
thermal radiation and heat generation/absorption. The viscous and Joule dissipation effects is 
retained. The physical behavior of this model is studied using the Cartesian coordinate system. The 
𝑥-axis is measured along the horizontal direction of the plates and 𝑦-axis is taken normal to the 

plates. The two plates are separated by a time-dependent distance 𝑦 = ±𝑙(1 − 𝛼𝑡)1 2⁄ = ±ℎ(𝑡). The 

fluid flow occurs due to the motion of the upper plate at a distance ℎ(𝑡) = +𝑙(1 − 𝛼𝑡)1 2⁄  with the 

velocity of the form 𝑣𝑤(𝑡) =
−𝛼𝑙

2√1−𝛼𝑡
 towards or away from the stationary lower plate located 

at ℎ(𝑡) = −𝑙(1 − 𝛼𝑡)1 2⁄ . Both plates are squeezed when 𝛼 > 0 until they reach 𝑡 = 1 𝛼⁄  and they 
are separated for 𝛼 < 0. The parameter 𝛼 is correlated to the dimensions of (time)−1 and 𝛼𝑡 < 1. 
Here, 𝛼 is a constant, 𝑙 denotes the initial position of the plate (at 𝑡 =  0) and 𝑡 is the time throughout 

the flow. A uniform magnetic field of strength 𝐵(𝑡) = 𝐵0(1 − 𝛼𝑡)−1 2⁄  is applied perpendicular to 
the plates with constant 𝐵0. The flow configurations and coordinate system are presented in Figure 
1. 
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Fig. 1. Physical model and coordinate system 

 
The governing equations of continuity, momentum, energy and concentration for Casson 

nanofluid using above-mentioned assumptions with boundary layer approximations are given as 
 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0              (1) 

 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝜈𝑓 (1 +

1

𝛽
)

𝜕2𝑢

𝜕𝑦2 −
𝜎𝐵2(𝑡)

𝜌𝑓
𝑢 − 𝜈𝑓 (1 +

1

𝛽
)

𝜑

𝑘1
𝑢       (2) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑓

𝜕2𝑇

𝜕𝑦2 + 𝜏 [𝐷𝐵
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
+

𝐷𝑇

𝑇∞
(

𝜕𝑇

𝜕𝑦
)

2

] +
𝜈𝑓

𝑐𝑓
(1 +

1

𝛽
) [4 (

𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝑢

𝜕𝑦
)

2

]  

        +
𝜎𝐵2(𝑡)

(𝜌𝑐)𝑓
𝑢2 −

1

(𝜌𝑐)𝑓

𝜕𝑞𝑟

𝜕𝑦
+

𝑄(𝑡)

(𝜌𝑐)𝑓
(𝑇 − 𝑇∞)        (3) 

 
𝜕𝐶

𝜕𝑡
+ 𝑢

𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶

𝜕𝑦2 +
𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑦2 − 𝑘𝑐(𝐶 − 𝐶∞)         (4) 

 
where 𝑢 and 𝑣 are the velocity components along the 𝑥 and 𝑦 directions, respectively, 𝜈𝑓 is kinematic 

viscosity, 𝜌𝑓 is the fluid density, 𝜎 is the electrical conductivity, 𝛽 is the Casson parameter, 𝜑 is the 

porosity, 𝑘1(𝑡) = 𝑘0(1 − 𝛼𝑡) is the time dependent permeability of porous medium, 𝑘0 is the 

permeability constant, 𝑇 is the fluid temperature, 𝐶 is the nanoparticles concentration, 𝛼𝑓 =
𝑘

(𝜌𝑐)𝑓
 is 

the thermal diffusivity of the Casson fluid, 𝑘 is the thermal conductivity of the Casson fluid, 𝑐𝑓 is the 

specific heat of fluid, 𝜏 =
(𝜌𝑐)𝑝

(𝜌𝑐)𝑓
 is the ratio between the heat capacity of the nanoparticles material 

and heat capacity of the fluid, 𝜌𝑝 is the density of nanoparticles, 𝑐𝑝 is the specific heat of 

nanoparticles, 𝐷𝐵 is the Brownian diffusion coefficient, 𝐷𝑇  is the thermophoretic diffusion 

coefficient, 𝑞𝑟 is the radiative heat flux, 𝑄(𝑡) =
𝑄0

1−𝛼𝑡
 is heat generation or absorption coefficient, 

𝑘𝑐(𝑡) = 𝑎𝑘2(1 − 𝛼𝑡)−1 is the variable rate of chemical reaction, 𝑘2 is the constant reaction rate and 
𝑎 is the reference length along the fluid flow. The temperature and nanoparticles concentration at 
free stream are 𝑇∞ and 𝐶∞, respectively. The corresponding boundary conditions are written as 
follows, 
 

