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In this article, the influence of thermal radiation on unsteady magnetohydrodynamics (MHD) free con-
vection flow of rotating Jeffrey nanofluid passing through a porous medium is studied. The silver
nanoparticles (AgNPs) are dispersed in the Kerosene Oil (KO) which is chosen as conventional base fluid.
Appropriate dimensionless variables are used and the system of equations is transformed into dimen-
sionless form. The resulting problem is solved using the Laplace transform technique. The impact of per-
tinent parameters including volume fraction u, material parameters of Jeffrey fluid k1, k, rotation
parameter r, Hartmann number Ha, permeability parameter K , Grashof number Gr, Prandtl number Pr,
radiation parameter Rd and dimensionless time t on velocity and temperature profiles are presented
graphically with comprehensive discussions. It is observed that, the rotation parameter, due to the
Coriolis force, tends to decrease the primary velocity but reverse effect is observed in the secondary
velocity. It is also observed that, the Lorentz force retards the fluid flow for both primary and secondary
velocities. The expressions for skin friction and Nusselt number are also evaluated for different values of
emerging parameters. A comparative study with the existing published work is provided in order to ver-
ify the present results. An excellent agreement is found.

� 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

A nanofluid is a fluid containing nanometer-sized particles,
called nanoparticles. Recently, nanofluid is regarded as one of the
best heat transfer fluids. The term of nanofluid refers to a mixture
of nanoparticles (e.g. carbon, metals and metal oxides) and an ordi-
nary base fluid (e.g. water, ethylene glycol, lubricant oil and kero-
sene) which was first introduced by Choi and Eastman [1]. To meet
the cooling rate requirement of industry, the conventional heat
transfer fluids are not suitable and are found to have limited heat
transfer capabilities due to their low thermal conductivity com-
pared to metals. Therefore, nanoparticles are inserted to increase
the thermal conductivities of the base fluids and this leads to an
enhancement of the heat transfer. Looking into the above men-
tioned facts, many researchers have put their attentions in this
subject including Mohyud-Din et al. [2,3], Haq et al. [4–6], Dinar-
vand et al. [7–10], Khan et al. [11–14] and Khan et al. [15]. In addi-
tion, Haq et al. [16] investigated numerically the effects of
magnetohydrodynamics and volume fraction of carbon nanotubes
(CNTs) on the flow and heat transfer in two lateral directions over a
stretching sheet by using Runge-Kutta-Fehlberg with shooting
technique. In a subsequent year, Haq et al. [17] discussed the con-
vective heat transfer in MHD slip flow over a stretching surface in
the presence of carbon nanotubes and solved numerically using
shooting technique with a Runge-Kutta method. In another study,
Haq et al. [18] presented the dual-nature solutions of the axisym-
metric flow of a magneto-hydrodynamics nanofluid over a perme-
able shrinking sheet using same methodology as [17]. Besides that,
some analytical studies of nanofluid between two concentric cylin-
ders can be found in [19] and [20].

The study of rotating fluids has gained much interest nowadays
since it has been encountered in many important problems such as
cosmic and geophysical flows. The effect of Coriolis force helps us
to understand the phenomena of earth’s rotation, the behavior of
ocean circulation and galaxies formation better. Therefore, many
mathematical models including numerical and analytical studies
are presented to study the effect of Coriolis force on the fluid flows.
Saleem et al. [21] analyzed buoyancy and metallic particle effects
on unsteady water-based fluid flow along a vertically rotating cone
with the help of Runge-Kutta-Fehlberg method. Hosseini et al. [22]
used Homotopy perturbation method to investigate nanofluid flow
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and heat transfer between two horizontal plates in a rotating sys-
tem. Sheikholeslami et al. [23] extended the idea of [22], by taking
into account the magnetohydrodynamic (MHD) effect and solved
the problem numerically using fourth-order Runge-Kutta method.
Besides that, Hussain et al. [24] examined the flow and heat trans-
fer effects of both single and multiple wall carbon nanotubes
within the base fluid (water) in a rotating channel. In these papers,
the authors have used the nanofluid model proposed by Tiwari and
Das [25]. After that, Sheikholeslami and Ganji [26] extended the
previous work of [23] and analyzed three dimensional nanofluid
flow and heat transfer in a rotating system in the presence of mag-
netic field using Buongiorno’s model [27]. Very recently, Khan et al.
[28] studied numerically three dimensional squeezing flow of
nanofluid in a rotating channel with lower stretching wall sus-
pended by carbon nanotubes with the aid of Runge-Kutta-
Fehlberg method. Few other attempts in this direction are those
made by Nadeem et al. [29], Sree Ranga Vani and Prasada Rao
[30], Das [31], Raza et al. [32], Mohyud-Din et al. [33] and Satya
Narayana et al. [34].

