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Graphical abstract Abstract

Interval-valued fuzzy set theory (advanced generalization of Zadeh's fuzzy sets) is a more
generalized theory that can deal with real world problems more precisely than ordinary fuzzy
set theory. In this paper, we infroduce the notion of generalized quasi-coincident with (qi)

relation of an interval-valued fuzzy point with an interval-valued fuzzy set. In fact, this new
concept is a more generalized form of quasi-coincident with relation of an interval-valued
fuzzy point with an interval-valued fuzzy set. Applying this newly defined idea, the notion of an
interval-valued (e, vq;) -fuzzy bi-ideal is infroduced. Moreover, some characterizations of

interval-valued (g, vq;) -fuzzy bi-ideals are described. It is shown that an interval-valued

(e,evqi)—fuzzy bi-ideal is an interval-valued fuzzy bi-ideal by imposing a condition on

interval-valued fuzzy subset. Finally, the concept of implication-based interval-valued fuzzy bi-
ideals, characterizations of an interval-valued fuzzy bi-ideal and an interval-valued
(€,€ vq;) -fuzzy bi-ideal are considered.

Keywords: Interval-valued fuzzy bi-ideals, Interval-valued (g,€vq) -fuzzy bi-ideal, Interval-
valued (e,evqi)—fuzzy bi-ideal, Interval-valued fuzzifying bi-ideal, f—implicoﬁon—bosed
interval-valued fuzzy bi-ideal

Abstrak

Teori set kabur bernilai-selang (pengitlakan lanjutan bagi set kabur Zadeh) adalah teori yang
lebih menyeluruh yang dapat mengendalikan masalah-masalah dunia sebenar dengan
lebih tepat berbanding teori set kabur biasa. Dalam kertas kerja ini, kami memperkenalkan

idea kuasi-kebetulan feritiak (q;) bagi suatu titik kabur bemilai-selang dengan suatu set

kabur bernilai-selang. Malahan, konsep baru ini juga adalah bentuk yang lebih menyeluruh
bagi kuasi-kebetulan suatu fitik kabur bernilai-selang dengan suatu set kabur bernilai-selang.
Dengan menggunakan idea yang baru didefinisikan ini, konsep bagi suatu dwi-unggulan
kabur- (e,evql:) bernilai-selang telah diperkenalkan. Sebagai tambahan, beberapa

pencirian bagi dwi-unggulan kabur- (€, € vq;) bemilaiselang telah diterangkan.  Telah
ditunjukkan bahawa suatu dwi-unggulan kabur- (e,evqg) bernilai-selang adalah suatu dwi-

unggulan kabur dengan diberikan satu syarat. Akhir sekali, konsep bagi dwi-unggulan kabur
bermilai-selang yang berasaskan implikasi, pengitiakan bagi suatu dwi-unggulan kabur
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bernilai selang dan suatu

dipertimbangkan.

dwi-unggulan  kabur- bernilai-selang  telah

(c.evay)

Kata kunci: Dwi-unggulan kabur bermilai-selang, Dwi-unggulan kabur- (€, vq) bernilai-selang,
Dwi-unggulan kabur- (g, vql:) bernilai-selang, Dwi-unggulan pengkaburan bernilai-selang,

Dwi-unggulan kabur bernilai-selang berasaskan implikasi- t
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1.0 INTRODUCTION

In mathematics, an ordered semigroup is a semigroup
together with a partial order that is compatible with
the semigroup operation. Ordered semigroups have
many applications in the theory of sequential
machines, formal languages, computer arithmetics,
and error-correcting codes. The fundamental concept
of a fuzzy seft, infroduced by L. A. Zadeh [1], provides a
natural frame-work for generalizing several basic
notions of algebra. Moreover, the study of fuzzy sets in
semigroups was infroduced by Kuroki [2-4]. Likewise, a
systematic exposition of fuzzy semigroups was given by
Mordeson et al. [5], where one can find theorefical
results on fuzzy semigroups and their use in fuzzy
coding, fuzzy finite state machines and fuzzy
languages. In addition, the monograph by Mordeson
and Malik [6] dealing with the application of fuzzy
approach to the concepts of automata and formal
languages. Moreover, Murali [7] proposed the
definition of a fuzzy point belonging to a fuzzy subset
under a natural equivalence on fuzzy subset. Besides,
the idea of quasi-coincidence of a fuzzy point with a
fuzzy set [8], played a vital role to generate some
different types of fuzzy subgroups. Furthermore, Bhakat
and Das [9-10] gave the concepts of (e,p)-fuzzy
subgroups by using the “belongs to” relation (¢) and
“quasi-coincident with” relatfion (q) between a fuzzy
point and a fuzzy subgroup, and infroduced the
concept of an (eevq) -fuzzy subgroup. Jun and Song
[11] initiated the study of (a,8)-fuzzy interior ideals of a
semigroup. In addition, Kazanci and Yamaok [12]
stfudied (e,evq)-fuzzy bi-ideals of a semigroup and
Shabir et al. [13] studied characterization of regular
semigroups by (a,B)-fuzzy ideals. Moreover, Jun et al.
[14] discussed generalization of an (e, B) -fuzzy ideals of
a BCK/BCI -algebra. In addition, Shabir and Khan [15]
characterized different classes of ordered semigroups
by the properties of fuzzy quasi-ideals. Further, by
applying fuzzy soft set theory the nofions of fuzzy left
(right, bi- and quasi-) ideals of type (e,.€, va;s) [16] are

infroduced in ordered semigroups. For further study on
generalized fuzzy setfs in ordered semigroups the
reader is referred to [17-21]. The concept of a fuzzy bi-
ideal in ordered semigroups was first infroduced by
Kehayopulu and Tsingelis in [22], where some basic
properties of fuzzy bi-ideals were discussed.

Furthermore, using the idea of a quasi-coincidence of
a fuzzy point with a fuzzy set, Khan et al. 22 infroduced
the concept of interval-valued (a, 8) -fuzzy bi-ideals in

an ordered semigroup.