Casson fluid flow 

Porous medium 

𝑢 = 0, 𝑇 = 𝑇𝑤 , 𝐶 = 𝐶𝑤 
𝑦 

𝑥 

𝑦 = ℎ(𝑡) 

±ℎ(𝑡) = 𝑙(1 − 𝛼𝑡)1/2 

𝑣𝑤 =
𝜕ℎ(𝑡)

𝜕𝑡
 

𝑣 = 0,
𝜕𝑢

𝜕𝑦
=

𝜕𝑇

𝜕𝑦
=

𝜕𝐶

𝜕𝑦
= 0 

𝑦 = −ℎ(𝑡) 

Nanoparticles 

Uniform magnetic field, 𝐵0(1 − 𝛼𝑡)−1 2⁄  
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𝑢 = 0, 𝑣 = 𝑣𝑤 =
𝜕ℎ(𝑡)

𝜕𝑡
 , 𝑇 = 𝑇𝑤 , 𝐶 = 𝐶𝑤 , at 𝑦 = ℎ(𝑡)        (5) 

 
𝜕𝑢

𝜕𝑦
= 0, 𝑣 = 0,

𝜕𝑇

𝜕𝑦
= 0,

𝜕𝐶

𝜕𝑦
= 0,   at 𝑦 = 0        (6) 

 
where the wall of plates is indicated by temperature 𝑇𝑤 and concentration 𝐶𝑤. Following Roseland 
approximation, the radiative heat flux is defined as [37] 
 

𝑞𝑟 =
−4𝜎∗

3𝑘1
∗

𝜕𝑇4

𝜕𝑦
              (7) 

 
where 𝜎∗ is the Stefan-Boltzmann constant and 𝑘1

∗ is the mean absorption coefficient. It is assumed 
that the temperature differences within the flow are sufficiently small such that 𝑇4 can be expressed 
as linear function of temperature. Hence, expanding 𝑇4 in Taylor series about 𝑇∞ and ignoring higher 
order terms lead to the following relation 
 
𝑇4 ≅ 4𝑇∞

3  𝑇 − 3𝑇∞
4              (8) 

 
Thus, substituting Eq. (7) and Eq. (8) into Eq. (3) yields 
 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑓 (1 +

16𝜎∗𝑇∞
3

3𝑘𝑓𝑘1
∗ )

𝜕2𝑇

𝜕𝑦2 + 𝜏 [𝐷𝐵
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
+

𝐷𝑇

𝑇∞
(

𝜕𝑇

𝜕𝑦
)

2

]  

+
𝜈𝑓

𝑐𝑓
(1 +

1

𝛽
) [4 (

𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝑢

𝜕𝑦
)

2

] +
𝜎𝐵2(𝑡)

(𝜌𝑐)𝑓
𝑢2 +

𝑄(𝑡)

(𝜌𝑐)𝑓
(𝑇 − 𝑇∞)     (9) 

 
The following similarity transformations adopted from Mustafa et al., [24] and Ahmed et al., [2] are 
introduced to reduce the nonlinear partial differential equations into the system of ordinary 
differential equations 
 

𝑢 =
𝛼𝑥

2(1 − 𝛼𝑡)
𝑓′(𝜂),    𝑣 = −

𝛼𝑙

2√(1 − 𝛼𝑡)
𝑓(𝜂),    𝜂 =

𝑦

𝑙√(1 − 𝛼𝑡)
 , 

                         (10) 

𝜃 =
𝑇 − 𝑇∞

𝑇𝑤 − 𝑇∞
,    𝜙 =

𝐶 − 𝐶∞

𝐶𝑤 − 𝐶∞
, 

 
where 𝜂 is the local similarity variable, 𝑓(𝜂), 𝜃(𝜂) and 𝜙(𝜂) are the dimensionless velocity, 
temperature and concentration of the fluid in the boundary layer region, respectively. 

