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Abstract. The study on probability theory in finite rings has been an interest of various researchers. One of the probabilities that
has caught their attention is the probability that two elements of a ring have product zero. In this study, the probability is determined
for a finite ring R of matrices over integers modulo four. First, the annihilators of R are determined with the assistance of Groups,
Algorithms and Programming (GAP) software and then the probability is calculated using the definition. Next, by using the results
obtained, the zero divisor graph of the ring R is constructed. A zero divisor graph is defined as a graph in which the zero divisors
of R are its vertices and two vertices are connected by an edge if their product is zero.

INTRODUCTION

A ring R is a set which is an abelian group by addition, associative by multiplication and also satisfy the distributive
law [1]. Interesting features of rings have lead to numerous researches in various fields, such as in cryptography,
physics and computer science. In this paper, finite rings are particularly applied in probability and graph theory. In
probability theory, the probability that two elements of a finite ring have product zero is determined for some finite
rings of matrices. Meanwhile, in graph theory, this paper focuses on constructing the zero divisor graph of the same
ring of matrices.

Probability theory has been widely applied in groups, as well as in rings. One of the probabilities which is
commonly known in this field is the commutativity degree of a group which is used to determine the abelianness of a
group. The commutativity degree of a group is introduced by Gustafson [2] in 1973 and is defined as in the following.

Definition 1 Let G be a finite group with order n. The probability that two elements selected at random from G

ICI

are commutative is = where C = {(x,y) € G X G|xy = yx}.
n

From the definition, it is clear that the commutativity degree of a group is one if and only if all elements of
the group commute. This notion has been generalized in many ways, such as the relative commutativity degree [3],
conjugation degree [4] and autocommuting probability [5] of a finite group.

The notion of commutativity degree in groups has also attracted various mathematicians to apply it in rings. This
has been started by MacHale [6] in 1976, where a study is done to determine the probability that a pair of elements in
a finite ring R commute. The author has defined the probability as
2 |Cr(n)
reR

P(R):T’
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where Cg(7) is the subring {x € R|xr = rx}. In addition, in the article, MacHale has studied the probability in subrings
of finite rings and found that P(R) < P(S) whenever S is a subring of R.

This concept has welcomed numerous generalizations and extensions of probability in rings. For example, re-
cently in 2014, Buckley et al. [7] has formally defined the commuting probability in R to be

{(x,y) € R X Rlxy = yx}|

Pr(R) = P ,

where R is a finite ring, and |R| is the order of the ring R.

Another recent study which involves probability in finite rings includes the study on the relative commuting
probability of a subring in a finite ring which has been done by Dutta ef al. [8] in 2017. Later in 2018, Khasraw [9]
introduced a new type of probability in rings, where the author studied the probability that a pair of elements of a
finite ring have product zero.

Meanwhile, a graph is a mathematical object which consists of vertices and edges, and is commonly used to
show the relation between two objects. Throughout this paper, discussions are made on the zero divisor graph. This
graph is initially introduced by Beck [10] in 1988. Beck’s interest was mainly on the coloring of commutative rings.
In the study, Beck has considered a simple graph whose vertices are the elements of a finite commutative ring R, such
that two different elements a and b are adjacent if ab = 0. The graph has later been introduced formally by Anderson
and Livingston [11] in 1999, where it is named the zero divisor graph.

In 2002, Redmond [12] extended the research on zero divisor graph to noncommutative rings. Redmond has
found that for a noncommutative ring, the zero divisor graph must be a directed graph. In the paper, Redmond has
also proved that the graph need not to be a connected graph in finite noncommutative rings. As a result, a lot of
extensions have been done to the research on zero divisor graph, which include the ideal based zero divisor graph
[13] and the compressed zero divisor graph [14].

This article contains four sections. The first section provides the introduction of the research. Next, some pre-
liminaries of the research are provided in the second section. The third section presents the results and discussions.
Lastly, the conclusion of the study is given in the fourth section.

PRELIMINARIES

Some definitions and fundamental concepts related to this study are provided in this section. The methodology of the
study is also described.

The finite ring R considered in this study is the ring of 2 X2 matrices over the set of integers modulo four, M>(Zy).
The ring R is applied in probability and graph theory. In probability theory, the probability that two elements of R have
product zero is determined. The definition is given in the following.

