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Abstract 

 

Piezoelectric actuators are popularly applied as actuators in high precision systems due to their small 

displacement resolution, fast response and simple construction. However, the hysteresis nonlinear 

behavior limits the dynamic modeling and tracking control of piezoelectric actuators. This paper studies a 
dynamic model of a moving stage driven by piezoelectric stack actuator. The Bouc-Wen model is 

introduced and analyzed to express the nonlinear hysteresis term. Two triangular actuating voltages with 

frequency of 1 Hz and amplitudes of 80 V and 90 V are applied to drive the piezoelectric stack actuator. 
The results demonstrate the existence of the hysteresis phenomenon between the input voltage and the 

output displacement of the piezoelectric stack actuator, and validate the correctness of the model. 

 
Keywords: Piezoelectric actuator; hysteresis modeling; Bouc-Wen model 

 

Abstrak 
 

Pemacu piezoelektrik popular digunakan sebagai pemacu sistem berketepatan tinggi memandangkan ia 

memberikan resolusi sesaran yang kecil, tindak balas yang cepat dan konstruksi yang mudah. Namun, sifat 
histerisis yang tidak linear menghadkan pemodelan dinamik dan penjejakan bagi pemacu ini. Artikel ini 

adalah berkaitan penyelidikan model dinamik bagi sistem digerakkan oleh pemacu piezoelektrik berlapis. 

Model Bouc-Wen diperkenalkan dan dianalisis untuk mendapatkan terma histerisis tidak linear. Dua 
voltan segitiga dengan frekuensi 1 Hz dan amplitud 80 V dan 90 V digunakan untuk mengerakkan pemacu 

piezoelektrik berlapis. Keputusan menunjukkan kewujudan fenomena histerisis antara voltan input dan 

sesaran output bagi pemacu piezoelektrik berlapis, dan mengesahkan kesahihan model. 
 

Kata kunci: Pemacu piezoelektrik berlapis; model histerisis; model Bouc-Wen 
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1.0  INTRODUCTION 

 

Piezoelectric actuators are widely used for micro/nano 

manipulation systems [1], micro-robots [2], vibration active 

control [3], precision machining [4], and atomic force 

microscopy [5]. This is due to their special characteristics such 

as high resolution in nanometer range, fast response, and high 

stiffness. The major advantage of using piezoelectric actuators 

is that they do not have any frictional or static characteristics, 

which usually exist in other types of actuators. However, the 

main disadvantage of piezoelectric actuators is the nonlinearity, 

that mainly due to hysteresis behavior, creep phenomenon and 

high frequency vibration [6]. 

  Hysteresis behavior has a high nonlinear effect on 

piezoelectric actuators. The nonlinear effect occurs between the 

applied voltage and output displacement, which causes 

difficulties in controlling the displacement of the actuator. A 

well-known description of piezoelectric actuators behavior was 

published by a standards committee of the IEEE in 1966 and 

most recently revised in 1987 [7]. This description states that 

both of the electrical displacement and the material strain 

exhibited by piezoelectric ceramic are linearly affected by the 

electrical field and the mechanical stress to which the ceramic is 

submitted. This linearized description fails to describe the 

nonlinearities that exist in all piezoelectric ceramics, such as 

hysteresis, creep and vibration. Furthermore, it fails to describe 

the dissipative energy behavior of the piezoelectric ceramic. 

Thus, this description is not accurate enough to be used in 

recent modeling and control purposes [1]. 

  Therefore, an accurate modeling of hysteresis behavior 

should be implemented in order to design a controller for 

hysteresis compensation of the piezoelectric actuators [8]. To 

study the hysteresis behavior, many hysteresis models have 

been developed such as the Bouc–Wen model [9], Duhem 

model [10], Maxwell model [1], Preisach model [11] and 

Prandtl–Ishlinskii model [12]. From literature, it is found that 

Bouc-Wen model is widely used to describe the hysteresis 

behavior of piezoelectric actuators, random vibration analyses 

and structural engineering, due to its great ability to handle any 

functional nonlinearity, and system and measurement noise. 

Furthermore, it is considered as a simple model with few 

parameters, and it is able to describe a variety of complicated 

hysteresis loops [13]. 

