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Abstract. 

This article illustrates Hirota-Sato formalism by establishing that Hirota’s direct 

method is derivable from Sato theory. This formalism is considered via Maya 

diagrams and used to describe the Kadomtsev-Petviashvili (KP), Korteweg-de 

Vries (KdV) and Sawada-Kotera (S-K) equations. This is done by expressing the 

Hirota bilinear forms of KP, KdV and S-K equations in terms of Maya diagrams. 

These results are then shown to be closely linked to the Plucker relations in Sato 

theory. Thus Hirota-Sato formalism via this conceptual framework provides a 

deeper understanding of soliton theory from a unified viewpoint.  

                        Keywords Hirota bilinear form, Maya diagrams, Plucker relations, Kadomtsev- 

                                    Petviashvili (KP) equation, Korteweg-de Vries (KdV) equation,  

                                    Sawada-Kotera equation  

 

1.  Introduction 

 

There are various methods of examining the integrable nonlinear waves equations that have 

soliton solutions, where each method has its own suppositions and areas of usage. For 

example, the inverse scattering transform (IST) can be used to solve initial value problems, 

but it uses powerful analytical methods and quantum scattering theory (e.g. [1]), and 

therefore makes strong assumptions about the nonlinear waves equations. On the lesser 

extreme, one can find a travelling wave solution to almost all equations by a straightforward 

substitution which reduces the equation to an ordinary differential equation (e.g. [2]). 

Between these two extremes lies Hirota’s direct/bilinear method. Although the transformation 

was intrinsically inspired by IST, Hirota’s method does not need the same mathematical 

assumption and, as a consequence, the method is applicable to a wider class of equations than 

IST (e.g. [3]). At the same time, because it does not use such sophisticated techniques, it 

usually produces a smaller class of solutions, the multi-soliton solutions. It is particularly 
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efficient for constructing multisoliton solutions to integrable nonlinear waves equations. The 

advantage of it over others is that it is algebraic rather than analytic. In many problems the 

key to further developments is a detailed understanding of soliton scattering, and in such 

cases Hirota’s method is the optimal tool. 

Hirota’s method is an effective tool as it can be employed without a deep knowledge of the 

mathematics that lies beneath, namely Sato’s theory [4-5]. This is not to say that what lies 

beneath is valueless, in fact in this article, we will establish that Sato’s theory allows Hirota’s 

method to have a deeper and beautiful understanding of soliton theory from a unified 

viewpoint. Here we note that Hirota’s method makes an efficient tool for an applied 

mathematicians’ toolbox, and furthermore, we may credit it (along with the pioneering IST) 

for inspiring a departure into soliton theory. 

Hirota direct method was first introduced by Hirota in his well-known 1971 paper [6]. The 

first step of this method is to transform the nonlinear partial differential equation into a 

quadratic form in dependent variables.  The new form of the equation is called ‘bilinear 

form’.  In the second step, we write the bilinear form of the equation as a polynomial of a 

special differential operator known as Hirota 𝐷-operator.  This polynomial of 𝐷-operator is 

called ‘Hirota bilinear form’. In this article we shall only focus in solving on some physically 

significant nonlinear wave equations which includes KP [7], KdV [8] and Sawada-Kotera 

equations [9]. The KdV and KP equations have been used extensively as a model for one- 

and two-dimensional shallow water waves of long wavelength with weakly non-linear 

restoring forces (e.g. [10]) and ion-acoustic waves in plasmas (e.g. [11]), and Sawada-Kotera 

in some mathematical approaches to tsunami (e.g. [12]) 

Grassmannian manifolds are known as the basics of Sato’s theory where the 𝜏-function was 

obtained from the derivation of the Sato’s equation (e.g. [13-14]). The manipulations of 

Schur functions and Maya diagrams later produce the Plucker relations.  In this article we 

show how the Plucker relations in Sato’s theory can be transformed into the Hirota bilinear 

form of KP, KdV [15], and Sawada-Kotera equations [16], [17] for their respective 𝜏-

functions via the Maya diagrams, and thus verify this conceptual framework. 