Materials that do not obey the Newtonian law of viscosity are
non-Newtonian fluids such as apple sauce, drilling muds, certain
oils, ketchup and colloidal and suspension solution. The study of
non-Newtonian fluids has gained interest because of their exten-
sive industrial and technological applications. However, the Navier
Stokes equations are no longer valid to precisely describe the rhe-
ological behavior of all non-Newtonian fluids. In view of their dif-
ferences with Newtonian fluids, several models of non-Newtonian
fluids have been proposed. The most common and simplest model
of non-Newtonian fluids is Jeffrey fluid which has time derivative
instead of convected derivative [35]. Hussain et al. [36] developed
a model to examine the radiative hydromagnetic flow of Jeffrey
nanofluid by an exponentially stretching sheet. Hayat et al. [37]
investigated analytically three dimensional flow of Jeffrey nano-
fluid with a new mass flux condition using Homotopy analysis
method.

Later on, Shehzad et al. [38,39], Hayat et al. [40], Dalir et al.
[41] and Naramgari et al. [42] studied a magnetic field effect on
the flow of Jeffrey nanofluid under various aspects. An analysis
of the boundary layer flow and heat transfer in a Jeffrey fluid
containing nanoparticles due to a stretchable cylinder was
reported by Hayat et al. [43]. Nadeem and Saleem [44] presented
the unsteady mixed convection flow on a rotating cone in a
rotating Jeffrey nanofluid and solved analytically with the help
of optimal homotopy analysis method. Very recently, Raju
et al. [45] investigated numerically the influence of thermal radi-
ation and chemical reaction on the boundary layer flow of a
magnetohydrodynamic Jeffrey nanofluid over a permeable cone
in the presence of thermophoresis and Brownian effects using
Runge-Kutta fourth order with shooting technique. Also, some
important articles investigated on peristaltic flow of Jeffrey
nanofluid are well documented in [46–49].

The current study is mainly focused on the unsteady MHD free
convection flow of rotating Jeffrey nanofluid past an infinite verti-
cal disk saturated in a porous medium. To the best of our knowl-
edge, most of the previous studies on Jeffrey nanofluid have
applied the Buongiorno’s model [27] and no study utilizing the
Tiwari and Das model has been reported [25]. Therefore, in this
present study, the nanofluid model proposed by Tiwari and Das
[25] is used to study Jeffrey nanofluid. An analytical technique
called Laplace transform method is implemented to the governing
equations. Results for velocity and temperature profiles for various
pertinent parameters are plotted graphically and discussed in
details. A comparative study is also provided in sense of limiting
cases for verification and an excellent agreement is found. Numer-
ical results for skin friction and Nusselt number are evaluated and
presented in tables.
Mathematical formulation

Consider the unsteady MHD free convection flow of an incom-
pressible Jeffrey nanofluid saturated in porous medium past an
infinite vertical plate. A coordinate frame is chosen in which the
x-axis is taken vertically upwards along the plate, while the z-
axis is measured perpendicular to it. The plate is embedded in a
nanofluid consisting of Kerosene oil (base fluid) and Silver
nanoparticles (AgNPs). Consider the fluid is in a rigid body rotation
with a constant angular velocity, X about the z-axis as shown in
Fig. 1.

A uniform magnetic field of strength B0 is imposed normal to
the x-axis. Induced magnetic field is considered negligible for a
small magnetic Reynolds number compared to the applied mag-
netic field [50]. It is also assumed that the external electric field
and electric field are neglected due to the no polarization and volt-
age exists [51–53]. Initially, both the plate and fluid are at rest with
a constant temperature, T1. At time t > 0, the temperature is
raised or lowered to Tw which is thereafter maintained constant.

Under the above assumptions, applying the usual Boussinesq
approximation [54] and using the nanofluid model proposed by
Tiwari and Das [25], the momentum and energy equations for
unsteady MHD free convection flow of rotating Jeffrey nanofluid
in the presence of thermal radiation are governed by:

qnf ð
@F
@t

þ2XiFÞ¼ lnf

1þk1
ð1þk2

@
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Þ@
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The initial and boundary conditions are taken to be:

Fðy;0Þ ¼ 0; Tðy;0Þ ¼ T1; ð3Þ

Fð0; tÞ ¼ 0; Tð0; tÞ ¼ Tw; ð4Þ

Fð1; tÞ ¼ 0; Tð1; tÞ ¼ T1: ð5Þ
Here F ¼ uþ iv are complex velocity where u and v are real and

imaginary part respectively, qnf is the density of nanofluids, lnf is
the dynamic viscosity of nanofluid, ki¼1;2 are the material parame-
ters of Jeffrey fluid, /1 is the porosity, k� is the permeability of the
porous medium, r is the electric conductivity, ðqbTÞnf is the ther-
mal expansion coefficient of nanofluid, g is the acceleration due
to gravity, T is the temperature, ðqcpÞnf is the heat capacitance of

the nanofluid, knf is the thermal conductivity of nanofluid and qr

is the radiative heat flux. Note that the two fluid models, namely
viscous nanofluid model and second grade nanofluid model can
be obtained as special cases from the present Jeffrey nanofluid
model by taking k1 ¼ k2 ¼ 0, respectively k1 ¼ 0, as it will lead to
the expression of second grade nanofluid.