  This paper studies the dynamic hysteresis modeling of 

piezoelectric actuators that is based on Bouc-Wen hysteresis 

model. A moving stage that is driven by a piezoelectric actuator 

is considered. The effect of the hysteresis behavior on the 

output displacement is analyzed and studied. 
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2.0  BOUC-WEN HYSTERESIS MODEL 

 

Bouc hysteretic semi-physical model was proposed initially 

early in 1971 and then generalized by Wen in 1976 [13]. Since 

that, it was known as Bouc-Wen model, and has been modified 

by some authors, such as Baber and Noori [14]. The original 

Bouc-Wen model and its modified models have been widely 

used to describe mathematically systems and components with 

hysteretic behaviors, especially within the areas of mechanical 

and civil engineering. The model consists of a first-order 

nonlinear differential equation that relates the input displace-

ment to the output restoring force in a hysteretic way [13]. In 

piezoelectric actuators, the input is the driving voltage, and the 

output is the displacement of the actuator. 

  The function that describes the hysteresis behavior 

between the force and the displacement was proposed by [15]. 

Considering Figure 1, where ƒ is force and 𝑥 is displacement 

and a function of time, then the value of ƒ at instant time 𝑡 will 

depend on the value of 𝑥 at time 𝑡 and the past value of 𝑥. The 

relationship between the force and displacement can be 

expressed as: 

 
𝑑𝑓

𝑑𝑡
= 𝑔 (𝑥, 𝑓, 𝑠𝑖𝑔𝑛(

𝑑𝑥

𝑑𝑡
))

𝑑𝑥

𝑑𝑡
 (1) 

𝑑2𝑥

𝑑𝑡2 + 𝑓(𝑡) = 𝑝(𝑡) (2) 

 
  where 𝑔(. ) is a function of 𝑥 and 𝑓, 𝑝(𝑡) is the input. 

Equation (1) can be solved by using the variant of the Stieltjes 

integral [15, 16]: 

 

𝑓(𝑡) =  𝜇2𝑥(𝑡) + ∫ 𝐹(𝑉𝑠
𝑡)

𝑡

𝛽

𝑑𝑥(𝑠) (3) 

 

  where 𝜇 is the hereditary kernel function that takes into 

account hysteretic phenomenon,  𝛽 ∈ [−∞, +∞] is the time 

instant after which displacement and force are defined, 𝑉𝑠
𝑡 is the 

total variation of 𝑥 in the time interval [𝑠, 𝑡]. The function 𝐹 

satisfies the mathematical properties and the hysteresis 

properties: 

 

𝑓(𝑢) =  ∑ 𝐴𝑖𝑒−𝛼𝑖𝑢

𝑁

𝑖=1

 , 𝑤𝑖𝑡ℎ 𝛼𝑖 > 0 (4) 

 

Equations (2)-(4) can then be rewritten as: 

 

 
Figure 1  Force versus displacement for a hysteresis function 

 

𝑑2𝑥

𝑑𝑡2
+ 𝜇2𝑥 + ∑ 𝑍𝑖

𝑁

𝑖=1

= 𝑝(𝑡)               and (5) 

𝑑𝑍𝑖

𝑑𝑡
+ 𝛼𝑖 |

𝑑𝑥

𝑑𝑡
| 𝑍𝑖 − 𝐴𝑖

𝑑𝑥

𝑑𝑡
= 0; 𝑖 =        1, … , 𝑁 (6) 

 

  Equation (6) has been extended in [10] to describe the 

relationship between the restoring force and the hysteresis as: 

 

�̇� =  −𝛼|�̇�|𝑧𝑛 − 𝛽�̇�|𝑧𝑛| + 𝐴�̇�     for 𝑛 odd (7) 

�̇� =  −𝛼|�̇�|𝑧𝑛−1|𝑧| − 𝛽�̇�𝑧𝑛 + 𝐴�̇�     for 𝑛 even (8) 

 

  Equations (7)-(8) are the earliest version of Bouc-Wen 

model, where �̇� represents the time derivative of the hysteresis 

nonlinear term, 0 < 𝛼 < 1 is the post to pre-yielding stiffness 

ratio that controls the shape of the hysteresis loop, 𝐴 and 𝛽 are 

parameters that control the shape and the magnitude of the 

hysteresis loop, while 𝑛 >1 is a scalar that controls the 

smoothness of the transition from elastic to plastic response 

[17]. 