 

2. Hirota bilinear forms of KP, KdV and S-K equations  

 

Consider the KP equation 

 

 (4𝑢𝑡 − 12𝑢𝑢𝑥 − 𝑢𝑥𝑥𝑥 )𝑥 − 3𝑢𝑦𝑦 = 0. (1) 

 

By applying the dependent variable transformation (or logarithmic transformation, refer to [2-

3]), the Hirota bilinear form of KP equation is 

 

  4𝐷𝑥𝐷𝑡 − 𝐷𝑥
4 − 3𝐷𝑦

2  𝜏 . 𝜏 

 

 =  𝜏𝑥𝑥𝑥𝑥 − 4𝜏𝑥𝑥3
+ 3𝜏𝑥2𝑥2

 𝜏 − 4 𝜏𝑥𝑥𝑥 − 𝜏𝑥3
 𝜏𝑥 + 3(𝜏𝑥𝑥 − 𝜏𝑥2

)(𝜏𝑥𝑥 + 𝜏𝑥2
) 

 

 = 0 , (2) 
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where the notation 𝑡𝑛 ≡ 𝑥𝑛  , 𝑛 ∈ ℤ+ and 𝑥 = 𝑥, 𝑦 = 𝑥2, 𝑡 = 𝑥3. This result is shown to link 

with the Plucker relations in [22]. 

 

Next, we let the KdV equation as 

 

 𝑢𝑡 + 6𝑢 𝑢𝑥 + 𝑢𝑥𝑥𝑥 = 0. (3) 

 

We then re-write the independent variables using the notation as 

 

𝑡𝑛 ≡ 𝑥𝑛   𝑛 ∈ ℤ+ 𝑎𝑛𝑑 𝑥 = 𝑥, 𝑡 = 𝑥3. 
 

By applying the logarithmic transformation on the KdV equation, then we have 

 

 2(𝜏 𝜏𝑥𝑥3
− 𝜏𝑥  𝜏𝑥3

) + 6𝜏𝑥𝑥
2 + 2𝜏 𝜏𝑥𝑥𝑥𝑥 − 8𝜏𝑥  𝜏𝑥𝑥 = 0. 

 

Then after making use of the 𝐷-operator properties, we obtain 

 

 𝐷𝑥𝐷𝑡 + 𝐷𝑥
4  𝜏 ·  𝜏 = 0.      (4) 

 

This result for the KdV equation is shown to link with the Plucker relations in [22]. 

The operator on the left hand side of (4) may be factorized. It may then be written as 

 

𝐷𝑥 𝐷𝑡 + 𝐷𝑥
3  𝜏 ·  𝜏 = 0,      (5) 

 

where equation (5) is the bilinear form of KdV equation.  

 
 

Next, we let the Sawada-Kotera equation as 

 

𝑢𝑡 + 15𝑢𝑢𝑥  𝑥  𝑥 + 15𝑢𝑥𝑢𝑥  𝑥 + 45𝑢2𝑢𝑥 + 𝑢𝑥  𝑥  𝑥  𝑥  𝑥 = 0.                              (6) 

 

For the Sawada-Kotera equation, we then re-write the independent variables using the 

notation as 

𝑡𝑛 ≡ 𝑥𝑛   𝑛 ∈ ℤ+ 𝑎𝑛𝑑 𝑥 = 𝑥, 𝑡 = 𝑥5. 
 

By applying the logarithmic transformation on the Sawada-Kotera equation, then we have 

 

 18𝜏𝑥𝑥5
+ 2𝜏𝑥𝑥𝑥𝑥𝑥𝑥   𝜏 −  18𝜏𝑥5

+ 12𝜏𝑥𝑥𝑥𝑥𝑥  𝜏𝑥 + 30𝜏𝑥𝑥 𝜏𝑥𝑥𝑥𝑥 − 20𝜏𝑥𝑥𝑥 𝜏𝑥𝑥𝑥 = 0 

 

(7a) 

 

By using the properties of Hirota’s 𝐷-operator, the Sawada-Kotera equation now becomes 

 

𝐷𝑥𝐷𝑡   𝜏 ∙  𝜏 = 2𝜏𝜏𝑥𝑥5
− 2𝜏𝑥𝜏𝑥5

,                                                                   (7b) 

 

𝐷𝑥
6 𝜏 ∙  𝜏 = 2𝜏𝜏𝑥𝑥𝑥𝑥𝑥𝑥 − 12𝜏𝑥𝜏𝑥𝑥𝑥𝑥𝑥 + 30𝜏𝑥𝑥 𝜏𝑥𝑥𝑥𝑥 − 20𝜏𝑥𝑥𝑥 𝜏𝑥𝑥𝑥 = 0,      (7c) 

 

Substituting (7b), (7c) into (7a), the bilinear form of Sawada-Kotera equation becomes 

 

 9𝐷𝑥𝐷𝑡 + 𝐷𝑥
6  𝜏 ∙  𝜏 = 0  .    (7d) 
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This result for the S-K equation is shown to link with the Plucker relations in [22]. 

