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Keywords: This paper presents a new boundary integral method for the solution of Laplace’s equation
Dirichlet problem on both bounded and unbounded multiply connected regions, with either the Dirichlet
Neumann Pmblem ) boundary condition or the Neumann boundary condition. The method is based on two
Boundary integral equation uniquely solvable Fredholm integral equations of the second kind with the generalized

Generalized Neumann kernel Neumann kernel. Numerical results are presented to illustrate the efficiency of the pro-

posed method.
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1. Introduction

In the present paper we shall pursue our investigations [19,20,24,25] of the connections of the elliptic boundary value
problems and boundary integral equations with the generalized Neumann kernel. We consider Laplace’s equation Au =0
in both bounded and unbounded multiply connected regions G in the extended complex plane C := C U {co} with either
the Dirichlet boundary condition or the Neumann boundary condition on the boundary I" := 9G. Under suitable assumptions,
both the Dirichlet problem and the Neumann problem have unique solutions (see the standard texts [6,15,16]).

One of the classical methods for solving Laplace’s equation is the boundary integral method. For example, a second kind
Fredholm integral equation can be derived for the Dirichlet problem by writing its solution as a double layer potential. For
bounded simply connected regions, the integral equation is uniquely solvable and its kernel is known as the Neumann kernel
(see e.g., [10, p. 280] and [15, p. 130]). However, the integral equation is not uniquely solvable for bounded multiply con-
nected regions. When the connectivity of the region is m + 1, the number of linearly independent solution of the homoge-
neous equation is equal to m. To solve the integral equation, extra constraints on the solution of the integral equation are
imposed. An example of such constraints is given by Mikhlin [15, p. 146] (see also [7,9]).

Recently, the interplay of Riemann-Hilbert problems and integral equations with the generalized Neumann kernel has
been investigated in [20,24] for simply connected regions with smooth and piecewise smooth boundaries and in [19,25]
for bounded and unbounded multiply connected regions. By treating conformal mapping as Riemann-Hilbert problem, inte-
gral equations with the generalized Neumann kernel have been implemented successfully in [17,18] for computing the con-
formal mapping of bounded and unbounded multiply connected regions onto the classical canonical slit domains.

This paper presents two uniquely solvable integral equations with the generalized Neumann kernel to solve the Dirichlet
problem and the Neumann problem. We shall prove that the eigenvalues of the kernel of our integral equations are real. This
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is in contrast with the integral equation of Mikhlin’s method which has complex eigenvalues (see [7]). In [7,9], the integral
equation of Mikhlin’s method is discretized by the Nystrom method to obtain a linear system. In order to obtain a matrix
whose eigenvalues are better distributed for the GMRES iterative method, a preconditioner have been used. For our method,
we do not need to use a preconditioner since the eigenvalues of the matrices, obtained by discretizing our integral equations,
are real and clustered around 1.

The plan of the paper is as follows: In the next section we present some notations and auxiliary material. In Sections 3 and
4, we derive and study the integral equation with the generalized Neumann kernel and its adjoint kernel respectively. Some
theorems related to the eigenvalues of the generalized Neumann kernel are presented in Section 5. In Section 6, we present
two methods for calculating the solution the Dirichlet problem. Similar treatment for the Neumann problems is presented in
Section 7. Numerical examples will be given in Section 8 and a short conclusion is given in Section 9.

2. Notations and auxiliary material
We consider multiply connected regions G in the extended complex plane C of the following two types:

(a) Bounded region G, of connectivity m+1 > 1, with boundary I = U, I'; consisting of m+1 smooth closed Jordan
curves I, j=0,1,2,...,m. The curve Iy contains the other curves I'y,...,I',. The complement G™ := C\ G consists
of m bounded simply connected components G; interior to I'j,j=1,2,...,m, and an unbounded simply connected com-
ponent G, exterior to I’y (see Fig. 1). We assume that o is a fixed point in G.

(b) Unbounded region G, of connectivity m > 1, with boundary I" = U, I'; consisting of m smooth closed Jordan curves I,
j=12,...,m. The complement G := C\ G consists of m bounded simply connected components G; interior to I,
j=1,2,...,m (see Fig. 2).

The orientation of the boundary I" = 9G is such that G is always on the left of I". Thus, the curves I'y,...,I",; always have
clockwise orientations. For bounded G, the curve I'p has a counterclockwise orientation. The curve I'; is parametrized by a
2n-periodic twice continuously differentiable complex function #;(t) with non-vanishing first derivative

() = dn;(t)/dt # 0, te];:=][0,2m], (1)
j=0 (for bounded G), 1,2,...,m. The total parameter domain J is the disjoint union of the intervals J;. We define a parame-
trization of the whole boundary I" as the complex function # defined on J by

No(t), t €], (for bounded G),
m), tel,

nw =1 2)
Nu(t), tEJn.

Let H be the space of all real Hélder continuous functions on the boundary I". In view of the smoothness of , a function ¢ € H
can be interpreted via ¢(t) := ¢(7(t)), t €], as a real Hoélder continuous 2n-periodic functions ¢(t) of the parameter t € J, i.e.,

do(t), te], (for bounded G),
R b1 (), tej,
5o o :¢1< ) tel, 5

bm(t), €],

with real Hélder continuous 27-periodic functions ¢; defined on Jj; and vice versa.
Here and in what follows, for complex-valued or real-valued functions / defined on the boundary I" and for t € J, we will
not distinguish between (#(t)) and y(t). For t < J;, the values ys(t) will be denoted by v(t).