  A physical system with a hysteretic component can be 

expressed by a map 𝑥(𝑡) → Φ𝑠(𝑥)(𝑡), where 𝑥 represents the 

time history of the input, and Φ𝑠(𝑥) is the time history of the 

hysteretic output variable. Since all mechanical structures are 

stable in open loop, then for any bounded input 𝑥, the output of 

the true hysteresis Φ𝑠(𝑥) is bounded [13]. Then, the Bouc-Wen 

model that represents the true hysteresis can be expressed as 

[18, 19]: 

 

Φ𝐵𝑊(𝑥)(𝑡) =  𝛼𝑘𝑥(𝑡) + (1 − 𝛼)𝑘𝑧(𝑡) (9) 

�̇� =  𝐴�̇� − 𝛽|�̇�|𝑧𝑛−1𝑧 − 𝛾|�̇�|𝑧𝑛 (10) 

 

  Equations (9) and (10) are known as the generalized model 

of Bouc-Wen. It should be noticed that some changes were 

made on the symbols names of the original Bouc-Wen model, 𝛼 

and 𝛽 in the original Bouc-Wen model were replaced by 𝛽 and 

𝛾 respectively in the generalized model of Bouc-Wen. 𝐴, 𝛽 and 

𝛾 are parameters that control the shape and the amplitude of the 

hysteresis loop, 0 < 𝛼 < 1, while 𝑘 > 0 is the stiffness factor 

[20]. 

 

 
 

Figure 2  Schematic diagram of a moving stage driven by a 
piezoelectric actuator [21] 

 

 

3.0  SYSTEM MODELING 

 

The model is a moving stage driven by a piezoelectric actuator. 

One end is fixed and the other is sliding horizontally. By 

assuming a high generated force by a piezoelectric actuator 

comparing to the frictional force, the schematic diagram of the 

moving stage system is as shown in Figure 2 [21]. 

  In order to make the generalized model of Bouc-Wen 

suitable for piezoelectric actuator, several assumptions and 

modifications have been made in Equations (9) and (10). The 

parameters 𝐴 = 1 and 𝑛 = 1 are used to remove the 

redundancy and to achieve smoother hysteresis loop 

respectively [22, 23]. Then, the dynamic model of a positioning 

mechanism based on Bouc-Wen model can be written as [6, 

24]: 

 

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐹ℎ = 𝑘(𝑑𝑢 − 𝑧) + 𝐹𝑒𝑥𝑡 (11) 
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�̇� =  𝛼𝑑�̇� − 𝛽|�̇�|𝑧 − 𝛾�̇�|𝑧| (12) 

 

  where 𝑥 is the displacement of the stage, 𝑧 is the hysteresis 

nonlinear term, and �̇�, �̈� and �̇� are the derivatives of 𝑥 and 𝑧 

respectively. 𝑚, 𝑏 and 𝑘 are the mass, damper coefficient and 

stiffness factor of the positioning mechanism. 𝑢 is the applied 

voltage, 𝐹ℎ is the exciting force that generated by the 

piezoelectric ceramic, while 𝑑 is the piezoelectric material 

constant. To solve Equations (11) and (12), the values of the 

parameters 𝑚, 𝑏, 𝑘, 𝑑, 𝛼, 𝛽 and 𝛾 should be identified using 

estimation and identification methods, such as Genetic 

algorithms [25], least squares method [26], extended Kalman 

filter [27]. 

 

 

4.0  SIMULATION RESULTS 

 

In this study, for simulation purposes, the values of the 

parameters of the piezoelectric actuator system have been taken 

from [6], as given in Table 1. These parameters were identified 

using a modified quadratic programming with respect to the 

root-mean-square error. The input voltage is a triangular signal 

with amplitude of 80 V and frequency of 1 Hz, as shown in 

Figure 3 (a), while the response of the system is shown in 

Figure 3 (b). As indicated by Figure 3 (a) and (b), the output 

displacement evinces a distortion on both rising and falling 

slopes, which indicates a nonlinear relationship between the 

input voltage and the output displacement of the piezoelectric 

actuator. Based on Bouc-Wen model, the nonlinear relationship 

between the input and the output is caused by the hysteresis 

phenomenon that exists in piezoelectric ceramics [28]. 

