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ABSTRACT

The purpose of this study is to apply the technique of Cubic Spline, Cubic B-
Spline and Crank-Nicolson in one-dimensional heat equations with Dirichlet boundary
conditions. Then, their accuracy of numerical methods are compared by computing
their absolute error and relative error. Those results of the methods are calculated by
using Matlab 2008 and Microsoft Visual Studio 2010 (C++). As the results, Crank-
Nicolson is a good approximation solution since the result of relative error is quite
close to the zero. Besides that, for interpolation method, cubic B-spline interpolation is
found to give better results compare to the cubic spline interpolation since the relative
error of cubic B-spline is better than cubic spline. Regarding to the findings, it can
be seen clearly that the cubic spline, cubic B-spline and Crank-Nicolson are well

approximated and give better results with smaller step size.
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ABSTRAK

Kajian ini adalah bertujuan untuk menggunakan kaedah splin kubik, B-
Splin kubik dan kaedah Crank-Nicolson dalam persamaan haba satu dimensi dengan
syarat sempadan Dirichlet. Kemudian, ketepatan kaedah-kaedah berangka tersebut
dibandingkan dengan mengira ralat mutlak dan ralat relatif masing-masing. Kaedah-
kaedah berangka ini dikira dengan menggunakan Matlab 2008 dan Microsoft Visual
Studio 2010 (C++). Hasilnya, Crank-Nicolson adalah penyelesaian penghampiran
yang baik kerana ralat relatif yang diperolehi menghampiri sifar. Selain itu, bagi
kaedah interpolasi, interpolasi B-splin kubik memberikan keputusan yang lebih baik
berbanding dengan interpolasi splin kubik berdasarkan keputusan ralat relatif B-Splin
kubik adalah lebih baik berbanding splin kubik. Berdasarkan penemuan kajian, ia
boleh dilihat dengan jelas bahawa splin kubik, B-Splin kubik dan kaedah Crank-
Nicolson memberikan nilai anggaran dan keputusan yang lebih baik dengan saiz

langkah yang kecil.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

Partial differential equations (PDE) are very important in many branches of
mathematics, science and engineering such as hydrodynamics, elasticity, quantum
mechanic and electromagnetic theory. In mathematics, PDE is an equation that
contains an unknown function of several variables, and one or more of its partial
derivatives [1]. Besides that, according to J.D. Logan, PDE models are the evolution
of a system in both time and space. The system can be observed both in time and in
spatial region which may be one, two or three dimensional. PDE models may also
be independent of time, but depend on several spatial variable [2]. The PDE can be
solved either manually by hand or computer programming software such as Matlab,

Mathematica, Maple and Microsoft Visual Studio(C++) Programming.

This chapter includes the introduction of the study which starts with the
research background. Then, it will be followed by the statement of the problem which
is simply introduced. Next, this study has few objectives that need to be achieved by
follow the scope of the study. Then, the significance of the study also presented in this

chapter.



1.2  Background of the Study

Heat equation is part of partial differential equations where it supposes to be
linear or non-linear form. It is an important PDE which describe the distribution of
heat or variation in temperature in a given region over time. The heat equation can
be solved either by analytical approximation or numerical approximation methods.
Analytically, heat equation can be solved by using Fourier series where the technique
is proposed by Joseph Fourier in 1822. Finite difference method is one example of
numerical approach that can solve heat equation. Analytical approximation methods
often provide extremely useful information but tend to be more difficult to apply
compare to the numerical methods [3]. Numerically, spline interpolation has been

chosen to interpolate the heat problem.

In thermodynamics, heat is defined as the energy that across the boundary of
a system when this energy transport occurs due to a difference temperature between
the systems and its surrounding. The second law of thermodynamics states that heat
always flow over the boundary of the system in the direction of falling temperature [4].

We are interested to study about heat equation where it will be solved numerically.

A spline is a mechanical device used by draftsmen to draw a smooth curve
consisting of a strip or rod of some flexible material to which weights are attached,
so that it can be constrained to pass through or near certain plotted points on a graph.
The term of spline function is intended to suggest that the graph of such a function
is similar to a curve drawn by a mechanical spline [5]. Spline is useful because it is
piecewise polynomial function that satisfies certain continuity requirements for both
the derivatives and the function that furnish the graphs of polynomials and polygonal

paths [6].