Fig. 1. A bounded multiply connected region G of connectivity m + 1.
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Fig. 2. An unbounded multiply connected region G of connectivity m.

For a given function y € H, the Dirichlet problem and the Neumann problem are defined as follows (see e.g. [3, p. 307],[15,
p. 145] and [16, p. 164]):

Dirichlet problem:
Determine a function u harmonic in G, continuous on the closure G, such that its boundary values satisfy on I”
u(mn(t)) =), n)el. 4)

For unbounded G, the function u is also required to satisfy u(z) - C as |z] —» co with a constant C.
Neumann problem:
Determine a function u harmonic in G, continuous on the closure G, such that its boundary values satisfy on I

ou

om| =70, n@er, 5)

n(t)

where n is the exterior normal to I" and y € H is a given function such that
JRGLCLE 6)

The function u is also required to satisfy for bounded G the additional condition u(«) = 0 and for unbounded G the additional
condition u(z) - 0 as |z| — oco.

The Dirichlet problem and the Neumann problem are uniquely solvable. The unique solution u of the Dirichlet problem or
the Neumann problem can be regarded as a real part of an analytic function F in G which is not necessary single-valued.
However, the function F can be written as:

F(z) =f(2) —Emzaj log(z - z), (7)
=1

where f is a single-valued analytic function in G, each z; is a fixed point in G;, j=1,2,...,m; and ay,...,an, are real constants
uniquely determined by y (see [15, p. 149], [16, p. 174] and [21, p. 527].) Without lost of generality, we assume for bounded G
that Im f(«) = 0 and for unbounded G that Im f(c0) = 0. The constants ay,.. .,a,, are chosen to ensure that (see [10, p. 222]
and [12, p. 88])

fiinydn =0, k=1,2,....m.
Ty

Since I'4,...,I',, are clockwise oriented and

1
b
Z—-1

Fz)=f@2)-Y g
=1
the Cauchy integral formula implies that the constants ay,...,a,, are related to the function F(z) by
1 , .
aj:m/rF(n)dn, ji=12,...,m. (8)
j

Since [,.f'(n)dn =0 and [, F'(n)dn = 0, thus for unbounded G, the constants ay,...,an, satisfy

m m

1[5 1 ' _
> ']m(/er(W)d’?*m./rF(’?)d’?*O-

j=1 J=

For bounded G, we define the real constant ay by
a -—L/F( )d —L/F’( )d —ii/ﬁ( ydn=->"gq 9)
0.727'Ci I n ’7*2m T n)an - 27 I nyan = — /N

In this paper, we shall present the following two methods for calculating the values of the complex function F(z) and
hence the values of the real function u(z) = Re F(z):
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Method I. The first method is based on using a boundary integral equation with the generalized Neumann kernel. In this
method, we calculate first the values of the single-valued analytic function f{z). Then we calculate the values of the multi-
valued analytic function F(z) from (7).

Method II. The second method is based on using a boundary integral equation with the adjoint generalized Neumann ker-
nel. In this method, we calculate first the boundary values of the single-valued analytic function F. Then, we calculate the
values of the multi-valued analytic function F(z) as an anti-derivative of F (see [16, p. 198] and [21, p. 547].) For bounded G,
we have

F(2) = — -0 /FF’(r/) log (1 _Z- “)dq 1 F(w), (10a)

- 2mi n—o

where the branch of logarithm is chosen which is equal to zero for z = o.. For unbounded G, we have

F&) = 3 [ Fntog (1-T)dn+ Fioo), (10b)

z
where the branch of logarithm is chosen which is equal to zero for z = oc.

Both methods require determining the values of the real constants a, . . .,a,. These constants are known for the Neumann
problem. For the Dirichlet problem, we need to calculate these constants as we shall explain in Theorem 3.

3. The integral equation

Let the function A be defined by

A(t) = (1)), (11)
where IT is the complex-valued function defined for z € C by
z—a, if Gis bounded
I1(z) .= ’ ’ 12
@) { 1, if G is unbounded, (12)

with a fixed point « € G. The generalized Neumann kernel formed with A is defined by
1 <A(S) n(t) )
N(s,t) :==Im(—~ —~—). 13
&0 =7 a0 10 -6 )
We define also a real kernel M by
1 (A(S) n(t) )
M(s,t):==Re [t ——"——]. 14
50 =7 R &) w0 -1 (4)
The kernel N is continuous and the kernel M has a cotangent singularity type (see [25] for more details). Hence, the operators

Npi(s) = / N(s, Opu(t)de, se) (15)
J
is a Fredholm integral operator and the operator
M(s) = / M(s,O)u(tydt, se) (16)
J

is a singular integral operator.

