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Abstract This study aims at designing, developing and
evaluating the effectiveness of a learning strategy known as
linear algebra peer tutoring strategy (LAPTS) in a
polytechnic classroom setting in order to develop students
mathematical thinking processes (MTPs) based on
Mason’s approach. Preliminary investigations were
conducted on the conventional teaching and learning in
order to identify students’ problems in linear algebra (LA)
and its outcomes were then analyze to fit the theoretical
framework as well as meet the need for the design. LAPTS
was designed using ADDIE (analysis, design, development,
implementation, evaluation) model employing both
quantitative and qualitative methods. During the formative
evaluation, a pilot study was conducted to verify and
validate the LAPTS through experts’ content validity and
interviews. Seventy-three students (36 students for
experimental group and 37 students for control group)
voluntarily participated in the study to ascertain the
effectiveness of the LAPTS based on their MTPs. The
findings show a significant difference between the mean
scores of both experimental and control groups on posttest
at 0=0.05 (p=0.000) level of significant. In addition, the
analysis of the students’ MTPs showed a significant
difference with respect to specializing, generalizing and
conjecturing with a non-significant difference in
convincing. Results from the study showed development of
MTPs and learning among the students. The findings in
this research indicated that, LAPTS has the potential to
develop students’ MTPs with respect to Mason’s approach
and learning in LA.

Keywords Mathematical Thinking Process, Linear
Algebra, Peer Tutoring Strategy, ADDIE Model, Experts’
Evaluation

1. Introduction

The challenges of teaching in the 21* century are to

create opportunities to students and developed their own
thinking skills in order to learn more concepts in many
educational fields as well as make them think
independently in order to make use of their learned
experiences. Students nowadays are challenged to think
critically on their own, use available resources at their
disposal so as to understand more ideas and develop skills
in many academic areas. Helping students to learn how to
think mathematically has been regarded as an important
educational goal, as it is used to describe thought that is
purposeful, reasoned, and goal directed [1]. He emphasized
that a greater role in the mathematical thinking skills of
students is mostly played by teachers because the ability of
students to think mathematically can be directly affected by
the teachers’ approaches to teaching and learning. This
means that applying students centered learning approaches
will definitely make the teaching to be effective through
developing and enhancing students’ performance in the
classroom.

Mathematical thinking is a dynamic process that allow
students to make their thoughts more in-depth through
handling and expanding their understanding [2].
Mathematical thinking is viewed by many researchers as a
process of extending the complexities of students’ ideas
which combines several mental activities of “exemplifying,
specializing, completing, deleting, correcting, comparing,
sorting, organizing, changing, varying, reversing, altering,
generalizing, conjecturing, explaining, justifying, verifying,
convincing, and refuting”. Ref [3] posited that different
viewpoints showed that mathematical thinking is among
the main goal of mathematics education, which plays a
significant role in the teaching and learning of mathematics
so as to tackle the problems of students. However,
mathematical thinking is described by [4] as the ability to
apply problem solving strategies, metacognitive processes,
beliefs and effects, and practices which does not merely
involve the mathematics content knowledge alone.

Linear algebra is among the branches of mathematics
which forms the foundation of modern algebra. It plays an
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important historical role in the development of many
mathematical structures such as rings and vector spaces.
Linear algebra is among the unavoidable advanced
mathematics courses that many students encounter at
higher institution levels; therefore,  promoting
mathematical thinking in it could be among the most
important thing in supporting and improving students
learning. A study conducted by [5, 6] showed that
mathematical thinking is among the core of the major
theories of linear algebra as it carries the main burden in all
of the scientific and technological reasoning. So in terms of
teaching and learning of mathematical thinking, education
design now demands teaching strategies that emphasize the
participation of students in their learning, focusing on
knowledge construction [7-9]. Therefore, to develop
students’ mathematical thinking skills in linear algebra, the
teaching and learning should be encourage with a
constructive way of finding solution to problems rather
than over dependence on the usual traditional approach
which sometimes lead to learning through memorization
without understanding. Hence, for students to be able to
develop their mathematical thinking skills, they need to
establish, justify and broaden their views, ideas and beliefs
in order to be active participants instead of being passive
knowledge consumers, which makes them accountable for
their own thought and learning.

