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ABSTRACT In this work, the buoyancy-driven unsteady flow of Casson nanofluid is analyzed. The effects
of Brownian motion and thermophoresis on the flow fields are studied in the presence of magnetic field.
Moreover, the convective boundary conditions on temperature and concentration walls are also considered.
The similarity solutions are obtained numerically through Keller-box scheme. The accuracy of numerical
results is verified via comparison with the results of accessible literature. Investigations perceived that the
dimensionless temperature is not much affected with Brownian motion and thermophoretic parameters,
whereas the impact of both parameters is noted stronger on nanoparticles concentration. The velocity
field is observed more pronounced with the strength of magnetic parameter. Also, the influence of Casson
fluid parameter on velocity and nanoparticle concentration is noticed opposite. The influence of magnetic
parameter on velocity and temperature is seen more pronounced as compared to nanoparticle concentration.
Further, the impact of Biot number on dimensionless temperature and nanoparticles concentration is found
identical for both steady and unsteady flows. A reduction in velocity field is also observed with increment
in slip parameter.

INDEX TERMS Casson nanofluid, free convection, magnetic field, unsteady flow.

NOMENCLATURE k Thermal conductivity
a Reference length k1 Variable perme.tability of porous medium
A Local unsteadiness parameter ka Cogstant reaction rate .
By Strength of magnetic field ke Variable rate (?f chemlcfaq reaction
B Transverse magnetic field ! Meap absorption coefficient
Bii, Biy  Biot numbers Le  Lewis number
Cs Fluid Concentration M Magnetic parameter
Coo Ambient concentration n Nonlipearly stretching sheet parameter
Co Reference concentration of nano particles Ni Velocity slip faptor
Cir Skin friction coefficient Ni Thermophoresis parameter
cr Specific heat of fluid Np Brownian motion parameter
p Specific heat of nanoparticles Nu,  Nusselt number
Dp Brownian diffusion coefficient Pr Pran.dq number
Dr Thermophoretic diffusion coefficient qr  Radiative heat flux
g Gravitational force due to acceleration qw  Surface heat flux
hy Convective heat transfer ds Surfac.e mass ﬂ}D(
hy Convective mass transfer R Chemlf:al reaction parameter
K Porosity parameter Ry Radiation parameter

Rey  Local Reynold number
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T Fluid Temperature
To  Fluid reference temperature
T~ Fluid ambient temperature