Using Eq. (10), the governing Eq. (2), Eq. (4) and Eq. (9) are converted to the following non-
dimensional ordinary differential equations form  

 

(1 +
1

𝛽
) 𝑓′′′′ − 𝑆(𝜂𝑓′′′ + 3𝑓′′ + 𝑓′𝑓′′ − 𝑓𝑓′′′) − 𝐻𝑎2𝑓′′ − (1 +

1

𝛽
)

1

𝐷𝑎
𝑓′′ = 0,               (11) 

 
1

𝑃𝑟
(1 +

4

3
𝑅𝑑) 𝜃′′ + 𝑆(𝑓𝜃′ − 𝜂𝜃′ + 𝛾𝜃) + 𝐸𝑐 [(1 +

1

𝛽
) [(𝑓′′)2 + 4𝛿2(𝑓′)2] + 𝐻𝑎2(𝑓′)2]  

+𝑁𝑏𝜙′𝜃′ + 𝑁𝑡(𝜃′)2 = 0,              (12) 
 

1

𝐿𝑒
𝜙′′ + 𝑆(𝑓𝜙′ − 𝜂𝜙′) +

1

𝐿𝑒

𝑁𝑡

𝑁𝑏
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subject to the boundary conditions 
 
𝑓(𝜂) = 0, 𝑓′′(𝜂) = 0, 𝜃′(𝜂) = 0, 𝜙′(𝜂) = 0,      at 𝜂 = 0,                 (14) 
 
𝑓(𝜂) = 1, 𝑓′(𝜂) = 0, 𝜃(𝜂) = 1, 𝜙(𝜂) = 0,          at 𝜂 = 1.                 (15) 
 

The physical parameters involved in the above expressions, 𝑆, 𝐻𝑎, 𝐷𝑎, 𝛿, 𝑃𝑟, 𝐸𝑐, 𝑅𝑑, 𝛾, 𝑁𝑏, 𝑁𝑡, 
𝐿𝑒 and 𝑅 are the squeeze number, Hartmann number, Darcy number, dimensionless length, Prandtl 
number, Eckert number, radiation parameter, heat generation/absorption parameter, Brownian 
motion parameter, thermophoresis parameter, Lewis number and chemical reaction parameter, 
respectively, and are defined as 
 

𝑆 =
𝛼𝑙2

2𝜈𝑓
,   𝐻𝑎 = 𝑙𝐵0√

𝜎

𝜌𝑓𝜈𝑓
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𝑘0

𝜑𝑙2
,   𝛿 =

𝑙

𝑥
(1 − 𝛼𝑡)1 2⁄ ,      

𝑃𝑟 =
𝜈𝑓

𝛼𝑓
,   𝐸𝑐 =

𝛼2𝑥2

4𝑐𝑓(𝑇𝐻 − 𝑇∞)(1 − 𝛼𝑡)2
,   𝑅𝑑 =

4𝜎∗𝑇∞
3

𝑘𝑓𝑘1
∗ ,   𝛾 =

2𝑄0

𝛼(𝜌𝑐)𝑓
,  

𝑁𝑏 =
𝜏𝐷𝐵(𝐶𝐻 − 𝐶∞)

𝜈𝑓
,   𝑁𝑡 =

𝜏𝐷𝑇(𝑇𝐻 − 𝑇∞)

𝜈𝑓𝑇∞
,   𝐿𝑒 =

𝜈𝑓

𝐷𝐵
,   𝑅 =

𝑎𝑘2𝑙2

𝜈𝑓
. 

 
The physical quantities of interest which govern the flow such as local skin friction coefficient 𝐶𝑓𝑥, 
local Nusselt number 𝑁𝑢𝑥  and local Sherwood number 𝑆ℎ𝑥 are defined by Naduvinamani and Shanka 
[25] as follows 
 

𝐶𝑓𝑥 =
𝜏𝑤

𝜌𝑓𝑣𝑤
2

,   𝑁𝑢𝑥 =
𝑙𝑞𝑤

𝛼𝑓(𝑇𝐻 − 𝑇∞)
,   𝑆ℎ𝑥 =

𝑙𝑞𝑠

𝐷𝐵(𝐶𝐻 − 𝐶∞)
, 

 
where 𝜏𝑤, 𝑞𝑤 and 𝑞𝑠 are the wall skin friction, wall heat flux and wall mass flux, respectively, and are 
given by  
 

𝜏𝑤 = 𝜇𝐵 (1 +
1

𝛽
) [

𝜕𝑢

𝜕𝑦
]

𝑦=ℎ(𝑡)

,   𝑞𝑤 = − ((𝛼𝑓 +
16𝜎∗𝑇∞

3

3(𝜌𝑐)𝑓𝑘1
∗)

𝜕𝑇

𝜕𝑦
)

𝑦=ℎ(𝑡)

,   𝑞𝑠 = −𝐷𝐵 (
𝜕𝐶

𝜕𝑦
)

𝑦=ℎ(𝑡)

.   

