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Abstract

In the present work, by considering the artery as a prestressed thin-walled elastic tube with
a symmetrical stenosis and the blood as an incompressible viscous fluid, we have studied the
amplitude modulation of nonlinear waves in such a composite medium through the use of the
reductive perturbation method [23]. The governing evolutions can be reduced to the dissipative
non-linear Schrodinger (NLS) equation with variable coefficient. The progressive wave solution
to the above non-linear evolution equation is then sought.
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1. Introduction

Due to its applications in arterial mechanics, the propagation of pressure pulses in fluid-filled
distensible tubes has been studied by several researchers (Pedley [1] and Fung [2]). As far as
the biological applications are concerned, most of the works on wave propagation in compliant
tubes have considered small amplitude waves ignoring the nonlinear effects and focused on the
dispersive character of waves (see, Atabek and Lew [3], Rachev [4] and Demiray [5]). However,
when the nonlinear terms arising from the constitutive equations and kinematical relations are
introduced, one has to consider either finite amplitude, or small-but-finite amplitude waves,
depending on the order of nonlinearity.

Rudinger [6], Ling and Atabek [7], Anliker et al [8] and Tait and Moodie [9] observed the
propagation of finite amplitude waves in fluid-filled elastic or viscoelastic tube by using the
characteristics method to study the formation of shock. On the other hand, the propagation
of small-but-finite amplitude waves in distensible tubes has been investigated by Johnson [10],
Hashizume [11], and Yomosa [12] by employing various asymptotic methods.

Later, in a series of works of Demiray and Antar [13]-[15], they treated the artery as an
incompressible, prestressed, thin and isotropic elastic tube and the blood as an incompress-
ible inviscid, viscous or layered fluid. Then, by using the reductive perturbation method in
the long-wave approximation, they obtained KdV, Burgers’ and KdV-Burgers’ type equations,
respectively.

Recently, Tay and co-workers [16]-[18] studied the non-linear waves propagation in a pre-
stressed thin elastic tube with a symmetrical stenonis filled with inviscid, viscous and Newtonian
fluid with variable viscosity, they showed that the governing equations can be reduced to forced
Kortewed-de Vries, forced perturbed Kortewed-de Vries and forced Kortewed-de Vries-Burgers
equations, respectively.

The modulation of small-but-finite amplitude pressure waves in a fluid-filled distensible, lin-
ear elastic tube has been examined by Ravindran and Prasad [19]. They obtained the non-linear
Schrodinger (NLS) equation equation. The work of of non-linear waves modulation in a pre-
stressed thin elastic tube filled with inviscid or viscous fluid has been carried out by Demiray
and co-worker [20]-[22]. They showed that the governing equations can be reduced to NLS and
dissipative NLS equations, respectively. The NLS equation is the simplest representative equa-
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tion describing the self-modulation of one-dimensional monochromatic plane waves in dispersive
media. It has a balance between the nonlinearity and dispersion.

In the present work, considering the artery as an incompressible, prestressed, thin-walled
elastic tube with a symmetrical stenosis and the blood as an averaged viscous fluid, we have
studied the amplitude modulation of non-linear waves in such a composite medium by using the
reductive perturbation method [23]. We obtained the dissipative NLS equation with variable
coefficient. We then sought the progressive wave solution to the non-linear evolution equation
obtained.

2. Basic equations and theoretical preliminaries

In this section, we shall give the derivation of the field equations of an elastic tube, which is
considered to be a model for an artery, and a viscous fluid, which is assumed to be a model for

blood.
2.1 Equations of tube

In this sub-section, we shall derive the governing equations of an elastic tube filled with a
viscous fluid. Such a combination of a solid and a fluid is considered to be a model for blood
flow in arteries.

For a healthy human being, the systolic pressure is about 120 mm Hg, and the diastolic
pressure is around 80 mm Hg. This means that the arteries are subjected to a mean pressure
Py = 100 mm Hg, and in the course of blood flow, a dynamical pressure increment AP = +
20 mm Hg is added on this initial field. Moreover, experimental studies (Fung [2]) revealed
that the arteries are also subjected to an initial axial stretch A,, which is about A, = 1.6.
These observations show that the arteries are initially subjected to static deformation both in
the radial and the axial directions, and a dynamical pressure (or a radial displacement u* ) is
superimposed on this initial deformation. Due to the external tethering in the axial direction,
the effect of axial displacement is neglected.