Following [55–59], the relations of qnf , lnf , ðqbTÞnf , ðqcpÞnf and
knf are given as:

qnf ¼ ð1�uÞqf þuqs; ð6Þ

lnf ¼
lf

ð1�uÞ2:5 ; ð7Þ

ðqbÞnf ¼ ð1�uÞðqbÞf þuðqbÞs; ð8Þ

ðqcpÞnf ¼ ð1�uÞðqcpÞf þuðqcpÞs; ð9Þ

knf
kf

¼ ks þ 2kf � 2uðkf � ksÞ
ks þ 2kf þuðkf � ksÞ : ð10Þ



Fig. 1. Physical model of rotating Jeffrey nanofluid saturated in porous medium.
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In which u is the nanoparticles volume fraction, qf is the den-
sity of base fluid, qs is the density of solid nanoparticles, lf is the
dynamic viscosity of the base fluid, bf is the volumetric coefficient
of thermal expansions of base fluid, bs is the volumetric coeffi-
cient of thermal expansions of solid nanoparticles, ðcpÞf and
ðcpÞs are the specific heat of capacities of base fluids and solid
nanoparticles at constant pressure and kf and ks are the thermal
conductivities of the base fluid and solid nanoparticles respec-
tively. According to Turkyilmazoglu and Pop [60], the expressions
given in (6)–(10) are restricted to spherical nanoparticles. The
thermophysical properties of base fluids and nanoparticles are
given in Table 1.

Using Rosseland approximation, the radiation heat flux [61–63]
leads to

qr ¼ �4r�

3k1
@T4

@y
; ð11Þ

where r� is the Stefan-Boltzman constant and k1 is the absorption
coefficient. Further, we assume the temperature differences within
the flow are sufficiently small such that T4 is a linear temperature
Table 1
Thermophysical properties of different base fluids and nanoparticles [67–69].

Physical properties Base fluids

Water Kerosene

q ðkg=m3Þ 997.1 780
cp ðJ=kgKÞ 4179 2090
k ðW=mKÞ 0.613 0.149

b ðK�1Þ 21� 10�5 9:9� 10�4

Pr 6.2 21
function which is expanded by Taylor series expansion about T1.
Neglecting the higher order term gives

T4 � 4T3
1T � 3T4

1: ð12Þ
Upon substituting Eqs. (11) and (12) into (2), reduces to
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 !
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Introducing the following dimensionless variables

F� ¼ F
U0

; z� ¼ zU0

t
; t� ¼ tU2

0

t
; h ¼ T � T1

Tw � T1
: ð14Þ

Employing the dimensionless variables defined in (14) into Eqs.
(1) and (13) along with initial and boundary conditions (3)–(5)
leads to the expressions of non-dimensional form (drop out the
star notation for simplicity)

@F
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� a1

Kð1þ k1Þ 1þ k
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a3

� �
F þ a2Grh; ð15Þ
Nanoparticles

Ethylene glycol Cu Ag

1115 8933 10500
2386 385 235
0.2499 401 429

3:41� 10�3 1:67� 10�5 1:89� 10�5

203 – –
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@h
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subjected to initial and boundary conditions

Fðz;0Þ ¼ 0; hðz;0Þ ¼ 0; z > 0; ð17Þ

Fð0; tÞ ¼ 0; hð0; tÞ ¼ 1; t > 0; ð18Þ

Fð1; tÞ ¼ 0; hð1; tÞ ¼ 0; t > 0: ð19Þ
Here r is the rotation parameter, k is the dimensionless material

parameter, K is the permeability parameter, Ha is the Hartmann
number or magnetic parameter, Gr is the Grashof number which
is defined as:

r ¼ Xt
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where

Pr ¼ tf
af

; Rd ¼ 16
3
r�T3

1
kf k1

; ð22Þ

are Prandtl number and radiation parameter, respectively.

Solution of the problem

In order to proceed for the solution of the above problem, we
use the Laplace transform technique. Thus, by taking the Laplace
transform of Eqs. (15) and (16) together with the initial and bound-
ary conditions (17)–(19), takes the form

d2�Fðz; qÞ
dz2

� b4 þ b1q
b2 þ b3q

� �
�Fðz; qÞ ¼ � a2Gr

b2 þ b3q
�hðz; qÞ; ð23Þ

d2�hðz; qÞ
dz2

� 1
a4

q�hðz; qÞ ¼ 0; ð24Þ

�Fð0; qÞ ¼ 0; �Fð1; qÞ ¼ 0; ð25Þ

�hð0; qÞ ¼ 1
q
; �hð1; qÞ ¼ 0; ð26Þ

in which �Fðz; qÞ and �hðz; qÞ indicate the Laplace transform of
Fðz; tÞ and hðz; tÞ respectively, and the arbitrary constants are
given as

b1 ¼ 1þ a1k
Kð1þ k1Þ ; b2 ¼ a1

1þ k1
; b3 ¼ a1k

1þ k1
;

b4 ¼ Ha
a3

þ a1
Kð1þ k1Þ þ 2ir: ð27Þ

Using (26) into (24) leads to the expression

�hðz; qÞ ¼ 1
q
exp �z

ffiffiffiffiffi
q
a4

r� �
: ð28Þ

Taking the inverse Laplace transform of Eq. (28), the solution for
temperature distribution is obtained as
hðz; tÞ ¼ erfcð z
2
ffiffiffiffiffiffiffi
a4t

p Þ; ð29Þ

where erfcð�Þ being the complimentary error function. Meanwhile,
substituting Eqs. (28) into (23) and making use of (25) gives