u,v Velocity components

Uy Stretching velocity

X,y Coordinate axis

Greek letters

ay Thermal diffusivity

B Casson fluid parameter

Br Volumetric coefficient of thermal expansion
8 Slip parameter

n Similarity variable

AT Thermal buoyancy parameter

AC Concentration buoyancy parameter
u Dynamic viscosity

v Kinematic viscosity

of Fluid Density

Op Density of nanoparticles

[0} Dimensionless nanoparticle concentration
10 Porosity of porous medium

v Stream function

o Electrical conductivity

o* Stefan-Boltzmann constant

T Ratio of heat capacities

Tw ‘Wall shear stress

0 Dimensionless temperature
Subscripts

00 Condition at free stream

w Condition at wall/surface

I. INTRODUCTION
In the last few decades, the study of non-Newtonian fluid in
the boundary layer problems is quiet significant because of its
extensive applications in the polymer industry, food industry,
paper production, and several other related industries. In fact,
there is not even a single existing model can overcome all
the physical properties of non-Newtonian fluids. For this pur-
pose, several models including Maxwell model, Williamson
model, Walter-B model, viscoelastic model, power law model
etc. are proposed for the analysis of non-Newtonian fluids.
Casson model is also one of the non-Newtonian fluid models
which have shear thinning properties and exhibit yield stress.
Due to its unique property, it becomes a preferred rheological
model for human blood, because red blood cells in human
body form rouleaux that produce yield stress. [1] studied the
blood flow of Casson fluid through a stenosed artery.
Nanotechnology has been widely utilized in industries
because nanometer-size particles own several physical and
chemical properties. The application of “nanofluid” is like-
wise useful to reduce the friction and wear, reducing,
operation of components such as pumps and compressors,
and eventually leading to save more than 6% fuel. It is accept-
able that larger development of savings could be obtained in
the future. The emergence of nanofluids is a focus of attention
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in the investigation of nanofluid flow in the presence of
nanoparticles. Nanofluid includes nanometer sized particles
which are suspended inside the base fluid. Nanofluids are
engineered colloids comprise of base fluid and nanoparti-
cles. They have number of general uses including industrial
cooling, vehicle cooling, generating new types of fuel, hybrid
powered engines, pharmaceuticals, electrical generating fuel
reduction, cancer therapy, imaging and sensing. Convectional
heat transfer fluids such as oil, water and ethylene glycol
mixture have a thermal conductivity of vital importance for
the heat transfer coefficient between medium and surface heat
transfer. This new kind of fluid was first observed by [2] for
the thermal conductivity enhancement of ordinary fluids. The
exact thermal transport mechanism in nanofluid is however
not always but predicted as it relies distinctly on several other
structures, such as particle size, shape, surfactant effect, par-
ticle scattering and thermal properties of scattered particles.
Beside advancement, nanofluids routinely use in biomedical
to marking the tumor cells by methods for nano-scale drug
delivery system and moreover break down the circulatory sys-
tem blockage in the supply courses through thallium examine
(radioactive tracer). Renewable energy is another basic and
significant utilization of nanofluid to filter the waste materi-
als. Likewise, the fluids with high conductivity are essential
in heat transfer employment. In view of this, the convective
transport in nanofluid was further investigated by [3]. In his
novel work, author examined the seven slip mechanism which
includes inertia, diffusiophoresis, magnetic effect, Brownian
diffusion, thermophoresis, fluid drainage and gravity settling,
and as a result concluded that only Brownian diffusion and
thermophoresis may be used to enhance the thermal con-
ductivity of base fluids. On the premise of these findings,
the author further proceeded to write down the conservation
equations and proposed a new model which is referred to
as Buongiorno’s model within the literature. Some related
work on nanofluid can be seen in [4]-[6]. On the other hand,
boundary layer flow of Newtonian and non-Newtonian fluids
because of stretching sheet play a crucial role in various
engineering approaches, as an instance, annealing and tinning
of copper wires, glass glowing, extrusion of polymer sheet
from a dye or in drawing of plastic films. [7] analyzed the
heat transfer features on viscous fluid caused by stretching
sheet whose velocity has a nonlinear relation with distance
x from the fixed point. [8] explored the effects of thermal
radiation on Newtonian flow towards nonlinearly stretching
sheet. The author also studied the prescribed surface temper-
ature and prescribed heat flux cases. Motivated via this, [9]
investigated the impact of magnetic field on stagnation point
flow of non-Newtonian micropolar fluid precipitated due to
nonlinearly stretching sheet numerically. The heat transfer
flow of a viscous fluid past a nonlinearly stretching sheet
in the presence of variable wall temperature using similarity
transformations has been reported by [10], [11] examined the
two dimensional flow of nanofluid over nonlinearly stretch-
ing sheet by employing Buongiorno model. Keeping in view
its applications, [12], [13] discussed laminar flow of Casson
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fluid towards nonlinearly stretching sheet in the absence
and presence of hydrodynamic slip condition. [14] pro-
vided analytical solutions of steady state flow of Sisko fluid
prompted due to nonlinearly stretching sheet submerged in
nanofluid. [15] suggested electrically conducting flow of sec-
ond grade nanofluid generated due to nonlinearly stretching
sheet.

Free or natural convection is frequently encountered
in numerous engineering problems. Certainly, the non-
uniformity of fluid temperature results into free convection
and there exists an acceleration field known as gravity. In a
few applications, it could be disregarded due to low heat
transfer but in others, it may be paramount. In general,
free convection relies upon on surface geometry, temperature
variation on surface and thermo-physical properties of fluid.
The free convection flow through porous medium have been
the interest of many researchers due to its importance to
thermal insulation, nuclear waste water disposal, geother-
mal system, heat insulation, transpiration cooling, enhanced
recovery of petroleum resources, etc. Keeping in view its
applications, [16] investigated heat and mass transfer char-
acteristics of free convection flow of a viscous fluid satu-
rated in a porous medium in the presence of heat generation.
The laminar boundary layer flow of free convection flow of
viscous fluid past a permeable stretching sheet embedded in
a porous medium under the influence of magnetic field has
been presented by [17], [18] analyzed thermally stratified
free convection flow of nanofluid caused by vertical plate
placed inside a porous medium in the presence of convective
boundary condition. The influence of chemical reaction on
MHD flow of Newtonian fluid due to moving plate has been
explored by [19].

Aforementioned literature survey dealt with steady flows
only, but in many physical problems of interest the stretching
sheet and surrounding fluid abruptly start movement at the
same time and meanwhile temperature and concentration of
the sheet appear as a function of time. [20] developed two
dimensional unsteady flow of viscous fluid towards stretch-
ing sheet using similarity transformations. Afterwards, [21]
theoretically studied the chemically reactive unsteady free
convection flow generated due to stretching surface sub-
merged in a porous medium. The heat transfer flow of Casson
fluid due to impulsively started moving plate in the pres-
ence of viscous dissipation has been investigated by [22].
The influence of thermal stratification on hydromagnetic
unsteady flow past a stretching sheet in the presence of
chemical reaction was discussed by [23]. Moreover, [24]
explored unsteady boundary layer flow over a stretching sheet
using Casson fluid model. In the same year, [25] extended
the work of [24] and investigated the effect of thermal radi-
ation on unsteady flow of Casson fluid because of porous
stretching sheet. Motivated by this, [26] followed the Buon-
giorno model and studied two dimensional unsteady flow
of nanofluid induced caused by stretching sheet under the
influence of thermal radiation. [27] investigated the effect of
velocity slip on hydromagnetic unsteady flow of Casson fluid
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FIGURE 1. Physical sketch and coordinate system.

towards a stretching sheet subject to suction or blowing. [28]
explored the Soret and Dufour effects on electrically con-
ducting unsteady flow of Casson nanofluid due to stretching
sheet under the influence of thermal radiation and convective
boundary condition.