In a linear algebra classroom, peer tutoring strategy can
be seen as a situation where students teach their fellow
students linear algebra concepts with the help of a teacher
who act as a facilitator. Peer tutoring can as well help
students in developing their mathematical thinking in
linear algebra classroom as it served as an instructional
strategy whereby small learning groups are assigned to
work together on a common algebraic activity that allows
them to act as tutors and tutors [10-12]. Consequently,
students’ mathematical thinking in linear algebra can also
be improved if teachers assume the role of facilitators
where-by-the students are trained to be responsible of their
own understanding of each of the concept learned which
makes the activity to be learner-centred, democratic and
interactive. Effective mathematical thinking can be
developed through collaborative work among pairs and
groups if there exist a shift in sharing of ideas most
especially when it comes to problems that involves abstract
thinking [13, 14]. Additionally the study conducted by [15]
identified some terminologies to be used in developing
students’ thinking skills in an algebraic classroom and any
other classroom which include: posing questions,
experimenting with ideas, taking risks, playing around and
working collaboratively. Ref [16] suggested that
well-adjusted mathematical programs such as conceptual
learning, skills development and maintenance, as well as
learning to confront problems should be conducted so that
students can enhance their mathematical thinking skills. He
further stresses that mathematical thinking can be develop
most effectively by students through applying the learned
concepts and skills in more passionate and practical ways.
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The rationale behind selecting peer tutoring as an
instructional strategy in this study is that different research
works have reported that peer tutoring in college
mathematics have great impact on the development of
intellectual and moral values of students. Accordingly, the
language used among peers often helps them to cooperate
and work as a team in such a way that all members can;
freely express their ideas, master different concepts, be
responsible, and be resourceful as well.

2. Statement of the Problem

According to [17], mathematical thinking has been
adopted in Nigerian institutions as one of the nation’s
educational goal to make students creative but has not been
fully incorporated and also recorded low achievement in
the school curriculum implementation. The students’
ability to think mathematically and use it in solving linear
algebra problems is among the ultimate goal of teaching
mathematics at higher institution level, so that students can
perform mathematical work on their own and also
understand the mathematics they have studied is relevant to
real-world situations. Knowing how students learn
increases the option of teaching strategies that are best
suited to improving the mathematical thinking skills of
students [18, 19]. The challenge in teaching is to procedure
experiences that will engage students and promote their
mathematical thinking skills in order to enable them to
explain, analyze, communicate and apply certain
experiences that are necessary to make sense of what was
learn from the instructor.

3. Objectives of the Study

The following objectives were identified in this study:

1. To determine the experts’ evaluation about the
linear algebra peer tutoring strategy (LAPTS) and
its activities.

ii. To test the effectiveness of LAPTS learning
strategy on students’ mathematical thinking
processes.

4. Theoretical Framework

The theoretical framework for this study incorporated
the Vygotsky’s scaffolding technique and Mason’s
mathematical thinking approach in an attempt to develop
polytechnic students’ mathematical thinking in linear
algebra. This framework will provide a lens in viewing
how peer scaffolding technique will lead to the
development and improvement of students’ mathematical
thinking understanding in linear algebra as shown in Figure
1:
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Figure 1. The Proposed Theoretical Framework

Vygotsky believed that socio-cultural factors were essential to cognitive development; seeing all learning as social in
origin and that social interactions potentially lead to mental functions development [25]. Vygotsky’s ZPD can give a
theoretical model for understanding how students developed as mathematical thinkers and can as well give teachers ways
to think about facilitating student development through modeling what they want the students to do so that student will
clearly understand and perform better in the given tasks [26, 27]. For any teacher to be able to guide his/her instruction in
Vygotsky’s theory, [28] pointed out that the teacher should be interested in the scaffolding of the students; more
knowledgeable peer provides assistance to others in order to make them complete a given task. Vygotsky also believed
that peer collaboration encourages learners to assist one another and discussed their ideas and opinions freely which is
considered as a powerful tool for developing a more reflective learning and at the same time enhances students learning.
Thus, a research conducted by [29-31] suggested that Vygotsky’s ZPD theory can improve students’ thinking ability and
also makes learning more meaningful, easier, manageable, effective and efficient.

5. Design and Development of the Linear Algebra Peer Tutoring Strategy
(LAPTYS)

The learner’s requirement is one of the priority element in the design and development of an effective classroom
instruction [32]. Development of classroom instruction involves a systematic process by which lesson materials are
designed, developed, and implemented [33]; as well as provide a set of guidelines or strategies (which are based on
learning theories and practices) that are created to describe how the classroom instruction process might be carried out in
different settings [34, 35]. The model used in the development of the classroom learning instruction (LAPTS) in this study
is ADDIE model. ADDIE model was first developed in 1975 by Florida State University in collaboration with the
Department of Defense for military purposes as an instructional design [30]. The ADDIE model organizes Gagne’s nine
instructional steps into five high-level phases (Analysis, Design, Development, Implementation, Evaluation) to direct
instructional designers as they approach classroom instruction practice [36, 37]. The ADDIE model has a sequence of five
phases which are to be followed in logical order so that the output of each phase provides the input for the next phase [38].
According to [39], each phase of the process is informed by rapid prototyping where feedback from students, instructors,
and other targeted users informs the next phase. Figure 2 below shows the five phases of ADDIE model which was used in
developing the classroom instruction of this study.

Formative Evaluation

k.

