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ABSTRACT 

 

 

 

 

 This research is about computing the Green’s function for both bounded and 

unbounded multiply connected regions by using the method of boundary integral 

equation. The Green’s function can be expressed in terms of an unknown function that 

satisfies a Dirichlet problem. The Dirichlet problem is then solved using a uniquely 

solvable Fredholm integral equation on the boundary of the region. The kernel of this 

integral equation is the generalized Neumann kernel. The method for solving this 

integral equation is by using the Nystrӧm method with trapezoidal rule to discretize it to 

a linear system. The linear system is then solved by the Gauss elimination method. 

Mathematica software and MATLAB software plots of Green’s functions for several test 

regions for connectivity not more than three are also presented. For bounded regions 

with connectivity more than three and regions with corners, the linear system is solved 

iteratively by using the generalized minimal residual method (GMRES) powered by fast 

multipole method. This method helps speed up matrix-vector product for solving large 

linear system and gives both fast and accurate results. MATLAB software plots of 

Green’s functions for several test regions are also presented. 
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ABSTRAK 

 

 

 

 

 Kajian ini berkaitan dengan pengiraan fungsi Green bagi rantau terkait berganda 

terbatas dan tidak terbatas dengan menggunakan kaedah persamaan kamiran sempadan. 

Fungsi Green boleh dinyatakan dalam sebutan fungsi yang tidak diketahui yang 

menepati masalah Dirichlet. Masalah Dirichlet kemudian diselesaikan dengan 

menggunakan persamaan kamiran Fredholm berpenyelesaian unik pada sempadan 

rantau. Inti persamaan kamiran ini adalah inti Neumann teritlak. Kaedah untuk 

menyelesaikan persamaan kamiran ini ialah dengan menggunakan kaedah Nystrӧm 

dengan peraturan trapezoid untuk menghasilkan sebuah sistem linear. Sistem linear 

kemudian diselesaikan dengan kaedah penghapusan Gauss. Plot perisian Mathematica 

dan perisian MATLAB bagi fungsi Green untuk beberapa rantau ujian bagi rantau 

keterkaitan tidak lebih daripada tiga juga dipersembahkan. Bagi rantau terkait melebihi 

tiga keterkaitan dan rantau yang bersudut, sistem linear diselesaikan secara lelaran 

dengan menggunakan kaedah residual minimum teritlak (GMRES) beserta kaedah 

multikutub pantas. Kaedah ini membantu mempercepatkan hasil darab matriks-vektor 

untuk menyelesaikan sistem linear yang besar dan memberikan hasil yang cepat dan 

tepat.  Plot perisian MATLAB bagi fungsi Green untuk beberapa rantau ujian juga 

dipersembahkan. 
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CHAPTER 1 

 

 

 

 

RESEARCH FRAMEWORK 

 

 

 

 

1.1 Introduction 

 

 

Green’s functions are important since they provide a powerful tool in solving 

several differential equations. In certain cases, the Green’s functions are preferred in 

transforming differential equations into integral equations such as scattering 

problems (Perelomov and Zel’dovich, 1998). They are very useful in several fields 

such as applied mathematics, applied physics, materials science, mechanical 

engineering, solid mechanics, and quantum field theory. In quantum field theory, the 

Green’s functions are used as the starting point of perturbation theory (Qin, 2007). 

 

 

 George Green (1793 − 1841), who first discovered the concept of Green’s 

functions in 1828. The Green’s functions are described in one-dimensional and two-

dimensional space. In this research, only two-dimensional space is focused. Green’s 

functions are arise widely in engineering and mathematical physics problems i.e., in 

boundary value problem in partial differential equation. 

 

 

 According to Rahman (2007), the concept of Green’s function is similar to 

the Dirac delta function in two-dimensions, ( , )x y     which satisfies the 

following properties: 

i) 
, , ,

( , )
0, otherwise,

  

  

x y
x y

 
 

  
    


 



2 
 

ii) ( , ) 1, x y dxdy


 

     

where the boundary    
2 2 2: .x y         

 

iii) ( , ) ( , ) ( , ), f x y x y dxdy f


   


     

for arbitrary continuous function ( , )f x y  in the region  . 