The solvability of boundary integral equations with the generalized Neumann kernel is determined by the index of the
function A (see [25]). The index «; of the function A on the curve I is defined as the change of the argument of A along
the curve I divided by 2, i.e.,

1
K ::EAarg(A)\rj. (17)

The index k of the function A on the whole boundary curve I" is the sum of the indexes ;. The index of the function A defined
by (11) is given for bounded G by

K0:17 Kj:O7 j:1727"'7m7 K=1 (18)
and for unbounded G by
kKi=0, j=12,....m, k=0. (19)

Let yUl be the piecewise constant function defined on J by

) 1, ifte],
(g -— j
2 .{07 itee), (20)
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forj=1 -k, 2 — k,...,m. Then, we define the space S by

S=span{y" ™,y . M} (21)
We define also the space S by
S = span{yl,... yme1) (22)
Then
dim@S) =m+x, dim(S)=m+x 1. (23)
It follows from the definition of the space S that a function h € S if and only if h can be written as:
hl—K: t E.]]f;\‘:
h27)€> t e.]Z—lm
TOEES (24)
hm7 t eJm/
with real constants hy_,,hy_y,...,hy,. We define an operator R : S — S for bounded G by
Rh=h-hy
and for unbounded G by
Rh =h — hy,.

Theorem 1 ([17,19,25]). The null-space of the operators I £ N is given by

Null(I - N) = {0}, NullI+N)=S.
For a given function 7, it is not necessary that y is a real part of a single-valued analytic function f on G. However, a unique
piecewise constant function h € S can be obtained such that the function y + h is a real part of a single-valued analytic func-
tion (see [16, pp. 164-165]).

Theorem 2. Let y be a given function. Then, there exists a unique function h € S and a unique function u such that

f=7y+h+ip (25)

are boundary values of a single-valued analytic function fin G with Im f(«) = 0 for bounded G and Im f(co) = O for unbounded G.
The function p is the unique solution of the integral equation

(I-N)u=-My, (26)
h = Rh, fla) = —hg for bounded G and f(cc) = —h,,, for unbounded G where h is given by
h =My - (I-N)yJ/2. (27)

Proof. Let i be the unique solution of the integral equation (26) and h is given by (27). It follows from [25, Theorem 3] that
Ag=7y+h+iu

are boundary values of an analytic function g in G with g(cc) =0 for unbounded G. Let the real constant ¢ be defined for

bounded G by c := hg and for unbounded G by c := h;,,. Then the function

f(2):=Tl(2)g(z) - ¢
is analytic in G with fla)=—c for bounded G, f{oo)=—c for unbounded G and has the boundary values (25) where
h=h-c=RheS. O

The problem of determining the single-valued analytic function f with the boundary values (25) is a special case of Rie-
mann-Hilbert problem (see [6,10,16,23]). It is known as the modified Dirichlet problem [10,16] or as Schwartz problem [5,6].

Another possible approach for modifying the function 7y so that the modified function is a real part of a single-valued ana-
lytic function in G is given in [15, p. 145]. For a given function y and for fixed points z; in G;, j = 1,2,...,m, there exists m real
constants ay,...,a, such that

74y ann(t) -z (28)
=

is a real part of a single-valued analytic function fin G with Im f(«) = 0 for bounded G and Im f(co) = 0 for unbounded G. The
constants ay,...,a,, are uniquely determined by y with Z}’l]aj = 0 for unbounded G. We shall present a method based on
integral equation with the generalized Neumann kernel to calculate the real constants ay,...,ap.
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We define real functions yU! for j=0,1,...,m by
Y=y, Wi=Inp-z, j=1,...m (29)
It follows from Theorem 2 that
F =30+ i, j=0,1,...,m

are boundary values of analytic function f/1 in G with Im f11() = 0 for bounded G and Im f¥(c0) = 0 for unbounded G where
ullis the unique solution of the integral equation

(I=N)ulh = MV, (30)
hil :— RhY, and hU! is given by
Rt — [M,u[” —(I- N)yU]]/Z. (31)
Let
2@ =22 +> _afi(z).
=

Then g has the boundary values

g=7+> glnn(t) -z + ho 4 Za,-iolm +1i (u[‘)] + Zaj,um>.
= =

=

Theorem 2 implies that g(x) = —h§’ — 1", a;h] for bounded G and g(cc) = —~h)) — S°" a;h!) for unbounded G. Since the func-
tion h in Theorem 2 is unique and the function in (28) is a real part of an analytic function in G, we have

o mooo
hol 4 Zajh[” =0. (32)
=
Hence the boundary values of the function g are given by
m
g=7+Y_ glnn(t) -z + i,
=
where
m -
po= o+ aul
=1
is the unique solution of the integral equation

I-Np=-M (v +> g Iny(e) z|> (33)

=1

It follows from (32) that the m unknowns ay,...,a,, satisfy the linear equations

m o o
> ahl =~k (34a)
j=1

Since iol[” € § dim(S) = m for bounded G and dim(S) =m — 1 for unbounded G, the system (34a) consists of m linear equations
for bounded G and consists of m — 1 linear equations for unbounded G. However, for the unbounded case, we have the addi-
tional equation

> a=0. (34b)
=

Hence, (34) represents an m x m linear system. The existence and uniqueness of the solution of the linear system (34) fol-
lows from the existence and uniqueness of the constants a;,a,,...,a, (see e.g. [15,16,21].) Thus we have the following
theorem.

Theorem 3. Let y be a given function and z; be a fixed point in G;, j =1,...,m. Then, there exist m real constants a;, . . ., am, uniquely
determined by v, and a unique function u such that

f=y+> an|nt) -z +iu
)
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are boundary values of a single-valued analytic function fin G with Im f(«) = 0 for bounded G and Im f(co) = O for unbounded G.

The constants a;, . . ., a,, are the unique solution of the linear system (34), the function w is the unique solution of the integral equa-
tion (33) and
m i
flo)=~hg' =" ahg (35)
j=1

for bounded G and
floo) = ~hy = > ajhy (36)
for unbounded G.