 
The non-dimensional forms of the skin friction coefficient, Nusselt number and Sherwood number in 
terms of similarity variable are  
 
𝑙2

𝑥2
(1 − 𝛼𝑡)𝑅𝑒𝑥𝐶𝑓𝑥 = (1 +

1

𝛽
) 𝑓′′(1), 

 

√(1 − 𝛼𝑡)𝑁𝑢𝑥 = − (1 +
4

3
𝑅𝑑) 𝜃′(1), 

 

√(1 − 𝛼𝑡)𝑆ℎ𝑥 = −𝜙′(1), 
 

where 𝑅𝑒𝑥 =
𝑥𝑣𝑤

𝜈𝑓
 is the local Reynolds number based on the squeezing velocity 𝑣𝑤. 
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3. Results and Discussion 
 

The nonlinear ordinary differential Eq. (11) to Eq. (13) subject to boundary conditions Eq. (14) and 
Eq. (15) are solved numerically via Keller-box method. An algorithm is developed in MATLAB software 
in order to generate numerical and graphical solutions. Moreover, it is necessary to choose suitable 
guess for the step size ∆𝜂 and boundary layer thickness 𝜂∞. In the present study, ∆𝜂 = 0.01 and 
𝜂∞ = 1 are considered. The convergence criteria mainly refer to the relative difference between 
current and previous iterative values of velocity, temperature and concentration. The iteration 
process is terminated when all the values in 𝜂 direction satisfy the convergence criteria 10−5 [25].  

In order to examine the physical behavior of velocity, temperature and concentration profiles, 
numerical computations are carried out for various values of squeeze number 𝑆, Casson fluid 
parameter 𝛽, Hartmann number 𝐻𝑎, radiation parameter 𝑅𝑑, heat generation or absorption 
parameter 𝛾, Brownian motion parameter 𝑁𝑏, thermophoresis parameter 𝑁𝑡 and chemical reaction 
parameter 𝑅. The present algorithm developed in MATLAB software are validated by comparing the 
numerical results with previous published works as limiting cases and presented in Table 1. 

Table 1 displays the comparison of skin friction coefficient, Nusselt and Sherwood numbers for 
different values of 𝑆 with the results of Mustafa et al., [24] and Naduvinamani and Shanka [25]. The 
results showed an excellent agreement. 

 
Table 1 
Comparison of −𝑓′′(1), −𝜃′(1) and −𝜙′(1) for different values of 𝑆 when 𝛽 → ∞, 𝐷𝑎 → ∞ and 𝐻𝑎 =
𝑅𝑑 = 𝛾 = 𝑁𝑏 = 𝑁𝑡 =  0 
𝑆 Mustafa et al., [24] Naduvinamani and Shanka [25] Present results 

−𝑓′′(1) −𝜃′(1) −𝜙′(1) −𝑓′′(1) −𝜃′(1) −𝜙′(1) −𝑓′′(1) −𝜃′(1) −𝜙′(1) 

-1.0 2.170090 3.319899 0.804558 2.170091 3.319899 0.804559 2.170255 3.319904 0.804558 
-0.5 2.614038 3.129491 0.781402 2.617404 3.129491 0.781402 2.617512 3.129556 0.781404 
0.01 3.007134 3.047092 0.761225 3.007134 3.047092 0.761225 3.007208 3.047166 0.761229 
0.5 3.336449 3.026324 0.744224 3.336449 3.026324 0.744224 3.336504 3.026389 0.744229 
2.0 4.167389 3.118551 0.701813 4.167389 3.118551 0.701813 4.167412 3.118564 0.701819 

 
Figure 2 to 5 are plotted to analyse the dimensionless velocity, temperature and nanoparticles 

concentration profiles for effect of 𝑆. It is noteworthy here that 𝑆 > 0 represents the plates move 
away from each other and 𝑆 < 0 corresponds to the plates move towards each other. Figure 2 reveals 
that the component of normal velocity declines for increasing values of 𝑆 > 0 and the velocity 
increases for 𝑆 < 0 case. The increment in fluid velocity is due to the reason that the fluid pass 
through the channel at a faster rate when the plates move closer. Meanwhile, the velocity slow down 
as the fluid encounters more resistance when flowing in a wide channel (the plates move apart). The 
variation of 𝑆 on axial velocity is displayed in Figure 3. It is found that fluid velocity reduces in the 
region 0 ≤ 𝜂 < 0.45 and it increases in the region 0.45 < 𝜂 ≤ 1 for 𝑆 > 0. Also, the velocity rises in 
the region 0 ≤ 𝜂 < 0.45 and it decreases in the region 0.45 < 𝜂 ≤ 1 for 𝑆 < 0. The cross-behavior 
of fluid flow is noticed on the centre of the channel. There is no significant effect of squeeze number 
on the velocity field at the critical point 𝜂𝑐 = 0.45.  
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Fig. 2. Effect of 𝑆 on radial velocity 