 

 

Next, the application of Green’s function in two-dimension is shown. Consider the 

solution of Dirichlet problem 

 

2 ( , ) 0, in two -dimensional region ,

( , ), on the boundary ,

  

             

u h x y

u f x y

   

 
                (1.1) 

 

where 
2 2

2

2 2
.

x y

 
  

 
 Denote the Green’s function by ( , ; , )G x y    satisfies the 

following properties as ( , ; , )G x y    for this Dirichlet problem involving the Laplace 

operator: 

i) 2 ( , ) in , 0 on .   G x y G          

ii) ( , ; , ) ( , ; , ), is symmetric.  G x y G x y G     

iii) G  is continuous in , ; ,x y   , but 
G

n




, the normal derivative has a 

discontinuity at the point ( , )   which is specified by the equation 

 

0
lim 1,

G
ds

n









 

 

where n  is the outward normal to the circle 

 

   
2 2 2: .x y         
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Another application of Green’s function is to solve the differential equation. Now, 

consider a linear differential operator (Sturm-Liouville operator) 

 

ℒ =
𝑑

𝑑𝑥
[𝑝(𝑥)

𝑑

𝑑𝑥
 ] + 𝑞(𝑥).                                             (1.2) 

 

 

The Green’s function 𝐺(𝑥, 𝑠) satisfies ℒ𝐺(𝑥, 𝑠) = 0, i.e., 

 

ℒ𝐺(𝑥, 𝑠) =
𝑑

𝑑𝑥
[𝑝(𝑥)

𝑑𝐺(𝑥, 𝑠)

𝑑𝑥
 ] + 𝑞(𝑥)𝐺(𝑥, 𝑠) = 0,                  (1.3) 

 

where 𝑝(𝑥)and 𝑞(𝑥) are given functions. The Green function 𝐺(𝑥, 𝑠) is the solution 

to 

 

ℒ𝐺(𝑥, 𝑠) = 𝛿(𝑥 − 𝑠),                                                  (1.4) 

 

which satisfies the given boundary conditions. Since ℒ is a differential operator, this 

is a differential equation for 𝐺 (or a partial differential equation if we are in more 

than one dimension), with a very specific source term on the right-hand side which is 

the Direct delta function. Note again that 𝑥 is the variable while 𝑠 is a parameter, the 

position of the point source. 𝐺(𝑥, 𝑠) indicates the Green function of the variable 𝑥, 

and it will also depend on the parameter 𝑠 (Royston, 2008). This property of a 

Green’s function can be exploited to solve differential equations of the form 

 

ℒ𝑢(𝑥) = 𝑓(𝑥).                                                           (1.5) 

 

 

If the kernel of ℒ is non-trivial, then the Green’s function is not unique. But in some 

combination of symmetry, boundary conditions and/or other externally imposed 

criteria will give a unique Green’s function. The Green’s function as used in physics 

is usually defined with the opposite sign (Bayin, 2006) 

 

ℒ𝐺(𝑥, 𝑠) = −𝛿(𝑥 − 𝑠).                                                  (1.6) 
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Recently, the Riemann-Hilbert (briefly, RH) problems and integral equation 

with generalized Neumann kernel for simply connected regions with smooth and 

piecewise boundaries have been investigated by Wegmann et al. (2005) while for 

both bounded and unbounded multiply connected regions have been investigated by 

Wegmann and Nasser (2008) and Nasser (2009c). It has been shown that the problem 

of conformal mapping, Dirichlet problem, Neumann problem and mixed Dirichlet-

Neumann problem can all be treated as RH problems (see Nasser (2009a), Nasser et 

al. (2011, 2012), Yunus et al. (2012, 2013, 2014), Al-Hatemi et al. (2013a, 2013b)). 

Hence, they can be solved efficiently using integral equations with the generalized 

Neumann kernel.  

 

 

In this research, an integral equation approach was developed to compute 

Green’s function for both bounded and unbounded multiply connected regions. For 

simply connected regions, the integral equation is uniquely solvable (Henrici, 1986). 

However for multiply connected regions, the integral equation is not uniquely 

solvable and requires extra constraints on the solution of the integral equation 

(Mikhlin, 1957).  

 

 

 

 

1.2 Background of the Problem 

 

 

 The history of the Green’s function dates back to 1828, when George Green 

published an essay on The Application of Mathematical Analysis to the Theory of 

Electricity and Magnetism which he sought solutions of Poisson’s equation ∇2𝑢 = 𝑓 

for the electric potential 𝑢 defined inside a bounded volume with specified boundary 

conditions on the surface of the volume. 

