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ABSTRACT

In this study, the Finite Difference Method and Differential Quadrature Method are used
to solve the Burgers equation. These methods are used to solve some examples of Burgers
equation. The different number of nodes is used in these methods to investigate in terms of
accuracy study. The solutions of these methods are compared in terms of accuracy of the
numerical solution. C- language programs have been developed based on the discussion in order
to solve the Burgers equation. The results of this study are collected to compare the solution in
terms of convergence study and the accuracy of the numerical solution. The different number of
nodes also can affect the solution in term of accuracy study. Decreasing the number of nodes will
increasing the errors of the solution. Generally, from the results between the Finite Different
Method and Differential Quadrature Method showed the Differential Quadrature Method is
better than the Finite Different Method in terms of accuracy of the numerical solution and in

terms of convergence study.
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ABSTRAK

Di dalam pengajian ini, FDM dan DQM digunakan untuk menyelesaikan masalah
persamaan Burgers. Kaedah-kaedah ini digunakan untuk menyelesaikan beberapa contoh
persamaan Burgers. Perbezaan saiz jarak titik x digunakan dalam kaedah-kaedah ini untuk
mengkaji dari segi ketepatan jawapan. Penyelesain kaedah-kaedah ini dibandingkan dari segi
ketepatan jawapan daripada penyelesaian secara teori. Bagi menyelesaikan masalah ini, program
bahasa C telah digunakan. Kemudian data daripada setiap kaedah dikumpulkan dan
dibandingkan dengan jawapan sebenar untuk mengkaji dari segi ketepatan jawapan. Semakin
kecil saiz jarak titik akan menyebabkan jawapan semakin tidak tepat. Secara keseluruhannya,
daripada keputusan dan data yang telah dikumpulkan, didapati kaedah DQM lebih memberikan
ketepatan jawapan berbanding dengan kaedah FDM.
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1.1

CHAPTER 1

INTRODUCTION

Background of the Problem

Single or a system of Partial Differential Equations (PDEs) is mostly
encountered by us in many sciences and engineering fields. PDEs also
describe many of the basic natural laws in physical or chemical phenomena.
In this study, the partial differential equation considered is the Burgers—
Huxley equation which can effectively models the interaction between
reaction mechanisms, convection effects and diffusion transports (Murat Sari
and Gurhan Gurarslan, 2009). In general, the closed—form solution is not
available or not easily obtained because most of these problems may involved
the nonlinear partial differential equations. This fact leads to the development
of another alternative to approximate the solutions of these partial differential
equations. As a result, after years of researches scientists found that the
approximation of the solution of the system of partial differential equations
can be obtained by using numerical discretization techniques on some
function value at certain discrete points, so-called grid points or mesh points.
There are three most commonly used numerical methods in engineering and
in computational fluid dynamics are the finite difference, finite element, and

the finite volume methods.
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One of the techniques to solve the Burgers equation is by using the
Finite Difference Method (FDM) which is the simplest method. This method
solved by replacing the values at certain grid points and approximates the
derivatives by differences in these values. The partial derivatives in the PDE

at each grid point are approximated from the neighborhood values.

Another technique which is discussed in this study is Differential
Quadrature Method (DQM). As stated by (C. Shu, 2000), DQM is an
extension of FDM for the highest order of finite difference scheme. This
method represents by sum up all the derivatives of the function at any grid
points, and then the equation transforms to a system of ordinary differential
equations (ODEs) or a set of algebraic equations (R.C. Mittal and Ram
Jiwari, 2009). The system of ordinary differential equations is then solved by
numerical methods such as the implicit Runge-Kutta method that will be

discussed in order to get the solutions in this study.