The above literature assessment exhibits that most of the
work reported on unsteady flow is carried out for linearly
stretching sheet. Up to now, no strive has been yet considered
to explore the unsteady flow of Casson nanofluid caused
by nonlinearly stretching sheet. Moreover, the interaction
of hydrodynamic slip and convective boundary conditions
with thermal radiation within the unsteady flow of Casson
nanofluid over nonlinearly stretching sheet makes this study
more interesting. It is worth mentioning here that energy
deficiency is of great challenge in numerous areas nowadays.
A desperate need is to build up some reasonable models
that can supplant the conventional ones to adapt up to the
deficiency issue. Solar energy is these days a brand new
form of sustainable energy and has received some signif-
icance. The thermal radiation is likewise a shape of sun
energy that has several applications in heating and cooling
chambers, astrophysical flows and solar power technology.
Numerical solutions of highly nonlinear governing equations
after transformation are determined by usage of Keller-box
method [29]. The numerical results for velocity, temperature
and nanoparticles concentration profiles are acquired and
displayed graphically. Furthermore, wall shear stress, heat
and mass transfer rates are analyzed with the aid of plotting
the graphs of skin friction coefficient, Nusselt number and
Sherwood number against some physical particles.

Il. MATHEMATICAL FORMULATION

The unsteady incompressible mixed convection flow of Cas-
son nanofluid caused by nonlinearly stretching sheet sat-
urated in a porous medium is considered. The x—axis is
considered along the direction of stretching sheet and y—axis
is perpendicular to the sheet (see Fig. 1). The velocity of

VOLUME 7, 2019



I. Ullah et al.: Unsteady Free Convection Flow of Casson Nanofluid Over a Nonlinear Stretching Sheet

stretching sheet is u,,(x, t) = an/(l — vy where c, y > 0
are constants, ¢ is time and n(> 0) represents the nonlin-
early stretching sheet parameter. A transverse magnetic field
B(x,t) = Box®D/2(1 — yt)_l/z (being the function of x
and 1) is applied perpendicular to the stretching sheet with
strength By.

Following [30] and [31], the governing equations for Cas-
son nanofluid are given as

du Jv

Z oo, 1
ax  dy M
8u+ 8u+ du 1+1 9%u
—4tu—+v—=v - —
ar | ax | ady B) 0y?
B2(x, ¢t 1
— (M_I_(]_'__) v¢>
of B) ki
[(1 — o) £ f°° P (T = T
Pp = Pfs
- M(c = cw} PG
of
T T T 92T

o i TV =Yy

+7 [DBEE + & (g)z]
dy dy Tso \ 0y
(pc)y By’
LU 8—C=D382C+DT&2 ke (C = Coo) .
at ax dy 3y2 ' Too 0y? *
4

where u and v are the velocity components in x and y direc-
tion respectively, v is kinematic viscosity, o is the electrically
conductivity, 8 is the Casson parameter, or is the fluid den-

flux and kq(x,t) = x(“lkix; 5 is the variable rate of chemical
reaction kp is a constant reaction rate and a is the reference
length along the flow.

The corresponding boundary conditions are given

in (5)—(7), as shown at the bottom of this page, Here

n— 1
Ni(x, 1) = Nox_Tl (1 — y1) 2 is the velocity slip fac-

e 1
tor with constant Ny, A (x,1) = hole 11—y~ 72 and

hy (x, 1) = hlx% (1 —yt)~ R represents the convective
heat and mass transfer with Ao, hy being constants, T¢(x, t) =
Too + Tox2! (11— yt)’(z”’]) in which T being reference
temperature and Cy(x, 1) = Coo + Cox? 1 (1 — yr)~*=D
with Cp being reference concentration. The expressions
uy (x,1), B(x, 1), Tr(x, 1), Cy(x,1), Ni(x,1), hy (x,1) and
hy (x, t) are valid for r > y !
The radiative heat flux ¢, in the energy equation is
described by Rosseland approximation [32],
—4o* 9T* o
qr = 3 kik dy . (®)
where o * is the Stefan-Boltzmann constant and k{" is the mean
absorption coefficient. T# can be expressed as linear function
of temperature. We expand T* in a Taylor series about T, and
neglecting higher terms, obtained