�Fðz; qÞ ¼ d1½�F1ðqÞ:�F2ðz; qÞ�; ð30Þ
where

�F1ðqÞ ¼ 1

ðqþ d2Þ2 � d2
3

; ð31Þ
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Inversion Laplace transform of (31) yields the expression

F1ðtÞ ¼ 1
d13

expð�d12tÞ sinhðd13tÞ; ð33Þ

where

d1 ¼ a2a4Gr
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In order to find the inverse Laplace of Eq. (32), we arrange it in

the form

�F2ðz; qÞ ¼ �A1ðz; qÞ � �A2ðz; qÞ; ð35Þ
where

�A1ðz; qÞ ¼ 1
q
exp �z
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: ð37Þ

In order to find the inverse Laplace transform of Eq. (36), we
split (36) in the following form

�G1ðqÞ ¼ 1
q
; ð38Þ

�G2ðz; qÞ ¼ exp �z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b4 þ b1q
b2 þ b3q

s !
: ð39Þ

Taking the inverse Laplace transform of Eq. (38) and using the
inversion formula of compound function of Eq. (39) implies

G1ðtÞ ¼ 1; ð40Þ
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ffiffiffiffi
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with

L1 ¼ b2

b3
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b3
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b3
; ð42Þ

where I1ð�Þ is modified Bessel function of the first kind of order.
Since �A1ðz; qÞ involves two multiplication of functions (38) and
(39), therefore we have to use the convolution theorem, hence

A1ðz; tÞ ¼
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Besides that, the inverse Laplace of Eq. (37) is given by

A2ðz; tÞ ¼ erfcð z
2
ffiffiffiffiffiffiffi
a4t

p Þ: ð44Þ

Then,
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Finally, using the convolution theorem again, the solution of

velocity profile of Eq. (30) can be expressed as:
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Skin friction and Nusselt number

The dimensionless skin friction, s for rotating flow of Jeffrey
nanofluid is defined as

s ¼ 1
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Thus,
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The rate of heat transfer is given in the form of Nusselt number
as:

Nu ¼ � @h
@t

����
z¼0

¼ 1ffiffiffiffiffiffiffiffiffiffi
pa4t

p : ð49Þ
Fig. 2. Comparison of temperature hðz; tÞ in (50) with (1
Limiting cases

In order to highlight the theoretical value of the general solu-
tions obtained in (29) and (46) for temperature and velocity as well
as to gain physical regime, we consider two special cases by taking
suitable parameters equal to zero.

Case 1: Absence of rotation, MHD, radiation and porosity

By making radiation parameter, Rd ¼ 0 the obtained tempera-
ture (29) implies

hðz; tÞ ¼ erfc
z
2

ffiffiffiffiffiffiffiffiffiffiffi
m1Pr
m2t

s !
: ð50Þ

Furthermore, by putting r ¼ Ha ¼ Rd ¼ 0 and K ! 1 in Eq. (46),
reduces the obtained velocity profile to

Fðz;tÞ¼ d1

d12

Z t

0
e�d12ðt�lÞ�z

ffiffiffiffiffi
L12

p
sinh½d12ðt� lÞ�dlþ d1

d12

1
2

ffiffiffiffiffiffiffi
L13
p

r Z t

0

Z l

0

Z 1

0

� z
h
ffiffi
s

p e�d12ðt�lÞ�z2
4h�L1s�hL12 sinh½d12ðt� lÞ�I1ð2

ffiffiffiffiffiffiffiffiffiffiffi
L13hs

p
Þdhdsdl

� d1

d12

Z t

0
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where

a14 ¼ m2

m1Pr
; d12 ¼ b2 � a4

2b3
; L12 ¼ 1

b3
; L13 ¼ L1

b3
: ð52Þ

It is noted that, by taking volume fraction,u ¼ 0 in Eqs. (50) and
(51), these solutions will be reduced to the regular Jeffrey fluid
which is identical to the solution obtained by Khan [64] in Eqs.
(18) and (31) (See Figs. 2 and 3).

Case 2: Solution in the absence of k1

Interestingly, the solution of Eq. (46) can be reduced to rotating
second grade fluid with the porosity, MHD and radiation effects if
k1 ¼ 0.

Fðz;tÞ¼d21

d23

Z t

0
e�d22ðt�lÞ�z

ffiffiffiffiffi
L22

p
sinh½d23ðt� lÞ�dlþd21

d23

1
2

ffiffiffiffiffiffiffi
L23
p

r Z t

0

Z l

0

Z 1

0

� z
h
ffiffi
s

p e�d22ðt�lÞ�z2
4h�s

k�hL22 sinh½d23ðt� lÞ�I1ð2
ffiffiffiffiffiffiffiffiffiffiffi
L23hs

p
Þdhdsdl

�d21

d23

Z t

0
e�d22ðt�lÞ sinh½d23ðt� lÞ�erfc z

2
ffiffiffiffiffiffi
a4l

p
 !

dl; ð53Þ
8) obtained by Khan [64] when Pr ¼ 21 and t ¼ 1.



