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Abstract The unsteady mixed convection flow over a cylinder of elliptic cross section
when the major axis is horizontal (blunt orientation) or vertical (slender orientation)
near forward stagnation point is studied. The unsteadiness is due to an impulsive
motion on the free stream. The governing boundary layer equations are first reduced
into a non-dimensional form, and then transformed into a set of non-similar boundary
layer equations, which are solved numerically using an efficient implicit finite-difference
method known as Keller-Box method. The numerical results are obtained for various
values of the Prandtl number, Pr, the mixed convection parameter, α and parameter for
blunt and slender orientation, ω. The effects of these parameters on velocity profiles,
temperature profiles as well as Nusselt number are presented through graphs and
tables. The results show that as the mixed convection parameter, α is increased, the
velocity of the fluid is increased but the temperature of the fluid is decreased, for
both blunt and slender orientations. Furthermore, the slender orientation gives earlier
separation times for opposing flow while there is no separation of flow detected for the
assisting flow.
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1 Introduction

In these recent years, unsteady flows have become significant in both different category
of fluid mechanics and convection in heat and mass transfer. The problem of unsteady
convective heat transfer has long been a major subject in the heat transfer theory because
of its great importance from both theoretical and practical viewpoint. The extra indepen-
dent variable time which has been considered in the unsteady problem can increase the
complexity of its solving procedure. The unsteady effects can arise in two situations. The
first situation is due to self-induced motion of the body and the second situation is due to
the fluctuations or nonuniformities in the surrounding fluid. Besides that, some devices are
required to execute time-dependent motion in order to perform their basis functions [1].

In general, unsteady viscous phenomena play an important role in the reentry of space
vehicles. Unsteady viscous flows have been studied quite widely and all the characteristic
features of unsteady effects are now more or less familiar to fluids mechanists. The problem
of unsteady mixed convection boundary layer flow of Newtonian and Non-Newtonian fluid
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past a circular cylinder have been considered by Ingham and Merkin [2] and Ali et al. [3],
respectively. In addition, the study of stagnation point flow has attract much attention
because of its capability in providing the governing equations to be much simplified besides
allowing the process of bringing out all the essential features. The stagnation point solution,
though it may valid in a small region in the vicinity of stagnation point, may function as a
starting solution for the solution over the entire body, as proven by Lok [4].

Many researchers had been working on elliptical cylinder problem. In 1977, Merkin [5]
was working on steady free convection with elliptic cross section problem. A study on
steady forced convection was conducted by D’Alessio et al. [6]. In 1995, Chadna [7] had
been researching on flow past an elliptic cylinder. Choi and Lee [8] investigated turbulent
boundary layer on elliptical cylinder. Khan et al. [9] solved the elliptical cylinder problem
by using analytical approach. In this paper, the problem is solved using semi-analytical
approach. Several type of flows had been considered previously such as laminar flow [5], [6],
creeping flow [10], potential flow [11] and flow inclined to the stream [12]. Furthermore,
various types of fluids were considered by researchers. Bhattacharyya and Pop [13], and
Cheng [14] were working on elliptical cylinder problem with micropolar fluids. Cheng [15]
were also investigating in porous media. There are studies conducted to investigate elliptical
cylinder problem on power-law fluids by Bharti et al. [16], and Rao et al. [17].

On the other hand, different effects had been studied in understanding the behaviour
of fluid flows. Facas [18] had considered elliptical cylinder surface as a heat source. The
effect of thermal radiation was investigated by Hossain et al. [19]. Cheng had been working
on the effect of temperature dependent viscosity [14] and internal heat generation of an
elliptical cylinder [20]. Ahmad et al. [21] had studied the constant surface heat flux of an
elliptical cross section. Investigations on the effect of Grashof numbers, both small and
large, were conducted by D’Alessio et al. [22], [23].But very few researches had considered
the unsteadiness of the flow past an elliptic cylinder. The unsteady problem had been
conducted on free convection [23] and forced convection [24] but so far, no research had
considered the mixed convection. This study focuses on the unsteady mixed convection on
the fluid flow past an elliptic cylinder.

2 Mathematical Formulation

Consider the problem of unsteady mixed convection flow over horizontal cylinders of elliptic
cross section for both cases, blunt and slender orientations, near forward stagnation point
subjected to constant surface temperature. This cylinder is placed in viscous and incom-
pressible fluid of free stream velocity, U∞ and ambient temperature, T∞. The physical
model of this problem is shown in Figure 1 while Figure 2 shows the physical model and
coordinate system when the fluid is passing near forward stagnation point.

