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ABSTRACT

Partial differential equations (PDEs) occur in many applications and play a
big role in engineering and applied sciences. Since some PDEs are quite difficult
to solve, many new methods are introduced to the academic community. Some
of them are homotopy perturbation method, variational iteration method, adomian
decomposition method, differential transformation method, ELzaki transform, ELzaki
transform homotopy perturbation method (ETHPM) and etc. In this study two methods
are considered which is homotopy perturbation method and ELzaki transform. The two
methods were introduced and examples were presented to illustrate the efficiency of
both methods. It is shown that both methods can be used to solve different types
of partial differential equations. Although they can be used to solve PDEs, they
have their own limitations. There are certain nonlinear forms of PDEs that are quite
difficult to solve using ELzaki transform, and for homotopy perturbation method, the
expansion itself sometimes can be quite difficult to solve. Then, the combination of
both methods was introduced and the efficiency of the method was shown by solving
some applications of partial differential equations. ETHPM was used to solve some gas
dynamics and Klein-Gordon equations. The results are compared with previous study
to determine the efficiency of the method. The graph of each solution is illustrated
by using Mathematica software. From the result, it is shown that ETHPM method
produces anticipated exact solutions and the calculations is not that complicated.
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ABSTRAK

Persamaan pembezaan separa memainkan peranan yang amat penting dalam
menyelesaikan masalah dalam kejuruteraan dan sains gunaan. Kebanyakan persamaan
pembezaan separa adalah sukar untuk diselesaikan dan terdapat pelbagai kajian yang
dilakukan untuk menyelesaikan persamaan ini antaranya ialah kaedah penguraian
adomian, kaedah usikan homotopi, kaedah lelaran variasi, transformasi ELzaki dan
banyak lagi kaedah analitikal lain. Dalam kajian ini, kita akan menggunakan dua
kaedah iaitu kaedah usikan homotopi dan transformasi ELzaki. Kedua-dua kaedah
ini akan dikaji dan contoh akan diberikan untuk mengetahui keberkesanan setiap
kaedah. Kajian menunjukkan bahawa kedua-dua kaedah boleh menyelesaikan masalah
persamaan pembezaan separa tetapi terdapat kelemahan pada kedua-dua kaedah.
Apabila menggunakan kaedah usikan homotopi, pengembangan persamaan akan
menyebabkan persamaan menjadi rumit untuk diselesaikan manakala transformasi
ELzaki tidak dapat menyelesaikan kebanyakan persamaan tidak linear. Kemudian,
gabungan transformasi ELzaki dan kaedah usikan homotopi digunakan untuk
menyelesaikan aplikasi persamaan pembezaan separa seperti persamaan dinamik
gas dan persamaan Klein-Gordon. Keputusan kajian dibandingkan dengan kajian
yang terdahulu untuk menentukan keberkesanan kaedah dan diilustrasi menggunakan
graf dari Matematika. Kajian menunjukkan bahawa gabungan kedua-dua kaedah
memberikan keputusan yang dijangka dan kaedah pengiraan persamaan menjadi lebih
mudah untuk diselesaikan.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

A partial differential equation (PDE) is an equation involving functions of
more than one independent variable and their partial derivatives. They occur in many
applications and play a big role in engineering and applied sciences [1]. For instance,
a second order partial differential equation for the function u(x, y) is

F (x, y, u, ux, uy, uxx, uyy, uxy) = 0

where the function F is given.

An equation is said to be linear if the unknown function and its derivatives are
linear in F. An example of a first order linear equation is

a(x, y)ux + b(x, y)uy + c(x, y)u = f(x, y)

where the functions a, b, c and f are given. On the contrary, nonlinear partial
differential equations are equations with nonlinear terms. An example is Burgers’
equation,

ut + uux = νuxx

occuring in various areas of applied mathematics such as fluid mechanics, nonlinear
acoustics, gas dynamics, and traffic flow.
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It is interesting to study partial differential equations since they appear in many
physical phenomena which in general are very hard to solve [2]. Only a few have
known exact solutions. In recent years, we have seen an increase in the study of new
analytical methods or approximate analytical methods. Among others are homotopy
analysis method [3], homotopy perturbation method [4], variational iteration method
[5], differential transformation method [6], adomian decomposition method [7],
sumudu transform [8], ELzaki transform [9, 1], etc.

Of these methods, homotopy perturbation techniques and ELzaki transform
caught our attention. Although the homotopy method has been around for 17 years,
it is not taught formally in the graduate school. Because of this, we would like to
study more on the applicability of this method in solving partial differential equations.
While ELzaki transform is quite new to the academic community and has been seen
attractive in transforming differential equations into simple ones. Since the method is
new, it still opens to plenty of researches. Furthermore, the combination of these two
methods look more promising in solving differential equations.

