
 

 

 

 

APPLICATION OF SMOOTHED PARTICLE HYDRODYNAMICS METHOD IN 

SOLVING TWO DIMENSIONAL SHEAR DRIVEN CAVITY PROBLEMS 

 

 

 

 

 

 

 

 

 

 

 

NADIRAH BINTI ZANAL ABIDIN 

 

 

 

 

 

 

 

 

 

 

 

UNIVERSITI TEKNOLOGI MALAYSIA 



 

 

 

APPLICATION OF SMOOTHED PARTICLE HYDRODYNAMICS METHOD IN 

SOLVING TWO DIMENSIONAL SHEAR DRIVEN CAVITY PROBLEMS 

 

 

 

 

 

 

NADIRAH BINTI ZANAL ABIDIN 

 

 

 

 

 

 

A dissertation submitted in partial fulfillment of the  

requirements for the award of the degree of  

Master of Science (Mathematics) 

 

 

 

 

Faculty of Science 

Universiti Teknologi Malaysia 

 

 

 

 

JANUARY 2013 

 

 



iii 

 

 

 

 

 

 

DEDICATION 

 

 

 

 

To my beloved father and mother 

Zanal Abidin Nordin & Nur Unaiza Abd Razak 

To my supervisor 

Dr. Yeak Su Hoe 

To my dearest sisters and brothers 

Nadia Zanal Abidin, Nurul Aina Zanal Abidin 

Muhammad Firdaus Zanal Abidin & 

Muhamad Fahmi Zanal Abidin 

To my friends 

my infinite element 

in gratitude 

for encouraging me to 

persist in the completion of this dissertation 

and for loving companionship and support 

through my whole life 

 

 

 

 

 

 

 

 

 



iv 

 

 

 

 

 

 

ACKNOWLEDGEMENT 

 

 

 

 

IN THE NAME OF ALLAH, THE MOST GRACIOUS, THE MOST MERCIFUL. 

 

I would like to express my deepest gratitude to Almighty God because of His 

Blessing, I am able to complete this dissertation successfully within the stipulated 

time. I would like to thank my supervisor Dr. Yeak Su Hoe for his support and belief 

in me and also very thankful for his invaluable guidance and advice throughout 

completing my dissertation. His encouragement, thoughtfulness, and willingness to 

help are deeply appreciated. It has been my plesure to have them as my lecturer as 

well as their brilliance, resourcefulness, and patience are greatly admired. 

 

 

I would also like to thank to all my coursemates and friends for their friendship and 

inspiring ideas who had given me a lot of moral and mental support. A special thank 

dedicated to the librarians at Perpustakaan Sultanah Zanariah for their assistance in 

guiding and supplying me with reading sources and relevant literature studies.  

 

 

Last but not least, I would like to thank my family without whose support, I would 

never reached this point; my father, Zanal Abidin bin Nordin, whose 

accomplishments, boundless energy, and words of wisdom are great sources of 

inspiration to me; my mother, Nur Unaiza binti Abd Razak, to whom I am forever 

grateful for love, kindness, sensibility, and devotion she showed from day one; and 

my siblings who throughout the years tolerated their sister, filled her life with fun 

and happiness, encouraged her and stood by her through thick and thin. 



v 

 

 

 

 

 

 

ABSTRACT 

 

 

 

 

 Solution to the two-dimensional (2D) shear driven cavity problem has been 

done by many researchers earlier.  Numerical methods are always being used in 

solving 2D shear driven cavity problem.  The usual numerical method being chosen 

is the grid-based method such as finite difference method (FDM), finite element 

method and alternating direction implicit method.  However, in this research, the 

smoothed particle hydrodynamics (SPH) method is chosen and being studied to be 

applied in solving the 2D shear driven cavity problem.  The algorithm for SPH 

method is also being developed.  As for making the comparisons to study on the 

accuracy of SPH method, 2D shear driven cavity also being solved using FDM.  

MATLAB and FORTRAN programming are used as a calculation medium for both 

the FDM and SPH method respectively. 
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ABSTRAK 

 

 

 

 

 Penyelesaian terhadap kaviti gerakan kekacip dua-dimensi telah banyak 

dijalankan dalam kajian-kajian oleh para penyelidik terdahulu.  Kaedah berangka 

seringkali digunakan bagi menyelesaikan kaviti gerakan kekacip dua-dimensi.  