Implementation | Summative Evaluation

Figure 2. ADDIE Model
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The ADDIE model fits the needs of the researchers as it explicitly breaks down the process of designing and developing
of the learning strategy into five different stages (Analysis, Design, Development, Implementation, and Evaluation) as
well as makes emphases on continuous evaluation (formative) throughout the first four phases, i.e. from analysis to
implementation. The formative evaluation results of each process will direct the instructional designer back to any earlier
stage, whereas the end result of one stage will become the starting point for the next stage. Similarly, after the final version
of instruction is implemented, the researchers can review and amend the linear algebra peer tutoring strategy (summative
evaluation) until it reaches the predetermined objectives. This means that reviews and evaluations often occur after each
step in such a way that the researchers were able to catch up some certain errors or explain misunderstanding before
moving on to the next step in the process. The components of any classroom instruction via ADDIE model include needs
assessment, identifying of learning objective in order to meet the learners’ needs, designing and selecting appropriate
instructional strategy, development and implementation of the instructional design, as well as evaluating the instruction
and learners’ outcomes. Figure 3 illustrated the general flowchart of the design and development of the linear algebra peer
tutoring strategy (LAPTS):

(o)
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!
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Figure 3. General Flowchart of the Linear Algebra Peer Tutoring Strategy (LAPTS)
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5.1. Analysis Phase

The organizational plan of this model in this research
start out in the analysis stage, as it is the most important
part and the foundation for all other phases in ADDIE
model. The researchers examined the need to incorporate
peer tutoring strategy in a linear algebra classroom to
develop polytechnic students’ mathematical thinking
processes. Based on the activities performed in the
preliminary study, it is evident that there is the need for a
learning strategy that will allow students to work
collaboratively in order to improve their mathematical
thinking processes as the conventional learning was

identify to have some challenges in achieving this objective.

This becomes the basis for the justification of the design
and development of the LAPTS. With the confirmation of
this need, the researchers then reflected on whether there
proposed learning strategy would fit this need. This
reflection led to the inputs for the next phase (i.e. design
phase).

5.2. Design Phase

The second phase of the ADDIE model is the design
phase which involved the use of the analysis phase results
to formulate a strategy for the development of the
instruction. In order to be successful in this phase, the
researchers decided on the materials, lessons and topics to
be covered, the various objectives to be accomplished
when the program is in place, as well as how to achieve
these objectives. This means that the learning objectives
and the objectives of the instructional design has to be
stated in writing statements so as to describe what students
will do as a result of the instruction. A system plan was
designed by the researchers in order to meet the learners’
requirements through the determination of the topics to be
covered and the time that will be spent on each, creating
lesson plan, identify learning activities and exercises, as
well as identify assessment instruments and media. The
researchers designed the LAPTS based on the
predetermined learning outcome from the problem
identification and needs analysis in order to align it with
the learning outcome that will enhance learners’
mathematical thinking processes in a collaborative activity.
The outputs of this phase leads to the inputs for the next
phase (i.e. development phase).

5.3. Development Phase

After the researchers reflected on their design features
discussed in phase two of ADDIE model, they were ready
to put it into action which become the third stage in the
process (it heavily depends on the previous phases i.e.
analysis and design). The researchers use a systematic
design procedures in designing and developing of the
classroom instruction which makes it more effective,
efficient, appealing, significant and less rigorous [34, 35].

Systematic approach encourages the setting of the design
objectives, provide ways in which those objective are to be
achieve, as well as focus on improving the efficiency and
effectiveness of the learning instructions in different
settings [40]. The purpose of developing the LAPTS
instruction is to help the instructors (tutors) in ensuring that
they are teaching the appropriate material in an optimal
manner [41]. During this phase, the researchers gathered all
the information as well as the materials needed and
developed the lessons into one guide. This guide was
prepared as a draft material and activities; tried out with the
target audience members; revise, refine and reproduce.

5.4. Implementation Phase

This is the fourth phase of the ADDIE model and it
involves presenting the content to the students in a
meaningful way, as well as facilitation of their learning
through students’ engagement in the learning process. All
the preparation done in the previous stages are integrated in
this phase to ensure the accomplishment of the research
objectives. In order to carry out this phase successfully, the
following three steps were considered: training the
instructors, preparing the students, and making the learning
environment conducive. The LAPTS covered the
polytechnic ND 1II linear algebra content in which the
samples selected for the study were subjected to peer
tutoring model design by [21-23]. This model was design
to help student develop their cognitive skills through pause,
prompt and praise. The model encourage peers to apply
four steps while trying to solve mathematics problems
which include: watch, ask, show and praise. The first step
requires the tutor monitoring the tutee solving the given
task while the second step is asking the tutee questions in
order to assist him in overcoming his mistake in case the
tutee encounter difficulty. If the tutee cannot proceed alone,
then the third step is taking by showing him the next step to
solve the given task or a similar example and then the tutor
should encourage the tutee to independently complete a
similar task. The final step is to give praise for completing
the task.