Fig. 3. Comparison of velocity Fðz; tÞ in (51) with (31) obtained by Khan [64] when k1 ¼ k ¼ 1, Gr ¼ 1, Pr ¼ 21 and t ¼ 1.
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where

b21 ¼ 1þ a1k
K

; b24 ¼ Ha
a3

þ a1
K

þ 2ir; d21 ¼ a2a4Gr
a1k

;

d22 ¼ a1 � a4b21

2a1k
; d23 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 � a4b21Þ2 þ 4ka1a4b24

q
2ka1

;

L22 ¼ 1
a1k

þ 1
K
; L23 ¼ 1

a1k
2 þ

1
Kk

� b4

a1k
: ð54Þ

However, by taking r ¼ 0, Ha ¼ 0, Rd ¼ 0 and K ! 1 into
Eq. (53), it will be reduced to

Fðz;tÞ ¼ d31

d32

Z t

0
e
d32ðl�tÞ� zffiffiffiffiffi

a1k
p

sinh½d32ðt� lÞ�dlþd31
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� 	
sinh½d32ðt� lÞ�I1 2

k

ffiffiffiffiffi
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a1

s0
@

1
Adhdsdl

�d31

d32

Z t

0
ed32ðl�tÞ sinh½d32ðt� lÞ�erfc z

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m11Pr
m12l

s !
dl: ð55Þ
Fig. 4. Comparison of velocity Fðz; tÞ in (55) with (11) obtained by Sam
In which

d31 ¼ a2m12Gr
a1km11Pr

; d32 ¼ a1m11Pr �m12

2a1km11Pr
: ð56Þ

Eq. (55) is satisfactorily identical to the published results
obtained by Samiulhaq et al. [65] in Eq. (11) when u ¼ 0 and
Gr ¼ 1. Furthermore, clearly Fig. 4 shows that the graph of Eq.
(55) matches well with Eq. (11) in Samiulhaq et al. [65] when
the volume fraction of nanoparticles is neglected. An excellent
agreement is noted.
Result and discussion

This section is prepared to study the impact of pertinent param-
eters namely volume fractionu, material parameter k1, dimension-
less material parameter k, Hartmann number or magnetic
parameter Ha, rotation parameter r, permeability parameter K ,
Grashof number Gr, Prandtl number Pr, radiation parameter Rd
and dimensionless time t on velocity field components and
temperature distributions which are displayed graphically in
iulhaq et al. [65] when k1 ¼ k ¼ 0:8, Gr ¼ 1, Pr ¼ 21 and t ¼ 0:5.
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Figs. 5–23. Kerosene oil is chosen as a conventional base fluid with
silver (Ag) nanoparticles. The panels (a) and (b) in each plot indi-
cate the variations of real and imaginary part of velocity and are
also called as primary and secondary velocity, respectively.

Figs. 5a and 5b show a graphical description of the fluid flow for
two types of nanoparticles namely copper nanoparticles (CuNPs)
and AgNPs. Obviously, from this figure AgNPs have slightly higher
velocity compared to CuNPs. This shows that, the viscosity and
thermal conductivity of CuNPs are greater compared to AgNPs.
Besides that, AgNPs also seem to have smallest hydrodynamics.

Figs. 6a and 6b depict the variation in velocity due to increment
in nanoparticle volume fraction for AgNPs. It is observed that an
increase in the amount of volume fraction decreases the velocity
profile. This is due to the reason that the presence of solid nanopar-
ticles leads to further thinning of the velocity boundary layer thick-
ness and hence slows down the fluid motion.

Figs. 7a and 7b are plotted in order to show the impact of differ-
ent types of base fluid (water, Kerosene and Ethylene glycols) on
velocity profile. Clearly, water has the highest velocity followed
by Kerosene and Ethylene glycols which means it has the lowest
viscosity compared to other base fluids for both real and imaginary
parts of velocity.
Fig. 5a. Primary velocity of different nanoparticles with kerosene based fluids whe

Fig. 5b. Secondary velocity of different nanoparticles with kerosene based fluids wh
The behaviors of material parameter of Jeffrey fluid, k1 (when k
is fixed) on velocity fields are portrayed in Figs. 8a and 8b. As k1
increases, the primary and secondary velocities decrease. However,
a quite opposite trend is noticed for dimensionless material param-
eter of Jeffrey fluid, k as pointed out in Figs. 9a and 9b. It can be
observed that an increase of k tends to decrease the velocities for
both primary and secondary profiles. Physically, this is because k
is a viscoelastic parameter and viscoelasticity is a property of com-
bined material exhibiting both elastic and viscous behavior when
undergoing deformation. Hence, an increase of viscosity and elas-
ticity will always retard the fluid flow [66]. Besides that, similar
patterns are observed in Figs. 10a and 10b when both parameters
are assumed to have same values.

Furthermore, the influences of rotation parameter, r on velocity
components are demonstrated in Figs. 11a and 11b. Here, clearly,
the rotation effects retard the fluid flow in primary flow direction
in Fig. 11a, and the opposite trend is noticed in the secondary flow
direction as shown in Fig. 11b. The velocity profile in secondary
flow direction accelerates as r increases in the region near the
plate, and later reduces in the region away from the plate due to
the fact that Coriolis force is dominant in the region near to the axis
of rotation. Besides that, from Fig. 11b we notice that the effect of
n u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

en u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.