Antaranya adalah dengan menggunakan kaedah berdasarkan grid terhingga seperti 

kaedah beza terhingga (FDM), kaedah unsure terhingga dan kaedah arah ulang-alik 

implisit.  Namun begitu, dalam kajian ini kaedah zarah hidrodinamik lancar (SPH) 

dipilih dan dikaji untuk diaplikasikan dalam menyelesaikan masalah persamaan haba 

dua-dimensi tersebut.  Algoritma bagi kaedah SPH turut dirumuskan.  Sebagai 

perbandingan bagi mengkaji tentang ketepatan kaedah SPH, kaviti gerakan kekacip 

dua-dimensi dalam kajian ini akan turut diselesaikan dengan menggunakan kaedah 

FDM dan pengaturcaraan Matlab dan Fortran digunakan sebagai medium pengiraan 

bagi kedua-dua kaedah ADI dan SPH tersebut. 
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CHAPTER 1 

 

 

 

 

RESEARCH FRAMEWORK 

 

 

 

 

1.1 Introduction and Background of the Problem 

 

 

The numerical solution of partial differential equations is dominated by finite 

difference method (FDM), finite element method (FEM), boundary element, spectral 

methods and others [1]. 

 

 

The finite difference method is the simplest method for solving boundary 

value problems and it is a universally applicable numerical method for the solution of 

differential equations.  However, FDM can be difficult to analyze and suffers the 

problem of low accuracy solution, in part because its applicability is quite general 

[2].  The underlying idea of the FDM is to approximate differential equations by 

appropriate difference quotients, hence reducing a differential equation to an 

algebraic system.  There are a variety of ways to do the approximation such as a 

forward difference, a backward difference and a centered difference.  Much of the 

convergence and existing stability analysis is limited to special cases, especially to 

linear differential equations with constant coefficients.  Then, these results are used 

to predict the behaviour of difference methods for more complicated equations [3].   
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The finite element method is introduced as a variationally based technique of 

solving differential equations and also provides a systematic technique which can 

represent a geometrically complex region by deriving the approximation functions 

(piecewise polynomials) for simple subregions [4].  The basic idea in FEM is simple 

which is starting by the region of physical interest or subdivision of the structure into 

smaller pieces.  Hence, these pieces must be easy for the computer to record and 

identify; they maybe rectangles or triangles.  Then the extremely simple form of trial 

function are given, normally they are polynomials, of at most the third of fifth degree 

and the boundary conditions are infinitely easier to impose locally along the edge of 

a triangle or rectangle [5].   

 

 

The accuracy of FEM can be easily increased by increasing the degree of 

shape function.  However, FEM will suffers the problem of ill condition element 

shape function and fail to generate reliable solutions for the boundary value problems 

in two dimension and three dimension when the geometry of the problems are 

complex with large deformation of structures.  Thus, it requires remeshing process 

[2].      

 

 

Meshless methods (MMs) are the next generation of computational methods 

development which are expected to be premier to the conventional grid-based FDM 

and FEM in many applications.  The objectives of the MMs is to eliminate part of the 

difficulties associated with the accuracy and stable numerical solutions for partial 

differential equations or integral equations with all kinds of boundary conditions 

without using any mesh to solve that problems.  One of the main idea in these 

meshless methods is to modify the internal structure of mesh-based FEM and FDM 

to become more versatile and adaptive [6]. 

 

 

One of the first meshless methods is the smoothed particle hydrodynamics 

(SPH) method by Lucy, and Gingold and Monaghan [7; 8].  It was born to solve 

problems in modelling astrophysical phenomena and later on, its applications were 

extended to problems of fluid dynamics and continuum solid.  A few years later, 



3 

 

Liszka and Orkisz [9] proposed a generalized finite difference method which can 

deal with arbitrary irregular grid.  In 1992, diffuse element method (DEM) was born 

which formulate by applying moving least square approximations in Galerkin 

method [10].  Based on DEM, the element free Galerkin (EFG) method was 

advanced remarkably and it is one of the most famous meshless methods.  EFG was 

applied to many solid mechanics problems with the help of a background mesh for 

integration [11].        

 

 

Meshless Local Petrov-Galerkin (MLPG) was introduced by Atluri and Zhu 

[12] which requires local background cells for the integration only.  It has been used 

to the analysis of beam and plate structures, fluid flow and other mechanics 

problems.  A few years before, Liu and Chen [13] proposed a reproducing kernel 

particle method (RKPM) which improves the accuracy of the SPH approximation 

especially around the boundary through reproducing conditions and revisiting the 

consistency in SPH.  Another  meshless methods are the point interpolation method 

and meshfree weak-strong form [14]. 