Corollary 1. Let the boundary values of the multi-valued analytic function F in (7) be given by
F=y+iu (37)
Then the function u is the unique solution of the integral equation

(I=Nju=-My -3 aMin|n(t) - z| - 3 _a;(1 - N)arg(n(t) - 7). (38)
Jj=1

j=1

Proof. Since the boundary values of the multi-valued function F are given by (37), thus the boundary values of the single-
valued function fin (7) are given by

f=9ii (39)
where

~>=~/+Jiajlnn<t>zj| (40)
and

= > aargn() - 7). (41)

=1

Since f is single-valued and has the boundary values (39), then Theorem 2 (where ;1 = 0) implies that
(I-N)jit = —Mj

which in view of (40) and (41) implies that u is the unique solution of the integral equation (38). O

4. The adjoint integral equation

For the function A defined by (11), the function A defined by

At) = % (42)

is known as the “adjoint function” to the function A (see [25]). Then, the generalized Neumann kernel N formed with A is
defined by

Ris oo Lim (AG) 0
N, 0=z 1m (A(t) 0o - 17(5))' )

We define also the real kernel M by
s 0 Lre(AS) _®)
Mis,0) =7 Re (A(t) GE 11(5))' @
Note that
Alt) 7 AR/ am Al

A(s) n(s) —n(t) A(s)/n(t) n(s) —n(t) A n(t) —n(s)’
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Thus, the adjoint kernel N*(s,t) of the kernel N(s,t) is related to the kernel N(s, t) by
N*(s,t) := N(t,s) = —N(s, t). (45)
Similarly, the adjoint kernel M*(s,t) of M(s, t) is related to the kernel 1\71(5, t) by
M’ (s,t) = —M(s, t). (46)
Let the Fredholm operator N and the singular operator M be defined as in (15) and (16). Then (45) and (46) imply that
N'=-N, M'=-M, (47)

where N* and M* are the adjoint operators to the operators N and M respectively. L
For bounded G, the index of the function A is given by (18). Thus, it follows from [25, Eq. (101)] that the space R* NS~ in
[25, Lemma 20(b)] contains only the zero function, i.e.,

R* NS ={0}. (48)

Thus, it follows from [25, Lemma 20(b)], [25, Eq. (103)] (applied to the adjoint function A instead of A) and from [25, Eq.
(100)] that

Null(I + N) nRange(I + N) = {0}, (49)

Null(I+ N*) nRange(I + N*) = {0}. (50)
In view of (48), it follows from [25, Lemma 6], [25, Lemma 7] and [25, Lemma 19(b)] that

Null(I + N*) = Null(M"). (51)

For unbounded G, the index of the function A is given by (19). Thus, in view of the results of [19], the Eqgs. (48)-(51) are also
valid for unbounded G.
We define an integral operator J by

9= [ 95 3 th )7 (O (et (52)

Thus, we can prove that

J=J=J, Range(J)=S, NullI-])=S, Null(J)=S5" (53)
Then, in view of Theorem 1 and the Fredholm alternative theorem, we have

Null(J) = Range(I + N*) = S*. (54)
Since Range(J) = S = Null(I + N), thus

N =-]
which implies that

IN =JN = (N)) = (-J) = -J. (55)
Theorem 4

Null(I+N* +]J) = {0}.

Proof. Let u € Null(I+N*+]J), i.e,, i is a solution of the integral equation

(I+N +Jju=0. (56)

By multiplying (56) by J and using (53) and (55), we obtain Ju = 0 which implies that (I + N*)u = 0. Thus, in view of (54), we
have

£t € Null(I + N°) 0 Null(J) = Null(I + N*) 1 Range(I + N*).

Hence (50) implies that u=0. O

The above theorem can also be proven by applying the approach used in proving Theorem 2 in [1].

Theorem 2 shows that the function h can be computed by means of (27) using the solution of the integral equation (26)
with the generalized Neumann kernel N. We can also calculate h using an integral equation with the adjoint generalized
Neumann kernel N* as explained in the following theorem.
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Theorem 5. The function h in Theorem 2 can be written as:

h = (7, o)y (57)

Ms

N
—_

] —K

where ¢l is the unique solution of the integral equation

I+N )¢/ =i, j=1-x,....m. (58)

Proof. Since h € S=span{y!*™,..., %™} and %!*=*,..., »!™ are orthonormal, the function h can be written as:

j=1-x
Let Ul be the unique solution of (58). By multiplying (58) by J and using (53) and (55), we obtain
I+N) =0, Jg' = -y
Since 2h = Mu — (I — N)y, we have
(2h, ¢") = (Mp, @) = (A= N)y, ¢") = (1, M'$") — (p, A= N")¢!").
Since (I +N*)¢U! = 0, it follows from (51) that M*¢U! = 0. Thus
(2h, ¢") = ~(7,2¢")
which in view of (53) implies that
(h ") = (h,=J§") = =", ¢") = ~(h. ¢") = ~(h.¢") = (7, ¢").
Hence, the function h is given by (57). O

The constants {ay,...,a,} can be also computed using integral equation with the adjoint kernel N* by using the same ap-
proach used in the previous theorem for computing the function h.
Theorem 6. The derivatives y', (' of the function 7, u in (37) satisfy the uniquely solvable integral equations