Statement of the Problem

There are many ways to approximate the solution of Burgers
equation. A set of initial and boundary conditions are needed to solve the
Burgers equation. Finite Difference Method (FDM) is easy to solve the
examples of Burgers equation but is less accurate. Then, the Differential
Quadrature method (DQM) is used to solve the problem but it needs more

calculation and more time.
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1.4

Objectives of the Study

The objectives of this study are:

1. To solve Burgers equation numerically using FDM and DQM.
il. To compare the FDM and DQM in terms of accuracy of Burgers
equation.

iii. To develop C language program codes for FDM and DQM.

Scope of the Study

In this study, the main numerical technique discussed is the
Differential Quadrature Method and Finite Differential method. The accuracy
or convergence on DQM in solving the 1 D Burgers equation with Dirichlet’s
boundary conditions will be discussed in this study. Other than that, the
results from DQM and FDM will be used to compare with the exact solutions
in term of the accuracy of numerical solution in solving the Burgers equation.

In this study also focused on solving the Burgers equation.
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Significance of the study

In this study, the FDM and DQM will be discussed and applied to
Burgers equation which is important in engineering field. This project also
will give benefit to other researchers in this area of linear and nonlinear
partial differential equation to be able to understand how the methods work

on solving the Burgers equation with dirichlet boundary conditions.



REFERENCES

Abdulghafor M. Rozbayani (2013). Discrete Adomian Decomposition
Method for Solving Burgers — Huxley equation. Int. J. Contemp. Math.
Sciences. Vol. 8, no. 13, 623 — 631.

A. M. Wazwaz (2009). Burgers, Fisher and Related Equations. Partial
Differential Equations and Solitary Waves Theory. Springer.

A. M. A. Al Kaisy, Ramadan A. Esmaeel, Mohamed M. Nassar (2007).
Application of the DQM to The Longitudinal Vibration of Non-Uniform
Rods. Eng. Mechanics. Vol. 14, No. 5, 303 —310.

A. S. Bataineh, M. S. M. Noorani and I. Hashim (2009). Analytical
Treatment of Generalised Burgers — Huxley Equation by Homotopy Analysis
Method. Bull. Malays. Math. Sci. Soc. (2) 32(2), 233 — 243.

A. Taflove (1980). Application of the Finite Difference Time Domain
Method to Sinussoidal Steady-State Electromagnetic-Penetration Problems.

IEEE Transactions on Electromagnetic Compatibility. Vol. EMC-22, No. 3.

Brian B. (2006). A Friendly Introduction to Numerical Analysis. New Jersey:

Pearson Prentice Hall.

C. B. Dolicanin, V. B. Nikolic, D. C. Dolicanin, (2010). Application of Finite
Difference Method to study of the Phenomenon in the Theory of Thin Plates.
Ser. A: Appl. Math. Inform. And Mech. Vol. 2, 1,29 — 34.



48

C. Shu (1999). Application of the DQM to Stimulate Natural Convection in
A Concentric Annulus. Int. Journal for Numerical Method in Fluids. 30, 977
—993.

C. Shu (2000). Differential Quadrature and Its Application in Engineering.
Great Britain: Springer-Verlag London.

C. Shu, Y.T. Chew (1998). On the Equivalence of Generalized Differential
Quadrature and Highest Order Finite Difference Scheme. Comput. Methods
Appl. Mech. Engig. 155, 249-260.

Faruk Civan and C.M. Sliepcevich (1985). Application of DQM to solution
of Pool Boiling in Cavities. Proc. Okla. Acad. Sci. 65,73 —78.

H. Gao, R.-X. Zhao (2009). New Exact Solutions to the Generalized
Burgers—Huxley Equation. Appl. Math. and Comput.

H. N. A. Ismail, K. Raslan, A. A. Abd Rabboh (2004). Adomian
decomposition method for Burgers — Huxley and Burgers — Fisher equations,

Appl. Math. Comput. 159,291 —301.

Hamed Sadeghian, Ghader Rezazadeh and Peter M. Osterberg (2007).
Application of the Generalized DQM to the Study of Pull — In Phenomena of
MEMS Switches. Journal of Microelectromechanical Systems. Vol. 16, No.
6.