Now, we consider a thin and long tube of circular cross-section with initial reference radius
Ry in the cylindrical polar coordinates (R*, ©, Z*). Then, the position vector of a point on the
tube can be described by

R = Rper+ Z'ey,, (1)

where ey, ey and e, are the unit base vectors in the cylindrical polar coordinates and Z* is the
axial coordinates of a material point in the natural state.
The arc lengths along the meridional and circumferential curves are given by

dSy = dZ*, dSe = Ryd®. (2)

Motivated with the experimental observations (Fung [2]), we shall assume that the elas-
tic tube is subjected to an axial stretch ratio A., and the static pressure P;(Z*). Then, the
deformation may be described by

ro=[ro— f(z")]er+ 2%e,, 2" =A.Z7, (3)

where z* is the axial coordinate at the intermediate configuration, rq is the radius of the origin
after finite static deformation, and f(z) is the stenosis functions after the deformation. Thus
the arc lengths after static deformation along the meridional and circumferential directions are
given by

ds) = [L+ (= f")*]/?dz", dsg = [ro — f*(27)] db, (4)

where a 7%rime denotes the differentiation of the corresponding field variable with respect to_z*.
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Upon this initial static deformation, we shall superimpose a finite dynamical radial displace-
ment u*(z*,t*), where t* is the time parameter, but, in view of the external tethering in the
axial direction, the axial displacement is assumed to be negligible. Then, the position vector r
of a generic point on the tube can be described by

r = [ro— ") +u (25 t)]er + 27e,. (5)

The arc lengths along the deformed meridional and circumferential curves are respectively given
by
971/2
* Ju* * * (% X[ % ¥

ds, =

0z*

Then, the stretch ratios along the meridional and circumferential curves in the final configuration
read, respectively, by

o=\ |1 */ 8u*21/2)\_1 * (% (% 7
L= 1 G e = el £ ) (7

The unit tangent vector t along the deformed meridional curve and the unit exterior normal
vector n to the deformed membrane are given by

*/ ou* ! ou*
— "+ 8 )e, + e er — (—f* + 9% )e
t:( f 9z ) r z, n—= r ( f 9z ) z’ (8)

A A
where the function A is defined by
’ au* 2
1 o *
w1+ ) ]
The material that we shall consider is assumed to be incompressible. This condition imposes

the following restriction on the thickness H, and h, before and after final deformation respectively

H
h = . 9
oy (9)
Let T7 and T5 be the membrane forces along the meridional and circumferential curves,
respectively. Then, the equation of the radial motion of a small tube element placed between

the planes z* = const, z* + dz* = const, § = const and 6 + df = const may be given by

o [T N . o ou® H _ 0%u*
9 | a0/ “”(‘f e 3. oG

1/2
A =

ﬂ — oA+ A(ro — f* +u*) P = po (10)
where pg is the mass density of the membrane material, and P is the radial fluid reaction force
on the inner surface of the tube.

Let uX be the strain energy density function of the tube material, where u is the shear
modulus. Then, the membrane forces 77 and 75 may be expressed in terms of the stretch ratios
as

_ uH 0% _ uH 0% (11)
LD V) VE R D VI DU

Introducing equation (11) into equation (10), the equation of motion of the tube in the radial
direction takes the following form

*/ ou*
) (—f +az*) ) p oS AP Ro 0%u*
N =N B T (e — £ ) — o2~ — . 12
il A (o, g T ) m T gy =0 (12)
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2.2. Equations of fluid

In general, blood is known to be an incompressible non-Newtonian fluid. However, in the
course of flow in large arteries, the red blood cells in the vicinity of arterial wall move to the
central region of the artery so that hematocrit ratio becomes quite low near the arterial wall,
where the shear rate is quite high, as can be seen from Poiseuille flow. Experimental studies
indicate when the hematocrit ratio is low and the shear rate is high, blood behaves like a
Newtonian fluid (see [2, 6]). Therefore, for flow problems in large blood vessels, blood may be
treated as incompressible Newtonian fluid whose axially symmetric motion in the cylindrical
polar coordinates may be given by

oV* ov* ovy 10P p, (0?VF 10VFy Vr  0%Vr
T * T * T R T - T _ _T T 1
Oot* v or +Ve oz* + pf Or  psf < Or? + r Or 72 82*2) 0, (13)
ov* ovV* ovy 1 0P p, (0*VF 10VF 0V}
z Yz Yz L v z 10V, z -0 14
ot* T or tV 0z psodz*  py ( Or? r Or + 82*2> ’ (14)
oV + v + ov; 0 (incompressibility), (15)

or T 0z*

where V¥, V" denote the radial and the axial velocity components, py is the mass density, P is
the pressure function, p, is the viscosity of the fluid and ry =r — f* + u™.