Before the administration of the LAPTS instructions, the
researchers and research assistant scheduled a time slots for
the intervention sessions so that the sessions will not
interfere with the students’ normal classes during the
semester. The researchers and the research assistant meet
the students face-to-face at first and introduce the LAPTS
as well as conducted the introductory part of the learning
strategy. Mathematical thinking test 1 (pretest) was
administered to the students a week later, and the scores of
the pretest served as the bases for pairing the students in a
group of 5-6 members [42-45] with the hope that they will
help each other and function as tutors and tutees under the
supervision of the research assistant so as to accomplish the
given task. Topics on linear algebra were distributed
randomly to every member of each group in order to make
them practice and be ready to function as tutors and tutees.
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This is to ensure that they familiarized themselves with the
LAPTS quickly, as they apply it throughout the
intervention period. The research assistant demonstrated
how the students will use the LAPTS while the students
explore it and ask questions concerning its content and the
conduct of the exercise. The activities in the LAPTS were
designed for groups, and it was aligned with collaborative
knowledge sharing. The first session was aimed at
introducing and explaining the previously acquired
knowledge of matrices and determinants to the students.
However, during the group activities, students are expected
to interact with one another and work closely for idea and
knowledge sharing in order to accomplish the assign task.

During the intervention, the LAPTS contain the learning
module that was presented to the students inform of
instructor’s lesson plan. The research assistant introduce
each and every session by highlighting the purpose of the
session and the scope of the lesson; the students were then
ask to follow the instructor’s lesson plan to perform the
activities. The intervention was done under natural settings
whereby the research assistant make no effort to control the
activities of the students as things naturally occurred [46,
47]. The research assistant further maintain the
sustainability of the LAPTS by monitoring the students’
activities throughout the sessions.

5.5. Evaluation Phase

Evaluation is the final phase of ADDIE model which
measures the effectiveness of the instruction. It gives the
researchers the opportunity to monitor how students’
understandings have progressed through administration of
test or performance activities [48-51]. At this point, the
researchers are expected to observe students’ knowledge,
skills, application of concepts, and a change in thinking.
The evaluation phase in this research is aimed at studying
and reviewing the effectiveness of a LAPTS that will
develop students’ mathematical thinking processes. This
process is vital in such a way that it ensures whether or not
the instructional material meets the designed learning
outcomes of the students. According to [52], evaluation is
expected to take place throughout the entire learning
experience which must include formative and summative

3597

assessment strategies. The researchers uses both types of
evaluations in designing and developing the LAPTS. The
formative evaluation was applied throughout the whole
process to examine the functionality of the LAPTS and
feedbacks were amended during the developmental phase.
While the summative evaluation was carried out after the
final version of the instruction was implemented in order to
assess the overall effectiveness of the LAPTS which tell
the researchers whether or not the LAPTS successfully
developed students’ mathematical thinking in linear
algebra.

6. Methodology

The present research employed both quantitative and
qualitative data to elucidate the experts’ evaluation of the
LAPTS instruction prior to the final implementation of the
strategy in the classroom. Quantitative data were obtained
to verify the effectiveness of the learning strategy by giving
students of both experimental and control groups the same
post-test. However, it can be said that the best way to
evaluate the content validity is the content review of an
expert [53]. Experts’ content evaluation was conducted
after the design and development of the LAPTS. The
experts are lecturers who have years of experience in
teaching linear algebra as well as application of peer
tutoring strategy. It is believed that the sufficient number of
reviewer for content validity is from 5-10 persons [54-56].

7. Results

7.1. Quantitative Analysis from the Students’ Post-Test
Scores

The quantitative scores obtained were analyzed
statistically at a=0.05 level of significance using mean, S.D.
and independent sample t-test to study the differences of
each mathematical thinking processes between the
experimental and control groups’ prost-test scores as
shown in Table 1.

Table 1. T-Test of the Posttest Scores for Each Mathematical Thinking Process (MTPs) of Both Groups

Mathematical Thinking
Processes (MTPs) Group N Mean S.D. df t-value P Remark
Experimental 36 13.90 1.87
Specializing 71 7.162 0.000 Sig.
Control 37 10.95 1.65
Experimental 36 12.13 1.16
Generalizing 71 10.887 0.000 Sig.
Control 37 8.74 1.48
Experimental 36 16.31 1.22
Conjecturing 71 14.610 0.000 Sig.
Control 37 11.38 1.63
Experimental 36 10.90 1.20
Convincing 71 2.497 0.015 Not Sig.
Control 37 10.07 1.62
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Table 1 used independent-sample t-test statistic to
analyze the posttest scores of both experimental and
control groups with regards to each mathematical thinking
processes. It is clear that the students demonstrated some
elements of mathematical thinking processes after the
posttest as the outcome of the analysis was significant in
three out of the four mathematical thinking process. For
specializing, Table 1 indicates that the posttest mean scores
of experimental and control groups are (M=13.90,
S.D.=1.87) and (M=10.95, S.D.=1.65) respectively with a
difference in mean of 2.95. This difference at t(71)=7.162,
and p<0.001 was found to be statistically significant. The
Cohen’s d for this test was 0.95, which in mean difference
can be described as a large effect size [57, 58].