 

 

The effort of MMs is focused on solving the problem which the conventional 

FDM and FEM are difficult to apply such as problems with deformable boundary, 

free surface (for FDM), large deformation (for FEM), mesh adaptivity and complex 

mesh generation (for both FEM and FDM) [6].  There are some major advantages in 

using MMs which are problems with moving discontinuities such as shear band and 

crack propagation can be treated with ease, higher-order continuous shape functions, 

large deformation can be handle more robustly, no mesh alignment sensitivity and 

non-local interpolation character [15]. 

 

 

 

 

1.2 Statement of the Problem 
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The conventional mesh or grid based numerical methods such as finite 

element method (FEM) and finite difference methods (FDM) have been widely used 

to various areas of computational solid mechanics and fluid dynamics.  These 

methods are currently the main contributor in solving problem of science and 

engineering. 

 

 

FDM is one of grid-based method, has never been an easy task in 

constructing a regular grid for complex or irregular geometry.  It is usually requires 

additional complex mathematical transformation that can be even more expensive 

than solving the problem itself.  Several of the problems in applying FDM are 

determining the precise locations of the in homogeneities, free surfaces and 

deformable boundaries.  Besides, FDM is also not well suited to problem that need 

monitoring the material properties in fixed volumes such as, particulate flows. 

 

 

However, mesh-based methods such as FEM suffer from some difficulties 

which limit their applications to many problems.  One of the problem arise is a costly 

process of generating and regenerating the mesh due to large deformation of 

structures.  In efforts to overcome this time consuming problem, meshless method is 

developed which successfully avoid the process that consume a lot of time.  One of 

the meshless methods is smoothed particle hydrodynamics (SPH) method which can 

solve problem of large deformation without remeshing process. 

 

 

 The aim of this research is to solve two dimensional shear driven cavity flow 

problem using SPH method.  In order to study on the accuracy of the SPH method, the 

finite difference method has first being applied to solve the two dimensional shear driven 

cavity flow problem.  From the solution obtained by finite difference method, a 

comparison has been made with the solution of SPH method in order to study the 

accuracy of the SPH method.   
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1.3 Objectives of the Problem 

 

 

The main objectives of this research are: 

 

 

a. to study the basics concepts of SPH methods.  

b. to solve a two dimensional shear driven cavity problem by using SPH 

method. 

c. to solve problem of two dimensional shear driven cavity numerically by using 

finite difference method. 

d. to compare the accuracy of solution between SPH method with the results of 

finite difference method.  

 

 

 

 

1.4 Scope of the Study 

 

 

The main focuses in this research is on the concept of SPH method.  

Numerical algorithm of the SPH method will be constructed in order to make use of the 

method later.  After that, the SPH method is then be applied to solve a two dimensional 

shear driven cavity problem.  Validation of SPH method will also be done by doing the 

comparison with the results of finite difference method.  The solution of the problem 

will be focused on the accuracy of the different material properties of the shear 

driven cavity. 

 

 

 

 

1.5 Outline of the Research 
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This research has been divided into five chapters.  Chapter 1 discusses about 

the background of the study, problem statement, objectives, scope, outline of the 

research and research methodology. 

 

 

Chapter 2 provides some information on the literature review that is related 

to this study.  This chapter starts with the historical development in solving the shear 

driven cavity problem followed by some introduction on SPH method and finite 

difference method.   

 

 

Chapter 3 focused on the computational methods. The methodology 

including the procedures is discussed in detail. There are some sub sections in this 

chapter that will describe the different case study.  All solutions for numerical 

method (FDM and SPH method) were obtained by using MATLAB programming 

and FORTRAN programming respectively. 

 

 

Chapter 4 is mainly about the result and discussion. The solution for each 

case study will be put under each section. There will be a discussion on the solution 

for each case study that been obtained from numerical method.  Comparisons of the 

solution from both the FDM and SPH method will be compared in order to look at 

the accuracy. 

  

 

Finally, the last chapter, chapter 5 will be the conclusion that summarizes 

this study and also some suggestion that might be useful for further study.  
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1.6 Research Methodology 

 

APPLICATION OF SMOOTHED PARTICLE 

HYDRODYNAMICS METHOD IN SOLVING TWO- 

DIMENSIONAL SHEAR DRIVEN CAVITY PROBLEM 

 

LITERATURE REVIEW 

 

Obtain an example of the shear driven cavity problems  

 

Perform calculation  

numerically   

Analyze and compare the results from both the FDM 

and SPH method 

Report writing and presentation in Dissertation 

Study and analyze previous 

research papers and journals on 

SPH method 

 

Collect information and study on shear 

driven cavity together with the FDM 

 

Solve using SPH method 

 

Solve using FDM 

 

Perform calculation  

numerically   
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