4~ 473 4
T = 4T T — 3T, &)
Incorporating Eq. (8) and Eq. (9) in Eq. (3), we obtain
or T 9T _ 160*T3 )\ 8°T
3pcpky ) Ay
oC oT

ot 8x By
+z|D +DT ZAY (10)
B8y By ) |

Now introduce the following similarity variables:

sity, ¢ is the porosity, ky (x,1) = ko(1 — y1)/x""~V is the v = 2ve x%f(ﬁ)
variable permeability of porous medium, g is the gravitational (n+1d—-yn ’
force due to acceleration, o, is the density of nanoparticles, (
n+c 1
,BT is the volumetric coefficient of thermal expansion, o = / ﬁ Zy,
%o ) is the thermal diffusivity of the Casson fluid, k is the v(d=yn
C . (pc) T — TOO C - Coo
thermal conductivity of fluid, T = t pc)” is the ratio of 0 = T 7 = _co (11)
heat capacities in which (pc); is the heat capacity of the ) / Oo. Y >
fluid and (pc),, is the effective heat capacity of nanoparticles where ¢ is the stream function and defined as
material, Dp is the Brownian diffusion coefficient, Dy is the oy oy
thermophoretic diffusion coefficient, ¢, is the radiative heat - Ay and v = T ox 12)
t<0:u=v=0, T=Ty, C=Cyx forany x,y
(%)
ou oT
u:uw(x,t)+N1v<1+/3>a ka—z—hf(Tf—T)
120 40 yoo , (6)
Dp— =—hy (Cs—C) at y=0
dy
u—0, T—>Tyx, C— Cx as y— 00. @)
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The system of Egs. (3-7) and Eq. (10) can be expressed as
1 " /" 2n ” 1 /
1+E f +ﬁ ——f - M+ 1+E K f +)LT9—Kc¢

n+1
a2y
n+1 n+1 ’
13)
1 4 2(2n—1)
—(14+2Rq ) 0"+f0 ————f'0+Npp'0' + N,6”
Pr(+3d) O SO N,
Y (e L (14)
- n+1 ar1 )
1, , 2@n-1) , Nt
— - —6" —R
Le¢ MEAS n+1 f¢+Nb ¢
—a(FE Dy (1)
- n+1 iy 1)
1
f’(0)=1+8<1+/§>f”(0), 0'(0)=—Bii[1-6 (0)],
¢'(0)=—Bir [1 — ¢ (0)], (16)
f'(00)=0, 6(c0)=0, ¢(c0)=0. (7)
where A = % is the local unsteadiness parameter M =
208 . . e .
pcitD 18 a magnetic parameter, K = ToctnD) 182 porosity

(1—=Coo) (Pfoc/ ) B1To
c2(n+1)
((pp — Pl )/pf)gC()

c2(n+1)
(n+1)cv
\% 2

parameter, A7 =

is a thermal buoyancy

parameter, Ac = iS a concentration

buoyancy parameter, § = Ny is a slip parameter,
*73

3. o i
=2 18 radiation param

is the Brownian motion parameter,

Pr = —- is Prandtl number, Ry =
eter Nb — IDB(C—C)

_ ‘L'DT(Tf—Too)
Ny = ——

40T,
=
1

is the thermophoresis parameter, Bi; =
1
R R
ho 2v N 1] 2v . _
3 [m] ,Bip = D5 [m] are Biot numbers, Le =
DLB i§ the Lewis number and R = (jikf)c
reaction parameter.
The important physical parameters are dimensionless skin
friction coefficient, the local Nusselt number and local Sher-
wood number and are defined by:

is the chemical

Tw Xqw
C = —F, Ni =,
I o T Ty — Too)
Shy = —4s
Dp(Cy, — Coo)
(18)
where
(+5) %]
Tw = KB — - ,
" :3 ay y=0
_ N 160*T3\ T
QW - af Spcpkl* ay y:()
and
(%)
qs = —Dp| —
9y / y—o
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TABLE 1. Comparison of skin friction coefficient when g — oo, Bi; — oo,
Biy > co,Pr=6.8andM =K =iy =Ac =3=Ry =Ny =Np =R =0.

e

B M [4] [28] Present results
0 -1.0042 1.00000 1.0000

5 -1.0954 -1.09544 -1.0955

1 -1.4142 -1.41421 -1.4144

oo 10 -3.3165 3.31662 -3.3166

5 -3.6331 -3.63318 -3.6332

1 -4.6904 -4.69042 -4.6904

oo 100 -10.049 -10.04987 -10.0499

5 -11.0091 -11.00909 -11.0091

1 -14.2127 -14.21267 -14.2127

are the shear stress, surface heat and mass fluxes, respectively.

12 _n+1 l) "

(Ren)'> Cf = |/ =5 (1 t5 ).

(Rex)™'/? Nuy = —y il <1 + fRd) 6'(0),
2 3

(Re)™2Shy = — ”; Ly o).

Uy (X, 1)x

where Re, = ==

is the local Reynolds number.