I+N+]))yy =-My, (59)
I+N +))p =My +v, (60)

where v is the piecewise constant function

V(S):aj, SG]W ]':1—K,...,mA

Proof. The function F is a singled-valued analytic function in G and has the boundary values

NOF (n(6)) = y'(£) +ip'(t) (61)
Let the function g be defined on G by

8(2) =TI(2)F (z). (62)
Then g is an analytic function in G with g(a) = 0 for bounded G and g(oo) = 0 for unbounded G and has the boundary values

A(Dgn(e)) = 7'(6) + i (t). (63)
Hence, it follows from [25,19] that the functions " and ' satisfy the integral equations

(I-N)y = My, (64)

(I- Ny = -My. (65)

Since

1 [ 1 o -
ﬁ/r]ﬂn)dn—ﬁ/b[v<r>+w<t>1an j=1-k...m.
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Then, by (8) and (9), and by the definitions of J and v, we have
Iy =0, (66)
Jw=v. (67)

By adding (66) to (64) and (67) to (65); and by using (47), we obtain the integral equations (59) and (60) which by Theorem 4
are uniquely solvable. O

5. The eigenvalues of the kernel N

In this section we shall prove that all the eigenvalues of N are real and belong to [-1,1). The later property is very impor-
tant for solving the discretizing linear system iteratively using the generalized minimum residual method GMRES [22] (see
also [7]). To prove this important result, we first define the kernel P(s,t) by

1 n(t)
Pt = (s ) ©8
The kernel P, which is special case of the generalized Neumann kernel obtained with A = 1, is the well-known Neumann ker-
nel which appears frequently in the integral equations of potential theory and conformal mapping (see, e.g., [3,10,13]). The
integral operator with the kernel P will be denoted by P.

For bounded multiply connected regions G, +1 are eigenvalues of P. For unbounded G, —1 is an eigenvalue and 1 is not an
eigenvalue of P [19,25] (see also [11,13-15]). Thus, we have from [13, p. 152] (see also [14] and [11, p. 309]) the following
theorem:

Theorem 7. Let /. be an eigenvalue of P.

(a) If G is bounded, then i< [-1,1].
(b) If G is unbounded, then 4 €[-1,1).

In the next theorem, we shall extend the previous theorem to the case of the integral operator N with the generalized
Neumann kernel N formed with the function A given by (11).

Theorem 8. If / is an eigenvalue of N, then A€ [-1,1).

Proof. For unbounded G, we have N = P. Hence Theorem 7 implies that 1 € [-1,1). For bounded G, we have A(t) = #(t) — o and
A nls) _AB-AS) _nqls) 1)

A nis) —n(®) Al nis) —n®)  nis) -n©
Hence, we obtain
: " 1 7(s)
N'(s,t) =P — =1 .
(s,t) (s,t) p= m(r](s) -
Since / is an eigenvalue of N, then / is also an eigenvalue of the adjoint operator N*. Let ¢ be the eigenfunction to N* cor-
responding to the eigenvalue 2, i.e.,

() —/]N*(s, t)¢(t)dt = 0.
Thus

J(s) — /J Pe(s, t)¢(t)dt+%1m<n (’57)(5_) a) /] $(t)dt = 0. (69)

It follows from Theorem 1 that the constant function ¢(t):=1 is an eigenfunction to the operator N corresponding to the
eigenvalue —1. Thus, it follows from [13, p. 45] that ¢ is orthogonal to ¢, i.e.,

/¢mw=/¢m¢mm:a
J il

Hence (69) becomes
J(s) — / P*(s, )p(6)dt = O
J

which implies that / is an eigenvalue of P*. Thus 1 is an eigenvalue of P which, by Theorem 7, implies that 4 €[—1,1]. Since 1
is not an eigenvalue of N (see Theorem 1), thus A1 [-1,1). O
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The previous theorem implies that the eigenvalue of N with largest absolute value is 4= —1. It follows from (50) that
Null(I - N)*> = Null(I - N)

which implies that the geometric multiplicity of the eigenvalue 1 = —1 is the same as the algebraic multiplicity. In view of Eq.
(23) and Theorem 1 the multiplicity of the eigenvalue A= —1 is k + m.

Theorem 9 [25]. If / is an eigenvalue of N such that A # —1, then —/ is also an eigenvalue of N.
Theorem 10. If 1 is an eigenvalue of N* +], then 2 €(—1,1).

Proof. Let /. be an eigenvalue of N and ¢ be the corresponding eigenfunction, i.e.,
‘p—(N"+])p=0. (70)
By multiplying (70) by J and using (53) and (55), we obtain
Ao =0.
Thus /. =0¢€(-1,1) or J¢ = 0 which implies that
p—Ne¢p=0
and hence, by Theorem 8, 1 € [—1,1). It follows from Theorem 4 that —1 is not an eigenvalue of N*+]J. Thus 1€ (-1,1). O
It follows from the previous two theorems the following corollary.

Corollary 2

(a) If 4 is an eigenvalue of I-N, then 2 € (0,2].
(b) If 4 is an eigenvalue of 1+ N* +J, then 1 € (0,2).

6. The Dirichlet problem

The unique solution u of the Dirichlet problem can be calculated from the function F(z) in (7) by u(z) = RF(z). The function
F will be calculated using the two methods mentioned at the end of Section 2. For both methods, we need to calculate first
the values of the real constants ay,...,a,. These constants can be calculated as explained in Theorem 3.