Definition 2 [9] The probability P(R) that a pair of elements chosen at random (with replacement) from a ring R
have product zero is

_ |Ann|

" IRXR|

P(R)
where Ann = {(p,q) € R X R|pq = 0}.

Another probability related to Definition 2 is newly defined and is determined for the ring R, which is stated in
the following.

Definition 3 The probability ﬁ(R) that a pair of commuting elements chosen at random (with replacement) from
a ring R have product zero is
{(p.q) € RXRlpqg = qp = 0}

P®) = IR X R|
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After determining the probabilities, the zero divisor graph is constructed for the ring R. To construct the graph,
the zero divisors of R are firstly determined. The definition of the zero divisor of a finite ring is stated as follows.

Definition 4 [1] Let p and q be two nonzero elements of a finite ring R. If pq = 0, then p and q are the zero
divisors of R. The set of all zero divisors in R is denoted as Z(R).

After determining the zero divisors of R, the zero divisor graph of R, which is denoted as I'(R) is constructed
based on the following definition.

Definition 5 [11] Let R be a commutative ring and Z(R) be the set of zero divisors in R. Then, the zero divisor
graph, denoted as I'(R) is a simple graph of R where the vertices are Z(R). For distinct p,q € Z(R), the vertices p and
q are adjacent if and only if pq = 0.

Lastly, another type of zero divisor graph, where commuting elements are considered, is constructed for R. The

definition of the graph, which is denoted as I:(R), is given as follows.

Definition 6 The commuting zero divisor graph, I:(R) is a simple graph of R where its vertices are the set of zero
divisors of R, Z(R). An arc is constructed between two vertices, say p and q in Z(R) if and only if pq = qp = 0.

RESULTS AND DISCUSSIONS

In this section, the results obtained in this study are given in the form of propositions. The ring considered is the finite
ring of 2 X 2 matrices over the set of integers modulo four, M>(Zs). Definition 2 to Definition 6 are used in obtaining
the results.

e _ a b
Proposition 1 LetR = {( ¢ d )

a,b,c,d € Z4} . Then, the probability that a pair of elements of R have product

zero, P(R) = %.

ProofLetR:{( a b )
c d

annihilator, Ann = {(p, q) € R X R|pq = 0}. For example, when p = ( (1) (2)

a,b,c,d € 24}. The number of elements in R, |R| = |Z*|* = 4* = 256. By Definition 2, the

) € R, the annihilator of p is

Ann(p) = {q € Rlpg = 0}
_J{ 0 O 0 0 0 0 0 0
“Lo o /)to 2/)v2 0 )\2 2]

Since the ring R has a large order, a programming code is constructed in Groups, Algorithms and Programming (GAP)
software to assist the computations of the annihilators of R. The GAP algorithm can be found in Appendix A. From
the calculations, it was found that the ring R has a total of 2464 pairs of annihilators. Therefore, by using Definition 2,

_ |Ann| 2464 77

P(R) = _ -7
B = RxR = 236 x256 ~ 2048™

o _ a b
Proposition 2 Let R = {( ¢ d )

a,b,c,d € Z4} . Then, the probability that a pair of commuting elements of R

299

have product zero, IB(R) = 33768"
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Proof Let R = {( Lcl Z ) a,b,c,d € 24} and |R| = 256. In this case, pairs of commuting elements that have product

zero are considered. For example, when p = ( 2

1 2 ) € R, the annihilator,

Ann(p) = {q € Rlpq = qp = 0}
_J{0 O 2 2 2 2
o o)\ 1 3003 1
A GAP algorithm has been created to compute the annihilators and can be found in Appendix B. From the calculations,

it was found that there are 598 pairs of commuting elements which have product zero. Therefore, the probability that
two commuting elements of R have product zero,

598 299 .
256 x 256 32768

P(R) =

o _ a b
Proposition 3 LetR = {( e d )
159 vertices and 1928 arcs.