In this paper, we present a more general form of
the idea presented in [23]. This new generalization is
called an interval-valued (g evqp)-fuzzy bi-ideal of an

ordered semigroup. By constructing suitable examples,
it is shown that there are interval-valued (e vay) -fuzzy
bi-ideals which are not interval-valued (g,evq) -fuzzy bi-

ideals. In addition, ordered semigroups are
characterized by the properties of this new concept.
Further, a condition for an interval-valued (eevqy) -

fuzzy bi-ideal to be an interval-valued fuzzy bi-ideal is
provided. It is important fo note that several results of
[23] are corollaries of our results obtained in this paper,
which is the important achievement of this study.

2.0 PRELIMINARIES

By an ordered semigroup (or po-semigroup) we mean
a structure  (s,.<) in which the following are satisfied

for x,a,beS:
(OS1) (s, is a semigroup,
(OS2) (S,5) is a poset,
(OS3) a<b=sa-x<b-xx-a<x-b.
Throughout this paper, x-y is simply denoted by xy for
all x,yes.
A nonempty subset A of an ordered semigroup S is
called a subsemigroup of S if A2cA.
A non-empty subset A of an ordered semigroup S is
called a bi-ideal of § if it satfisfies the following three
conditions:
(bl) forall aeS and be A, a<b=acA,
(b2) A>cA
(03) ASAcCA.
By an interval number a we mean an interval

[a~,a'] where 0<a <a®<l1. The set of all interval
numbers is denoted by D[0,1]. The interval [a,a] can

be simply identified by the number a<[0,1]. We define
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the following for the interval numbers a =[a, ,a,"],
b =[b,~,b"] forall iel :

(i) rmax{ﬁi,Bi}z[maxéi’i,b’i),max(a*i,b*i)],

(i) rmin{@,b}=[min@",b7i),min@",b")],

(iii) rinfa, = [é\I a_i,ié\l a*], rsup g :[i\E/I a’i, M a',

(iv) a<a, & ai1<a> and a'1<a™z,

(V) 4 =a, < a1=a2and a'1=a"z,

(Vi) <&, & ai1<a2 and a‘1=a’2,

(vii) ka, =[ka"i,ka"i], whenever 0<k <1.
Then, it is clear that (D[0,1],<,v,A) forms a complete

lattice with 5:[0,0] as its least element and I:[l,l] as

its greatest element.

The interval-valued fuzzy subsets provide a more
adequate description of uncertainty than the
traditional fuzzy subsets; it is therefore important to use
interval-valued fuzzy subsets in applications. One of
the main applications of fuzzy subsets is fuzzy control,
and one of the most computationally intensive parts of
fuzzy conftrol is the defuzzification. Since a fransition fo
interval-valued fuzzy subsets usually increase the
amount of computations, it is vitally important to
design faster algorithms for the corresponding
defuzzification.

An interval-valued fuzzy subset fiX > D[0,1] of X is
the set
f ={xeX|x[f (X),f"(x)]eD[0I]}
where f7: X—=[01 and f":X—>[01]]
subsets such that 0<f (x)<f*(x)<1 for all xe X and

[f~(x),f"(x)] is the interval degree of membership

are fuzzy

function of an element x to the set f .

Let f be an inferval-valued fuzzy subset of X . Then
for every 0<t<1, the crisp set
U(F:T)={xe X | f(x) =T} is called the level set of T .

The reader is referred to2 for more details on
operations on two interval-valued fuzzy sets of X .
Note that since every ae[0,1] is in correspondence

with the infterval [a,a]e D[0,1], hence a fuzzy set is a
special case of the interval-valued fuzzy set.

For any F:[f’,f*] and t=[t,t"], we define
fO)+t =[f ()+t, f (x)+t'], for all
particular, if f(x)+t">1 and f*(x)+t">1, then we

xeX . In

write f()+1>1.
An interval-valued fuzzy subset f of an ordered

semigroup S is called an interval-valued fuzzy bi-
ideal? of S if it satisfies the following for all x,y,zeS:

(b4) x<y= f(x)=f(y),

(b5) F(xy)zrmin{lt(x),lt(y)},

(06) f(xy2)=rmin{f (x), f (2)}.

An interval-valued fuzzy subset f
semigroup (S,,<) of the form

~ teD(0,1], if y=x,
Ty = {57 008
0, if y=x,

of an ordered

is called an interval-valued fuzzy point with support X
and interval value t € D[0,1] and is denoted by x; . For

an interval-valued fuzzy subset f of S, we say that an
interval-valued fuzzy point x; is:

(b7) containedin f , denoted by x: e f0f F(x)>t.
(b8) quasi-coincident with f, denoted by x;qF, if
)+t >1.

For an interval-valued fuzzy point x; and an interval-
valued fuzzy subset f ofaset s, we say that:

(b9) x¢ evqu if x;ef~ or xt—qu.

(b10) x;& f if x;a f does not hold for @ e{e,q,eva} .

3.0 GENERALIZATION OF INTERVAL-VALUED
(e.eva) -FUZZY BI-IDEALS

Throughout this paper, S is an ordered semigroup and
let IZ:[k’,k*] denote an arbitrary element of D[0,1)
unless otherwise specified. For an interval-valued fuzzy
point Xz and an interval-valued fuzzy subset f of S,
we say that

(c1) x;ql;f~ it f()+ti+k>1, where f +t +k >1,
frat +k™>1.

(c2) xpevayf if x;e? or xzq-f .
(c3) xaf if x:afdoes not hold for any a in
{eq;.evas}.
We emphasize here that the interval-valued fuzzy
subset f(x)=[f(x),f"(x)] must satisfy the following
condifion:

2

[f(X)|f+(X)]S{ 5
or (E)

{1_2k+ ’l_zk} [T 00, f ()] forallxe X

In what follows, we emphasize that all the interval-
valued fuzzy subsets of X must safisfy the condition (E)
and any two elements of D[0,1] are comparable

unless otherwise specified.

1-k* 1—k}
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3.1 Theorem

Let f be an interval-valued fuzzy subset of S. Then
the following are equivalent:

(1) (vfeD(:,1]) U(f;D)=¢=U(F;T) is a bi-ideal of
S.