6.1. Method 1

The boundary values of the function fin (7) are given by (25) where p is the unique solution of the integral equation (26)
and h := Rh where h is given by (27). By the Cauchy integral formula, the function f can be calculated for z € G from

/ y+h+1,ud
it

Since h is a piecewise constant function with fl(t) = 0 for t € Jo for bounded G, it follows from the Cauchy-Goursat theorem

that
2711/11 z ' 0,

i.e., it is not necessary to determine the unknown function h to calculate f{z) for z € G where

V+iu
2mi / dn

By determining the values of the function f(z) and the values of the real constants ay,. . .,an,, we can calculate the values of the
function F(z) from (7).

6.2. Method II

The boundary values of the function F are given by #7F' = 7’ + iy where ' is the unique solution of the integral Eq. (60).
Then, the values of function F(z) can be calculated for z € G from (10). In view of (7), (35) and (36), we have

F(o) = hy' =Y " aihf =" a;log(o - 7))
=

=
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for bounded G, and

for unbounded G.

7. The Neumann problem

The unique solution u of the Neumann problem can be calculated from the function F(z) in (7) by u(z) = RF(z). The func-
tion F will be calculated using the two methods mentioned at the end of Section 2. Here, the values of the real constants
ai,...,an, are known and given by [15, p. 152]

4= /J POOdE

Let T({) be the unit tangent vector and n({) be the unit external normal vector to I" at { € I'. Let also 0({) be the angle between
the normal vector n(¢) and the positive real axis, i.e., n(¢) = ©, Then,
i . ()
e _ _iE(n(t)) = —i 10
(n(t)) ]
Thus
ou _ ou . ou wfou .ou
8—n—Vu n_cos()ax+sm()ay_Re{e <6x layﬂ' (71)
Since u(z) = RF(z), then by the Cauchy-Riemann equation, we have
_ouz) i8u(z)

F'(z) B y
Thus

Re[-iilF] = Il ou. (72)

Let the boundary values of the function F be given by

F=y+ig. (73)
Then the boundary values of the single-valued analytic function F are given by

nF =y +i¢'.
Thus the function ¢’ is known and is given by

¢'(t) = Re[-in(O)F (n(1)] = p(O)M(©)]- (74)
7.1. Method I

We can calculate the function ¢ from its derivative by
¢;(t) = by + ;(t)

where b; is undetermined real constant and ¢; is defined by

00 = [ isis = [ lids

Thus
¢=¢+h,
where h=(by_,...,by) €S is unknown function. Thus the boundary values of the function fin (7) are given by
m
f=v+up+h)+) ajlog(n —2z). (75)

j=1

We have assumed for bounded G that RF(«t) = u(e) = 0 and b, = f() is real, thus

bo =" ajIn o - z]. (76a)
j=1
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For unbounded G, we have assumed that ReF(co) = 0, by := f(c0) is real and >i1a; = 0. Thus
bo = f(c0) = 0. (76b)

Let the real constant ¢ be defined for bounded G by ¢ = —bg and for unbounded G by c= —b;; and let the function g be
defined for bounded G by

g := —if +ibg +c. (77)

Thus g is a single valued analytic function in G with g(«) = ¢ for bounded G and g(cc) = ¢ for unbounded G; and has the bound-
ary values

m o
g=0+> garg(n-z)+h+iy,
=1
where ;1 :=Rh and
m ~
fti=—y = aln|n -z +bo
=
is unknown function. Then, Theorem 2 implies that u is the unique solution of the integral equation
m
I-Np=-M <<p +_ aarg(n - zﬂ)
=1
and ;l = Rh where h is given by
1 m
h=3 [Mu ~(I-N) <<p+ > garg(n zﬂ)}
=
By obtaining u, we can calculate the values of the function s from
m
Y =—p—Y aln|y—z|+bo.
=1
Then, in view of (75) and the Cauchy integral formula, the function f{z) can be calculated for z € G from
fo) =L / Y +1(p +h) + 375 log(n — 7))
T 2w Jp n—z

Hence the function F(z) can be calculated for z € G from (7).

dn.

7.2. Method II

In view of (73) and Eq. (59) in Theorem 6, the function i/’ is the unique solution of the integral equation
(I+N +]y' =-M¢".

By obtaining /', we obtain the boundary values of the function F, i.e., #F' = /' + i¢’. Then the function F can be calculated
from (10). For bounded G, we have the condition u(o) = 0 which implies that ReF(«) = 0. For unbounded G, we have the con-
dition u(z) — oo for z - oo which implies that ReF(cc) = 0. Since Im f (o) = 0 for bounded G and Im f(co0) = 0 for unbounded
G, we have

m
Flo) = —iy arg(a —z)
j=1
for bounded G, and

F(oo) =0

for unbounded G.

8. Numerical examples

Since the functions A, and 7, are 2n-periodic, a reliable procedure for solving the integral equations (26), (59) and (60)
numerically is by using the Nystroém method with the trapezoidal rule [3]. Thus solving the integral equations reduces to
solving a linear system

Ax =Y. (78)
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Fig. 3. The bounded region (left) and unbounded region (right).