In general, it is quite difficult to deal with these exact equations of motion of a viscous fluid.
Therefore, we shall make some simplifying assumptions so called ”hydraulic approximations”.
In this approximation, it is assumed that the axial velocity is much larger than the radial one
and an averaging procedure with respect to the cross-sectional area is permissible. Applying the
averaging procedure to the equations (13)-(15), we have

0A* 0 o
ow* LOow' 1 OP* o, [ Pw*t 8w B
o TV 0 T Ty <—az*2 - 7) -0 4

where A denotes the inner cross-sectional area, i.e., A = wr?, ry=r— f*+u* is the final radius
of the tube after deformation and other quantities are defined by

Tf e _
Aw* = 277/ rVdr, AP* = 277/ rPdr. (18)
0 0

Here w* is the averaged axial velocity and P* is the averaged pressure of the fluid. In obtaining
(18), we have made use of the following assumption [24]:

rf 24, OV} Sy w*
A(w*)? = 27‘(‘/ rV;2dr, Ho —Zp=r; = —LUQ}, (19)
0 pyry Or PfTy
Introducing the expression of A into the equation (16) yields
ou* . e . Ou* v o OW*
Qat*—i—2w [—f +82*]+[r0—f(z)+u]az* = 0. (20)

For the present problem, the fluid reaction force P’ takes the following form:

(= 00 02w

1
P* = —|P* 21
r A ro — f*(2*) + u* (21)

711
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At this stage it is convenient to introduce the following non-dimensional quantities

R,
t* = (—0> t, 2* = Ryz, u" = Ryu, fF=Ryf,
co
w* = cow, py = coRopyv, P* = pycip, ro = RoA,
H H
cg S , m = PO , (22)
prRo prRo

where \g = ¢/ Ry is the initial stretch ratio, and ¢¢ is the Moens-Korteweg wave speed.
Introducing (22) into the equations (12), (20) and (17), the following non-dimensional equa-
tions are obtained

w1
P N 06— f(2) +w) 02 T M — f(2) +u) Org
B 1 a { (—f"+ 0u/0z) a_z}
o — f(2) +w) 0z [L+ (—f' + 0u/02)?]1/2 O
Av(—f" 4+ du/0z)w
o~ fz) T u) 29)
) ) )
28—1:—1-210 [—f’+a—Z] +[A9—f(z)+u]a—f _— (24)
ow ow 0dp _[0%w 8w B
ot wa+a‘”[asz_f<z>+u>z =0 (25)

The equations (23)-(25) give sufficient relations to determine the field quantities u, w, and p
completely.

3.0 Non-Linear Wave Modulation

In this section, we will examine the amplitude modulation of weakly non-linear waves in a
fluid-filled thin elastic with a stenosis whose non-dimensional governing equations are given in
equations (23)-(25). Considering the dispersion relation of the linearized field equations and the
nature of the problem of concern, which is a boundary-value problem, the following stretched
coordinates is introduced:

E=¢€e(z—At), T= €z, (26)

where € is a small parameter measuring the weakness of nonlinearity and A is a constant to be
determined from the solution. Solving z in terms of 7, we get

z =€ 2T, (27)
Introducing (27) into the expression of f(z), we obtain

f(e7%7) = h(r). (28)

In order to take the effect of stenosis into account, f(z) must be of order of €*. For the present
work, we shall assume that h(7) have the following form

h(r) = €*h(r). (29)
Introducing the following differential relations

0 0 0 0 0 0 0
g_2 L L2, 72 29 (30)
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into the equations (23)-(25), we obtain

m 0%u Pu 4 0%
P e — h(r) + 4] [W ~ 2 e ¢ 8—52]
1 0x
+ X-[No — (1) +u] Drg
e [l
Mo — €2h(T) +u |0z 0¢ or
(_62%+%+eg—g+e2g_¢) o5,