(2) f satisfies the following assertions for all x,y,zeS:
(2.1) x< y:?(y)srmax{f(x),[%.% }

(2.2) rmin{fN(x) F(y) }<rmax{1?(xy) [B, 5 }

(2.3) rmln{f(x) f(z) }<rmax{f(xyz)[ N }

Proof. Assume that U(f;t) is a bi-ideal of S for all

feD[% 1} with U(f;T)=4¢. If there exist a,be$S with

a<b such that the condition (2.1) is not valid, then
f(b)>rmax{f(a)[ “‘ } In which it follows that

f(b) D(% } and beU(F, f~(b)). However,

fa<f(b) which implies that aeU(f,f(b), a

contradiction. Hence (2.1) is valid.

Suppose that (2.2) is false, that is
S =rminjf(a),f(c) >rmax{f(ac),[%,% }

for some a,ceS.Then §eD(,1] and a,ceU(f,5) but
aceU(f,3), a contradiction, and so (2.2) holds for all
X,yes.

Assume that there exist a,b,ce S such that

r =rmin {F(a), f(c) }> r max{ f (abo), L e }

2

This implies FeD(:,1 and aceU(f,F) but

abceU(F,F) , this is impossible and therefore

r min{ f(x).f(2) }s r max{ f (xyz) [, 1k }
forall x,y,zeS.

Conversely, assume that f satisfies all the three
conditions  (2.1), (2.2) aond (2.3). Suppose that
U(f;t)=¢ for all TeD(%:,1]. Let x,yeS be such that

x<y and yeU(f;t).Then f(y)=t,andso by (2.1);
rmax{f~(x),[1‘ Lk ]}> fy)>t >[E .

Hence f(x)>1,thatis xeU(f;i).

If x,yeU(f;t), it follows from (2.2) that

rmax{?(xy),[%,%]}2rmin{f~(x),f~(y)}2f>[%,%],

in which it follows that f(xy)>t i.e. xyeU(f;t).

Take x,yeU(f;1), it follows from (2.3) that

rmax{i"(xyz),[%,%]}zrmin{F(x),F(z)}zB[&,&].

2

xyzeU(f;T). Therefore
U(f;t) is a biideal of S for al TeD(x,1] with

U(F:0)=¢.

This implies f(xy2)>t ie.,

Taking IZ:[0,0] in Theorem 3.1 the following corollary
arises.

3.2 Corollary

The following are equivalent for every interval-valued
fuzzy subset f of S:
(1) The level subset U(F;f) is a bi-ideal of S for all
 eD(0.5,1], whenever U(f;1)#4.
(2) The interval-valued fuzzy subset f satisfies the
following assertions for all x,y,z€S:

(2.1). F(y)srmax{ F(x),[0.5,0.5]} for x<vy,
(2.2). r min{f~(x), F(y) }s r max{ f~(xy),[0.5, 0.5] }
(2.3). r min{f~(x), F(z) }s r max{f~(xyz),[0.5,0.5] }
3.3 Definition

An interval-valued fuzzy subset f of S is called an
interval-valued (g evqy) -fuzzy bi-ideal of § if it satisfies

the following conditions for all x,y,zeS and for all
t,4,t, eD01]:

(i) (Vx<y) (y;ef~—>xt~evql;f~),
i) xe e foyp e f =00 mniy €V T -
i) xgefizgef =000, gy VO f -

The following example is constructed to support the
newly defined notion of interval-valued (e evq;) -fuzzy

bi-ideals in ordered semigroups.
3.4 Example

Consider the ordered semigroup S={a,b,c,d,e} with

the following order relation “<"” and multiplication
Table 3.1:

(a a),(a,c),(a,d),(a,e),(b,b),(b,d),
(b e),(c,c),(c,e),(d,d),(d,e),(e,e)

Table 3.1 Multiplication table of S

albj|c|d]e
alaldjfald|d
bla|b|a|d]|d
clald|c|d|e
dla|dfa|d|d
elajd|c|d]|e
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Define an interval-valued fuzzy subset f:s— D[0,1] by
[0.40,0.60], if x=a,
f~(x) _ [0.350.45], if xe{b,c},
[0.250.35], if x=d,
[0.150.30], if x=e.

is an interval-valued
(e evyy) -fuzzy bi-ideal of § for all IZZ[O.S,O.S].

The necessary and sufficient conditions for an
interval-valued fuzzy subset to be an interval-valued
(e, € vqy) -fuzzy bi-ideal are given in the following result.

Then using Definition 3.3, f

3.5 Theorem

An interval-valued fuzzy subset f of S is an interval-
valued (g e vag)-fuzzy bi-ideal of § if and only if:

(1) 7002 rmin{ F(y). [
(2) T o)z rmin{ T 0, F(y) [55 =7.

(3) f(xyz)>rm|n{f(x) f(2), —Tk}

e } for x<y.

Proof. Suppose that f is an interval-valued (e.evay)-

fuzzy bi-ideal of S. Let x,yeS such that x<y. If

f(x)<f(y) then f(x)<t <f(y) for some teD( 1]

follows that y; ef, but X; € f and xqc f f . Therefore,
Xz e__v_%f‘, a contradiction and hence f(x)>f(y).
Now if f(y)>[:, 5], then y[mlk,]ef and so
x[%’%]evqif* that s f(x)>[12 R or

fOO+[,2]>1-k.  Hence, o025,
otherwise,
FOO+ I < S+ e = 1k

again a confradiction. Consequently,

F(x)zrmin{?(y),[% 1k]}forcﬂl x,yeS with x<y.
Let x.yes be such that rmin{f(x),f(y)}<
We claim that F(xy)zrmin{?(x),?(y)} If not, then
F(xy)<f3rmin{F(x),F(y)} for some teD(xk,1]. It
, but (xy); €f and

contradiction. Thus

_k* —k~
12k ’lzk]

follows that x; ef and Yi ef
V)8 T a
F(xy) >r min{ F(x), F(y) } for all
rmin{F(x) F(y)}<[& =k

If rmln{f(x) f(y)}>[12 e

X,yes with

. then x . . ef and
[

Vit 1oy € f . By using Definition 3.3 (ii), it implies that

O 1y = OVr sy gy g | VR T

flxy)>[EE, 5] or  f(xy)+[ES, 5> 1k
Now if f(xy) <[E£-, 551, then

FOxy) + [, He] <[

Hence

]+[l k* 1 k ] 1 k
f(Xy)>[12 R
Consequently, F(xy)zrmin{?(x),—fv(y),[l’z‘“,%I} for all

2'2

a contradiction and hence

X,yeS.