Furthermore, generalizing in Table 1 shows the posttest
mean scores of experimental and control groups are
(M=12.13, S.D=1.16) and (M=8.74, S.D.=1.48)
respectively with a difference in mean of 3.39. This
difference at t(71)=10.887, and p<0.001 was found to be
statistically significant. The Cohen’s d for this test was
1.92, which in mean difference can be described as a large
effect size [57, 58]. However, the outcome of conjecturing,
Table 1 shows the posttest mean scores of experimental
and control groups as (M=16.31, S.D.=1.22) and (M=11.38,
S.D.=1.63) respectively, with a mean significant difference
of 4.93. This difference at t(71)=14.610, and p<0.001 was
found to be statistically significant. The Cohen’s d for this
test was 2.38, which in mean difference can be described as
a large effect size [57, 58]. But surprisingly, convincing
shows a totally different result in Table 1 as there is no

significant differences (sig. value = 0.015) between the
posttest mean scores of experimental and control groups
(M=10.90, S.D.=1.20) and (M=10.07, S.D.=1.62)
respectively, with a difference in mean of 0.83. This
difference at t(71)=2.497, and p>0.001 was found to be
statistically not-significant. The Cohen’s d for this test was
0.41, which in mean difference can be described as a
medium effect size [57, 58].

7.2. Quantitative Analysis from the Experts Content
Evaluation

The LAPTS was given to eight experts in order to
provide their comments and suggestions based on the
content and activities that will be perform by tutors and
tutees. Columns were provided for experts’ comments and
observations; whereas modification were made based on
their comments and observation. Furthermore, evaluation
form with three likert scale rating of “Yes, Need
modification, and No” was provided during formative
evaluation with weighting ranging from 3 to 1 respectively.
The highest possible mean score is 3.00, the lowest mean
score is 1.00 and the scores range is 2.00. When a mean
score of an item is > 2 it is considered positively cued
item and vice versa for negatively cued item with mean
score < 2. Scores obtained from each item were analyze
using descriptive statistic of mean and standard deviation
as shown in Table 2.

Table 2. Summary of the Content Evaluation Based on the Experts Rating

Item Content evaluation Mean S.D.
1 The objectives of the learning strategy (LAPTS) and the instruments is understood. 3.00 0.000
2 The content of the LAPTS is relevant to the concept asked. 3.00 0.000
The learning activities in the LAPTS encourage students to use their mathematical
3 . 3.00 0.000
thinking processes.
4 Students can understand the steps in the LAPTS easily because it is direct and clear. 2.87 0.354
5 The content of the LAPTS has been designed and developed thoroughly. 2.87 0.354
6 The activity in the LAPTS can encourage collaboration and independent learning. 2.87 0.354
The content in LAPTS provides and give students the opportunity to solve problems
7 . . . 2.87 0.354
with their own ideas.
3 The 1‘nstruments format is appropriate and are within the scope of the research )87 0354
questions.
The research instruments fits with the variables under investigation, thus measuring
9 . 2.87 0.354
what it tends to measure.
10 The instruments have the capability to measure items of variable within a given time 3.00 0.000
frame.
11 The instruments have the ability to gather factual data eliminating bias and subjectivity. 3.00 0.000
The instruments have the capability of generating data that will be of value and
12 . . . 3.00 0.000
practical use in education.
Average 2.94 0.177
Number of experts (N) =8
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The results obtained in Table 2 shows a highly positive
and encouraging results due to the high mean ratings. The
highest mean scores obtained is 3.00, while the lowest is
2.87, which means that all the responses were highly
positive for each item validity. This is evidenced by the
average means and standard deviation which happens to be
2.94 and 0.177 respectively. Most of the expert agreed that
the content and lesson organization of the LAPTS is found
to be compatible with the objectives and appear to develop
mathematical thinking among polytechnic students.

To ensure the LAPTS and the research instruments have
a good content validity, the study further used Fleiss’ kappa
coefficient. Fleiss’ kappa coefficient works are based on
three or more inter-rater agreement for each item [59]. The
possible values for kappa (k) statistic ranges from -1 to 1
with -1, 0, 1 indicating perfect disagreement, completely
random agreement and perfect agreement respectively. Ref
[56], [60, 61] provide the following rules for interpreting
kappa values: <0.00 is poor agreement, 0.00-0.20 is slight
agreement, 0.21-0.40 is fair agreement, 0.41-0.60 is
moderate agreement, 0.61-0.80 is substantial agreement,
0.81-1.00 is almost perfect agreement. Moreover, [54-56]
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provide more conservative interpretation suggesting that
conclusions should be discounted for variables with values
less than 0.67, tentative conclusions should be made for
values between 0.67-0.80, whereas definite conclusions
should be made for values above 0.80. Table 3 below
shows the content validity for the Fleiss’ kappa coefficient.

Table 3. Kappa Statistics

Scale Items Kappa Decision
LAPTS & Research 12 0.76 Substantial
instruments Total 0.76 agreement

7.3. Qualitative Analysis from the Experts Content
Evaluation

Consequently, the qualitative data were obtained based
on interview with four experts so as to get detailed
feedback on the LAPTS contents. Analysis of the verbatim
quotes was carried out using inductive coding approach by
identifying themes as shown in Table 4.