0N [ (31)
[1+ (—62%+§—";+eg—g+62%) ]

ou ou 9 0h ou  Ou  H0u
2 [at dag} 2w [6 or <az Tegete afﬂ
ow  Ow ow
_ 2 - — 2-Z =
+[Xg — €h(T) + u] [(‘32’ +68§ +e 87’] 0, (32)

8—w—e)\8—w+w<a—w+ea—w+628—w> Op eap 628p

FTT: 0z e T o) Taz 9 T or
0%w 0w 9w 0w
) 2 2
‘ ”[aﬁ T2 5e0: T2 azar T 002
0w 0w Sw
93 4 B — o
T Bear T o T g — en(n) +u]2] ’ (33)

Here, in order to take the effect of viscosity into account, the order of viscosity is assumed
to be O(e?), i.e. 7 = €2v. For the long wave limit, it is assumed that the field quantities may be
expanded into asymptotic series of € as

= euy + 62u2 + 63U3 + ...,

U
w = ew1+62w2+63w3+...,
p = po+epi+eEpyteEpst .,
h(T) 2hy (1) + 63h2(7’) + ... (34)

Introducing the expansions (34) into the equations (31)-(33), the following sets of differential
equations are obtained

O(e) equations

om 0%uq . 62u1+6u
PL=ogn, a2~ gz T
8u1 8w1 _ 8w1 8])1 o
2675 —i—)\gaz =0, BT +az—0,. (35)
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O(€?) equations
m  0%usg 0%ug
= - —h
p2 o o2 g + B1(uz — h1)

_Qm)\ 9%uy 9% 0%uy _m " 0%uy
Mo, 0ot T 0Edz A, | o2

oup \ 2 « 0%u
—ay (8_21) - <2041 - A_;]) Ulﬁ + Boui,

(9UQ 8w2 8U1 8’(1)1 6’LU1 Oul
2—= —= —2\— — — — =
ot +)\9 92 )\85 +>\9 85 + uy By + 2wy 02 0,
Owsy Opo owq op1 Owy
— == A+ = — =0.
Bn + 9% o€ + o€ + wi 9z 0 (36)
O(e3) equations
m Oug O%uz  2mA 0uy 9%us

e VS V. - B W Bl Wy W T R T

0%uy 0%uy mA2 0%uy
- < o2 ”azaf> T og s )
m 0%us 0%uy m 0%uy
Tt ( o ZAagat) ~ ey, e T )

8u1 6’“2 6u1 (67} 82u2 02u1
2 <8z + ag) <20‘1 A9>“1 ( 92 T 29z0¢

« 0%u
_ <20¢1 — )\_Z> (u2 — h1)$21 + 252?11(’&2 — hl)

. o 2T n) oz

20&1 Qg 282u1 (7)) 8u1 282u1 3
(a2 Ao * )\2> 17922 3 (% 2 ) 0z 072 st

6u3 8w3 8u2 6w2 8’&1 8UQ
272 4 N — 2N 2 4 N + 2w | o+ =2
ot TN, )\8§+68§+w1(8£+82>
811,1 811)1 8’[02 8w1 8101
2Wy— + Ng—— — + = —h)—— =
2wy 5=+ 987_+1<az+a€>+(u2 1)(92 0,
8w3 apg (9’(U2 apg 8p1 awz 8’(01 8w1
ot T o: "o Toc Tor T, Ty, T e
62’11)1 8w1
Here the coefficients of «g, a1, as, By, B1, B2, B3 and ~yiare defined by
o = L 9% oy L OE oy L OE
DY)V TN AN, 2T 2 OAZN,
1 9% 1 8% f 1 % B
fo= o fr=rap -0, fa=siag -2,
Mg, OAg Aoz ON; Ao 2X0A; 0N Ao
1 oY B A, 0%
P = GAQAZW_)\_97 ’Yl—ma—)\z- (38)
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Equation (38) are defined through series expansion of the stretch ratios A\; and A, which
read

1/2

2
= a1 (=) - i) + 5 +ea_+e2@>] |

23
Ao = dg+teu + 62[u2 — hi(7)] + 63[U3 — ha(1)]. (39)

3.1 Solution of the field equations

3.1.1 The Solution of O(e) equations
Seeking the following type of solution to the differential equations (35):

w = (Ue? + c.e),
w, = (Wleie + c.c),
>
P = < o + Oéok' + ,Bl) Ulew + c.c, (40)

where U; and W; are unknown functions of the slow variables (£, 7), § = wt — kz is the phasor
and c.c is the complex conjugate of the corresponding expressions, w is the angular frequency,
k is the wave number, we obtain
2w
=U Wy = —U 41

(57 T)a 1 )\Gk y ( )

provided that the following dispersion relation holds true:
2 M. E2 (cok? + B1)
2\, + mk2

(42)

Here U(&, 7) is an unknown function whose governing equation will be obtained later.