Assume that X,Y,2€$S be such that
rmln{f(x) f(z)}<[— Lk and
f(xyz)<s£rm|n{f(x),f(z)} for some SeD(&,1]. It
but (xyz)§Ef~ and
(xy2)s O
and hence f~(xyz)2rmin{f~(x),f~(z)} for all x,y,zeS
with rmin{F(x),F(z)}<[1’2'<+ k.

If rmin{F(x),F(z)}z[&,&], then x +7,]eF and

k" 1k
[ 2 ' 2

claim that

follows that x; e f and Iz € f,

F(xyz)+§<2§<1—|2, ie. f, a contradiction

_ef and by Definition 3.3 {iii).

Z[lk* 1k]

(XyZ)[%Y%] = (Xyz)rmin {[%Yl—k’] [1—k+ 1—k’] } € Vqu f

In which it follows that f(xyz)>[",2]  or

f(xy2) + [, 29> Tk L If f(xyz) <[5, 5597, then
f(XyZ)+[lk R R e B

F(xyz) = [, 5.

A
Ly=1-k,

a confradiction and hence
Consequently,
f(xyz)>rmm{f(x) f(z), [, = }

forall x,y,zeS.

Conversely, let f be an interval-valued fuzzy
subset of S that satisfies the Conditions (1), (2) and (3).
let x,yeS and teD(01] be such that x<y and

|

y;ef .Then f(y)=T,andso
F(x) > rmin{ T (y), [, =

™ Nz—

> min{f,[k
T H I 1-k* 1-k~
on t~§[ 5,
et L R b s

It follows that x; € f or qul;F i.e., Xp equF
Let x,yeS and &, €D be such that x;  f and

Vi € f.Then f(x)=% and f(y)>t . It follows from (2)
that
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f(xy)>r min{ f(x), f (), [ %]}

> rmin{f, G, (50, 5]

_{rmin{f;,f‘z}, it rmindy, GR<[5- 5,

T ri=k* 1k f I g 1kt 1-k-
et | if rminfy, t,}> =51

2 2

This implies (xy) evq.f.

rmingE, ;)

If XﬂeF and zz ef for some x,y,zeS and

g
t,5,eDO1]. then f(x)>f and f(z)=>1,. It follows from
(3) that

F(xyz)zrmin{?(x),l?(z)1 55 }

>rmindy, b, [B-, 5

_{rmin{ﬁ,fz}, it rmindt, G} <[ 5],

1-k™ 1-k= H inf 1 1-k* 1-k~
- 51 it rminfy, K} >[5-,5-],

2 2

This implies, (xyz)rmin{;lv;z}ef or (xyz),min{ﬁ,fz}qgf and

consequently, (xyz) evqrf.

rmin{t, 5}
The following corollary arises by taking Kk =[0,0] in
Theorem 3.5.

3.6 Corollary

An interval-valued fuzzy subset f of S is an interval-
valued (g,evq) -fuzzy bi-ideal of S if and only if for alll
X,y,z€$S the following assertions hold:

(1) (vx<y) (f () =rmin{f (y),[0.5,0.51}) .

(2) T (xy)=rmin{f (x), f (y),[0.5,0.5} .

(3) f(xy2)=rmin{f (x),  (2),[0.5,0.5T} .

Clearly every interval-valued (e evq;)-fuzzy bi-ideal

is an interval-valued fuzzy generalized bi-ideal of type
(eevap). The following example illustrates that its

converse is not true in general.
3.7 Example

Consider the ordered semigroup S ={a,b,c,d} with the

order relation “<” and multiplication given in Table
3.2
<={(a,a),(b,b) (c,c) (d.d), (a,b)}

Table 3.2 Multiplication table of S
alb|c|d

o0 |(TC|o
o (o (W
(D (W
T|T|o (o
Ol oo

Define an interval-valued fuzzy subset f:S> D[0,1] by
[0.8,0.9], if x=a,
F(x) = [0,01, ?f x=Db,
[0.7,0.8], if x=c,
[0,0], if x=d.
Then f is interval-valued (g evay)-fuzzy generalized
bi-ideal. However, cc=b but
f(cc) = F(b):[0,0]<rmin{?(c):[o.7,o.8], Lk 1k } for all
IZeD[O,l) and hence Theorem 3.5 (2) is not satisfied.
Therefore, f is not an interval-valued (e, evap)-fuzzy
bi-ideal.

Since, every interval-valued fuzzy bi-ideal of S is an
interval-valued (g,evq;)-fuzzy bi-ideal of S for some
IZeD[O,l). Therefore, the following example is
constructed to show that there exists IZeD[O,l) such

that, the interval-valued fuzzy subset f of S is an
interval-valued (g evqg)-fuzzy bi-ideal of S but not an

interval-valued fuzzy bi-ideal of S.

3.8 Example

The interval-valued (e,evq;)-fuzzy bi-ideal f of S in
Example 3.4 is not an interval-valued fuzzy bi-ideal of
S. Since f (b) =[0.35,0.45] = f (c) and
[0.25,0.35] = f (d) = f (cb) but on the other hand;

r min{ f(c), f (b) }: r min{[0.35,0.45],[0.35,0.45]}=[0.35,0.45].
It follows that that f(cb) <r min{ f(c), f(b) }

In the next result the condition under which an
interval-valued (e,evqy)-fuzzy bi-ideal is an interval-

valued fuzzy bi-ideal is provided.
3.9 Theorem

If for all xeS the value of the interval-valued fuzzy
subset f of S is less than the interval [E~, 5], Then
every inferval-valued (e e vqy) -fuzzy bi-ideal fofSis
an interval-valued fuzzy bi-ideal of S .