Ill. RESULTS AND DISCUSSION

In the present study, unsteady mixed convection flow of
Casson nanofluid due to nonlinearly stretching sheet through
porous medium under the influence of magnetic field and
chemical reaction is explored. ‘“Numerical computations
are carried out for unsteadiness parameter A, Casson fluid
parameter B, nonlinear stretching sheet parameter n, mag-
netic parameter M, porosity parameter K, Prandtl number
Pr, radiation parameter R;, Brownian motion parameter Np,
thermophoresis parameter N;, Lewis number Le, slip param-
eter § and Biot numbers Bij, Bi>”’. To check the accuracy
and validate the present method, numerical results are com-
pared with the results of existing literature and displayed
in “Tables (1- 3)”.

Tables 1 and 2 present the comparison of skin friction coef-
ficient for different values of 8, M and A, respectively, with
the results of [4], [28], [21], [20] and [24]. The results showed
an excellent agreement. Table 3 presents the comparison of
Nusselt number for increasing values of Pr with the results
of [33], [23] and [34], and revealed in a good agreement.
Table 4 shows the variation of skin friction coefficient, Nus-
selt and Sherwood numbers for various parameters for the
present study.
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TABLE 2. Comparison of —9’ (0) for different Prwithn=1, 8 —
00, Biy = 00,Bip > coand M =K =iy =A¢c =8 =Rg = Ny = Np
=R=0.

g

A [21] [20] [24] Present results
0.8 -1.261512 -1.261042 -1.261479 -1.2610
12 -1.378052 -1.377722 -1.377850 -1.3777

TABLE 3. Comparison of —6’(0) for different Pr withn =1, 8 — oo,
Biy > 00,Biy > ccandA=M =K =\ =Ac =8 =Ry =Ng =Np =
R=0.

FIGURE 3. Effect of casson fluid parameter (8) on velocity for two
different values of unsteadiness parameter (A).

n+l
o 0)

Pr [33] [23] [34] Present results
0.72 0.8086 0.8086 0.8086 0.8088

1 1.0000 1.0000 1.0000 1.0000

3 1.9237 1.9237 1.9237 1.9237

10 3.7207 3.7207 3.7206 3.7208
100 12.2940 12.3004 12.2939 12.3004

FIGURE 2. Effect of unsteadiness parameter (A) on velocity for two
different values of nonlinear stretching parameter (n).

Figs. (2-5) demonstrate the effects of A, 8, M and § on
velocity profile. Fig. 2 reveals that for both linear and nonlin-
ear stretching sheet, the fluid velocity reduces as A increases
up to a certain distance n whereas, it starts increasing far away
from the wall. Also, the thickness of momentum boundary
layer reduces faster in case of unsteady flow as compared
to steady flow. A similar trend was observed by [20] for
unsteady Newtonian fluid and by [25] and [27] for unsteady
Casson fluid. Clearly, Fig. 3 describes that fluid velocity fall
for higher values of g in both cases of A = 0 and A # 0. Due
to the inverse relation of 8 with yield stress lead to the fact that
increasing B decrease the yield stress and resulting a reduc-
tion in momentum boundary layer thickness. Increasing the
Casson parameter also reduces fluid plasticity. Fig. 4 exhibits
the influence of M on fluid velocity for both A = 0 and
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| vh, |
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o7l A= 0.6 |
6=02
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= R, =04
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: N, =04
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03l X Le=08 |
02l 0.2 |
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FIGURE 4. Effect of magnetic parameter (M) on velocity for two different

values of unsteadiness parameter (A).

1

0.9 A=15 ||~ K=0
£=08 —K=1
0.8 n=>5 i
5=01, 152535 M=05
07k % A,=05 J
b AT 0.8
\ = .
0.6 RN} c i
~ |%\ Pr=071
£ o5t Y R,=04 |
- 5 N, =04
0.4 3 \W\Y _ |
s A\ A N=03
N [y
LNV ANY Le=08 |
AN R=102
0.2 AR Bi =02 i
RN 1
01l Qfo% Bi,=04 |
0 L | | 1
0 1 3 4 6 7 8 9 10

FIGURE 5. Effect of slip parameter (§) on velocity for two different values
of porosity parameter (K).

A # 0. As expected, increasing values of M cause a reduction
in fluid velocity. The reason behind this behavior is that a
resistive type force, known as Lorentz force which is similar
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0.8

R~
[

)

Co

0.7

A=0051152

5

e e
<
N S

FIGURE 6. Effect of unsteadiness parameter (A) on temperature and
nanoparticles concentration.

0.8 ‘ ‘
A=02 | [-ms o(n
0.7 n= —— ()]
B=020515 20, = M=05

FIGURE 7. Effect of casson fluid parameter (8) on temperature and
nanoparticles concentration.

to that of drag force, produces in electrically conducting fluid
as magnetic field applied to flow. This force slows down
the fluid flow across the boundary region. Consequently,
momentum boundary layer becomes thinner. The influence
of § on velocity profile for K = 0 and K # 0 is presented
in Fig. 5. It is seen that increasing values of § decelerates
the fluid velocity sharply in the vicinity of stretching sheet.
Physically, this show that fluid velocity adjacent to the sheet
is less than the velocity of normal stretching sheet as slip
(8 # 0) occurs. Increasing § allowed more fluid slipping over
the sheet and the flow drops faster near the sheet. Further,
it can be explained as that the fluid velocity near the sheet
is no longer equal to the sheet stretching velocity as the slip
occurs; therefore, there is indeed a velocity. A same kind of
flow pattern was noticed by [25]and [27] in their work.