J. Biazar and F. Mohammadi (2010). Application of Differential Transform
Method to the Generalised Burgers — Huxley Equation. Appl. App. Math.
Vol. 05, 1726 — 1740.



49

J.C. Butcher (1996). A history of Runge-Kutta methods. Applied Numerical
Mathematics 20, 247-260

J. R. Quan and C. T. Chang (1989). New Insights in Solving Distributed
System Equations by the Quadrature Method - I. Analysis. Computers
Chemical Engineering. 13(7), 779-788.

John H. Mathews and Kurtis K. Fink (2004). Numerical Methods Using
Matlab, 4th Edition.

K. S. Thankane And T. Stys, (2009). Finite Difference Method for Beam
Equation with Free Ends Using Mathematica. Southern Africa Journal of
Pure And Applied Mathematics. Vol. 4, 61 — 78.

Lorenzo Pareschi (2002). Implicit — Explicit Runge — Kutta schemes for
hyperbolic systems with relaxation. 9" Int. Con. on Hyperbolic Problems

Theory, Numerics, Applications. 25 — 29.

M Sari. and G. Gurarslan (2009). Numerical Solutions of the Generalized
Burgers-Huxley Equation by A Differential Quadrature Method.
Mathematical Problems in Engineering. 2009, 370765.

Ming-Hung Hsu (2009). Differential Quadrature Method for Solving
Hyperbolic Heat Conduction Problems. Tamkang Journal of Science and

Engineering. Vol. 12, No. 3, 331 — 338.

O. Yu. Yefimova and N. A. Kudryashov (2004). Exact Solutions of the
Burgers-Huxley Equation. J. Appl. Maths Mechs. 68(3), 413-420.



50

P. G. Estevez (1994), Non-classical symmetries and the singular manifold
method: the Burgers and the Burgers-Huxley equation. Journal of Physics A,
vol. 27, no. 6,2113 —2127.

P. J. Van Der Houwen and B. P. Sommeijer (1992). Fractional Runge — Kutta
Methods with Application to Convection — Diffusion Equations. Impact of
Computing in Science and Engineering. 4, 195 — 216.

R.Bellman, B. Kashef, E. Stanley Lee and R. Vasudevan (1975). Solving
Hard Problems by Easy Methods: Differential and Integral Quadrature.
Comp. andMaths with Appls. 1, 133-143.

Hongyu Liu and Jun Zou (2006). Some new additive Runge — Kutta methods
and their applications. Journal of Computational and Applied Mathematics.
190, 74 — 98.

R. C. Mittal and Ram Jiwari (2009). Numerical Study of Burgers — Huxley
equation by Differential Quadrature Method. Int. J. of Appl. Math and Mech.
5(8), 1-9.

S. Hamdi et al. (2007), scholarpedia Method of lines.

S. Tomasiello (2010), Numerical solutions of the Burgers — Huxley equation
by the IDQ method. Int. Journal of Computer Mathematics. Vol. 87, 129 —
140.

Tai-Ran Hsu, Ph.D. Chapter 9: Introduction to Finite Difference Method for
Solving Differential Equations. San Jose State University Department of

Mechanical and Aerospace Engineering.



51

Ukpaka, C.P (2011). Application of Algorithm of Runge — Kutta Method In
Microbial Entrained Oil Recovery In Oil Wells Of Niger Delta In Nigeria.
Int. Journal of Current Research. Vol. 3, Issue 12, 126 — 132.

V. Prolovic and Z. Bonic (2008), Finite Difference Method Application in
Design of Foundation Girder of Variable Cross Section Loaded on Ends.

Series: Architecture and Civil Engineering. Vol. 6, No 2, 179 - 185

W. Chen (1996). Differential Quadrature Method and its Applications in
Engineering — Applying Special Matrix Product to Nonlinear Computations
and Analysis. Ph.D. Thesis. Shanghai Jiao Tong University.