Proof. Consider f be an interval-valued (eevay)-
fuzzy bi-ideal of S and F(x)< %%] forall xeS . Let
X,y €S be such that x<y, then by Theorem 3.5 (1)

f(x)>rmin {F(y),[%,i]}
=f y) {since f~(y)<[%,% )

)
f(y).

(
it follows that f (x) >
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If x,yeS, then F(x)<[1*2k+,%] and f~(y)<[%,ﬂ]
this implies rmin{f~(x),f~(y)}< L L] and Theorem
3.5 (2) implies

f(xy)zrmin{f(x),f(y),[%,% }

~rmin{ (0, 7(y) |
(since rmin{?(x),?(y)}< e L )
that is Foy)=rmin{f(x),f(y)|. Finally, for xy,ze$
using Theorem 3.5 (3)
f(xyz)zrmin{f(x),f(z),[%,% }

=rmin{f~(x),f~(z)}(since f~(x)<[%,%]VXES),
in which it follows that F(xyz)zrmin{?(x),?(z)} for all
X,¥,2eS. The above discussion shows that f is an
interval-valued fuzzy bi-ideal of S .

By taking K =[0,0] in the Theorem 3.9, reduced to the
following corollary.

3.10 Corollary

An interval-valued (e,e€vq)-fuzzy bi-ideal f of S is
ordinary interval-valued fuzzy bi-ideal of S, if
f(x)<[0.5,0.5] forall xe§ .

The following result shows that intersection of any
finite collection of interval-valued (e evqg)-fuzzy bi-
ideal of an ordered semigroup S is an interval-valued
(e, € vay) -fuzzy bi-ideal.

3.11 Theorem

If {f~, }iél # ¢ is a collection of interval-valued (g,eva;)-
fuzzy bi-ideal of S, then N f~I is an interval-valued
iel

(e, evag)-fuzzy bi-ideal of §.

Proof. Let l?l be an interval-valued (g evq;)-fuzzy bi-
idealof S foralliel and a,beS with a<b. Consider

Nfi@=4fi@

zA{r min{ﬂ(b),[%,%] }}

iel

= rmin{ ig ﬂ(b),[%,i]}-

Next we take a,beS and consider

N fi(ab) = A fi(ab)
iel e
> iQl{r min{ﬂ(a),f?(b),[%,%]}}

:rmin{ N f,(a),N f;(b), [, }
iel iel

Finally, if a,b,ceS, then

N f,(abg) = A fi(abg

iel le

> ig{r min{ﬂ(a), ﬂ(c),[%,%] }}

:rmin{ N f;(2).N f (). [E %]}

iel iel

Consequently by Theorem 3.5 ﬂﬂ is an interval-
iel

valued (g e vyy)-fuzzy bi-ideal of .

Based on the level subsets, the following three
theorems establish links between interval-valued
(e, evay) -fuzzy bi-ideals and ordinary interval-valued

fuzzy bi-ideals.

3.12 Theorem

For an inferval-valued fuzzy subset f of S, the
following assertions are equivalent:
(1) An interval-valued fuzzy subset f of S is an

interval-valued (e e vq;) -fuzzy bi-ideal of S.
(2) The level subset U(F;f) is a bi-ideal of S for all
te D(O,%} whenever, U(f;T)=4.

Proof. Assume that U(f;t)=¢ forall T eD(5%,1] and f

2
be an interval-valued (e,evqy)-fuzzy bi-ideal of S. If

x,yeS with x<y such that yeU(f:t), then by
Theorem 3.5 (1),
f(x)mmin{f(y),[%,&]}

zrmin{f, Lk }
=1,
in which it follows that x eU(f;t) .
If xyeU(f:{), then fx)=>T and
Theorem 3.5 (2) induces that
F(xy) > rmin{ (), (). 15, 50 |

>r min{f,f,[%,%]}

f(y)>t and

=t.
Thus xy eU(f:1).

Now let xzeU(f:t), then f(x)>f and f(z)>t.
Hence, Theorem 3.5 (3) implies that
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f(xyz)>r min{f(x), ?(z),[%‘&]}

1-k~
>rm|n{t,t, 5 ]}

=t.
In which it follows that xyzeU(f:t) .

U(f t) is a bi-ideal of S for all teD 1]

Consequently,

Conversely, let f be an interval-valued fuzzy subset of

S such U(f;8)=¢ is a biideal for all TeD(xk,1]. |

there exist a,beS with a<b and such that
f(a)<rm|n<f(b) [ = ]}

then fla)<t <rm|n{f(b) e } for

some
feD(x£,1]. This implies beU(f;t)but acU(f;f), a
contradiction. Therefore, F(x)zrmin{?(y),[1*2k+,i]}

for all x,yeS with x<y. Let there exist a,beS such
that

then f(ab)<s <rm|n{f(a) f (b), [— == } for some

f(ab)< rmln{f(a) f (b), [

§eD(xx,1]. It follows that a,beU(f;5) but abeU(F:s).

This is impossible because U(f~' s) is a bi-ideal and thus

f(xy)>rm|n{f(x) f(y), [— = } forall x,yeS.
Let there exist a, b ceS such that
f(abc)<rm|n{f(a) f (c), [— = } Then

f(abo <F <rm|n{f(a) f(c), [, - } for some

Fe(O,?]. It follows that aceU(f:F) but

abceU(?'F) a contradiction and hence

f(xyz)>rm|n{f(x) f (2), [— = } forall x,y,zeS.
Using Theorem 3.1 it is concluded that f is an interval-
valued (g e vqy) -fuzzy bi-ideal of .

Theorem 3.12 induces the following corollary by taking
k =[0,0] .

3.13 Corollary

If f is an inferval-valued fuzzy subset of S, then the
following assertions are equivalent:
(1) f is aninterval-valued (e,evq) -fuzzy bi-ideal of S.

(2) For all T €(0,0.5] the non-empty level subset U(f;t)
is a bi-ideal of S.