Figs. (6-17) elucidate the variation of A, B8, M, §, Pr, Ry,
Np, N;, Biy, Bip, Le and R on temperature and nanoparticles
concentration profiles. Fig. 6 portrays ‘“‘the effect of A on
dimensionless temperature and nanoparticles concentration
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0.8 T T T T T T T T T

A=05 4=08n=5K=0.6,
Ap=06,4,=08,6=02 Pr=207I,

Rd: 0.8, Nb =02, Nt: 0.5, Le =04, |
R=102 Bi1 =0.2, Biz =04

FIGURE 8. Effect of magnetic parameter (M) on temperature and
nanoparticles concentration.

0.8 T

0.7

0.6

0.5

»
0.4

0.3

0.2

0.1

FIGURE 9. Effect of slip parameter (§) on temperature and nanoparticles
concentration.

Pr=0.71,1,235 | | T7" o)

0.4

A=05 =08 n=5 M=04,
K =0.6, /?VT = 0.6, }”C =08 6=02 b

R =08 N, =02 N =05 Le=04,
d b t

"
0318

0.2 w4 1Y

0.1

FIGURE 10. Effect of prandtl number (Pr) on temperature and
nanoparticles concentration.

profiles. It is noticeable that both profiles are decreasing
functions of A. The thermal and concentration boundary

VOLUME 7, 2019



I. Ullah et al.: Unsteady Free Convection Flow of Casson Nanofluid Over a Nonlinear Stretching Sheet

TABLE 4. Variation of skin friction coefficient, nusselt number and sherwood number for different values of 8, M, K, §, Ry, N¢, Np, Le, R, Biy and Bi,.

B

M

Pr

N,

Le

R

o

-1/2

-1/2

R, N, N, Bi Bh o (Rey) Py (Rey)PMuy (Rey) % shy

06 04 1 0.5 0.2 03 2 04 02 04 02 -2.6010 0.6469 0.2580

0.8 04 1 0.5 0.2 03 2 04 02 04 02 -2.3940 0.6413 0.2558

06 1.0 1 0.5 0.2 03 2 04 02 04 02 -2.8530 0.6336 0.2545

06 04 2 05 0.2 03 2 04 02 04 02 -2.6205 0.9498 0.0925

06 04 1 0.8 0.2 03 2 04 02 04 02 -2.5945 0.7069 0.2950

06 04 1 0.5 0.6 03 2 04 02 04 02 -2.5945 0.6375 0.3985

06 04 1 0.5 0.2 0.6 2 04 02 04 02 -2.6120 0.6375 0.0375

06 04 1 0.5 0.2 03 6 04 02 04 02 -2.5935 0.6460 0.5275

06 04 1 0.5 0.2 03 2 08 02 04 02 -2.5990 0.6470 0.2928

06 04 1 0.5 0.2 03 2 04 06 04 02 -2.3352 0.6215 0.2505

06 04 1 0.5 0.2 03 2 04 02 1.0 02 -2.5736 0.9999 0.1348

06 04 1 0.5 0.2 03 2 04 02 04 1.0 -2.6125 0.6414 0.6086
layer thicknesses also reduce as A increases. A similar flow 0.8 ‘
patterns can be observed in the work of [26] and [28] for N - | o

both profiles. It is evident from Fig. 7 that the temperature
as well as nanoparticles concentration are higher for large
values of 8. It is also observed that the thermal and concen-
tration boundary layer thicknesses are thicker in the case of
Newtonian fluid in comparison with Casson fluid. Clearly,
Fig. 8 shows that both temperature and nanoparticles concen-
tration enhance with increase in M. One possible reason of
this behavior is that temperature and concentration gradients
decrease as current passing through moving fluids and results
a rise in thermal and concentration boundary layer thick-
nesses. From Fig. 9, it is determined that both temperature and
nanoparticles concentration profiles rise as § increase. Fur-
ther, an increase in related boundary layer thicknesses is also
noted. Fig. 10 demonstrates the variation of Pr on temperature
and nanoparticles concentration. Interestingly, dimension-
less temperature falls whereas nanoparticles concentration
enhances near the wall and decrease far away as Pr increase.
This phenomenon is an agreement with the fact that low
thermal conductivity of fluid associated with larger Pr, which
decreases conduction. Consequently, thermal boundary layer
thickness decreases and concentration boundary layer thick-
ness increases. In other words, an increasing Prandtl number
means decelerate the thermal diffusion rate. On the other
hand, the influence of R; on temperature and nanoparticles
concentration is quite opposite to this, i.e. increasing values
of R; enhance the temperature whereas the nanoparticles
concentration reduces (see Fig. 11). It is obvious, as higher
radiation tends to release heat energy to the moving fluid in
the boundary layer region and as a consequence thickness of
thermal boundary layer increases.