 

 

We are able to express the 𝑁-soliton solution as the 𝑁 × 𝑁 Wronskian (refer [3], [4] and 

[20]), 

 

𝜏𝑁 =

 

 
 

ℎ1
(0)

ℎ1
(1)

… ℎ1
(𝑁−1)

ℎ2
(0)

ℎ2
(2)

… ℎ2
(𝑁−1)

⋮ ⋮ … ⋮

ℎ𝑁
(0)

ℎ𝑁
(2)

… ℎ𝑁
(𝑁−1)

 

 
 

     (8) 

 

where ℎ𝑖
 𝑛 

 is defined by 

 

ℎ𝑖
(𝑛)

=
𝜕𝑛ℎ𝑖

𝜕𝑥𝑛         (9) 

 

and each ℎ𝑖  (𝑖 = 1, 2, …) satisfies the differential equations 

 
𝜕ℎ𝑖

𝜕𝑥𝑛
=

𝜕𝑛 ℎ𝑖

𝜕𝑥𝑛
.        (10) 

 

It is confirmed that 𝜏𝑁 satisfies the KP, KdV and Sawada-Kotera equations as were shown in 

(2), (5) and (7) respectively, and were shown to link with Plucker relations in [22]. 

 

 

3. KP, KdV and S-K equations in terms of Maya diagrams and Plucker relations in Sato theory. 

 

We now derive the derivative of 𝜏𝑁 with respect to 𝑥 with the help of Maya diagrams.   

The derivative with respect to 𝑥 of the matrix 𝜏𝑁 is equal to the sum of determinants for 

𝑖 = 1, 2, 3, … , 𝑁 in which the 𝑖th column of 𝜏𝑁 is replaced by its derivative.  But the 

remaining derivative column which is the first column is equal to the second column; the 

derivative of the second column is equal to the third column and so on.  As a result, only the 

determinant with the last column differentiated remains. 

 

By taking the derivative of the last column of 𝜏𝑁 , we are able to obtain the derivative of 𝜏𝑁,𝑥  

such as 

 

𝜏𝑁,𝑥 =

 

 
 

ℎ1
(0)

ℎ1
(1)

… ℎ1
(𝑁−2)

ℎ1
(𝑁)

ℎ2
(0)

ℎ2
(2)

… ℎ2
(𝑁−2)

ℎ2
(𝑁)

⋮ … … … ⋮

ℎ𝑁
(0)

ℎ𝑁
(2)

… ℎ𝑁
(𝑁−2)

ℎ𝑁
(𝑁)

 

 
 

    (11) 

 

 

where we have added one to the superscript (𝑁 − 1) in 𝜏𝑁.  Only the number of derivatives in 

each column of 𝜏𝑁 is taking part in this differentiation whiles the numbers of rows are 

unaffected and remains the same.   
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Maya diagram can be defined as a placement of a bead (bead-filled or without) at each 

position in ℤ + 1
2 , ℤ is an integer, subject to the condition that at all but definitely many 

positions 𝑚 < 0, 𝑚 = 0, 1, … , 𝑁 − 4, 𝑁 − 3, … , are filled with bead-filled positions and all 

but definitely many positions 𝑚 > 0 are filled with empty positions (refer to [18-19]).  For 

instance, Fig.1 shows a vacuum state corresponding to a system of fermionic particles with 

pure energy states, and is given by the following Maya diagram. 

 

 
0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 N+5 N+6 

O O … O O O O        

 

Figure 1: Maya diagram of a vacuum state 

 

We will apply the Maya diagrams to adopt the simple notation  

𝜏𝑁 =  0, 1, … , 𝑁 − 1 = 𝜏,      (12) 

 

𝜏𝑁,𝑥 =  0, 1, … , 𝑁 − 2, 𝑁 = 𝜏𝑥 .     (13) 

 

These can be written in the form of the following Maya diagrams; 

 

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏 = O O … O O O O      

              

𝜏𝑥  = O O … O O O  O     

 

Figure 2: Maya diagrams for notations (12) and (13) 

 

The diagram for 𝜏 above shows that the fermion only occupy on the left hand sides of the 

diagrams while the right hand sides of the cell is empty, which we may considered this 

situation to be the vacuum state.  In the same way, the diagram for 𝜏𝑥  represents the state 

where the fermion occupying the (𝑁 − 1)th cells or the last column is shifting one place to 

the right.  