3.14 Theorem

If f is an inferval-valued (e, evay) -fuzzy bi-ideal of §,

then the non-empty level subset Q'z(f~;f) is a bi-ideal

of S forall t eD(x%,1].

Proof. Assume that f is an inferval-valued (eevay)-
fuzzy bidideal of S. Let teD(:,1] be such that
Q“(F:f)=¢. If yeQX(f:T) and xeS be such that
x<y,then f(x)+1 >1-k and by Theorem 3.5 (1),

f(x)>rm|n{f(y) [, }

1-k' 1=k~ i
It i L
fly), if

>1-f -k ,
in which it follows that x e Q¥ (:{).
let  xyeQ*(f:f), then

f(y)+1 >1—k .t follows from Theorem 3.5 (2) that
F(xy) = rmin{ F(0, F(y), [, = |

)25 5,
F(y) <[5 5,

f)+t>1-k and

B rmin{F(X),F(y)}, it rminif (x), f (y){< <[k =k,
B %% if rmin F(x),?(y) [_k &]

>I—t~—k,
this shows that xy e Q“(f:1) .
f xzeQ“(f:f), then f+t>1-k and
f(z)+t >1-K . It follows from Theorem 3.5 (3) that
Fxy2) > rmin{ F(), T(2) [, 27 |
_{r minf{f(x), (@)}, if rminii(x),i(z)g <[E
[E, B, if rmimf(x), f(2)> [

=

- 51
A1

x N|x
x N|
|

-t -k,
hence XyZEQ~(f,f). From the above discussion it is

concluded that the level subset QE(F;f) is a bi-ideal
of S.

The following corollary is derived from Theorem 3.14 by
taking k =[0,0].

3.15 Corollary

If T is an inferval-valued (e,e vq) -fuzzy bi-ideal of §
and Q(f;t)#¢ for all T<(051], then Q(f;T) is a bi-
ideal of S.

3.16 Theorem

An interval-valued fuzzy subset f of S is aninterval-
valued fuzzy (e evqy) -fuzzy bi-sideal if and only if [F]’f:
is a bi-ideal of S forall t eD(0,1].
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Proof. Assume that f is an interval-valued (e evap) -
fuzzy bi-ideal of § and [fI¢#¢ for all TeD(,1]. Let
ye[F]'f: and xe$S be such that x<y.Then yeU(f;i)
or yeQ“(f;) e, f=f or f(y)+f>1-k and by
Theorem 3.5 (1), we have F(x)zrmin{?(y),[%,% }
The following Two cases are considered here:

(). Fy) <[ B
(i) f(y)> [, B
If f(y)zt, then the first case
f(x)=f(y)=t and therefore XGU(F;f)g[F]iE and if

implies that

f(y)+T>1-k, then f(x)+1>f(y)+t>1—k, it follows

that XGQ'Z(fN;f)g[fN]tE. Combining the second case

with Theorem 3.5 (1) induces f(x)>[=- 5], If

t<[E ), then f(x)=t and hence

t>[E 2], then

fx)+1 > L HC] e He]=1-k, it follows that

xeQ (F:D) <[t .

If x,ye[fls, then f(x)=T or f(+T>1-k, f(y)=T
or F(y)+t~>1—lz. The following four cases are
considered here:

() If f()=2t and f(y)=t .

(i) If F)=>T and f(y)+t>1-K.

(i) If f)+T>1-k and f(y)=t.

(iv) If f()+T>1-k and f(y)+t>1-k.

Using Case (i) in Theorem 3.5 (2) leads to

F ) = rmin{ (0, F(y) [,
2rmin{f,t~,[%,%]}
I e A R e S S I
t, if <[ 1,

or xyeQ*(f:f) It

it follows that xyeU(f;t)<[f]¥

and hence xye[?]tE .

For the second if t >[— L, then

1-T-k <[E<, 5] and Theorem 3.5 (2) it |mp|ies that
f(xy)zrmln{f(x),F(y),[%,% }

rmin{?(y),[%,%]}{i—i‘—i

ifrmin{?(y),[%,i] < f(x),

=1
|frm|n{f(y) [Eh Bk }> f(x),

in which it follows that xyeU(F;T)UQ"(f;T)=[f]¢. On
the other hand if T <[5k, =], then
Tow) = rmin{ £ 00, T(y). [, 5 |

rmin{?(x),[%,% }2?

sehs fy),

it follows that xyeU(f;T)UQ" (f;t):[f~]‘§.
result can be obtained for Case {iii).

For the final case, if t>[X, 5],  then

The similar

1—f—|2<[%,%] )

FOx) = rmin{ 709, (1),

xyeQ (F:D) [Tl 1f T s[%,%],fhen
(o) = rmin{ T.00, T ()15, 51

[ 52

Hence

s 1Tk, fhus

if rmm{?(x) f(y) }2[%’%]’

emin{ 70, T(y) }>1-T -k,

ifrmin{f~(x),f~(y)}<[%,%],

this implies xy eU(T:T)UQX (f;T)=[f]E .

Let x,ze[fI, then x,zeU(F:T) or x,2eQ (f;T) thatis

f~(x)+t~>IfIz

f~(z)+f>1—lz. In this regard the following four cases

are considered:

(i If f)=T and f(2)>1.

(i) If (x>t and f(2)+t>1-K.

(i) If F)+T>1-k and f(2)>T.

(V) If T()+T>1-k and f(2)+T>1-k.

For the case (i), Theorem 3. 5(3) implies ThoT
f(xyz)>rm|n f(x) f(z)[ ==

f)=t  or and  f@)=t or

2rmin{t~,t~,[%,i]}

2 2 b 2 2 b

~ 1-k* 11—k if t> 1-k* 1-k
t, if <[ 1],

in which it follows that xyzeU(F;T)UQ¥ (F;T)=[FI¢ .
L], then

For the second case assume that t~>[1*2k+,

1—?—I2<[%,%]. From Theorem 3.5 (3) it can be

seen that
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f(xyz)>r min{ f (), F(Z)v[l}w A }

rmin{?(z),[%,i]}>1—f—lz,

=) 700,
it follows that xyzeU(f;:T)UQ"(F;T)=[f1t. Now if
t <[EK, 2], then Theorem 3.5 (3) implies that

f(xyzD)>r min{ F(x), f(2), [, 2 }
rmin{f(x),[%,%]} >,

if rmin { T 00,5, 5 | < T (2),

if rmin{?(z), 1k

f)>1-1 K,

if rmin{F(x),[%,% }> f(2),

hence xy2eU(F;f)UQ':(F;f)=[f~]'§ .