Proof Let R = {( ch b )

a,b,c,d € Z4} . Then, the zero divisor graph of R, I'(R) is a directed graph of

d
the zero divisors of R are determined. It has been found that the ring R has 159 zero divisors. Some of the elements

of Z(R) includes( 00 ( 00 ( 00 00 )and( 0 (1) ) Since |Z(R)| = 159, from Definition 5, it is

a,b,c,d € 24} . From the annihilators found in Proposition 1 and by using Definition 4,

o 1r/,7to 2/)°to 3)°\2 0 1
clear that the zero divisor graph of R, I'(R) has 159 vertices. Then, an arc is constructed between two vertices, p — ¢
if and only if pg = 0. By using the calculations of annihilators that have been made earlier in Proposition 1, the pairs
where pp = 0 are eliminated since I'(R) is a simple graph. Thus, it has been found that the graph I'(R) has 1928 arcs.
Therefore, I'(R) is a directed graph with 159 vertices and 1928 arcs. m

.. _ a b
Proposition 4 Let R = {( e d )

rected graph of 159 vertices and 314 arcs.

ProofLetR:{( Z b )

a,b,c,d € Z4} . Then, the commuting zero divisor graph of R, I:(R) is a di-

d
|Z(R)| = 159, then the commuting zero divisor graph I:(R) clearly has 159 vertices. In this case, only commuting
elements of R which has product zero are considered, therefore from the annihilators which have been determined in

Proposition 2, it has been found that the graph I:(R) has a total of 314 arcs. Therefore, I:(R) is a directed graph of 159
vertices and 314 arcs. B

a,b,c,d € 24} . The proof for this proposition is similar to the previous proposition. Since

CONCLUSION

In this study, the probability that a pair of elements of a finite ring have product zero has been determined for a ring R
of 2 X 2 matrices over the set of integers modulo four, M»(Z4). Two cases have been considered which are pg = 0 and

pq = qp = 0, where p and g are elements of R. The results have shown that P(R) = % and ﬁ(R) = %.

Other than that, the zero divisor graphs have been constructed for the ring R, considering the same two cases. It

has been found that both I'(R) and I:(R) have 159 vertices. However, I'(R) has a total of 1928 arcs, while I:(R) has 314
arcs.
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APPENDICES

This section provides the algorithms constructed in GAP software that assist in the computations of results in this
study.

Appendix A

This GAP algorithm is constructed to compute the annihilators and the probability that two elements of a ring have
product zero for 2 X 2 matrices over integers modulo four, M»(Zy4).

Ar=[13;
n:=4;
s:=0;
r:=Integers mod n;;
ml:=[ [ One(r), Zero(r) ],
| Zero(r), Zero(r) ]];
m2:=[ [ Zero(r), One(r) ],
| Zero(r), Zero(r) ]];
m3:=[ [ Zero(r), Zero(r) ],
[ One(r), Zero(r) ]];
m4:=[ [ Zero(r), Zero(r) ],
1

[ Zero(r), One(r) ]
rm:=Ring(ml, m2, m3, m4);
e:=Elements (rm);
for i in [1..Size(e)] do
a:=eli];

i
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for j in [1..Size(e)] do
bi=eljl;

if axb=Zero(rm) then
S:=s+1;

Print(s,”\n”);
Dlsplay(a)

PrintC"--————"—"-+1-—1-—-"--"-"-""""-"-""""""-- "\n”);

od;
od;
p:=Size(A)/Size(rm)"2;
Print("P(rm”,n,”) = 7,p,”\n”);

Appendix B

This GAP algorithm is constructed to compute the annihilators and the probability that two commuting elements of a
ring have product zero for 2 X 2 matrices over integers modulo four, M»(Zy4).

Ar=[13;
n:=4;
r:=Integers mod n;;
ml:=[ [ One(r), Zero(r) ],
| Zero(r), Zero(r) ]];
m2:=[ [ Zero(r), One(r) ],
[ Zero(r), Zero(r) ]];
m3:=[ [ Zero(r), Zero(r) ],
[ One(r), Zero(r) ]];
m4:=[ [ Zero(r), Zero(r) ],
13

[ Zero(r), One(r) ]
rm:=Ring(ml, m2, m3, m4);
e:=Elements (rm);
for i in [1..Size(e)] do
a:=eli];

for j in [i..Size(e)] do
b:=e[j];
if axb=Zero(rm) and bxa=Zero(rm) then
Display(a);
Prlnt(” ———————— 7, Zand”,”\n”);

>

Print("-———————————————————————— "\n”);

od;
od;
p:=Size(A)/Size(rm)"2;
Print("P(rm”,n,”) = 7,p,”\n”);
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