3.1.2 The Solution of O(€?) equations
Introducing the solutions (40)-41) into (37) gives

py = )\:;Za;;? %QUQ +ﬂ1(u2—h1)+2(:;;+ kQ—a)\—kJrﬂ)Wy?
492 (aok . T;;A> ?;5] n (T;;? +3a1k? — % + ﬂ2> U2e%f 4 c.c,
8(;;2 Mo (9(;112 9 (% A) (Zg 6i)\iU2€2i9 Yee=0,
%+%+< 2;‘:; Z;/\ +51> %Z 4ZWU2 e 4 cc=0, (43)

where |U|? = UUx, Ux is the complex conjugate of U.
Seeking the following type of solutions

2
Uy = UQ(O) + (Z Uz(l)e’w + c.c) ,
=1
2 .
wy = W2(0) + Z WQ(l)eZle +c.c,
=1

2
P2 = PQ(O) + Z Pz(l)eiw + c.c, (44)
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0 (43) yields:

0 (0) mew? 2 09 2
Py = p1(U, —h1)+2</\2>\ + a1k —)\—k +ﬁ2>‘U|7 (45)
(1 _ W g (Y _y) U
2w} AngQ =9 ( - A) 3 (46)
1
wwg)—k< e +ﬁ1>U2)
20w 2mwAk mw? ou
= |- - - 3apk? 47
Z< VT VS D VS W +ﬁl> o€’ (47)
2
(1) mw- (1) 277(1) (1) . mwA\ OU
P = — 2 — 4
2T — Ak WP = 3%U2, (49)
0
(2) Amw? 5 (2)
wWy” —k <— + daok® + 51) U,
Aoz
2w mw?k g
= Bark® — =k + Bok | U?. 50
<A2k+)\2/\ +3aq N +62> (50)
Taking Uz(l) = 0 and solving Eq.(46), we get
1 _ 7)\]5 oY ou 1
W =i (A1) B (51
Introducing Eq. (51) into Eq.(47) leads to
1{22
[)\wk <2+ ”; > (202 +)\9a0k4)] aag 0. (52)
In order to have nonzero solution for U, the coefficient of %_lgj in (52) must vanish, that is
mk? 9 4
Awk | 2+ 3 — (2w” + Mgak™) = 0. (53)
or
Az (2w2 4 Ngagk?) .
\ = k(M. T mk) (group velocity). (54)
Solving Eqs (49)- (50) leads to
(2 _ 2 (2) _ (2) _ 3w .o
U,” = ooU*, W, = kU2 )\gkU ,
o 3% 1 K251 + Ba1 gk + Mgk’ -
0 - 3(Bihok? — 2w2) ' (55)
3.1.8 The Solution of O(e?) equations
Introducing the following type of solutions
3
uz = Uéo) + (Z Uél)e’w + c.c) ,
=1
3 .
wy = W:,EO) + Z Wé”ezw + c.c,
=1
3 .
p3 = Péo) + Z Pél)e’w +c.c, (56)
=1
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to into O(e®) equations (37), we obtain the zeroth- and first-order equations below:

—QAagZ(O) +Agag/§( ) + %(% upP = o
_)\ag/g(m 320) . ;;;;; (ri‘UF — 0, (57)
PV = <a0k2 - ;ne—i + ﬂl) Ui + <:;i - ao) %; + 2zaokg—g
(G voou =23 o) ol
<T2‘;\’ + 20 1k2§\k+252> (U — m)U
+ [ 3)\7?;} T 2a0k? — 50;\1;2 + 30;?;2 +3 (’h - %) k* + 353] U0,

oWy 2wOU _ Giw o).

6 TR or a2

—2 (kWéO) + 2y 2y ) U=0,
Xo o

2iwU — ikAgWAY 4 g

1 5pM 2
i —irp -z OB (—m” +agk? + ﬂl> —%U
.