Fig. 12 elucidates the variation of N, on dimensionless
temperature and nanoparticles concentration profiles. It is
interesting to note that temperature is an increasing function
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FIGURE 11. Effect of thermal radiation parameter (Ry) on temperature
and nanoparticles concentration.

whereas nanoparticles concentration is decreasing function
of Np. This is due to the fact that nanofluid is a two phase
fluid where the random motion of nanoparticles enhances
the energy rate. Consequently, temperature is higher as N
increase. It is also observed that nanoparticles concentration
gets peak values near the wall for weaker N, and gradu-
ally decrease for stronger values of Njp. Conversely, both
temperature and nanoparticles concentration distributions are
increasing functions of N; (see Fig. 13). However, increas-
ing values of N; have no significant impact on temperature
profile. Since nanoparticles concentration is a strong func-
tion of N; therefore strength of N, offer strong influence on
nanoparticles concentration. The peak values of nanoparticles
concentration near the wall indicate that nanoparticles vol-
ume fraction at the surface is lower than nanoparticles volume
fraction adjacent to the sheet. Eventually, it is established that
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FIGURE 12. Effect of brownian motion parameter (Np) on temperature
and nanoparticles concentration.

14 w

1.2} — ¢

N, =01,03107152

FIGURE 13. Effect of thermophoresis parameter (N;) on temperature and
nanoparticles concentration.

because of thermophoretic effect nanoparticles transmit to the
stretching sheet. It is also noted that concentration boundary
layer thickness increase rapidly with N;. A same kind of
behavior for both Np and N; on temperature and nanoparti-
cles concentration profiles have been reported by [14], [26]
and [28] for Sisko nanofluid, Newtonian nanofluid and Cas-
son nanofluid, respectively. Fig. 14 portrays the effect of Bi;
on dimensionless temperature profile for A = 0 and A # 0.
It is worth mentioning here that Bi; > 0.1 is considered. As it
is well known fact that internal resistance to heat transfer is
negligible when Bi; < 0.1 which describes that k& is much
larger than hy. On the other hand, strong Bij corresponds
to effective internal diffusion resistance. It is evident from
this figure that for both A = 0 and A # 0 dimension-
less temperature grows as Bij increase. Indeed, stronger Bi
implies that surface internal thermal resistance is higher than
thermal resistance of boundary layer. Accordingly, larger Bi|
intensify the temperature across the boundary layer. A same
physical significance may be given for the variation of Bi, on
nanoparticles concentration profile as displayed graphically
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FIGURE 14. Effect of biot number (Bi;) on temperature profile for two
different values of unsteadiness parameter (A).
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FIGURE 15. Effect of biot number (Bi,) on nanoparticles concentration
for two different values of unsteadiness parameter (A).

in Fig. 15. Since the inverse relation of Bi, with Brownian
diffusivity coefficient suggests that momentum diffusivity is
higher than thermal diffusivity. Subsequently, nanoparticles
concentration rise and associated boundary layer thickness
also increased.

Fig. 16 displays the effect of Le on nanoparticles concen-
tration profile for both R; = 0 and R; # 0. In both cases
nanoparticles concentration is found reduced as Le increased.
In fact, increasing values of Le give rise to enhance the
mass transfer rate. As a consequence, concentration gradient
rises at the stretching sheet surface and causes concentration
boundary layer thinner and molecular diffusivity weaker.
The influence of R on nanoparticles concentration for both
A=0and A # 0 is exhibited in Fig. 17. It is noteworthy
that R > 0 corresponds to destructive chemical reaction and
R = 0 indicates no chemical reaction. It is seen that in both
cases increasing values of R decelerates the nanoparticles
concentration. This is an agreement with the fact that fast
reaction weakens concentration of nanoparticles and the asso-
ciated boundary layer becomes thinner.
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FIGURE 16. Effect of lewis number (Le) on nanoparticles concentration
for two different values of thermal radiation parameter (Ry).

0.6

—A4=15{

0.5

R=0,05115375

0.4

B=08n=5M=04K=0062,=0.6
/1C =086=02Pr=071,R, =08 Le=15
N,=02N,=0.5Bi,=02Bi,=02

0.3

0.1r

FIGURE 17. Effect of chemical reaction parameter (R) on concentration
profile for two different values of unsteadiness parameter (A).
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FIGURE 18. Variation of skin friction coefficient for various values of
unsteadiness parameter (A), Casson fluid parameter (8) and slip
parameter ().