Similarly, the result can be obtained for Case {iii).

For the final case, if t >[4, 5], then by Theorem 3.5
(3)

f(xyz)>rm|n{f(x)f(z)[—+—} 1-t -k,

in which it follows that xyzeQ* (f;t)g[f]ik«. On the
other hand if t <[ Lk, then

Fxyz) = rmin{ (), T (2),[50, 2 |

[5-51=t

if rmin{ (0, F(2) |2 [, 2],

rmin {F(x),?(z)} 1-1-k,

if rmin{ F (0,5, =] < T

xyzeU(f;T)UQ* (f;i‘):[?]f:.
Consequently, [F]'t(: is a bi-ideal of S forall t eD(0,1].

it follows that

Conversely, suppose that [F]ilg is a bi-ideal of S for all
t eD(0,1]. If there exist a,be$ with a<b such that

f(a)<rm|n{f(b) [ e }

then

fa)<t <r min{?(b),[l-zk* ] }
forsome t, e D(O,%] It follows that beU(f;t,) g[?]f:

but aEU(?;tNa) and aEQ‘Z(F;t;) it follows that,

aE[‘fy]E . a confradiction and hence

f(x)>rm|n{f(y) [

If there exist a,beS such that
F(ab)<fsrmin{?(a), F(b),[%,&]},

for some feD(O,%] then a,beU(F;f)g[F]’;: and

}foroll X, yeS with x<y.

since [F]f: is a bi-ideal therefore abe[fN]tg. In which it

follows that fap+t>1-k, a
confradiction. Therefore,
f(xy)zrmin{f(x),f(y),[%,&]} forall x,yeS.

Assume that F(abc)<t~srmin{f~(a), f(c),[l,zw 1

fab)>t or

=] } for

some a,b,ceS and teD[O%} t follows that,

a,CGU(F;f)g[F]II(: . This implies abCG[F]‘:: (since [F]'t‘: is
a bi-ideal) again a confradiction. Therefore,
Foya) 2 rmin{ T (0, F(2). 5, 21,

for all x,y,zeS. By Theorem 3.5 it is concluded that f
isan (e, evqy) -fuzzy bi-ideal of §.

Taking IZ:[O, 0] in Theorem 3.16, we get the following
corollary.

3.17 Corollary

For any interval-valued fuzzy subset f of S, the
following are equivalent:

(1) The interval-valued fuzzy subset f of S is an
interval-valued (g, e vq) -fuzzy bi-ideal of S .

(2) The non-empty level subset [f]~ is a bi-ideal of S
forall t eD(0,1].

3.16 Theorem

For 0<k <F <1 the inferval-valued (e evq;)-fuzzy bi-
ideal F of S, the QT (F:D)

(Q7(f:T)=¢)is abiideal of S forall T eD(xt,1].

q;-level subset
Proof. Suppose that Q (f;t)¢¢ be such that
0<k <F<1 and f be an interval-valued (eevay)-
fuzzy biiideal of S . Then by Theorem 3.14 QX (:T) = ¢ is
a bi-ideal of S for all teD(k,1]. It follows that, if
xyeQ“(f;{)  for some  TeD(£a], then
f)+t>1-k aond f(y)+t>1-k.

k <F, therefore, 1-k >1-F and hence the above

By hypothesis

inequalities imply, f(x)+1>1-F and f(y)+t{>1-F.
In which it follows that x,yeQT(f;t) for T eD(xt,1]



189 H. Khan et al. / Jurnal Teknologi (Sciences & Engineering) 78:2 (2016) 179-191

(since t >[X, 5] > [E-, £0]). Again, since Q¥ (f;t) s
xy e Q“(f;1)
f(xy)+T >1—k >1-F. This implies xyeQ (f:T) for all

a bi-ideal therefore, and hence
t eD(xt,1]. Similarly, we can show that xyzeQ(f;t)
x2eQ (f:1).
X,yes and that

for x,y,zeS such that Likewise,

xeQ (1)
x <y eQF(f:1).This completes the proof.

whenever

4.0 [IMPLICATION-BASED INTERVAL-VALUED
FUZZY BI-IDEALS

Fuzzy logic is based on fuzzy set theory while the
classical one uses classical set theory. Thus it is clear
that fuzzy logic is an extension of classical logic. In
fuzzy logic the fruth values are linguistic variables or
terms of the linguistic variable fruth. In fuzzy logic, the
truth value of fuzzy proposition @ is denoted by [@].
For a universe U of discourse, the well-known fuzzy
logical and corresponding set-theoretical notations
used in this paper are displayed in the following lines:

[xe f1= f(x),
[© A¥]=min{[®].[¥]},
[® - W] = min{1,1-[®]+[¥]}, (4.1)

[¥(x)] = infl(x)]
|=@ if and only if [®]=1 for all valuations (4.2)

The truth valuation rules given in (4.1) are those in
the tukasiewicz system of continuous-valued logic.

Of course, various implication operators have been
defined. We show only a selection of them in the
following.

(a) Gaines-Rescher implication operator (Igg) :
1 ifa<b
Ier(a,b) = '
or(2.b) {0 otherwise.
(b) Gédel implication operator (Ig) :
1 ifa<b
I.(a,b) = '
s(@b) {b otherwise,
(c) The contraposition of Gédel implication operator
(IcG) :
1 if a<b,
1-a otherwise.

hd&m={

Ying [24] infroduced an important concept of
fuzzifying topology. This new concept of fuzzifying
topology can be extended to other algebraic
structures. In this connection, the notion of interval-
valued fuzzifying bi-ideal of ordered semigroup is
defined as follows.