3600

Design and Development of Linear Algebra Peer Tutoring Strategy to
Develop Students Mathematical Thinking Processes Based on Experts' Evaluation

Table 4. Experts’ Comments Regarding their Views about the LAPTS

Validator

Date Verbatim quotes Codes Sub-theme Theme
(1). “Well, going through the content, the construct design and even the | The content, the construct design It is satisfactory Satisfactory
number of questions that you restrict yourself to, adhered to our own way | adhered to our own way of
of comprehending things. I believe ...... the content validity is OK”. comprehending things. Is OK
(ii). “As long as you will adhere to what I have seen written in the lesson | If you adhere to the lesson plan a good | A good result can be obtained.
plan and what is brought in the instrument too, ... I believe a good result | result can be obtained.
can be obtained”.

1 (iii). “One of the thing that drew my attention is the convincing. Ermm ... | Convincing can be more obtained Convincing can be more
24/04/19 convincing can be more obtained between peers than some body in high | between peers while working obtained through peer
hierarchy but if peers are fused together, I believe they can be able to | collaboratively. collaboration
convince themselves”.
(iv). “The stages of the implementation design if adhered to, ...... therob | Sharing of ideas and peer It encourages peer
minds ammm fertilization of ideas can be realized”. collaboration can be obtained. collaboration
(v). “The quality of students’ oral explanation can be obtained if the tutors | It develops self-confidence among It promotes self-confidence Encourages peer collaboration
comprehend what is exactly planned in the lesson plan”. students.
(i). “I'm impressed with the learning strategy because students can | Students can understand the steps It is satisfactory
understand the steps involve in it easily which makes it clear and direct”. | involved in the learning strategy
(ii). “I personally believe that the content in the learning strategy is | easily. Specializing
relevant to the linear algebra topics and the learning strategy will be able | The learning strategy will be able to Generalizing
to develop students’ mathematical thinking processes, in a peer tutoring | develop  students’  mathematical Conjecturing
strategy classroom setting”. thinking processes. Convincing
(iii). “The level of students’ engagement in small groups will be | Students’ engagement in small groups It encourages peer
developed, because of the mutual interaction between tutor and tutees”. will be developed because of the collaboration
(iv). “Tutees will be able to feel free ....... will also be able to ask | mutual interaction. Freedom
2 questions with regards to their friends’, presentation and even in some | They can make jokes between one Freedom
29/04/19 instances be able to joke between one another, speak their various | another
languages”.
(v). “The tutor will as well benefit from this relationship in such a way | He will make sure he masters the part It promotes self-confidence
that he will make sure he masters the part given to him using the learning | given to him Specializing
strategy”. . Generalizing
(vi). “Using the learning strategy to evaluate their work will help them in | Mathematical thinking skills will be Conjecturing
improving their mathematical thinking skills”. improved Convincing
(vii). “The quality of the tutor’s oral explanation will be improved in such | He has mastered the topic area and It promotes self-confidence
a way that he will develop self confidence among his peers. This is | also familiarized himself with all the
because he has mastered the topic area and also familiarized himself with | terms and manipulations within the
all the terms and manipulations within the topical area”. topical area.
(i). “This linear algebra peer tutoring strategy is a very good innovation”. | Is a good innovation Is a good innovation Good innovation
(). “It will increase them in mastery of their assign task .... and also | Mastery of their assign task. It promotes self-confidence
increase their confidence among their peers”.
(iii). “I think the learning strategy is user-friendly”. Increase their confidence Freedom
(iv). “This linear algebra peer erm peer tutoring strategy seems to have a | Is user-friendly It encourages peer
3 good relationship between tutor and tutees .... through reciprocal mutual collaboration
30/04/19 interaction”.
(v). “I think, the use of ermm a structured and a step-by-step document | The LAPTS seems to have a good Specializing Specializin
like this will improve the students’ thinking skills as well as their | relationship between tutor and tutees. Generalizing ngeralizing
engagements in small group activities”. Peer collaboration and mathematical Conjecturing Coni Ing
. ~ . . . . . . . . I onjecturing
(iv). “Students oral explanation will also be improve when using the | thinking skills will be improved. Convincing Convincing

learning strategy”.

Developing self-confidence.

It promotes self-confidence
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4
03/05/19

(i). “The learning strategy is a good innovation”.

(ii). “It is far better if it is practicable to be use in smaller groups ..... asit
gives room for students participation”.

(iii). “Everybody who participate, one he is able to develop his talking
skills, he is able to develop his confidence and he is also able to
appreciate that he is part and parcel of the system”.

(iv). “Thinking ability is enhanced because now they see the learning of
algebra in a totally different perspective and then it removes that natural
fear that is attached to mathematics”.

(v). “Whoever is the leader naturally has an advantage because it is an
opportunity to sharpen his skills .... in terms of coherent understanding
and articulation of issues”.

Is a good innovation.

It is far better if it is practicable
through peer collaboration.

Everybody who participate will work
collaboratively among his peers and as
well develop self-confidence.
Mathematical thinking ability is
enhanced.

The tutor will make sure he master the
part given to him before teaching it to
his peers.

Is a good innovation
It encourages peer
collaboration
It promotes self-confidence

Specializing
Generalizing
Conjecturing
Convincing
He will make sure he masters
the part given to him.