Waljiyanto, N. Widjajanti and W.Suryohadi (2004), Application of Finite
Difference Method to Develop Land Value Map. 3 FIG Regional

Conference. Jakarta, Indonesia.

X. Y. Wang, Z. S. Zhu and Y. K. Lu (1990), Solitary wave solutions of the
generalized Burgers — Huxley equation. Journal of Physics A, vol. 23, no. 3

271 -274.

Z. Girgin, Y. Yilmaz, A. Cetkin (2000), Application of the Generalised DQM
to Deflection and Buckling Analysis of Structural Components. Journal of

Engineering Sciences. 117 — 124.

Z. Zhong and Y. Y. Zhang (2009). Advanced Differential Quadrature
Methods. United States: CRC Press.



APPENDIX A

The calculation of the exact for Example 4.1.

> restart,

> pde = diff (u(x,t),t) — 1-diff (diff (u(x,),x),x) + u(x,1)
-diff (u(x,1),x) =0;

de =2 ulx,t) — [ L w0 | + e ) [ e =0
pde : a[ux, axzux, u(x, [axux,)
> ibc == {u(x,0) =sin(2- w-x),u(0,7) =0,u(1,7) =0};
ibc = {u(0,1) =0,u(1,¢) =0,u(x,0) =sin(2 w x) }
> pds = pdsolve (pde, ibc, numeric, time = t,range =0..1);
pds =module( )

export plot, plot3d, animate, value, settings;

end module
> pa = pds:plot(t =0, numpoints = 50);
pa =PLOT(...)

> pb = pds:plot(t = 0.02, numpoints = 50, color = blue);
pb =PLOT(...)

> plots[display ]({pa, pb});
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> pds:value (t=0.02, output = listprocedure ),
[x =proc(x) ... end proc, = 0.02, u(x, ) = proc(x) ... end proc]

> uval =rhs(op(3,%));
uval =proc(x) ... end proc

1
> pdsl = pdsolve ( pde, ibc, numeric,'spacestep '= ——, time = t, range

40
:0..1);

pds] -=module( )
export plot, plot3d, animate, value, settings;

end module

> uval (0.8); ###  fsolve (uval(x) =0.05,x=0..1);
-0.45944697252221633



APPENDIX B

The result from Example 4.1

Number of nodes , N=10

u(x, t) 0 0.1 0.2 0.3 04| 05 0.6 0.7 0.8 09] 1
0] O 0.587785 | 0.951057 0.951057 0.587785 0 -0.58779 -0.95106 -0.95106 | -0.58779 | 0
0.002] 0 0.538305 | 0.875908 0.881728 0.547908 0 -0.54791 -0.88173 -0.87591 | -0.53831 | 0
0.004 | 0 0.493952 | 0.807401 0.816634 0.509462 0 -0.50946 -0.81664 -0.8074 | -0.49395 | O
0.006 | 0 0.453904 | 0.744724 0.755779 0.472794 0 -0.47279 -0.75578 -0.74472 | -0.4539 | 0
0.008]| 0 0.41759 0.68722 0.699056 0.438111 0 -0.43811 -0.69906 -0.68722 | -0.41759 | 0
001] O 0.384574 | 0.634356 0.646298 0.40551 0 -0.40551 -0.6463 -0.63436 | -0.38457 | 0
0012 0 0.354494 | 0.585696 0.597308 0.375008 0 -0.37501 -0.59731 -0.5857 | -0.35449 | O
0014 0 0.327035 | 0.540868 0.551875 0.346572 0 -0.34657 -0.55188 -0.54087 | -0.32704 | 0
0016 | O 0.301916 | 0.499546 0.509785 0.320131 0 -0.32013 -0.50979 -0.49955 | -0.30192 | 0
0018 0 0.278892 | 0.461441 0.470827 0.295597 0 -0.2956 -0.47083 -0.46144 | -0.27889 | 0
002] 0 0.257745 | 0.426292 0.434795 0.272868 0 -0.27287 -0.4348 -0.42629 | -0.25775 | 0




