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The Conjugate Graph and Conjugacy Class Graph of Order at Most 32
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ABSTRACT

A groupis called metacyclic if it has a cyclic normal subgroup such that the quotient groupis
also cyclic. The classification of non-Abelianmetacyclicp-groups of class two has been found
by earlier researcher, which is partitioned into two families of non-isomorphic p-groups. The
conjugacy classes of these groups are then applied into graph theory. The conjugate graph is
a graph whose the vertices are non-central elements of a finite non-Abelian group. Besides,
the conjugacy class graph is a graph whose vertices are non-central of a group that is two
vertices are connected if their cardinalities are not coprime, in which their greatest common
divisor between the vertices is not equal to one. In this study, the conjugacy classes of the
metacyclic 2-groups of order at most 32 have been obtained using the definition of
conjugacy classes and their group presentations. The conjugate graph and conjugacy class
graph of metacyclic 2-groups of order at most 32 are found directly using the definition.
These conjugate graph and conjugacy class graph are then used to determine some graph
properties such as chromatic number, cliqgue number, dominating number and independent
number. The conjugate graph of the groups turned out to be union of complete components
of K,, meanwhile the conjugacy class graph of the groups turned out to be a complete graph.

Keywords: Metacyclic group, conjugacy classes, graph, chromatic number, clique

number, dominating number, independent number.

INTRODUCTION

Recent years have seen an increase demand for the application of mathematics. Graph theory
has proven to be particularly useful to a large number of rather diverse fields. The exciting
and rapidly growing area of graph theory is rich in theoretical results as well as applications
to real-world problems. With the increasing importance of the computer, there has been a
significant movement away from the traditional calculus courses and toward courses on
discrete mathematics, including graph theory.

Many real-life situation can be described by means of a diagram consisting of a set of points
with lines joining certain pairs of points. In the recent years, many studies tend to find a
relation between group theory and graph theory and that led to introduce numerous type of
graphs.

Previously the presentation of metacyclicp-groups of nilpotency class two has been found
by Beuerle (Beuerle, 2005). Extended to that, this research are trying to find the conjugacy
classes of metacyclic2-groups of order at most 32 and their related graphs. The objectives of
this research are to find the conjugate graph and conjugacy class graph of metacyclic 2-
groups of order at most 32 and their graph’s properties. The scope of study will consider
three groups in the classification of metacyclic 2-groups of nilpotency class two, their
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conjugate graph and conjugacy class graph and then their graph properties which include the
chromatic number, the clique number, the independent number and the dominating number.

LITERATURE REVIEW

A group G is called metacyclic if it has a cyclic normal subrgroupH such that the quotient
group G/H is also cyclic (Reis, 2011). Whereas, in 2013, Erfanian and Tolue introduced a
new graph called conjugate graph in which its vertices are the non-central elements of a
group. Two vertices of this graph are adjacent if they are conjugate (Erfanian and Tolue,
2013). Another graph which was introduced by Bertram et al. in 1990 is called a conjugacy
class graph. This graph is defined as the set of non-central classes of a group. Two distinct
vertices are connected by an edge if the greatest common divisor of the size of the conjugacy
classes is greater than one (Bertram et al., 1990).

Definition 2.1 (Dummit et al., 2004)

Let a and b be two elements in a finite group G, then a and b are called conjugate if there
exists an element gin G such that gag™! = b.

Definition 2.2 (Goodman, 2003)

Let x € G. The conjugacy classof x is the set cl(x) = {axa™'|a € G}.In this research, the

notation K (G) is used for the number of conjugacy classes in G, while Z(G) is used for the
center group G.

Definition 2.4 (Goodman, 2003)

A presentation of group is a description of the form G = (A|B). Where A is the generator
and B is the relation.

Definition 2.5 (Bondy and Murty, 1982)

A graph is a mathematical structure consisting of two sets namely vertices and edges which
are denoted by V(I') and E(I"), respectively.

Definition 2.6 (Bondy and Murty, 1982)

A subgraph of a graph I' is a graph whose vertices and edges are subset of the vertices and
edges of I

Definition 2.7 (Godsil and Royle, 2001)

A complete graph is a graph where each order pair of distinct vertices are adjacent, and it’s
denoted by K,

Definition 2.8 (Bondy and Murty, 1982)

A non-empty set S of V(I') is called an independent set of T". While the independent
number is the number of vertices in maximum independent set and it’s denoted by a(T").