Promotes self-confidence

3601



3602

Design and Development of Linear Algebra Peer Tutoring Strategy to

Develop Students Mathematical Thinking Processes Based on Experts' Evaluation

Table 4 shows the analysis of experts’ comments
regarding their views about LAPTS. Most of the comments
about LAPTS by the experts appeared to be positive such
as the learning strategy is “‘satisfactory, encourages
peer-collaboration, good innovation, freedom, develops
students’ mathematical thinking processes, promotes
self-confidence”. The experts agreed that the lesson
organization in the LAPTS can provide collaborative and
active learning that will improve students’ mathematical
thinking processes. Table 5 provides suggestions from the
experts on how to improve the linear algebra peer tutoring
strategies.

Table 5. Experts’ Suggestions on Improving the LAPTS and the
Research Instruments

Item Suggestions

There is the need to explain further the role of
tutors’ when it comes to application of the steps
of Medcalf model (watch, ask, show and praise)
with regards to solving questions provided in
each lesson.

The exercises provided in the learning strategy
should focus more on developing individuals’
mathematical thinking processes even though
the teaching approach is peer tutoring but the
students’ individual mathematical thinking
processes are to be evaluated.

The exercises should be in a way that one
question should be solve among group members
collectively, while the remaining two questions
should be solve individually in order to improve
their thinking processes.

There is the need to give more priority to vector
spaces and linear transformations as they are
widely applicable in many engineering fields.
Being you a Nigerian, I believe you can be able
to consider the prevailing conditions of learning
and adhered to, so that this strategy can work
effectively and efficiently.

Add 30minutes to the research instruments since
the students are to attempt all questions.

Linear algebra
peer tutoring
strategy
(LAPTS)

Research
instruments

8. Discussion

An investigation of the students’ understanding in linear
algebra was earlier conducted and it was found to be low
because of the continued poor performance in their
semester examinations which is attributed to method of
teaching which appeared to be mostly conventional
lecturing method [12], [62, 63]. This prior knowledge have
different effects on learning [64-67] in such a way that
misguided prior knowledge if not corrected can hinder
students from understanding the newly acquired concept
leading to mismatch between the new and old concept [68].
The developed learning instruction (LAPTS) detects prior
knowledge at early stages through the preliminary
investigations that was carried out (on the conventional
methods of teaching and learning) in order to identify
students’ prior knowledge in a polytechnic linear algebra
subject as well as justify the need for the design and

development.

To achieve the objectives of this study, a learning
strategy (LAPTS) was developed through a systematic
process [33], consisting of a set of guidelines that describe
the way the classroom instruction would be carried out in
different settings [34, 35]. The model used in the
development of the classroom learning instruction in this
study is ADDIE model. In the analysis phase (the first
phase), the researchers examined the need to incorporate
peer tutoring strategy in a linear algebra classroom to
develop polytechnic students’ mathematical thinking
processes. Based on the activities performed in the
preliminary study, it is evident that there is the need for a
learning strategy that will allow students to work
collaboratively in order to develop their mathematical
thinking processes as the conventional learning was
identify to have some challenges in achieving this objective.
This view is congruent with the view of [25], [64, 65],
[69-72] whereby they agreed that in designing a learning
strategy, there is a need to overcome the detected problem
at an early stage (i.e. before formulating and implementing
the pedagogical instructions in the classroom) to facilitate
meaningful and successful learning. In the design and
development phases (the second and third phases), the
researchers decided on the materials, lessons, and content
that are needed to be covered, the different goals to be
achieved during the program, as well how these goals can
be reached.

The researchers gathered all the information as well as
the materials needed and developed the lessons into one
guide to make the instruction more effective, efficient,
appealing, significant, and less rigorous [34, 35]. The
LAPTS was designed to make all students to become active
participant in class through communication with their peers,
questioning, experimenting, and exploring. Topics on
linear algebra were distributed randomly to every member
of each group to be practiced and be ready to function as
tutors and tutees. This is to ensure that they familiarize
themselves with the LAPTS quickly, as they apply it
throughout the intervention period which is the fourth
phase (implementation phase). The final phase (evaluation
phase) measure the effectiveness and efficiency of the
instruction as it give the researchers the opportunity to
monitor how students’ understandings have progressed
through administration of test or performance activities
[48-51].

Consequently, the LAPTS exposed the students to
numerous ideas and allowed them to exchange such ideas
in a broader context leading to widening of their
understanding of the learning content. The content
indicates that LAPTS have the potential of being better
understood, internalized and retained than the one taught
with conventional method where students are just passive
learners because the activities in the LAPTS are designed
to enhance students’ mathematical thinking processes
through peer collaboration in a linear algebra classroom



Universal Journal of Educational Research 8(8): 3592-3607, 2020

setting. Ref [73] stated that it was easier to stimulate
non-active students in smaller collaborative groups, and
promotes higher sense of presence and engagement, and
increased individual contributions. However, this study
revealed that the interactions between group members in
the LAPTS were consistent and discussions were focused
on the same topic until the students reached conclusions.
Furthermore, the research revealed that the discussions
were initiated and led by tutors’ of each group seeking
further explanations, giving opinions or making decisions
in the LAPTS as well as assisting their fellow peers in their
knowledge building. Nevertheless, the LAPTS contribute
to the students’ learning in linear algebra as the results of
this study showed that the developed learning instruction is
effective in developing students’ performance as well as
their mathematical thinking processes. These results agree
with researches done by [9], [25], [62, 63], [69], [71, 72],
[74], that a well designed and developed collaborative
learning instruction can effectively improve students’
performance by allowing learners to deepen and develop
their knowledge. Although, all students seemed to be
actively involved throughout the process as the developed
learning strategy guided them in enhancing their
mathematical thinking processes.