Number of nodes , N =20

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 .5
0| 0| 0.309017 | 0.587785 | 0.809017 | 0.951057 1| 0.951057 | 0.809017 | 0.587785 | 0.309017 0
0.002 | O | 0.282666 | 0.538469 | 0.742876 | 0.875898 | 0.924026 | 0.881731 | 0.752315 | 0.547907 0.2885 0
0.004 | O | 0.259325 | 0.494518 | 0.683359 | 0.807408 | 0.853775| 0.81664 | 0.698299 | 0.50946 | 0.26856 0
0.006 | O | 0.238443 | 0.455015 | 0.629477 | 0.744812 0.788859 | 0.755793 | 0.647249 | 0.472792 | 0.249429 0
0.008 | O | 0.219623 | 0.419274 | 0.580458 | 0.687459 0.728889 | 0.699093 | 0.599289 | 0.438111 | 0.231253 0
0.01 | 0| 0.202586 | 0.386768 | 0.535687 | 0.634801 0.67349 | 0.646381 | 0.554435 | 0.405516 | 0.214115 0
0.012 | 0| 0.187223 | 0.357115 | 0.494656 | 0.586373 0.622315 | 0.597462 | 0.512627 | 0.375028 | 0.198047 0
0.014| 0| 0.173753 | 0.33022 | 0.456904 | 0.541764 | 0.575045 | 0.55212 | 0.473759 | 0.346614 | 0.183049 0
0.016 | 0| 0.162712 | 0.307316 | 0.421874 | 0.500547 0.531402 | 0.51014 | 0.437693 | 0.320206 | 0.169095 0
0.018 | O | 0.149407 | 0.296954 | 0.388624 0.46189 0.491207 | 0.471329 | 0.404265 | 0.295711 | 0.156144 0
0.02 | 0| 0.066224 | 0.347458 | 0.356375 | 0.422343 0.454544 | 0.43566 | 0.373275 | 0.273018 | 0.144151 0
0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 095 | 1
-0.30902 | -0.58779 | -0.80902 | -0.95106 -1 | -0.95106 | -0.80902 | -0.587785 | -0.309017 | O
-0.2885 | -0.54791 | -0.75232 | -0.88173 | -0.92403 -0.8759 | -0.74288 | -0.538469 | -0.282666 | O
-0.26856 | -0.50946 -0.6983 | -0.81664 | -0.85378 | -0.80741 | -0.68336 | -0.494518 | -0.259324 | O
-0.24943 | -0.47279 | -0.64725 | -0.75579 | -0.78886 | -0.74481 | -0.62948 | -0.455016 | -0.23844 | O
-0.23125 | -0.43811 | -0.59929 | -0.69909 | -0.72889 | -0.68746 | -0.58046 | -0.419274 | -0.219606 | O
-0.21412 | -0.40552 | -0.55444 | -0.64638 | -0.67349 -0.6348 | -0.53569 | -0.386761 | -0.202499 | O
-0.19805 | -0.37503 | -0.51263 | -0.59746 | -0.62231 | -0.58637 | -0.49469 | -0.357037 | -0.186805 | O
-0.18305 | -0.34661 | -0.47376 | -0.55212 | -0.57503 | -0.54179 -0.4571 | -0.329594 | -0.172007 | O
-0.16909 | -0.32021 -0.4377 | -0.51013 | -0.53132 | -0.50075 | -0.42276 | -0.302949 | -0.157069 | O
-0.15614 | -0.29571 -0.4043 | -0.47126 | -0.49082 | -0.46341 | -0.39217 -0.26912 | -0.143956 | O
-0.14414 | -0.27304 | -0.37344 | -0.43513 | -0.45287 | -0.43239 -0.3667 | -0.182275 | -0.18866 | O