 

 

The concept of Green’s functions is then used by Carl Neumann in his study 

of the Laplace equation. Besides Laplace’s equation, other equations also began to be 

solved using Green’s function such as heat equation by Hobson and Sommerfeld. 

Sommerfeld presented the modern theory of Green’s function as it applies to the heat 

equation (Duffy, 2001). 
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In general, the Green’s function for bounded multiply connected region 

can be expressed by (Ahlfors, 1979) 

 

0 0 0

1
( , ) ( ) ln , , ,

2
  G z z u z z z z z



                             (1.7) 

 

where 𝑢 is the unique solution of the interior Dirichlet problem, 

 

2

0

( ) 0,
,

1
( ) .( ( )) ln ( ) ,

2

                  
       

              

u z
z

tu t t z  


  



 



                            (1.8) 

 

 

The Green’s function is harmonic in   except at the pole 𝑧0 and on the 

boundary Γ. Alagele (2012) has discussed a new method for computing the Green’s 

function on bounded simply connected regions with smooth boundaries by using the 

method of boundary integral equation with generalized Neumann kernel related to an 

interior Dirichlet problem. 

 

 

Nezhad (2013) has proposed an integral equation with generalized Neumann 

kernel to solve an exterior Dirichlet problem for computing Green’s function for 

unbounded simply connected regions. The Green’s function for unbounded multiply 

connected region  can be expressed 

 

0

1 0 1

1 1 1
( , ) ( ) ln ,

2
G z z u z

z z z z
  

 
                               (1.9) 

 

where 0z  is a fixed point in  , 1z  is a fixed point in 1 (see Figure 1.1) and u  is 

the unique solution of the exterior Dirichlet problem 

 

2

1 0 1

( ) 0, ,

1 1 1
( ( )) ln , ( ) .

2 ( )

                                                          

                  

u z z

u t t
t z z z

 
 

   



  
 

                     (1.10) 
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The function u  is also required to satisfy ( )u z c  as ,z  with a constant .c  

Suppose that   is a multiply connected region of connectivity 1m  bounded by 

simple closed curve Γ = Γ0 ∪ Γ1 ∪⋯∪ Γ𝑚. Let 𝑓 be a piecewise continuous function 

on Γ and consider the Dirichlet problem as shown in Figure 1.1. 

 

Figure 1.1 A Dirichlet problem in a bounded multiply connected region  . 

 

The Dirichlet problem consists in finding 𝑢(𝑥, 𝑦) such that 

 

∇2𝑢 = 0    for all 𝑧 in  ,                                                   (1.11) 

𝑢(𝜂) = 𝑓(𝜂)   for all 𝜂 on Γ.                                                  (1.12) 

 

 

Suppose that   is unbounded multiply connected region of connectivity m  while 

, 1,2, , ,  j j m   are multiply connected regions bounded by simple closed curves 

Γ𝑗 , 𝑗 = 1,2, … ,𝑚, as shown in Figure 1.2. 
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Figure 1.2 An unbounded multiply connected region  . 

 

 

For unbounded  , the Dirichlet problem consists in finding 𝑢(𝑧) such that 

 

∇2𝑢 = 0    for all 𝑧 in  ,                                       (1.13) 

𝑢(𝜂) = 𝑓(𝜂)   for all 𝜂 on Γ,                                    (1.14) 

𝑢(𝑧) → 𝑐 ,                                                     (1.15) 

 

as |𝑧| →  ∞ with a constant 𝑐. 

 

 

Nasser (2007) has developed a new method for solving the Dirichlet problem 

on bounded and unbounded simply connected regions with smooth boundaries. His 

method is based on two uniquely Fredholm integral equations of the second kind 

with the generalized Neumann kernel. Alagele (2012) used Nasser’s method for 

computing Green’s function on bounded simply connected region by getting a unique 

solution of interior Dirichlet problem using integral equation approach with the 

generalized Neumann kernel. Nezhad (2013) computed the Green’s function on 

unbounded simply connected region by getting a unique solution of the exterior 

m

 

m  
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Dirichlet problem using integral equation approach with the generalized Neumann 

kernel. 

 

 

Nasser and Al-Shihri (2013) has introduced a new method for computing 

conformal mapping of multiply connected regions of high connectivity with fast and 

accurate result. They used the combination of a uniquely solvable boundary integral 

equation with the generalized Neumann kernel and the Fast Multipole Method 

(FMM). 