Moreover, experts’ content evaluation was conducted
after the design and development of the LAPTS as [53]
pointed out that the best way to evaluate the content
validity is through the content review of experts; whereas
the number of experts’ are expected to range from 5-10
persons [54-56]. The LAPTS was given to eight validators
whom are lecturers with years of experience in teaching
linear algebra as well as application of peer tutoring
strategy to provide their comments and suggestions based
on the content and activities that will be performed by
tutors and tutees. Evaluation form with three-Likert scale
rating of “Yes, Need modification, and No” was provided
to them; and interviews were also conducted with four of
the validators. Scores obtained from each item on the
validator’s forms were analyzed using descriptive statistic
of mean and standard deviation. The outcome of the
analysis revealed a highly positive and encouraging results
as all the mean scores were high as shown in Table 2. The
content analysis revealed that the validators agreed that the
lesson organization in the LAPTS can provide
collaborative and active learning that will develop students’
mathematical thinking processes. Furthermore, the
comments from the interviews with the validators about the
LAPTS also demonstrated positive impression (see Table 4)
consisting of “satisfactory, encourages peer-collaboration,
good innovation, develops self-confidence, gives room for
freedom, good result can be obtained while using it”.

Accordingly, the validators are of the opinion that
mathematical thinking processes can be improve as noted
in their interviews that “convincing can be more obtained
between peers than some body in high hierarchy” who
seems to be their teacher. This means that meaningful
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learning experience and good result can be obtained from
the developed learning strategy as evidenced in Table 4.
Ref[75] found out that meaningful learning experience can
be develop only when the learners are bind together in
active discussion and negotiation. Ref [76] discovered that
learning appeared to be most effective when students were
actively involved in their knowledge through collaboration.
Ref [77] asserted that this was the best approach to
implement particularly in higher education, so as to
encourage active participation in learners in a collaborative
way. The results are consistent with the reported findings
of [9], [29-31], [62, 63], [74], [78] who commented that
active social interaction between the learners and
instructors, or more knowledgeable peers, helped in
improving learners thinking about a subject.

The second objective of this research is to look at how
effective is the LAPTS in developing students’
mathematical thinking by evaluating their performance in
linear algebra based on Mason’s mathematical thinking
processes. The current situation in the mathematics
classroom is simply focusing on mathematical structures
rather than developing students’ various thinking skills
[79]. The result of the independent sample t-test from Table
1 showed that three out of the four mathematical thinking
processes where statistically significant. This means that,
specializing, generalizing and conjecturing were the
successful mathematical thinking processes during this
study as there Cohen’s d values for the test appeared to
have an effect size that is large in the difference of mean
[57, 58]. According to [24], if the process of specialization
happens successfully via a useful conjecturing, it can be
helpful in making generalization. This result is in line with
the findings of [9], [79], [80-82] who found out that
promoting the actions of specializing and generalizing can
promote the use of students’ own powers to make sense of
mathematics as well as predict about relationships.

9. Conclusions

It can be concluded that using LAPTS for students
learning in linear algebra classroom helps to improve their
performances as well as their mathematical thinking
processes. The findings conform to the findings of [83, 84],
whom described mathematical thinking as a way of
improving understanding and extending control over the
study of mathematics. It is clear from the validators’ point
of view that “collaborative settings have great potential in
developing students’ mathematical thinking processes”.
They believed that the content in the LAPTS is relevant to
the linear algebra topics and the learning strategy will be
able to develop students’ mathematical thinking processes
in a peer tutoring strategy classroom setting. It was also
pointed out that “the use of a structured and a step-by-step
document like LAPTS will improve the students’ thinking
skills as well as their engagements in small group activities
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as it seems to have a good relationship between tutor and
tutees through reciprocal mutual interaction”. This mutual
interaction between tutors> and tutees was considerably
beneficial to learners, as they were exposed to each other’s
various ideas and opinions. The contradictions between
their own perception and others’ insight allowed them to
think deeper and enhanced their mathematical thinking
processes. Therefore students played an important role in
the development of their mathematical thinking processes
while educators are expected to assist and facilitate them
throughout the learning process. Moreover, “when students
comprehend what is exactly planned in the lesson plan, the
quality of their oral explanation will be improved in such a
way that they will develop self confidence among their
peers. Besides, all students mastered the topic area and they
also familiarized themselves with all the terms and
manipulations within the topical area”.
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