Besides that, B-splines or bell-shaped splines is also a piecewise polynomial
function but differ from spline interpolation which is first suggested by Schoenberg

in 1946 [7]. These are basis function of cubic spline which allows the degree of the



resulting curve to be changed without any changed in the data. The B-spline can be of
any degree but, in computer graphics and other applications, B-splines of degree two

or three are generally found to be sufficient [8].

Crank-Nicolson is a finite difference method for numerical solving heat
equation and similar partial differential equation. It is an implicit method which was
developed by John Crank and Phyllis Nicolson in 1947 [7]. Implicit method differs
from explicit method which for implicit method, the values to be computed are not
just a function of values at the previous time step, but also involve the values at the
same time step which are not readily available. Then for explicit method, all starting
values are directly available from initial and boundary conditions and each new value
is obtained from the values that already known [9]. For this study, we only considered

implicit method namely Crank-Nicolson method.

This study focused on cubic spline interpolation, cubic B-spline interpolation
and Crank-Nicolson method where the methods is applied in heat problem. The
accuracy of cubic spline interpolation, cubic B-spline interpolation and Crank-

Nicolson are presented.

1.3 Statement of the Problem

In this study, cubic spline and cubic B-spline are approached in order
to overcome the weakness of polynomials which are having strongly oscillating
properties and consist of a high number of arithmetical operations involved in the
calculations of the polynomials. Crank-Nicolson method also considered in the study
in order to determine the accuracy of the method. Meanwhile, the accuracy of cubic

spline and cubic B-spline interpolation are determined to compare with each other.



1.4  Objectives of the Study

The objectives of this project are:

(1) To study in general cubic spline interpolation, cubic B-spline

interpolation and Crank-Nicholson method.

(i1) To derive the algorithm of cubic spline, cubic B-spline interpolation

and Crank-Nicolson.

(ii1) To apply the technique of Crank-Nicolson in one-dimensional heat
equations and calculate the interpolation by using cubic spline and

cubic B-spline.

(iv) To determine the accuracy of cubic spline interpolation, cubic B-
spline interpolation and Crank-Nicolson method by computing their

absolute error and relative error.

1.5  Scope of the Study

In this study, we are applying the technique of Crank-Nicolson in one-
dimensional heat equations and calculate the interpolation by using cubic spline and
cubic B-spline. Specifically, for finite difference method, the Crank-Nicolson method
is considered in this study since it is better than explicit method. Then, the methods of
cubic spline and cubic B-spline interpolation based on collocation approach are being
used in order to interpolate the one-dimensional heat equation since they are piecewise
polynomial which produced smooth curve. Then, the accuracy of each method will be

determined and compared.



1.6  Significance of the Study

The accuracy of the Crank-Nicolson methods, Cubic spline and cubic B-spline
interpolation will be discovered by conducting this study. The cubic spline and cubic
B-spline are compared each other in order to determine which method give well
interpolation approximation solution. The methods are very useful since the obtained
results give well approximate solution. The methods also can be applied in other field

such as physics and engineering field.

1.7 Thesis Organization

This dissertation has been organized into five chapters. The first chapter serves
as an introduction to the whole project. This chapter introduces the heat equation and
spline interpolation which is the main focused on the study. Chapter 1 also includes
all the important points such as statement of problem, objectives of the study, scope of

study and significance of the study.

Chapter 2 presents the literature review of this research. Various works
by different researchers regarding heat equation, the spline interpolation including
the cubic spline interpolation and cubic B-spline interpolation and Crank-Nicolson
method. It is important to know how the heat equation, cubic spline, cubic B-spline
interpolation and Crank-Nicolson are developed. This chapter also describes the
applications and some contributions given by the researchers towards the development

of the methods that are conducted in this study.

Chapter 3 discusses details about the derivation of cubic spline interpolation,
cubic B-spline interpolation and Crank-Nicolson method including the heat equation.
Besides that, in this chapter also includes the algorithms of the methods that have been

applied in this study.



Chapter 4 performs an example of one-dimensional heat problem where it is
solved by analytical method and numerical method. Besides that, this chapter also
presents about the results which has been determined by the Crank-Nicolson method,
cubic spline interpolation and cubic B-spline interpolation that are applied in the
one dimensional heat problem. Furthermore, the graph of comparison between the
numerical solution that have been applied in this study also showed. The absolute
error and relative error for those methods are tabulated in tables and the accuracy of

the methods are shown. Finally, the summary of the results obtained are included.

Finally, Chapter 5 summarizes the obtaining results. Then, suggestions and

recommendations for the future research in this study are also included.
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