 

In obtaining the higher order derivatives of 𝜏𝑁  such as 𝜏𝑥𝑥 , it involved the shifting derivative 

of the second last and last columns.  Fermion occupying the (𝑁 − 1)th cell is excited into the 

(𝑁 + 1)th cell.  While fermion occupying the (𝑁 − 2)th cell is excited into the 𝑁th cell.  

Continuing on this pattern for higher derivatives, it is obvious that the derivatives only 

correspond to a shift in certain fermions in the Maya diagrams.   

 

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥𝑥  = O O … O O O   O    

              

 + O O … O O  O O     

              

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥𝑥𝑥  = O O … O O O    O   

              

 +2 O O … O O  O  O    
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 + O O … O  O O O     

              

              

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥𝑥𝑥𝑥  = O O … O O O     O  

              

 +3 O O … O O  O   O   

              

 +2 O O … O O   O O    

              

 +3 O O … O  O O  O    

              

 + O O …  O O O O     

              

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥𝑥𝑥𝑥𝑥  = O O … O O O      O 

              

 +4 O O … O O  O    O  

              

 +5 O O … O O   O  O   

              

 +6 O O … O  O O   O   

              

 +5 O O … O  O  O O    

              

 +4 O O …  O O O  O    

 

Figure 3: Maya diagrams for the derivatives 

 

Consider the derivative 𝜏𝑥2
. By referring to (10), we can see that each column is 

differentiated twice as below 

𝜕ℎ𝑖

𝜕𝑥2
=

𝜕2ℎ𝑖

𝜕𝑥2
 

 

Therefore, the derivative of 𝜏𝑁 with respect to 𝑥2 is 

 

𝜏𝑥2
=  0, 1, … , 𝑁 − 3, 𝑁 − 2, 𝑁 + 1 + [0, 1, … , 𝑁 − 3, 𝑁, 𝑁 − 1] 

 

      =  0, 1, … , 𝑁 − 3, 𝑁 − 2, 𝑁 + 1 −  0, 1, … , 𝑁 − 3, 𝑁 − 1, 𝑁 .   (14) 

 

The minus sign comes from the swapping of any pair of columns, and which means that the 

re-ordering of the columns of the determinant will result in the increase of the number of the 

superscript. 

 

Expressing in terms of the Maya diagrams for 𝜏𝑥2
, we have 
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  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥2
 = O O … O O O   O    

              

 − O O … O O  O O     

 

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥2𝑥2
 = O O … O O O     O  

              

 − O O … O O  O   O   

              

 +2 O O … O O   O O    

              

 − O O … O  O O  O    

              

 + O O …  O O O O     

 

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥3
 = O O … O O O    O   

              

 − O O … O O  O  O    

              

 + O O … O  O O O     

 

  0 1 … N-4 N-3 N-2 N-1 N N+1 N+2 N+3 N+4 

𝜏𝑥3𝑥  = O O … O O O     O  

              

 − O O … O O   O O    

              

 + O O …  O O O O     

 

Figure 4: Maya diagrams for the derivatives of 𝜏𝑥2
and 𝜏𝑥3

. 

 

In the following, we show how the Plucker relations in Sato’s theory and the Hirota bilinear 

forms of KP, KdV and S-K equations are linked by their respective 𝜏-functions via the Maya 

diagrams, and thus verify this conceptual framework. 

 

 

3.1 KP equation 

 

Therefore, in solving the KP equation, we have 

 
  N-2 N-1 N N+1 

𝜏 = O O   

      

𝜏𝑥  = O  O  

      

𝜏𝑥𝑥 − 𝜏𝑥2
 = 2  O O  
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𝜏𝑥𝑥 + 𝜏𝑥2
 = 2 O   O 

      

𝜏𝑥𝑥𝑥 − 𝜏𝑥3
 = 3  O  O 

      

𝜏𝑥𝑥𝑥𝑥 − 4𝜏𝑥𝑥3
+ 3𝜏𝑥2𝑥2

 = 12   O O 

 

 

where we have neglected cells common to all the Maya diagrams.  Substituting these results 

into the KP equation, we obtain another expression 

 

 
 N-2 N-1 N N+1  N-2 N-1 N N+1 

 O O   ×   O O 

          

− O  O  ×  O  O 

          

+ O   O ×  O O  

   

Figure 5: Maya diagrams and Plucker relations for KP equation 

 

These are actually the Plucker relations that were obtained from the bilinear form of KP 

equation (refer [22]). 