85 86 >\9>\z
7% (2) 7 7% 2zw (0) 2uwk 16vw =
» Wyo U » — Wy U + o U+ Agk U=0. (58)

From the solution of the equations (57) and (45), results in

o) _ 2 o 2\ (0) )
U2 = (I)1|U| — (I)th, W2 = )\_0U2 )\2k|U|
Aw
O, = iek + )\gk2 + % )\0,\ + a1 Mgk? — apk? + Ao B2
b )\2 _ M )
2
_ oS
P2 = o6 (59)

Finally, eliminating U. (1) ,W3(1) and Pél) between Eq.(58) through the use of dispersion relation
42), Eqgs (48), (51), (55) and (59), we obtain the following dissipative NLS equation with variable
( q : g dissip q

coefficient:

.oU o0*U

o —— + 2|UPU = pgha (1)U +ipsU = 0, (60)
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where the coefficients u1, uo, us and ug are defined by

wo= 2:2 + 3aghghk® — msz + NSk,
o= Y {_‘L/\Tw i 2%2 Loy mik2  3agAgh? + 2mw)\k]
fy = M<1){ [12\2}2 + Agk? (5;1/\2 + 6a1k? — >] dy
+ {&;jk + 2;‘;2 Aok? (VA + 201K — O‘— +2ﬂg>] |
_3(/)\°:2 1 Agk? [ 3/\?/\ 1 200k? — 50;1; 36;02# 3 <’Yl - —) g 3ﬁ3] }
pH3 = M(l){ [% + 8u;\jk + k2N (Z;u;\ + 201k — O[/\—k + 2ﬂ2>]
S o (m camkt = )|
pa = pcb {27%0 <’<¢2 ;)] : (61)
Introducing the following change of variable:
=V (& 7)exp [—iu:s /OT hi(s)ds — M4T] ) (62)
equation (60) reduces to the following conventional NLS equations:
ig—‘;wl%wm?v:o. (63)

4 Progressive Wave Solution

In this subsection, we will present the progressive wave solution to the evolution equation
given in (63) of the following form :

V(€ 1) = F(Qexp[i(K§ = Qr)], (=& —ecr, (64)

where Q, K and ¢ are some constants and F'(() is a real-valued unknown function to be deter-
mined from the solution. Introducing (64) into (63), we have

2 OF
“16_@ 12K — ¢)— o +(Q = 1 K?)F + ppF3 = 0. (65)
By letting ¢ = 2, K, the 2 8( term can be eliminated and choosing Q = 1 K? — E2%, where a is
the amplitude of the wave, we obtain
0’F a?
mge —”2 F+ pusF3 = 0. (66)
Multiplying the above equation (66) by 2%—? and then integrate it yields
OF\” 2
i (3—> =A+#22a F2—%F4, (67)
ISSN: 0975-5462 ¢ 718



Kim Gaik Tay et al/ International Journal of Engineering Science and Technology
Vol. 2(4), 2010, 708-723

where A is the integration constant. A special case that gives the single soliton is where
F(£o00) =0 and A = 0 yields

oF a?
(e ) = 5k = R (68)

By solving the equation (68), the soliton modulated wave solution to NLS equation (63) is given
by

x/@;T)zzasedz[vcgikg-oﬂ]expuu{g-»gfn, (69)

where the modulus of V(&, 7) will be given by

1qgf)zasaﬁ[vg%;g_cﬂ]. (70)

Substituting the solution of standard NLS equation (69) into equation (62), we obtain the
solution of the dissipative NLS equation with variable coefficient (60) as

Cﬁfﬂﬁ::a&xh[wﬂggkf—wﬁﬁ(mp{KK}——QT——ugzrhqﬁﬁh)—;MT}, (71)

where the modulus of U (&, 7) is given by

U@J):a%w[¢%%@—cﬂ]mp}wny (72)

The speed of the enveloping wave is constant and equal to 21 K. On the other hand, the
speed of the harmonic wave is given by

K
= . 73
p Q4+ pghi(T) —ipg (73)

5 Numerical Results

For numerical calculation, we need the values of the coefficients ag, a1, a2, Bo, B1, B2,
B3, V1,141, M2, 13, t4, In order to do that, we must know the constitutive relation of the tube
material. In this work, we will utilize the constitutive relation proposed by Demiray [25] for soft
biological tissues. Following Demiray [25], the strain energy density function may be expressed
as

1
2:55@m>au3+£+— —-3)| -1}, (74)