  The hysteresis phenomenon is demonstrated clearly in 

Figure 4, which shows the nonlinear relationship between the 

input voltage and the output displacement of the system. This 

hysteresis phenomenon is based on the crystalline polarization 

effect and molecular friction. The displacement generated by 

piezoelectric actuator depends on the applied electric field and 

the piezoelectric material constant which is related to the 

remnant polarization that is affected by the electric field applied 

to piezoelectric material. The deflection of the hysteresis curve 

depends on the previous value of the input voltage, which 

means that piezoelectric materials have memory because they 

remain magnetized after the external magnetic field is removed. 

This magnetization makes the output displacement response to 

the increased input voltage from 0 V to 80 V differs from that 

one to the decreased input voltage from 80 V to 0 V. 

 
Table 1  Values of the system parameters [6] 

 

Parameter Value Parameter Value 

m 2.17 kg d 
9.013×10-7 

m/V 

b 4378.67 Ns/m α 0.38 

k 3×105 N/m β 0.0335 

Fext 0 N γ 0.0295 

 

 

 
Figure 3  (a) Input voltage with 80 V and 1 Hz. (b) Output 

displacement. 

 

 
Figure 4  The simulated hysteresis loop with 80 V and 1 Hz input 

frequency. 

 

 

  For further investigation, the input voltage amplitude is 

increased to 100 V with the same triangular wave and 

frequency, as in Figure 5 (a), while the response of the system 

is shown in Figure 5 (b). From Figure 5 (a) and (b), it can be 

noticed that output displacement response pursues in a similar 

manner to that one in Figure 3, as the output displacement still 

evinces a distortion on both rising and falling slopes. In 

addition, the maximum output displacement is increased after 

increasing the input voltage, which indicates a nonlinear 

proportionality between them, as stated in the dynamic 

hysteresis model [1, 28]. 

  Figure 6 shows the simulated hysteresis curve that relates 

the input voltage to the output displacement of the system when 

the input voltage is increased to 100 V. It is clear that the 

hysteresis curve in Figure 6 takes a similar shape to hysteresis 

curve in Figure 4. From both figures, it is indicated that the 

initial ascending curve starts from the origin, but the loops do 

not go back to the origin even if the applied voltage is back to 

zero. This is caused by the polarization and elongation that 

occurs in the piezoelectric material under positive voltages 

cannot be completely retrieved even if the input voltage returns 

to zero [28]. 

 



12                                                       Marwan Nafea M. et al. / Jurnal Teknologi (Sciences & Engineering) 67:5 (2014), 9–13 

 

 

 
Figure 5  (a) Input voltage with 100 V and 1 Hz. (b) Output 

displacement 

 

 
Figure 6  The simulated hysteresis loop with 100 V and 1 Hz input 

frequency 

 

 
Figure 7  One wave cycle of (a) Input voltage with 80 V and 1 Hz. (b) 

Output displacement 

 

 
Figure 8  One wave cycle of (a) Input voltage with 100 V and 1 Hz. (b) 

Output displacement 

 

 

  Further investigation at one wave cycle of both Figures 3 

and 5 demonstrates that the output displacements in both cases 

exhibit distortions on both rising and falling slopes, and 

preserve an amplitude-dependent offset, as shown in Figures 7 

and Figure 8. Moreover, it is noted that there is a phase lag 

between the input voltage and the output displacement of the 

waveforms peaks. Changing the input voltage leads to changing 

the phase lag between the input and the output. This phase lag 

indicates the existence of the hysteresis behavior in 

piezoelectric actuators. In other words, hysteresis can be 

defined as a phase lag between a periodic input and its 

corresponding output. These results and observations prove the 

correctness of the studied model. 

 

 

5.0  CONCLUSION 

 

A dynamic modeling method based on Bouc-Wen hysteresis 

model is analyzed in this paper. The equivalent dynamic model 

of the moving stage driven by a piezoelectric stack actuator is 

derived and simulated. The simulation results prove the 

correctness of the modeling and the existence of the hysteresis 

behavior in the piezoelectric stack actuator. It is shown that 

Bouc-Wen model is suitable to model piezoelectric actuators 

due to its simplicity with few parameters, and its ability to 

describe a variety of complicated hysteresis loops. 

  Further verifications and improvements of the model can 

be done in the future by using different values of the 

piezoelectric actuator parameters, and by building and testing 

the physical system. 
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