 

 
Fig. 3. Effect of 𝑆 on axial velocity 

 
The influence of 𝑆 on temperature profile for both 𝑆 > 0 and 𝑆 < 0 cases is plotted in Figure 4. 

The fluid temperature drops for 𝑆 > 0 and rises for 𝑆 < 0. The speed of fluid flow declines when the 
plates moves further, which cause the kinetic energy of fluid particles become weaker and 
consequently decreasing the temperature. It is stated that the kinetic energy is directly proportional 
to the temperature. Figure 5 depicts that increasing values of positive 𝑆 enhance the nanoparticles 
concentration and it reduces for decreasing values of negative 𝑆. The squeeze number did not affect 
the concentration near the upper plate 𝜂 = 1. 
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Fig. 4. Effect of 𝑆 on temperature 

 

 
Fig. 5. Effect of 𝑆 on nanoparticles concentration 

 
The effect of 𝛽 on the velocity, temperature and nanoparticles concentration profiles is presented 

in Figure 6 to Figure 9. It is noticed from Figure 6 that the normal velocity decelerates with increase 
in 𝛽. The reason behind this behavior is that higher values of 𝛽 increase the viscosity of fluid, which 
offers more resistance to the fluid flow inside the channel. Figure 7 demonstrates that the axial 
velocity reduces in the region 𝜂 < 0.5 and it rises in the remaining region 𝜂 > 0.5 for increasing 
values of 𝛽. There is cross-behavior of fluid flow occurs at the centre region of the channel. The 
variation of temperature profile for different values of 𝛽 is illustrated in Figure 8. It is observed that 
fluid temperature drops when 𝛽 increases. This phenomenon indicates that increasing 𝛽 cause 
enhancement in the modulus of elasticity of fluid. The reduction in the temperature is caused by 
larger modulus of elasticity, which results in thermal boundary layer becoming thinner. Figure 9 
portrays that nanoparticles concentration is a decreasing function of 𝛽. 
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Fig. 6. Effect of 𝛽 on radial velocity 

 

 
Fig. 7. Effect of 𝛽 on axial velocity 

 

 
Fig. 8. Effect of 𝛽 on temperature 
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Fig. 9. Effect of 𝛽 on nanoparticles concentration 

 
Figure 10 to Figure 13 exhibit the influence of 𝐻𝑎 on the velocity, temperature and nanoparticles 

concentration profiles. Figure 10 shows that increasing values of 𝐻𝑎 reduce the normal velocity of 
fluid. A resistive-type force known as Lorentz force is generated due to an application of magnetic 
field in the electrically conducting fluid. This force presents resistance to the flow, which cause the 
fluid flow in the channel to slow down. It is clear from Figure 11 that the axial velocity declines in the 
region 𝜂 < 0.5 and rises in the other region 𝜂 > 0.5 when 𝐻𝑎 increases. The midpoint of the channel 
is the centre of cross flow behavior. The variation of temperature profile for various values of 𝐻𝑎 is 
portrayed in Figure 12. It is found that fluid temperature rises with increase in 𝐻𝑎. The presence of 
Joule and viscous dissipation in the energy equation also boosts the temperature. Figure 13 reveals 
that nanoparticles concentration decreases for increasing values of 𝐻𝑎.  

 

 
Fig. 10. Effect of 𝐻𝑎 on radial velocity 
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Fig. 11. Effect of 𝐻𝑎 on axial velocity 

 

 
Fig. 12. Effect of 𝐻𝑎 on temperature 

 