Definition 2.9 (Bondy and Murty, 1982)
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The chromatic number is the smallest number of colors needed to color the vertices of I" so
that no two adjacent vertices share the same color and denoted by y(T).

Definition 2.10 (Erfanian and Tolue, 2012)

Clique is a complete subgraphin I". While the clique number is the size of the largest clique
inT" and it’s denoted by o (T).

Definition 2.11 (Bondy and Murty, 1982)

The dominating set X € V(I') is a set where for each voutside X, 3x € X such that v
adjacent to x. The minimum size of X is called the dominating number and it’s denoted by

y(D).

MAIN RESULTS

In this section the conjugacy classes of G; = (a,b: a® = e,b? = e, [a,b] = a*),G, =
(a.b: a'®=eb*=¢, [a,b]l = a®), and G3 = (a,b: a* = b? =[a,b] = a L)are
found by directly using the definition of conjugacy class.

Then, theconjugacy classes of G; are found and listed as follows:

1. cl(e) ={e},

2. cl(a) = {a,a’} =cl(a®),

3. cl(@?) = {a?},

4. cl(a®) ={a3a’} =cl(a’”),

5. cl(a*) = {a*},

6. cl(a®) = {a®},

7. cl(b) = {b,a*b} = cl(a*h),

8. cl(ab) = {ab,a’b} = cl(a®bh),

cl(a®b) = {a?b,a®b} = cl(a®h),
10. cl(a®b) = {a®b,a’ b} = cl(a’b).
Hence,K(G;) = 10 and |Z(G,)| = 4.

The conjugacy classes of G, are listed as follows:

1. cl(e) = {e},

2. cl(a) = {a,a’} = cl(a®),

3. cl(@?) = {a?},

4. cl(@®) = {a3,a''} = cl(al),
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5. cl(a*) = {a*},
6. cl(a®) = {a® a3} =cl(a'?),
7. cl(a®) = {a®},
8. cl(a’) = {a’,a'%} = cl(a'®),
9. cl(a®) = {a®},

10. cl(a®) = {a1?3},

11. cl(a'?) = {a'?},

12. cl(a'*) = {a'*},

13. cl(b) = {b, a®b} = cl(a®h),

14. cl(ab) = {ab,a’b} = cl(a®h),

15. cl(a?b) = {a?b, a'®b} = cl(al®b),

16. cl(a®b) = {a3b, a''b} = cl(allb),

17. cl(a*b) = {a*b, a'?b} = cl(a'?b),

18. cl(a®b) = {a®b,a'3b} = cl(al3b),

19. cl(a®b) = {a®b,a**b} = cl(a’*b),

20. cl(a’b) = {a’h, a'®h} = cl(aSh).
Hence,K(G,) = 20 and |Z(G,)| = 8.

Lastly, the conjugacy classes of G5 are listed as follows:

1. cl(e) ={e},

2. cl(a) = {a,a3} = cl(@®),

3. cl(a?) = {a?},

4. cl(b) = {b,a®b} = cl(a?b),

5. cl(ab) = {ab, a®b} = cl(a3b).

Hence,K(G3) = 5and |Z(G3)| = 2.

Then after all the conjugacy classes are found, the next step is to find the conjugate graph by
using the definition of conjugate graph, the conjugate graphs of three groups are given as
belows:
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The Conjugate Graph of G4:

a —a a~ ate—a a” b e—a ath

abpe——a a%b Atbe—aa®h atbe— =a’h

Figure 3.1 : The Conjugate Graph of G .
F(Gl) =K2UK2UK2UK2UK2UK2.
The properties:

a) The independent number of conjugate graph of G;, a(G;) = 6.
b) The chromatic number of conjugate graph of G,, x(G,) = 2.
¢) The cligue number of conjugate graph ofG,, ®(G,) = 2.

d) The dominating number of conjugate graph ofG,, y(G;) = 1.