1.2 Background of Study

Progress in applicable mathematics has been prospered by development of
many important analytical approaches and techniques. One of the techniques is
perturbation theory which has a long history behind it. Typically, the method is used to
solve at least one small parameter [10]. Since partial differential equations mostly did
not have a small parameter, a well defined perturbation method is sought after to tackle
the problem. J.H. He [11] has proposed a homotopy perturbation method (HPM) that
could handle this. The method has been studied by other authors to solve many partial
differential equations such as diffusion equation [2], Helmholtz equation, Fisher’s
equation, Boussinesq equation, singular fourth-order partial differential equation and
higher-dimensional initial boundary value problems [12]. HPM is the combination of
homotopy concepts in topology and perturbation techniques [11]. The method works
effectively in linear and nonlinear PDEs as it gives quick convergent approximations
that lead to an exact solution. HPM also can be used to solve nonlinear problems
directly without linearizing the problem [2].
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The Laplace transform is one of many integral transforms in applied
mathematics and often used to solve differential equations. Solving some differential
equations were difficult using the Laplace transform. In 1993 Watugala introduced a
new transform and named it as Sumudu transform [13]. The result is that the Sumudu
transform gives a more simpler solution than Laplace transform [14]. While ELzaki
transform is a transform derived from the classical fourier integral which was first
introduced by T.M. ELzaki [9] in 2011. The ELzaki transform was then presented
when Sumudu transform and Laplace transform failed to solve some differential
equations with variable coefficients [15]. ELzaki transform which is a modified general
Laplace and Sumudu transforms [9] is applied to solve PDEs such as wave and heat
equations. ELzaki et al. [9] and Chopade et al. [1] have shown that ELzaki transform
provides powerful method for analyzing PDEs.

In this research, the main focus is to solve PDEs using the combination of
homotopy perturbation method and ELzaki transform method. From the solutions, the
effectiveness of both methods will be compared to previous studies solutions. In this
research, we will present few examples of PDEs problems that will be solved using
homotopy perturbation method and ELzaki transform. We will also demonstrate a
reliable combination of homotopy perturbation method and ELzaki transform to obtain
the solution of partial differential equations.

1.3 Statement of Problem

With the rapid development of analytical methods throughout the years,
many methods were introduced such as homotopy perturbation method, differential
transformation method, adomian decomposition method, variational iteration method,
sumudu transform, ELzaki transform etc. Two methods are presented in this research
which are homotopy perturbation method (HPM) and ELzaki transform. HPM is
introduced in this research because of its connection with the classical perturbation
method. This method was first proposed to solve the limitation that perturbation
method has in which it requires a small parameter exists in the equation whereas most
PDEs have larger parameters. ELzaki transform is used in this study because this
method is relatively new. So, research about this method still opens to new discoveries
and we would like to take a deeper look into this method. The combination of these two
methods seem interesting and viable to solve PDE problems which are either difficult
to solve or have not had exact solution yet.
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1.4 Research Questions

This research will answer the following questions:

1. What is homotopy perturbation method and what is ELzaki transform?

2. How to solve partial differential equations using homotopy perturbation method
and ELzaki transform?

3. Are homotopy perturbation method and ELzaki transform reliable for solving
partial differential equations?

4. How to solve partial differential equations equations using the combination of
homotopy perturbation method and ELzaki transform?

5. Is the combination of homotopy perturbation method and ELzaki transform a
good approach for solving applications of partial differential equations?

1.5 Objectives of The Research

The objectives of the research are:

1. To introduce homotopy perturbation and ELzaki transform methods.

2. To solve partial differential equations using homotopy perturbation method and
ELzaki transform respectively.

3. To determine whether homotopy perturbation method and ELzaki transform are
reliable for solving partial differential equations.

4. To solve some applications of partial differential equations using the
combination of homotopy perturbation method and ELzaki transform.

1.6 Scope of The Research

In this research, the focus is only on solving problems in partial differential
equations. This is because it is more difficult to find the exact analytical solutions. Two
methods are employed, specifically the homotopy perturbation method and ELzaki
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transform. Then we combine these methods to solve some applications of partial
differential equations.

1.7 Significance of The Research

The knowledge of solving partial differential equations using homotopy
perturbation method and ELzaki transform can be utilized for further research. In
addition, the methods are very useful and can be used as a tool to solve actual problems
in various areas in engineering and natural sciences as most of the equations involve
partial differential equations. Besides that, the combination of these methods provide
an alternative and efficient approach for solving partial differential equations.
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