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ABSTRACT

This dissertation determines solution of a certain class of a mixed boundary
value problem in bounded doubly connected region by using the method of
boundary integral equations. The method depends on reformulating the boundary
value problem with mixed Dirichlet - Neumann condition to the Riemann -
Hilbert problem. Our approach in this dissertation is to work out in detail the
reformulation of the mixed boundary value problem into the Riemann - Hilbert
problem and study the efficiency of the proposed numerical scheme on challenging
geometries, in particular when the boundaries are closed to each other. As an
examination of the proposed method, some numerical examples for some different
test regions are presented. These examples include comparison between the
numerical result and the exact solutions. Numerical examples reveal that the
proposed method offers an effective solution technique for the mixed boundary

value problem when the boundaries are close to each other.
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ABSTRAK

Disertasi ini menentukan penyelesaian tehadap suatu kelas masalah nilai
sempadan yang bercampur-campur di dalam kawasan berkait dua kali ganda
dengan menggunakan kaedah persamaan kamiran sempadan. Kaedah tersebut
bergantung kepada perwakiln semula masalah nilai sempadan dengan syarat
Dirichlet-Neumann bercampur kepada masalah Riemann-Hilbert. Pendekatan
kami dalam kajian ini adalah untuk mengkaji keberkesanan skim berangka yang
dicadangkan pada geometri yang lebih mencabar, khususnya apabila sempadan
adalah berdekatan dengan satu sama lain. Sebagai suatu ujian kepada kaedah
yang dicadangkan, beberapa contoh berangka untuk beberapa kawasan ujian yang
berbeza dibentangkan. Contoh-contoh perbandingan antara keputusan berangka
dan penyelesaian yang tepat dilampirkan. Contoh-contoh berangka menunjukkan
bahawa kaedah yang telah dicadangkan memberi satu teknik penyelesaian yang
berkesan untuk nilai nempadan bercampur apabila sempadan adalah berdekatan

antara satu sama lain.
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CHAPTER 1

RESEARCH FRAMEWORK

1.1 Introduction

Partial differential equations play a significant role in science and
technology. Many of the fundamental theories of physics and engineering are
expressed by means of system of partial differential equations. Fluid mechanics
is often formulated by the Euler equations of motion or the so-called Navier-
Stokes equations. While, electricity and magnetism are formulated by Maxwells
equations, and the general relativity by Einstein’s field equations. It is therefore
important to develop techniques that can be used to solve a wide variety of partial

differential equations.

Integral equation method offer an attractive alternative to conventional
finite difference, finite element and spectral methods for finding numerical
solutions. They offer several notable advantages: complex boundaries are handled
naturally, high- order accuracy is easier to attain, the correct boundary conditions
at infinity are guaranteed, and ill-conditioning associated with directly discretizing
the PDE is avoided. Nevertheless, since discretizations of integral equations
result in dense linear systems, these methods have been less popular than others.
However, with the advancement of fast algorithms, integral equation methods

have become popular for solving large-scale problems.



There are many phenomena in these fields that can be described as
boundary value problems. However, formulating and solving such problems are
not easy when we talk about real modelling of those phenomena. Furthermore,
it is also important to study existence and uniqueness of the solution of these
problems. These issues were and still occupy the minds of mathematicians and

engineers.

A boundary value problem is a problem involves finding the solution of
a differential equation or system of differential equation which meets certain
specified requirements or boundary conditions at the end points or along a
boundary, usually connected with the physical condition for certain values of

the independent variable.

The investigation of boundary value problems (denoted as BVPs for short)
of ordinary differential equations is of great significance. On one hand, it makes a
great impact on the studies of partial differential equations in Lian et al. (1996).
On the other hand, BVPs of ordinary differential equations can be used to describe
a large number of mechanical, physical, biological, and chemical phenomena (see
Shi et al. (1997), Horgan et al. (2002), Amster and Rgers (2007), Amara (2009)).
So far a lot of work has been carried out, including second-order, third-order, and

higher-order BVPs with various boundary conditions.

One example of a boundary value problem is the Dirichlet problem. In
potential theory it is defined as follows: Let €2 be a region in two-dimensional
space, let I be its boundary and u be a function defined and continuous over
QUT. The Dirichlet problem is to find a solution of Laplace’s equation 72u = 0
that is harmonic in €2, continuous in 2 U I' and satisfies the equation u = ¢ at

the boundary as shown in Figure 1.1 (Sneddon, 1966).



Figure 1.1: Dirichlet Problem

Another example of a boundary value problem is the Neumann problem,
which is defined as follows: Let 2 be again a region in two - dimensional space
and I' be its boundary and u be a function defined and continuous over 2 U T'.
The Neumann problem is to find solution of Laplace’s equation s7?u = 0 which
is harmonic in €2, continuous in Q U I', and which satisfies a normal derivative

equation 2* = ¢ on the boundary as illustrated in Figure 1.2 (Sneddon, 1966).