Fig. 6a. Primary velocity for different values of u of Ag-Kerosene when k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 6b. Secondary velocity for different values of u of Ag-Kerosene when k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 7a. Primary velocity of different base fluids for Ag when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Rd ¼ 1 and t ¼ 1.
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Fig. 7b. Secondary velocity of different base fluids for Ag when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Rd ¼ 1 and t ¼ 1. .

Fig. 8a. Primary velocity of different values of k1 of Ag-Kerosene when u ¼ 0:2, k ¼ 2, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 8b. Secondary velocity of different values of k1 of Ag-Kerosene when u ¼ 0:2, k ¼ 2, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.
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Fig. 9a. Primary velocity of different values of k of Ag-Kerosene when u ¼ 0:2, k1 ¼ 2, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 9b. Secondary velocity of different values of k of Ag-Kerosene when u ¼ 0:2, k1 ¼ 2, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 10a. Primary velocity of different values of both material parameters of Jeffrey fluid of Ag-Kerosene when u ¼ 0:2, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and
t ¼ 1.
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Fig. 10b. Secondary velocity of different values of both material parameters of Jeffrey fluid of Ag-Kerosene when u ¼ 0:2, r ¼ 0:5, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and
t ¼ 1.

Fig. 11a. Primary velocity of different values of r for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 11b. Secondary velocity of different values of r for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, K ¼ 1, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.
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rotation no longer accelerates the fluid flow when r is larger. Also,
we can say that the Coriolis force acts as a constraint in the fluid
flow in the primary flow direction which induces the secondary
fluid velocity in the flow field.

The effects of magnetic field or Hartmann number Ha on the
velocity components are illustrated in Figs. 12a and 12b respec-
tively. These figures indicate that an increase in the values of Ha
tends to reduce the velocity components monotonically due to
the Lorentz force, which is similar to the drag force that acts as
an agent to retard the fluid flow. Therefore, when we increase
the magnetic parameter, the Lorentz force is technically increased
and more resistance is given to the motion of the fluid thus decel-
erating the primary and secondary velocities.

From Figs. 13a and 13b, it is noted that an increase in the
permeability parameter of the porous medium K enhances the pri-
mary and secondary velocities profiles due to the less friction force,
which yields the reverse effect of the magnetic parameter. In fact,
higher values of K reduce the resistance of the porous medium,
which in turn increase the momentum development of the regime
and thus accelerate the fluid flow in primary and secondary
velocities.
Fig. 12a. Primary velocity of different values of Ha for Ag-Kerosene when

Fig. 12b. Secondary velocity of different values of Ha for Ag-Kerosene whe
Moreover, Figs. 14a and 14b reveal that the velocity of compo-
nents increases when Grashof number Gr increases. In fact, higher
values of Gr lead to an increase in the temperature gradient and
enhances the buoyancy force. Therefore, it accelerates the primary
and secondary fluid velocities throughout the boundary layer
region.

Lower values of primary and secondary velocities are seen with
the increase of Prandtl number, Pr as presented in Figs. 15a and
15b. Prandtl number is defined as the ratio between momentum
diffusivity and thermal diffusivity and hence controls the relative
thickness of the momentum and thermal boundary layers. This
means that, an increase in the Prandtl number leads to an increase
in the viscosity of the fluid which makes the fluid become thick,
and consequently decreases the fluid flow.

Figs. 16a and 16b depict that the rise in values of radiation
parameter, Rd causes an increase in the flow field. Such a behavior
is found because when the intensity of radiation parameter
increases, which in turn increases the rate of energy transport to
the fluid, the bond holding the components of the fluid particles
is easily broken and thus decreases the viscosity. This will make
the fluid moves faster which leads to the enhancement of fluid
u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

n u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, K ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.



Fig. 13a. Primary velocity of different values of K for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 13b. Secondary velocity of different values of K for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 14a. Primary velocity of different values of Gr for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.
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Fig. 15a. Primary velocity of different values of Pr for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Gr ¼ 1, Rd ¼ 1 and t ¼ 1.

Fig. 14b. Secondary velocity of different values of Gr for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 15b. Secondary velocity of different values of Pr for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Gr ¼ 1, Rd ¼ 1 and t ¼ 1.
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Fig. 16a. Primary velocity of different values of Rd for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Gr ¼ 1, Pr ¼ 21 and t ¼ 1.

Fig. 16b. Secondary velocity of different values of Rd for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Gr ¼ 1, Pr ¼ 21 and t ¼ 1.

Fig. 17a. Primary velocity of different values of t for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Gr ¼ 1, Pr ¼ 21 and Rd ¼ 1.
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Fig. 18. Temperature profile for different nanoparticles with kerosene as a base fluid when u ¼ 0:2, Rd ¼ 1, Pr ¼ 21 and t ¼ 1.

Fig. 17b. Secondary velocity of different values of t for Ag-Kerosene when u ¼ 0:2, k1 ¼ k ¼ 1, r ¼ 0:5, Ha ¼ 1, K ¼ 1, Gr ¼ 1, Pr ¼ 21 and Rd ¼ 1.