Table 1

The values of constants aj, bj, z;, 0; and {; in (79).
j % b i 0; G
0 4.0000 3.0000 —0.5000 — 0.5000i 1.0000 5.00 + 5.00i
1 0.3626 —0.1881 0.1621 + 0.5940i 3.3108 0.10 + 0.50i
2 0.5061 —0.6053 —1.7059 + 0.3423i 0.5778 —1.60 + 0.40i
3 0.6051 —0.7078 0.3577 — 0.9846i 4.1087 0.30 — 0.90i
4 0.7928 —-0.3182 1.0000 + 1.2668i 2.6138 0.95 +1.20i
5 0.3923 —0.4491 —1.9306 — 1.0663i 4.4057 —1.85 — 1.00i
6 0.2976 —0.6132 —0.8330 — 2.1650i 5.7197 —0.80 — 2.10i

Since the integral equations (26), (59) and (60) are uniquely solvable, then for sufficiently large number of collocation points
on each boundary component, the linear system (78) is also uniquely solvable [3]. The linear system (78) is solved using the
Gauss elimination method. The computational details are similar to previous works [17,18] in connection with numerical
conformal mapping of multiply connected regions. See [20] for some ideas on how to handle regions with corners to achieve
good accuracy.

In this section we consider a bounded and an unbounded multiply connected regions (see Fig. 3). These regions have been
considered in [7,9]. The boundary I' of the bounded region G is parametrized by

n;(t) =z + ey cost +ip;sint), j=0,1,....6. (79)

The values of the complex constants z; and the real constants o, §; are as in Table 1. The unbounded G is obtained by remov-
ing I'o.
The function 7, for the Dirichlet and Neumann problems, is obtained by choosing an exact solution of the form

] 6
C ) +3 gslog(z - o),
i

- 50

uiz)=c+ dRe(
z
where

7.
a]:]_iv ]Zla"'767

d =2 for bounded G and d = 0 for unbounded G. The constant c is given by c=1 for the Dirichlet problem and c = 0 for the
Neumann problem.

Tables 2-5 list the error |u(z)—un(z)| at several points in G for various values of n where u(z) is the exact solution of the
problem, u,(z) is the approximate solution and n is the number of points used in the discretization of each boundary com-
ponent I'j. The Dirichlet problem is solved using the first method and the Neumann problem is solved using the second
method.

For numerical comparison, Tables 2-5 list also the error |u(z) — u,(z)| obtained by solving the Dirichlet problem and the
Neumann problem using two classical methods. For the Dirichlet problem, we compare our method with Mikhlin’s method
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Table 2
The error |u(z)—un(z)| for the Dirichlet problem for bounded G.
n Our method Mikhlin’s method
z=-2-2i z=1.0+1.751 z=2 z=-2-2i z=1.0+1.75i z=2
8 5.4(-03) 2.1(-02) 5.8(—03) 5.9(-03) 4.1(-02) 8.1(-02)
16 6.8(—06) 1.0(-03) 3.3(—04) 7.5(—06) 1.1(-02) 1.7(-02)
32 1.9(-08) 1.7(-05) 3.0(-07) 7.2(-09) 4.4(-04) 3.2(-05)
64 1.4(—13) 8.6(—10) 2.1(-11) 1.9(-13) 2.6(-12) 2.1(-08)
128 2.7(-15) 5.3(-15) 1.8(-15) 3.6(—15) 4.5(-10) 8.9(-15)
Table 3
The error |u(z)—un(z)| for the Dirichlet problem for unbounded G.
n Our method Mikhlin’s method
z=-2-2i z=1.0+1.751 z=2 z=-2-2i z=1.0+1.751 z=2
8 4.4(-03) 2.4(-02) 3.7(-04) 4.0(-03) 4.4(-02) 1.4(-02)
16 9.5(—06) 1.1(-03) 1.4(-04) 1.4(-05) 1.1(-02) 1.4(-04)
32 1.5(-08) 1.7(-05) 1.0(-07) 1.5(-08) 4.4(-04) 9.6(—08)
64 4.5(-13) 8.6(—10) 1.7(-11) 4.7(-13) 2.6(—06) 1.7(-11)
128 8.9(-15) 8.0(—15) 2.7(-15) 6.2(-15) 4.5(-10) 3.6(—15)
Table 4
The error |u(z)—un(z)| for the Neumann problem for bounded G.
n Our method Classical BIE
z=-2-2i z=1.0+1.75i z=2 z=-2-2i z=1.0+1.75i z=2
8 7.2(-02) 3.5(-01) 4.83(-01) 6.3(-01) 4.9(-01) 4.2(-01)
16 6.8(—02) 4.2(-02) 5.0(-02) 1.2(-01) 7.1(-02) 4.5(-02)
32 2.8(-05) 1.9(-04) 5.6(—05) 3.5(-07) 4.8(-04) 6.1(—06)
64 4.3(-08) 6.3(—07) 5.2(—08) 6.3(—08) 2.4(—-06) 3.3(-08)
128 1.4(-14) 7.8(-12) 8.9(-15) 1.1(-14) 1.1(-10) 2.2(-16)
Table 5
The error |u(z)—un(z)| for the Neumann problem for unbounded G.
n Our method Classical BIE
z=-2-2i z=1.0+1.751 z=2 z=-2-2i z=1.0+1.751 z=2
8 9.0(—02) 4.2(-02) 1.4(-02) 2.8(-01) 3.2(-01) 2.2(-01)
16 6.7(—03) 5.4(-03) 1.8(-02) 4.2(-02) 3.4(-02) 5.3(-03)
32 1.5(-07) 1.5(-04) 1.3(-05) 1.3(-05) 5.1(—04) 2.1(-05)
64 1.6(—09) 5.0(-07) 6.7(—09) 2.0(—08) 2.4(-06) 5.8(—09)
128 8.9(-16) 2.9(-12) 1.8(—-15) 1.2(-14) 1.1(-10) 4.4(-16)

which is based on writing the solution u of the problem as a double layer potential (see [15,7,9]). Calculating the approxi-
mate solution u,(z) using our first method or Mikhlin’s method requires calculating Cauchy type integral

win)
/r’?*zdn’ zeG. (80)