1
AZA2

where « is a material constant and I is the first invariant of Finger deformation tensor defined
by It = A2 + A2 + 1/(A2A%). Introducing (74) into equation (38), the explicit expressions of the
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coefficients «q, a1, as, Bo, B1, B2, O3 and 7, are obtained as :
= A — ——= | G(Ng, A2),
Qg )\9 < )\3)\3) ( 0 )
1 1 1
= A——=]11——= ]| G A,),
o = [ge () (- )| 0w
202 1 1 \? 3« 7
— (A== 2— == - 1- —=
S O ) (o wgm) e (- g

a\, 3 1
+- +A5A< AQHG(Ae,Az),

1
/60 = AQAZ <)\9 A3>\2>:| G A@a 7
2
A= N <A9 )\3)\2> + )\5/\3 G Ac),
2 3
= A
b2 AQAZ ( o >\3)\2) >\6)\3

o 11
A 1+ G(Mg, \s),
m(a W)( Wﬂ (o, A:)
20 403 1 \*  4a? 3 1 \?
S I [ A Sl I [OVE R Y (5 VAN
% [A5A§+3A9Az(9 A%A%) +A9Az< Hgg)(e A2A§>

16a)\1+a1+322a2)\13
A\ NNz ) T, Naz) oo\ B

« 1 11
— 2 (- —— )1+ =) G0\,
i (0= i) 0+ 55 o010

a\ 1 \> A 3
_ (N, — —— ZZ 4| G, ), 75
n o ( AgAg) T o T | ) (75)
where the function G is defined by
1
G(M\g, \z) = exp [a </\§ + 22+ VA 3)] . (76)
07z

Right now, we need the value of the material constant «. For the static case, the present
model was compared by Demiray[25] with the experimental measurement by Simon et al [27]
on canine abdominal artery with the characteristics R; = 0.31ecm, Ry = 0.38¢m and A\, = 1.53
and the value of the material constant o was found to be a = 1.948. Using this numerical value
of the coefficient «, and for the initial deformation Ay = A\, = 1.6, we obtain oy = 78.6924,

1 = 233.7666, g = 1563.4837, Gy = 49.1827, 51 = 296.1049, B = 991.4958, (53=2384.8778,
v1 = 418.3605, w = 41.6845, A = 29.2660, &g = —6.0631, ; = 7.2986, &5 = 0.3823, u; =
0.003449, po = 26.3303, us = 7.3572, g = 0.1082, provided m =0.1, v =1, k =2 and K = 2.
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The Solution of modulus of NLS Equation

Radial displacement, U, 1)

20 60
Space, t

Figure 1: The solution of modulus of NLS equation versus space 7
Figure (1) shows the solution of modulus of the NLS equation (63) versus space 7 at different

time €. It shows that the modulus of the NLS equation admits solitary wave solution and
propagates to the right with same amplitude as time £ increases.

The Solution of modulus of Dissipative NLS Equation With Variable Coefficient

1.4 ‘ : : ‘ : : :
£=0
—e—£=0.1
1.2F £=0.2 |
£=0.3
= at £=0.4 |
ob —6e—¢&=0.5
oD
S osf i
e
[<5)
(&)
3
8 0.6 1
=3
=
B
8 oaf g
0.2

—20 —10 o 10 20 30 40 50 60
Space, T

Figure 2: The solution of modulus of dissipative NLS equation with variable coefficient versus
space T

The solution of modulus of the dissipative NLS equation with variable coefficient (60) versus

space T at different time £ is shown in Figure (2). It is shown that as time & increases, the initial
wave propagates to the right with decreasing amplitude due to the effect of the viscosity.
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The Harmonic Wave Speed of Dissipative NLS Equation With VVariable Coeficient
0.048 T T T

0.047 |-

0.046 -

0.045 -

0.044 -

0.043 -

0.042

0.041

0.04 . . . . . . . . .
—50 —40 —30 —20 —10 o 10 20 30 40 50

Figure 3: The speed of harmonic wave

Figure (3) illustrates the speed of harmonic wave of the dissipative NLS equation with

variable coefficient versus space tau 7 at different &, where § specify the sharpness of stenosis
function f(7) = sech(d7). The graph shows the speed is minimum at the center of stenosis and
increases to a constant value of 0.048 as it goes away from center of stenosis. If the shape of the
stenosis is sharp, the wave speed increase rapidly.
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