Fig. 19. Temperature profile of different u of Ag-Kerosene when Rd ¼ 1, Pr ¼ 21 and t ¼ 1.
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Fig. 21. Temperature profile of Ag-Kerosene for different values of Pr when u ¼ 0:2, Rd ¼ 1 and t ¼ 1.

Fig. 20. Temperature profile for different Ag-based fluids (water, kerosene and EG) when u ¼ 0:2, Rd ¼ 1 and t ¼ 1.

Fig. 22. Temperature profile for different values of Rd when u ¼ 0:2, Pr ¼ 21 and t ¼ 1.
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Fig. 24a. Comparison of primary velocity profile between Jeffrey nanofluid and regular Jeffrey fluid for different values of r for Ag-Kerosene when k1 ¼ k ¼ 1, K ¼ 1, Ha ¼ 1,
Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 23. Temperature profile of Ag-Kerosene for different values of t when u ¼ 0:2, Pr ¼ 21 and t ¼ 1.

Fig. 24b. Comparison of Secondary velocity profile between Jeffrey nanofluid and regular Jeffrey fluid for different values of r for Ag-Kerosene when k1 ¼ k ¼ 1, K ¼ 1, Ha ¼ 1,
Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.
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velocity for primary and secondary flow directions. Also, Figs. 17a
and 17b show that the velocity profiles increase with the increase
of time, t.

The variation of AgNPs and CuNPs on temperature profile is
illustrated in Fig. 18. It is found that AgNPs have higher tempera-
ture compared to the CuNPs as we have noticed in velocity compo-
nents. It shows that AgNPs have smallest thermal boundary layer
thickness and different nanoparticles make changes in velocity
and temperature profiles.

Fig. 19 is presented to show the effect of nanoparticles’ volume
fraction on temperature profile. It is clear from this figure that
enhancement in volume fraction of nanoparticles leads to the rise
of temperature distributions. This is due to the fact that an increase
in the nanoparticles’ volume fraction leads to the increase in the
thermal conductivity and this enhances the thermal boundary
layer thickness, which causes the temperature to increase. Fig. 20
sketches a comparison of different types of base fluid on tempera-
ture and it is found that Ag-water based produces higher temper-
ature compared to other mixtures.
Fig. 25a. Comparison of primary velocity profile between rotational and irrotational J
Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.

Fig. 25b. Comparison of secondary velocity profile between rotational and irrotational
Gr ¼ 1, Pr ¼ 21, Rd ¼ 1 and t ¼ 1.
Besides that, Fig. 21 exhibits the characteristics of the Prandtl
number Pr on temperature distribution. It is noticed that a higher
Prandtl number leads to a fall in temperature profiles due to the
fact that lower Pr values have more uniform temperature distribu-
tion across the thermal boundary layer as compared to higher Pr. In
this case, lower values of Pr, fluids possess high thermal conductiv-
ity which causes the heat to diffuse away from the heated surface
more rapidly and faster compare to higher values of Pr. Thus, it
increases the boundary layer thickness and consequently decreases
the temperature distribution.

On the other hand, the effect of radiation parameter Rd on
temperature is analyzed in Fig. 22. The temperature profile
rapidly increases as the radiation parameter increases. A similar
behavior is also expected since the radiation parameter signifies
the relative contribution of conduction heat transfer to thermal
radiation transfer. We can say that the thermal radiation provides
an additional means to diffuse energy. Finally, Fig. 23 reveals that
the fluid temperature increases upon increasing the dimension-
less time, t.
effrey nanofluids (Ag-Kerosene) for different values of Ha when k1 ¼ k ¼ 1, K ¼ 1,

Jeffrey nanofluids (Ag-Kerosene) for different values of Ha when k1 ¼ k ¼ 1, K ¼ 1,



Table 2
Variation of skin friction of Ag-Kerosene for different values of parameters.

t u k1 ¼ k r Ha K Gr Pr Rd Re ½sðtÞ� �Im ½sðtÞ�
0.1 0 0.5 0.5 0.5 0.5 0.5 6.2 0.5 0.064 0.0002568
0.2 0 0.5 0.5 0.5 0.5 0.5 6.2 0.5 0.080 0.0008317
0.3 0 0.5 0.5 0.5 0.5 0.5 6.2 0.5 0.089 0.001580

0.4 0 0.5 0.5 0.5 0.5 0.5 6.2 0.5 0.095 0.002425
0.4 0.1 0.5 0.5 0.5 0.5 0.5 6.2 0.5 0.097 0.002651
0.4 0.2 0.5 0.5 0.5 0.5 0.5 6.2 0.5 0.098 0.002892

0.4 0.2 1.0 0.5 0.5 0.5 0.5 6.2 0.5 0.086 0.002330
0.4 0.2 1.5 0.5 0.5 0.5 0.5 6.2 0.5 0.082 0.002094
0.4 0.2 2.0 0.5 0.5 0.5 0.5 6.2 0.5 0.079 0.001963

0.4 0.2 2.0 1.0 0.5 0.5 0.5 6.2 0.5 0.079 0.003919
0.4 0.2 2.0 1.5 0.5 0.5 0.5 6.2 0.5 0.079 0.005861
0.4 0.2 2.0 2.0 0.5 0.5 0.5 6.2 0.5 0.078 0.007782