4.1 Definition

An interval-valued fuzzy subset f of S is called an
interval-valued fuzzifying bi-ideal of § if it safisfies the
following conditions for all X, Y,Z € S:

(i) F[ye fl—[xe f] forall x<y,

(ii) |:rmin{[XG F],[ye F] }—)[xye f~],

(i) |=r min{[XG f~],[z € f~] }—>[xy26 f~].

4.2 Definition

An inferval-valued fuzzy subset f of S and T eD(0,1]
is called a t-implication-based bi-ideal of S if it
satisfies the following assertions for all X, Y,Z € S:

i) = [ye fl>[xef] forall x<y,

(i) = rmin{[xe fllyef] }—>[xye f1,

(i) = rmin{[XE fllze f] }—>[xyze f1.

Let I be an implication operator. Clearly, fisat-
implication-based interval-valued fuzzy bi-ideal of S if

and only if the following assertions are satisfied by all
X,Y,2€S:

(i) x<y=1 (?(x), F(y))z t,

(i) 1(rmin{ 709, (v, T |2 T

(ii) |(rmin{?(x),?(z),?(xyz) })zf.

In the next theorem ordered semigroups are

characterized by the properties of ordered [,k -
implication-based interval-valued fuzzy bi-ideal.

4.3 Theorem

For any interval-valued fuzzy subset f of S, we have
the following two results:

(1) If I=lg and f is a [, ]-implication-based
inferval-valued fuzzy bi-ideal of S, then f is an
interval-valued (e e vqy) -fuzzy bi-ideal of §.

2) If f
valued fuzzy bi-ideal of S for I=I.., then the
following condifions hold for all x,y,zeS:

(2.1) x< y:rmax{?(x),[%,% }zrmin{F(y),I},

(2.2) rmax{%'(xy),[l-zk* A }zrmin{?(x), F(y),I},

(2.3) rmax{?(xyz),[%,%]}zrmin{F(x),F(z),I}.

Proof. (1). If f L L] -implication-based

interval-valued fuzzy bi-ideal of S, then the following
assertions hold:

A R

is a [H<,E]-implication-based interval-

is an
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(i) 16 (rmin{ (0, F(y) J T o) )2 [, 2o
(i) Ig (r min{f~(x), F(z) } f~(xyz) )2 %%] .

forall x,y,zeS.
Let x,yeS be such that x<y.

fy)>f(x) or (x> f(y)>[l k2] and hence
f(x)zrmln{ f(y),[’T,i]}.

Condition (i) F(xy)zrmin{ F(x),F(y)} or
rmin{F(x) F(y)}> f(xy) 2 [=E,
F(xy) = rmin{f (), f (y),[25-, 21.

Using Condition (iii), we get f(xyz) zrmln{f(x), f~(z)} or
rmin{?(x), f(2) }> f (xyz) > [k, e

that

From (i) we have

implies,

1. 1t follows that

, in which it follows

f(xyz)>rm|n{f(x) f(2), [— =- }
From the above discussion, it is concluded in the light
of Theorem 3.5 that f is an inferval-valued (eevap)-
fuzzy bi-ideal of S.

(2) Assume that f is an [, E4] -implication-based

interval-valued fuzzy bi-ideal of S, then the following
hold forall x,y,zeS:

(V) x<y= 1 (T00.F() ) 2[5, 2
(v) IcG(rmin{f(x) f(y)} f (xy) )2[’— =
(vi) 1o (rmin{ (), F@)}, Fxyz) )2 b 0
If x,yeS such that x<y, then by (iv)] we have,
la(FOO, F(y))=1 or 1—f(y)=[EL, 547, it follows that
f(y)= f(x) or f(y) <[

rmax{?(x),[%,&]}z F(y):rmin{?(y),l}.
From (v), we have;

lo (rmingF (), T (y)} T O9)) =1,

L] Therefore,

or

loo (rmin{ F), T}, Foy) J=T-rmin{F (0, F ) |
that is,

rmin{?(x),?(y)}g F(xy)
or
l—rmm{f(x) f(y)} > [ .
Hence
r max{l?(xy),[%,%]}z r min{?(x), F(y)}

= min{F(x), F(y),I}
forall x,yeS.
Finally, from (vi), we have;
le (r min{ f(x), F(z)}, F(xyz)):i
or

lg (rmm{f(x) f(z)} f(xyz)) —rmln{f(x) f(y)}

that is,
r min{?(x), F(z)}s f (xy2)
or
T-rmin{F (0, F@)f> [ 2.
Hence,

r max{ f(xyz),[%,%]}z r min{ f(x), f~(z)}

:rmin{?(x),?(z),i}

forall x,y eS . This completes the proof.

Taking IZ:[O, 0] in Theorem 4.3 leads to the following
corollaries.

4.4 Corollary

If 1 =1g,then any interval-valued fuzzy subset fofs
is a [0.5,0.5]-implication-based interval-valued fuzzy bi-
ideal of S is aninterval-valued (g,e vq) -fuzzy bi-ideal
of S.

4.5 Corollary

If 1=l and f is a [0.50.5] -implication-based
interval-valued fuzzy bi-ideal of S, then the following
conditions hold for all x,y,zeS:

(1) x< y:>rmax{?(x),[o.s,o.s]}zrmin{F(y),I},
2) rmax{F(xy),[o.s,o.s]}zrmin{F(x),F(y),I},
(3)r max{F(xyz),[O.5,0.5]}2 r min{ F(x), F(z),I}.

5.0 CONCLUSION

The notion of an interval-valued (eevqg)-fuzzy bi-

ideal in ordered semigroups is infroduced as a more
general form of an interval-valued (€€ vq) -fuzzy bi-

ideal. Further, ordered semigroups are characterised
by the properties of this new type of interval-valued
fuzzy bi-ideal and several properties are investigated.
In addition, characterizations of an interval-valued
fuzzy bi-ideal and an inferval-valued (e e vqy) -fuzzy bi-

ideal are considered by using implication operators
and the notion of implication-based an interval-valued
fuzzy bi-ideal.
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