Figure 1.2: Neumann Problem

1.2  Background of the Study

A boundary value problem that has a mixture of Dirichlet and Neumann
conditions is called a mixed boundary value problems. Three examples of such

boundary value problems are shown in the Figures 1.3, 1.4 and 1.5.



Figure 1.3: Mixed Dirichlet - Neumann Problem

du
au+,6’£=¢v

Figure 1.4: Mixed Diridilgt - Neumann Problem

Figure 1.5: Mixed Dirichlet - Neumann Problem

A boundary condition that involves Neumann and Dirlichet conditions, is
also called Robin condition. The potential theory is one of the areas that could
represent this theory. It has various applications in electrostatics, heat transfer,

linear elasticity and fluid flow (Sneddon, 1966).

Mixed boundary value problems occur, in a natural way, in varieties of
branches of physics and engineering and several mathematical methods have been

developed to solve this class of problems of applied mathematics.



Hence, the solution of mixed boundary value problem is highly needed.
Since in general the solution of the problem cannot be obtained in closed form,
we have to resort to numerical methods to approximate the solution considered.
A number of numerical methods have been devised. The common ones, used by
many researchers and studied extensively, are the finite difference methods, finite

element methods and the boundary integral methods.

The solution of mixed boundary value problems requires considerable
mathematical skill. Although the analytic solution begins using a conventional
technique such as separation of variable or transform methods, the mixed
boundary condition eventually leads to a system of equations, involving series
or integrals, that must be solved. The solution of these equations often yields a
Fredholm integral equation of the second kind. Because these integral equations

usually have no closed form solution, numerical methods must be employed

(Dufty, 2008).

It is hard to find integral equations for mixed problems that are second
kind with operators that are compact on the entire boundary. Some attempts

towards this direction are given by Greenbaum et al. (1993), Haas and Brauchli

(1991), Liu (2005) and Helsing (2009).

Haas and Brauchli (1991) applied conformal mapping to transform the
mixed problem onto the unit disk to form a corresponding Riemann-Hilbert
problem in terms of Cauchy integrals. Greenbaum et al. (1993) considered
Laplace’s equation and Dirichlet-Neumann map in multiply connected regions.
Liu (2005) determined Dirichlet-to-Neumann map for the Helmholtz equation
with mixed boundary condition. Helsing (2009) has developed an integral
equation with compact operators on almost entire boundary for solving mixed

problems.



Recently, the interplay of Riemann-Hilbert problems (RH problems) and
integral equation with the generalized Neumann kernel has been investigated
in Wegmann et al. (2005) for simply connected regions with smooth and
piecewise smooth boundaries and in Wegmann and Nasser (2008) for bounded and
unbounded multiply connected regions. It has been shown that the problem of
conformal mapping , Dirichlet problem , Neumann problem and mixed Dirichlet-
Neumann problem can all be treated as RH problems as discussed in Nasser

(2009b), Murid and Nasser (2009), Nasser et al. (2011) and Alhatemi et al. (2011).

Alhatemi et al. (2011) have solved the mixed boundary value problem
on doubly connected region by using the method of boundary integral equation.
Their approach was to reformulate the mixed boundary value problem into the
form of Riemann - Hilbert problem. The Riemann - Hilbert problem is then
solved using a uniquely solvable Fredholm integral equation on the boundary of
the region. The efficiency of the proposed numerical scheme in Alhatemi et al.
(2011) does not seem to be tested on really challenging geometries. What happens
when the circles come even closer? Will the accuracy deteriorates? Are more
discretization points needed to achieve a given accuracy? How does its computing
cost and the achievable accuracy scale with much larger value of discretization

points?

1.3 Statement of the Problem

This research will work out in detail the reformulation of the mixed
boundary value problem into the Riemann - Hilbert problem given in
Alhatemi et al. (2011) and study the efficiency of the proposed numerical scheme
on challenging geometries, in particular when the boundaries are closed to each

other.



1.4  Objectives of the Study

The objectives of this research are:

1. To work out in detail the reformulation of the boundary value
problem with mixed Dirichlet-Neumann condition on bounded
doubly connected region to corresponding Riemann-Hilbert

problem.

2. To solve numerically the integral equation with the generalized
Neumann kernel related to the Riemann-Hilbert problem using

Nystrom method with the trapezoidal rule.

3. To obtain numerical solutions of the mixed boundary value
problem using Mathemayica and make some comparisons with

Alhatemi et al. (2011).

1.5 Scope of the Study

There are several methods for solving mixed boundary value problems
such as conformal mapping, integral equations, Green’s function, separation of
variables, transform methods, and much more.This research will consider solving
mixed boundary value problems only on doubly connected regions with smooth

boundary using integral equation with the generalized Neumann kernel.



25

REFERENCES

Alejaily, E. M. A. (2009). A Boundary integral equation for the Neumann problem
in bounded multiply connected region. Universiti Teknologi Malaysia, Faculty

of Science: Ph. D. Thesis.

Alhatemi, S. A. A., Murid, A. H. M. and Nasser, M. M. S. (2011). solving mixed
boundary value problem via an integral equations with generalized Neumann

kernel on doubly connected region. UMTAS. .