 

 

 

 

1.3 Statement of the Problem 

 

 

 This research problem is to extend the previous work by Alagele (2012) and 

Nezhad (2013) for computing the Green’s function from simply connected regions to 

bounded and unbounded multiply connected regions by getting a unique solution of 

the Dirichlet problem using integral equation with the generalized Neumann kernel 

approach. This research also intends to apply FMM in computing Green’s function 

for regions with connectivity more than three. 

 

 

 

 

1.4 Objectives of the Research 

 

 

This study embarks on the following objectives: 

 

i. To understand the relationship between Green’s function with Dirichlet 

problem for bounded and unbounded multiply connected regions. 

ii. To study integral equation approach with the generalized Neumann kernel 

for solving the Dirichlet problem. 

iii. To compute Green’s function for bounded and unbounded multiply 

connected regions involving Nystrӧm method with trapezoidal rule and 

Wittich method. 
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iv. To apply FMM for computing Green’s function for bounded multiply 

connected regions with connectivity more than three and complex 

geometry.  

 

 

 

 

1.5 Scope of the Research 

 

 

 There are several methods for solving Green’s function such as conformal 

mapping, integral equation, separation of variables, transform methods, and finite 

different methods (see Henrici (1986), Embree and Trefethen (1999), Alagele (2012), 

Nezhad (2013)). This research considers solving the Dirichlet problem on multiply 

connected regions with smooth boundary using integral equation with generalized 

Neumann kernel and using combination of a uniquely solvable boundary integral 

equation with the generalized Neumann kernel and the FMM to compute the Green’s 

function for bounded multiply connected regions with connectivity more than three 

and complex geometry. 

 

 

 

 

1.6 Organization of the Report 

 

 

The report is organized into six chapters. This research begins by studying the 

various concepts and properties of the Green’s function on simply and multiply 

connected region. At the same time, the literature review on boundary integral 

equations with the generalized Neumann kernel for Laplace’s equation in multiply 

connected regions will be studied in Chapter 2. This chapter explain on how to 

compute the Green’s function for both bounded and unbounded multiply connected 

regions.  

 

 

In Chapter 3, the numerical treatment of the integral equation with the 

generalized Neumann kernel to compute Green’s function for bounded multiply 

connected regions is shown. Discretization of the integral equation by using Nystrӧm 
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method with trapezoidal rule leads to a dense and nonsymmetric linear system. The 

linear system is then solved by the Gaussian elimination method in order 𝑂((𝑚 +

1)3𝑛3) operations, where 𝑚+ 1 is the multiplicity of the multiply connected region 

and 𝑛 is the number of nodes in the discretization of each boundary component. The 

computations of the Green’s function are done by using Mathematica software and 

MATLAB software. Examples for some test regions are presented for better 

understanding on the concepts of Green’s function for bounded multiply connected 

regions. Additional conditions are also required for bounded multiply connected 

regions. 

 

 

 Computing Green’s function for unbounded multiply connected regions is 

discussed in Chapter 4. After solving the integral equations with generalized 

Neumann kernel using Nystrӧm method with trapezoidal rule, the linear system is 

then solved by the Gaussian elimination method and the computations of the Green’s 

function are again done by using Mathematica software and MATLAB software. 

Examples for some test regions are presented for better understanding on the 

concepts of Green’s function for unbounded multiply connected regions. Additional 

conditions are also required for unbounded multiply connected regions. 

 

 

 In Chapter 5, computing Green’s function on regions with connectivity more 

than three and regions with corners is presented. By modifying the integral equation 

for regions with corners and discretize the integral equation by using Nystrӧm 

method with trapezoidal rule, the linear system that arrived is solved iteratively using 

GMRES. Each iteration of the GMRES method requires a matrix-vector product 

which can be computed using the fast multipole method (FMM). For (𝑚 + 1)𝑛 ×

(𝑚 + 1)𝑛 matrices, the FMM reduces the operations for a matrix-vector product 

from 𝑂((𝑚 + 1)2𝑛2) to 𝑂((𝑚 + 1)𝑛) where 𝑚 is the number of connectivity and 𝑛 

is the number of nodes on each boundary. 

 

 

Lastly in Chapter 6, some recommendations and conclusion are given. 
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