Figs. (18-22) are plotted to get insight of the variations of
skin friction coefficient, local Nusselt number and Sherwood
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FIGURE 19. Variation of nusselt number for various values of thermal
radiation parameter (Ry), casson fluid parameter (8) and unsteadiness
parameter (A).
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FIGURE 20. Variation of nusselt number for various values of brownian
motion parameter (Np) thermophoresis parameter (N;) and prandtl
number (Pr).

number for some physical parameters A, 8, §, Pr, Ry, Np,
N;, Le, R and Bij, respectively. Fig. 18 displays the effect
of A, Band § on skin friction coefficient. It is noticed that
wall shear stress reduces with increase in A while increases
with increase in §. It is interesting to note that initially wall
shear stress increase in the case of Newtonian fluid whereas
far from the sheet it increases in the case of Casson fluid.
Fig. 19 demonstrate the influence of R, 8 and A on Nusselt
number. Clearly, increasing values of B reduce heat transfer
rate whereas increase with increase in R; and A. It is also
observed from this figure that heat transfer rate enhance faster
in the case of unsteady flow compared to steady flow. The
variation of heat transfer rate for different values of N;, N, and
Pr is presented in Fig. 20. It is revealed from this figure that
heat transfer rate is higher for increasing values of Pr while
reduces for both N; and Np. Since N; and N}, both are coupled
with temperature and are important factors in analyzing the
heat diffusion. Hence, increase in N; and N; lead to reduce
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FIGURE 21. Variation of sherwood number for various values of casson
fluid parameter (B), unsteadiness parameter (A) and chemical reaction
parameter (R).
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FIGURE 22. Variation of sherwood number for various values of brownian
motion parameter (Np) thermophoresis parameter (N;) and biot number
(Bi3).

in heat transfer rate. Fig. 21 portrays the effect of 8, A and
R on Sherwood number. It is seen that mass transfer rate
increases as A and R increase while reduces with increase in
B. It is also determined from this figure that mass transfer
rate in the case of Casson fluid is higher in comparison with
viscous fluid. Finally, Fig. 22 exhibits the variation of local
Sherwood number for increasing values of N;, N;, and Bi».
Interestingly, mass transfer rate is found as an increasing
function of N}, and Bip whereas increasing values of N; reduce
the mass transfer rate. Since thermophoresis assists to heat
up the boundary layer for smaller values of Le. Thus, it can
be illustrated that mass transfer rate reduce as N; increase.
All these observations are consistent with the results shown
in Table 4.

IV. CONCLUSION AND FUTURE WORK

In present work the effects of chemical reaction and ther-
mal radiation on unsteady free convection flow of Casson
nanofluid as a result of nonlinearly stretching sheet saturated
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in a porous medium are investigated numerically. The highly
nonlinear governing equations are first transformed using
similarity transformations and then solved numerically by
Keller-box method. Numerical computations for velocity,
temperature and nanoparticles concentration profiles as well
as for surface shear stress, heat and mass transfer rates are car-
ried out through MATLAB software and offered graphically.
Moreover, present approach is validated through compari-
son with previously reported results and perceived in good
agreement amongst them. Further, the novelty of this study
is to investigate the effects of slip and magnetic parameters
on unsteady free convection flow of Casson nanofluid in the
presence of thermal radiation. A few interesting observations
from present work are stated as

1. The fluid velocity, temperature and nanoparticles con-
centration are found to be decreased with increase in
unsteadiness parameter.

2. The fluid velocity is observed as decreasing function
of Casson fluid parameter whereas reverse trend was
noticed in temperature and nanoparticles concentra-
tion.

3. Both dimensionless temperature and nanoparticles con-
centration are an increasing function of velocity slip
parameter.

4. The temperature is found to be enhanced while
nanoparticles concentration reduced with increase in
Brownian motion parameter.

5. Both temperature and nanoparticles concentration are
higher for higher values of thermophoresis parameter.

6. The heat transfer rate lower for large values of both
Brownian motion and thermophoresis parameters.

7. The mass transfer rate rises as Brownian motion param-
eter increases whilst reduces with increase in ther-
mophoresis parameter.

The advantages of nanofluid cooling are helpful, inclusive of
dramatic enhancement of cooling rates while operating the
advanced cooling system at room temperature. Many indus-
tries are benefiting from the use of nanofluids, but the devel-
opment of the field faces several challenges: (i) the lack of
agreement between experimental results from different inves-
tigators; (ii) the bad characterization of suspensions; and (iii)
loss of theoretical knowledge of the mechanisms. The cur-
rent study is valid for the unsteady free convection flow
of Casson nanofluid over a nonlinear stretching sheet. The
unsteady mixed convection flow of non-Newtonian nanoflu-
ids over different geometries will be investigated in future
work. It’s far worth bringing up here that present work may
be extended to numerous different non-Newtonian fluids, for
instance, Walter’s B fluid, Williamson fluid, micropolar fluid,
Sisko fluid and Carreau fluid. On the other hand, the present
study will be of great help and interest to those interested in
unsteady mixed convection flow of non-Newtonian fluids in
the presence of suspended nanoparticles.
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