The Conjugate Graph of G5:

ae———aa’ A g—a a2 A e— @ gi®
4 g———a a** be—a a®h abe—— ga'h
atbe———aa' a“be——eaab atbe—aatt
a“he—aa*h avbe——aa*h aTbe—an*h

Figure 3.2 : The Conjugate Graph of G5.
I'(Gp) =KpUKpUKpUKpUKpUKy UKy UKy UKyUKo>UK9UK>.

The properties:

a) The independent number of conjugate graph of G,, a(G,) = 12.
b) The chromatic number of conjugate graph of G,, x(G,) = 2.

¢) The cligue number of conjugate graph of G,, v(G,) = 2.
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d) The dominating number of conjugate graph of G, v(G,) = 1.

The Conjugate Graph of G3:

Ae——=a a° b e— a%h Ak ————ag™h

Figure 3.3 : The Conjugate Graph of G3.
Ir'(Gz) =Ko UKy UK>.

The properties:

a) The independent number of conjugate graph of G35, a(G3) = 3.
b) The chromatic number of conjugate graph of Gs, x(G3) = 2.
c) The clique number of conjugate graph of Gz, ®(G3) = 2.

d) The dominating number of conjugate graph of G, y(G3) = 1.

Next, by directly using the definition of conjugacy class graph, the conjugacy class graph of
all three groups and their graph properties are drawn in the followings:

The Conjugacy Class Graph of G4:

clfa). clfa®) cl{a®), clfa™)
clfa®l), clfa™h) cl(b). cl{a*p)
clfa?h), cl{a%h) cl{al). clfah)

Figure 3.4 : The Conjugacy Class Graph of G1, K¢

The properties:

a) The independent number of conjugacy class graph of G, a(G;) = 1.
b) The chromatic number of conjugacy class graph of G,, x(G,) = 6.
c) The clique number of conjugacy class graph of G;, ®(G,) = 6.
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d) The dominating number of conjugacy class graph of G4, y(G;) = 1.

The Conjugacy Class Graph of G,:

cl{a). cl{a%) |

cl{a®), cl{a*®)

clfa™h), cl{a*5h) cl(as), clfa*=)

cl(a®h), cl(a*=h) ; :g g E cleh). clfah)

clfa*b), clfa*2k) cl{ab). cl{a"h)
clfah). cl{a*b) cl{azh). cl(a*“h)

] Figure 3.5 : The Conjugacy Class Graph of G9, K
The properties: 2712,

a) The independent number of conjugacy class graph of G,, a(G,) = 1.
b) The chromatic number of conjugacy class graph of G,, x(G,) = 12.
¢) The cligue number of conjugacy class graph of G,, o(G,) = 12.

d) The dominating number of conjugacy class graph of G,, v(G,) = 1.

The Conjugacy Class Graph of G3:

clfa), elfa™)

cl{ab). cl{a>b) cl(b). cl{a®b)

Figure 3.6 : The Conjugacy Class Graph of G3, K3
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The properties:

a) The independent number of conjugacy class graph of G, a(G3) = 1.
b) The chromatic number of conjugacy class graph of G5, x(G3) = 3.
c) The clique number of conjugacy class graph of G5, (G3) = 3.

d) The dominating number of conjugacy class graph of Gs, v(G3) = 1.

CONCLUSION

In this research the conjugacy classes of metacyclic 2-groups of order at most 32 are
computed. It is proven that the groupG,, of order 16 with, G; = (a,b: a® =e, b? =
e, [a,b] = a4) , has ten conjugacy classes, i.eK(G;) = 10 and four elements in the center
of group, i.e|Z(G;)| = 4.ForgroupG,, group of order 32 with C = (a,b: a'® =e, b? =
e, [a,b] = a8) , the number of conjugacy class is 20, i.eK(G,) = 20 and the number of
elements in the center of group,|Z(G,)| = 8. The third group G5, namely quaternion of order
8with G; = (a,b: a* = e,b? = [a,b] = a~?), has five conjugacy classes,K (G3) = 5 and
two elements in the center of the group, |Z(G3)| = 2.

It is shown too that the conjugate graphs of all three groups is a union of complete
components of K,. The conjugacy class graph of group G, is Kg, when group G, produced
K;, as it conjugacy class graph, and the conjugacy class graph of group G5 is K3
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