Amara, J. B. (2009). Sturm theory for the equation of vibrating beam. Journal
of Mathematical Analysis and Applications. 349(1): 1-9.

Amster, P. and Rgers, C. (2007). On boundary value problems in three-ion electro
diffusion. Journal of Mathematical Analysis and Applications. 333: 42-51.

Atkinson, K. E. (1997). The numerical solution of integral equations of the second
kind. Vol. 4. Cambridge university press.

Duffy, D. G. (2008). Mized boundary value problems. Vol. 15. Chapman &
Hall/CRC.

Greenbaum, A., Greengard, L. and McFadden, G. B. (1993). Laplace’s equation
and the Dirichlet-Neumann map in multiply connected domains. Journal of

Computational Physics. 105(2): 267-278.

Haas, R. and Brauchli, H. (1991). Fast solver for plane potential problems with
mixed boundary conditions. Computer methods in applied mechanics and

engineering. 89(1): 543-556.

Helsing, J. (2009). Integral equation methods for elliptic problems with boundary
conditions of mixed type. Journal of Computational Physics. 228(23): 8892
8907.



26

Helsing, J. and Ojala, R. (2008). On the evaluation of layer potentials close to
their sources. Journal of Computational Physics. 227(5): 2899-2921.

Henrici, P. (1986). Applied and Computational Complex Analysis. Vol. 3. New
York: John Wiley.

Horgan, C. O., Saccomandi, G. and Sgura, I. (2002). A two-point boundary-value
problem for the axial shear of hardening isotropic incompressible nonlinearly

elastic materials. SIAM Journal on Applied Mathematics. 62(5): 1712-1727.

Jumadi, A. (2009). An integral equation method for solving exterior Neumann
problems on smooth regions. Universiti Teknologi Malaysia, Faculty of

Science: Ph. D. Thesis.

Lian, W. C., Wong, F. H. and Yeh, C. C. (1996). On the existence of positive
solutions of nonlinear second order differential equations. Proceedings of the

American Mathematical Society. 124(4): 1117-1126.

Liu, J. (2005). Determination of Dirichlet-to-Neumann map for a mixed boundary

problem. Applied mathematics and computation. 161(3): 843-864.

Mikhlin, S. G. (1957). Integral Equations, English Translation of Russian edition
1948. Armstrong: Pergamon Press.

Murid, A. H. M. and Nasser, M. M. S. (2009). A Boundary integral equation with
the generalize Neumann kernel for Laplace’s equation in multiply connected

regions.. paper presented at CMFT. .

Myint-U, T. and Debnath, L. (2006). Linear partial differential equations for

scientists and engineers. Birkhauser Boston.

Nasser, M. M. S. (2009a). A boundary integral equation for conformal mapping
of bounded multiply connected regions. Journal of Comput. Methods. Funct.
Theory. 9(1): 127-143.

Nasser, M. M. S. (2009b). Numerical conformal mapping via a boundary integral
equation with the generalized Neumann kernel. STAM Journal on Scientific

Computing. 31(3): 1695-1715.



o7

Nasser, M. M. S., Murid, A. H. M. and Alhatemi, S. A. A. (2012). A boundary
integral equation with the generalizeed Neumann kernel for a certain class of

mixed boundary value problem. Journal of Applied Mathematical. 2012: 17

pages.

Nasser, M. M. S., Murid, A. H. M., Ismail, M. and Alejaily, E. M. A. (2011).
Boundary integral equations with the generalized Neumann kernel for

Laplaces equation in multiply connected regions. Applied Mathematics and

Computation. 217(9): 4710-4727.

Sangawi, A. W. K., Murid, A. H. M. and Nasser, M. M. S. (2011). Linear
integral equations for conformal mapping of bounded multiply connected

regions onto a disk with circular slits. Applied Mathematics and Computation.

218(5): 2055-2068.

Sangawi, A. W. K., Murid, A. H. M. and Nasser, M. M. S. (2012). Parallel
slits map of bounded multiply connected regions. Journal of Mathematical

Analysis and Applications. 389: 1280-1290.

Shi, Y., Zhou, Q. and Li, Y. (1997). A note on a two-point boundary value problem
arising from a liquid metal flow. SIAM Journal on Mathematical Analysis.

28(5): 1036-1093.

Sneddon, I. N. (1966). Mized boundary value problems in potential theory. North-
Holland Publishing Company Amsterdam.

Wegmann, R., Murid, A. H. M. and Nasser, M. M. S. (2005). The Riemann-Hilbert
problem and the generalized Neumann kernel. Journal of computational and

applied mathematics. 182(2): 388-415.

Wegmann, R. and Nasser, M. M. S. (2008). The Riemann-Hilbert problem and
the generalized Neumann kernel on multiply connected regions. Journal of

Computational and Applied Mathematics. 214(1): 36-57.



	SarfrazHassanSalimMFS2012ABS
	SarfrazHassanSalimMFS2012TOC
	SarfrazHassanSalimMFS2012CHAP1
	SarfrazHassanSalimMFS2012REF