0.4 0.2 2.0 2.0 1.0 0.5 0.5 6.2 0.5 0.077 0.007592
0.4 0.2 2.0 2.0 1.5 0.5 0.5 6.2 0.5 0.076 0.007409
0.4 0.2 2.0 2.0 2.0 0.5 0.5 6.2 0.5 0.075 0.007232

0.4 0.2 2.0 2.0 2.0 1.0 0.5 6.2 0.5 0.086 0.009457
0.4 0.2 2.0 2.0 2.0 1.5 0.5 6.2 0.5 0.090 0.010000
0.4 0.2 2.0 2.0 2.0 2.0 0.5 6.2 0.5 0.092 0.011000

0.4 0.2 2.0 2.0 2.0 2.0 1.0 6.2 0.5 0.184 0.022000
0.4 0.2 2.0 2.0 2.0 2.0 1.5 6.2 0.5 0.276 0.033000
0.4 0.2 2.0 2.0 2.0 2.0 2.0 6.2 0.5 0.368 0.044000

0.4 0.2 2.0 2.0 2.0 2.0 2.0 21 0.5 0.267 0.018000
0.4 0.2 2.0 2.0 2.0 2.0 2.0 203 0.5 0.106 0.002355

0.4 0.2 2.0 2.0 2.0 2.0 2.0 203 1.0 0.116 0.002842
0.4 0.2 2.0 2.0 2.0 2.0 2.0 203 1.5 0.125 0.003321
0.4 0.2 2.0 2.0 2.0 2.0 2.0 203 2.0 0.133 0.003792

Table 3
Variation of Nusselt number of Ag-Kerosene based Jeffrey nanofluid for different values of parameters.

t u Pr Rd Nu

0.1 0 6.2 0.5 3.627
0.2 0 6.2 0.5 2.565
0.3 0 6.2 0.5 2.094

0.4 0 6.2 0.5 1.814
0.4 0.1 6.2 0.5 1.682
0.4 0.2 6.2 0.5 1.555

0.4 0.2 21 0.5 2.862
0.4 0.2 203 0.5 8.900

0.4 0.2 203 1.0 8.050
0.4 0.2 203 1.5 7.405
0.4 0.2 203 2.0 6.893
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For the sake of comparison, we have plotted the present result
(46) with the regular Jeffrey fluid for different values of r as shown
in Figs. 24a and 24b. It is found that the amplitude of regular Jeffrey
fluid is higher compared to the Jeffrey nanofluid. This means that
the Jeffrey nanofluid has higher viscosity than regular Jeffrey fluid,
and this high viscosity decreases the fluid flow. Meanwhile,
Figs. 25a and 25b give a comparison for rotational and irrotational
effects on velocity profiles for different values of Ha. Obviously,
rotation effect reduces the velocity profiles compared to fluids
without the rotation effect. This is also may be due to the presence
of Coriolis force.

The numerical results for skin friction and Nusselt number
are computed from the analytical expressions (48) and (49) pre-
sented in Table 2 and Table 3 for various parameters of interest.
It is observed that the primary skin friction decreases upon
increasing k, r, Ha and Pr whereas it increases upon increasing
u, K , Gr, Rd and t. Meanwhile, for secondary skin friction, it
increases upon increasing u, r, K , Gr, Rd and t, whereas
decreases upon increasing k, Ha and Pr. On the other hand, from
Table 3, it is depicted that the rate of heat transfer decreases for
large values of t, u and Rd. However, this behavior is quite
opposite for Pr.
Conclusion

The unsteady MHD free convection flow of rotating Jeffrey
nanofluid that is saturated in a porous medium under the influence
of thermal radiation using Tiwari and Das nanofluid model is
investigated analytically using the Laplace transform technique.
The fluid is filled with AgNPs and Kerosene oil is used as the base
fluid. A comparative study between the present results and the
previous published work is presented to authenticate our results
and an excellent agreement is found. The following main points
can be drawn from this study:

� AgNPs have higher velocity and thermal heat transfer compared
to CuNPs.

� EG-base fluid are concluded to have lower velocity than Kero-
sene oil and water. This shows a greater viscosity and thermal
conductivity of EG-base fluid.

� An increase in r tends to retard the primary fluid flow but
enhances the secondary fluid flow.

� It is also recorded that the Coriolis force has the tendency to
decrease the velocity of the fluid when we make a comparison
between solutions with rotational and irrotational effects.
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� Increasing the Ha leads to the enhancement of the Lorentz force
which acts as a resistance to the fluid motion. As a result, it
decreases the velocity.

� Also, a rise in Gr increases the temperature gradient which
enhances the buoyancy force and consequently increases the
velocity profile.

� The velocity profile decreases with an increasing volume frac-
tion of nanoparticle, while the increase in temperature profile
significantly increases the rate of heat transfer.

� Increase in Pr leads to the decrease in both velocity and temper-
ature profiles.

� Increasing values of K and Rd give rise in the fluid flow.
� Interestingly, the present result (46) can be reduced to rotating
second grade nanofluid when k1 is neglected.
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