For points z which are not close to the boundary I', the integrals in (80) are approximated by the trapezoidal rule. However,
for points z near the boundary I, the integrand in (80) is nearly singular. For our method, the density function i is an ana-
lytic complex-valued function in G, so the integral (80) can be calculated accurately using the method suggested in [8, Egs.
(23) and (27)]. For Mikhlin’s method, the density function v is a real-valued function and extra calculations are required to
use the method described in [8, Egs. (23) and (27)]. So, in the numerical calculations below, we calculate the integrals in (80)
for Mikhlin’s method using the method describe in [4, Eq. (2.17)].

For the Neumann problem, we compare our method with the classical boundary integral equation method which is based
on writing the solution u of the problem as a single layer potential (see [10,7]). The integral equation is uniquely solvable for
unbounded regions and non-uniquely solvable for bounded regions. However, the non-uniqueness can be removed by
imposing additional conditions on the solution of the integral equation (see e.g. [1,3]).
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Fig. 4. The eigenvalues of the matrix A for the integral equation (26) obtained with n = 128 for bounded G (left) and unbounded G (right).
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Fig. 5. The eigenvalues of the matrix A for the integral equations (59) and (60) obtained with n =128 for bounded G (left) and unbounded G (right).
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Fig. 6. The condition numbers of the matrices of the linear systems of our method (for the integral equation (26)) and Mikhlin’s method (with and without
preconditioning as explained in [7,9]) for bounded G (left) and unbounded G (right).
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It is clear from Tables 2-4 that our method produces comparable accuracy to the classical boundary integral methods for
solving the Dirichlet problem and the Neumann problem. However, our method has the following advantages:

1. The matrix of the linear system obtained by discretizing the integral equation of Mikhlin’s method has in general complex
eigenvalues. So, to solve the linear system iteratively, preconditioning techniques were used in [7,9]. Even the precondi-
tioned matrices used in [7,9] have in general complex eigenvalues (see [7, Fig. 4]). However, the eigenvalues of the matri-
ces of the linear system obtained by discretizing our integral equations are real. For sufficiently large number of
collocation points on each boundary component, in view of Corollary 2, the eigenvalues of the matrix A are positive real
numbers in the interval (0,2] for the integral equation (26) and in the interval (0,2) for the integral equations (59) and
(60) (see e.g. [2,3]). For both cases, the eigenvalues are real and clustered around 1 (see Figs. 4 and 5). The latter property
means that iterative methods will converge for our linear system faster than the preconditioned and unpreconditioned
linear systems in [7,9].

2. A comparison between the condition numbers of the matrices of the linear systems of our method (for the integral equa-
tion (26)) and Mikhlin’s method (with and without preconditioning as explained in [7,9]) for various values of n are given
in Fig. 6. As can be seen from the figure, the condition numbers of the matrix of our method and the preconditioned
matrix of Mikhlin’s method is independent of n. However, the condition number of the unpreconditioned matrix of Mikh-
lin’s method depends on n.

9. Conclusions

In this paper we have presented two uniquely solvable boundary integral equations for solving Laplace’s equation with
the Dirichlet boundary condition or the Neumann condition on both bounded and unbounded regions. The integral equa-
tions are second kind Fredholm integral equations with the generalized Neumann kernel which has been derived and studied
in [17-20,24,25].

To illustrate the accuracy of the presented methods, we solve the Dirichlet problem and the Neumann problem on a
bounded and an unbounded multiply connected regions. The integral equations are solved numerically by the Nystrom
method with the trapezoidal rule. The presented numerical results illustrate that the proposed method can be used to pro-
duce approximations of high accuracy. We presented also numerical comparison between our method and Mikhlin’s method
which is a classical boundary integral method for solving the Dirichlet problem and the Neumann problem [15,7,9].

An efficient method for solving the linear system obtained by discretizing the integral equation of Mikhlin’s method has
been presented in [7,9] where the linear system is solved by GMRES iterative method powered by the Fast Multiple Method
(FMM). Solving the linear system obtained by discretizing our integral equations by such an efficient iterative method is cer-
tainly recommended when the connectivity of the region assumes much larger value or when the boundary components I’
lie closed to each other where more discretization points are needed. It is worth mentioning that due to the properties of the
generalized Neumann kernels, our integral equations has some advantages over the integral equation of Mikhlin’s method.
The matrix of the linear system obtained by discretizing the integral equation of Mikhlin’s method has in general complex
eigenvalues (see |7, Fig. 4]). However, the eigenvalues of the matrices of the linear systems obtained by discretizing our inte-
gral equations are positive real numbers clustered around 1, belong to the interval (0,2] for the integral equation (26) and
belong to the interval (0,2) for the integral equations (59), (60) (see Figs. 4 and 5.) In view of [22, p. 866], the latter property
means that the GMRES method will converge for our linear system faster than for the linear systems in [7,9].
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