 
Fig. 13. Effect of 𝐻𝑎 on nanoparticles concentration 
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The effect of 𝑅𝑑 on temperature profile is depicted in Figure 14. It is noticed that the temperature 
of fluid drops as 𝑅𝑑 increases. Figure 15 describes the influence of 𝛾 on temperature profile. It is 
noteworthy here that 𝛾 > 0 and 𝛾 < 0 represent heat generation and heat absorption case. It is 
observed that the temperature increases when 𝛾 > 0 and decreases when 𝛾 < 0. The existence of 
heat source enhances the thermal energy of fluid and consequently raises the fluid temperature. The 
impact of 𝑁𝑏 on temperature profile is shown in Figure 16. It is noticed that the temperature is an 
increasing function of 𝑁𝑏. It is due to the fact that Brownian motion of nanoparticles that occurs in 
nanofluid systems promotes the thermal conductivity of fluid. Therefore, increasing 𝑁𝑏 elevates the 
heat transfer properties of nanofluid which results in enhancing fluid temperature. Figure 17 portrays 
the effect of 𝑁𝑡 on temperature profile. It is found that the temperature rises slightly with increase 
in 𝑁𝑡. The reason is higher values of 𝑁𝑡 indicates larger temperature gradient between fluid flow and 
hot plates. The presence of temperature difference induces the thermophoretic force on 
nanoparticles. The force boosts the disperse of nanoparticles from the hot plates to the fluid inside 
the channel which cause temperature increases in the flow region.  

 

 
Fig. 14. Effect of 𝑅𝑑 on temperature 

 

 
Fig. 15. Effect of 𝛾 on temperature 
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Fig. 16. Effect of 𝑁𝑏 on temperature 

 

 
Fig. 17. Effect of 𝑁𝑡 on temperature 

 
The influence of 𝑁𝑏 on concentration profile is exhibited in Figure 18. Clearly, nanoparticles 

concentration rises when values of 𝑁𝑏 increases. It is important to note that the increment of random 
motion raise the kinetic energy of nanoparticles. The effective movement of nanoparticles from the 
plates to the moving fluid lead to enhancement in nanoparticles concentration. Figure 19 displays 
the impact of 𝑁𝑡 on concentration profile. The larger values of 𝑁𝑡 reduce the nanoparticles 
concentration. The thermophoretic force imposed on nanoparticles elevates the mass transfer from 
the moving fluid to the plates which results in decreasing nanoparticles concentration. The effect of 
𝑅 on concentration profile is demonstrated in Figure 20. It is observed that nanoparticles 
concentration declines in the case of destructive chemical reaction (𝑅 > 0) and increases in the case 
of constructive chemical reaction (𝑅 < 0). It is true with the fact that the mass transfer rate rises 
when 𝑅 > 0, which cause reduction in nanoparticles concentration [24].  
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Fig. 18. Effect of 𝑁𝑏 on nanoparticles concentration 

 

 
Fig. 19. Effect of 𝑁𝑡 on nanoparticles concentration 

 

 
Fig. 20. Effect of 𝑅 on nanoparticles concentration 
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4. Conclusions 
 

The heat and mass transfer characteristics of unsteady MHD flow of Casson nanofluid squeezing 
between two parallel plates saturated in a porous medium under the influence of chemical reaction, 
thermal radiation and heat generation or absorption was investigated numerically. The effects of 
viscous and Joule dissipation were also considered. The flow is induced by the motion of the upper 
plate towards or away from lower plate with an external velocity. The transformed governing 
equations are solved through Keller box method. The numerical solutions for skin friction coefficient, 
Nusselt and Sherwood numbers are validated with the previous works and excellent agreement is 
observed from both results. The effects of physical parameters, namely, squeeze number 𝑆, Casson 
fluid parameter 𝛽, Hartmann number 𝐻𝑎, radiation parameter 𝑅𝑑, heat generation/absorption 
parameter 𝛾, Brownian motion parameter 𝑁𝑏, thermophoresis parameter 𝑁𝑡 and chemical reaction 
parameter 𝑅 on fluid velocity, temperature and concentration are analysed graphically. The main 
findings of this study can be summarized as follows 

i. The fluid velocity decelerates when the plates move apart (𝑆 > 0) and it accelerates when 
the plates move closer (𝑆 < 0). 

ii. The fluid velocity and nanoparticles concentration decrease with increase in 𝐻𝑎. 
iii. The fluid temperature drops for increasing values of 𝑅𝑑. 
iv. The fluid temperature enhances in the case of heat generation (𝛾 > 0) and it reduces in the 

case of heat absorption (𝛾 < 0). 
v. The increment of 𝑁𝑏 boosts the fluid temperature and nanoparticles concentration. 

vi. The fluid temperature rises and nanoparticles concentration decreases when 𝑁𝑡 increases. 
vii. The nanoparticles concentration declines for destructive chemical reaction (𝑅 > 0) and it 

enhances for constructive chemical reaction (𝑅 < 0).  
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