 

3.2 KdV Equation 

 

Summarizing the above results in solving the KdV equation, we have 

 

 

𝜏 = O O   

      

𝜏𝑥  = O  O  

      

𝜏𝑥𝑥  = O   O 

      

 +  O O  

      

𝜏𝑥2
 = O   O 

      

 −  O O  

      

𝜏𝑥𝑥𝑥 − 𝜏𝑥3
 = 3  O  O 

      

𝜏𝑥𝑥𝑥𝑥 − 4𝜏𝑥𝑥3
 = −3 O    

      

 +3  O   

      

 +6   O O 
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 +3 O O  O 

      

 −3 O O O  

 

 

Substituting these expressions into the bilinear form of KdV equation, we obtain 

 

 

 

−3 O    × O O   

          

+3  O   × O O   

          

+6   O O × O O   

          

+3 O O  O × O O   

          

−3 O O O  × O O   

          

−12  O  O × O  O  

          

+ O   O × O   O 

          

+2 O   O ×  O O  

          

+  O O  ×  O O  

 

Figure 6: Maya diagrams and Plucker relations for KdV equation 

 

It is clearly shown that the above result is the basis [21] of the Plucker relations where we 

have obtained before [18-19].Therefore; it is proven that KdV equation is connected to the 

Plucker relations. 

 

3.3 Sawada-Kotera equation 

 

By making use of the Maya diagrams in solving the S-K equation, we have 

 

 

𝜏 = O O   

      

𝜏𝑥  = O  O  

      

𝜏𝑥𝑥  = O   O 

      

 +  O O  

      

𝜏𝑥𝑥𝑥  = O    
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 +2  O  O 

      

 + O O O  

      

𝜏𝑥𝑥𝑥𝑥  = O    

      

 +3  O   

      

 +2   O O 

      

 +3 O O  O 

      

 + O O O  

      

18𝜏𝑥𝑥5
+ 2𝜏𝑥𝑥𝑥𝑥𝑥𝑥  = 20 O    

      

 +50 O  O  

      

 +10  O   

      

 +20 O O   

      

 +10    O 

      

 +10  O O O 

      

 +20 O O   

      

18𝜏𝑥5
+ 12𝜏𝑥𝑥𝑥𝑥𝑥  = 30 O    

      

 +30  O   

      

 +90 O O   

      

 +30 O O  O 

      

 +60   O  

      

 +60 O  O O 

 

Substituting these solutions into the Sawada-Kotera equation, we acquire another expression 

i.e. 

 

20 O    × O O   

          

+50 O  O  × O O   

          

+10  O   × O O   
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+40 O O   × O O   

          

+10    O × O O   

          

+10  O O O × O O   

          

−30 O    × O  O  

          

−30  O   × O  O  

          

−90 O O   × O  O  

          

−30 O O  O × O  O  

          

−60   O  × O  O  

          

−60 O  O O × O  O  

          

+30 O    × O   O 

          

+90  O   × O   O 

          

+60   O O × O   O 

          

+90 O O  O × O   O 

          

+30 O O O  × O   O 

          

+30 O    ×  O O  

          

+90  O   ×  O O  

          

+60   O O ×  O O  

          

+90 O O  O ×  O O  

          

+30 O O O  ×  O O  

          

−20 O    × O    

          

−40  O  O × O    

          

−20 O O O  × O    

          

−20 O    ×  O  O 
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−40  O  O ×  O  O 

          

−20 O O O  ×  O  O 

          

−20 O    × O O O  

          

−40  O  O × O O O  

          

−20 O O O  × O O O  

 

Figure 7: Maya diagrams and Plucker relations for S-K equation 

 

According to [18], the fermionic Fock space F is an infinite dimensional vector space.  This 

has a standard basis which can be indexed by a variety of objects [18-19].  Therefore, we can 

conclude that the bilinear form of S-K equation is also related to the Plucker relations.  

 

 

4. Conclusion 

 

From the nonlinear waves equation being considered, i.e. the KP, KdV and S-K equations, it 

was deduced that the 𝜏-function in the bilinear forms of Hirota scheme for the respective 

nonlinear equations, via the Maya diagrams are closely associated to the Plucker relations in 

Sato theory.  Therefore in terms of Maya diagrams, we may conclude that the 𝜏-function is 

essential in indicating this relation between Hirota’s direct method and Sato’s theory. The 

above deliberations showed that Hirota’s method is linked to Sato theory, and the Hirota-Sato 

formalism brings to light that the 𝜏-function, which underlies the analytic form of soliton 

solutions of the related nonlinear waves equations. The Kadomtsev-Petviashvili (KP), 

Korteweg-de Vries (KdV) and Sawada-Kotera equations have been used to corroborate this 

theoretical framework. 
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