Following Merkin [5], we assume that at the same time, a uniform stream 0.5U∞ at
large distance from the cylinder is impulsively started and flows vertically upward. The
dimensional governing equations for the problem considered in this study are as follows:
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Figure 1: Physical model and coordinate system: (a) blunt orientation (b) slender orienta-
tion
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subject to the following initial and boundary conditions

t < 0 : u = v = 0, T = T∞ for any x, y,

t ≥ 0 : u = v = 0, T = Tw at y = 0 and u→ 0, T → T∞ as y → ∞.
(5)

where ρ is the density of the fluid that flow pass, g is gravitational acceleration, β is the
thermal expansion coefficient, c

ρCp
is the constant thermal diffusivity of the fluid and µ is

the dynamic viscosity. Following Ali et al. [3], non-dimensional variables are introduced to
obtain (1)-(4) in non-dimensional form as below:
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where Re= aU∞

v is Reynolds number.
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Figure 2: Physical model and coordinate system when the fluid is passing near stagnation
point in (a)blunt orientation and (b)slender orientation.
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Substituting these non-dimensional variables into (1)-(4), we obtain

∂u

∂x
+
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∂y
= 0, (7)
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where α is the mixed convection parameter which is denoted as α = Gr
Re and by apply-

ing Bernoulli equation, the pressure gradient may be expressed in free stream velocity, ue,

where ue
2

2 + p = constant. Equation (9) shows that pressure is independent of y. Thus
dp
dx = −ue

due

dx and since the characteristic of equation (9) has been embedded in equation
(8), the number of governing equations are then reduced into 3 equations.

According to Ali et al. [3], the flow near cooled body (T∞ < Tw) leads to negative
value of the mixed convection parameter, α (α < 0) since the buoyancy force would oppose
the flow. This flow is called opposing flow. In contrast for assisting flow, when T∞ > Tw
(heated body), the value of mixed convection parameter α leads to positive (α > 0) since
buoyancy forces facilitate the convection motion. The initial and boundary conditions (5)
become:

t < 0 : u = v = T = 0, for any x, y,

t ≥ 0 : u = v = 0, T = 1 at y = 0,

u = ue(x), T = 0 as y → ∞.

(11)

Then, similarity transformation with similarity variables as stated below is used to solve
(7)-(10),

ψ = t
1

2ue(x)f(x, η, t), T = s(x, η, t), η =
y

t1/2
. (12)

where ψ is the stream function defined as u = ∂ψ
∂y and v = −

∂ψ
∂x .

Substituting (12) into (7)-(10), the following system of equations is obtained
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subject to the initial and boundary conditions

t < 0 : f =
∂f

∂η
= 0, s = 0, for any x, η,

t ≥ 0 : f =
∂f

∂η
= 0, s = 1, for any η = 0,

∂f

∂η
= 1, s = 0, for any η → ∞,

(15)

According to Ahmad et al. [21], there are two orientations to be considered in elliptic cross
section; blunt orientation when the major axis is horizontal and when the major axis is ver-
tical (slender orientation). x and sin(φ) are given parametrically in terms of the eccentric
angle γ by the following relations

x =
∫ γ

0 (1 − e2 sin2 z)1/2dz, sinφ = b
a

sin γ

(1−e2 sin2 γ)1/2 (16)

for the blunt orientation and
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0
(1 − e2 cos2 z)1/2dz, sinφ = b

a
sin γ

(1−e2 cos2 γ)1/2 (17)

for the slender orientation. b is the length of the semi-minor axis and e is the eccentricity
given by e = 1 − b/a

2
. Thus, ω = b/a or ω = (a/b)

2
for blunt and slender orientations,

respectively.

3 Solutions at Forward Stagnation Point

In this paper, only the case of forward stagnation point of a cylinder cross section is under

consideration. Therefore, sin(φ)
ue(x) → ω as x tends to 0 according to Bhattacharyya et al. [13].

In addition, following Ingham and Merkin [2], it is assumed that ue(x) = sinx. Hence,
ue = 0 and ∂ue

∂x = 1 for the case of forward stagnation point. Thus, the governing equations
become as follow at the forward stagnation point:
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subject to the boundary conditions
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(20)
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4 Results and Discussions

The system of governing equations at forward stagnation point (17)-(18) is solved numer-
ically by using the Keller-Box method which is the method that had been used by Ali
et al. [3]. The numerical results obtained including velocity profile, temperature profile,
the skin friction coefficient, the Nusselt number and the separation times near the forward
stagnation point for blunt and slender orientations.

It is worth mentioning that when ω = 1, the major axis and the minor axis are having the
same length which means the object is now a circular cylinder. Therefore, in order to verify
the present result, the value of separation time of the boundary layer near forward stagnation
point (x = 0) for particular Prandtl number,Pr and mixed convection parameter,α are
compared with those reported by Ali [25] for the case k = 0 (viscous fluid), as shown in Table
1. These results are found to be in excellent agreement. In Figure 3, the results obtained
in this study had been compared with the results reported by Ingham and Merkin [2] and
again, there are good agreement between the results. The mixed convection parameter,α
considered in Figure 3 are in the range from -5 to 2.

Table 2 presents separation times along the cylinder of the elliptic cross section for some
values of ω near forward (x = 0) stagnation point for Pr = 1 and α = −3 (opposing flow)
for both cases, blunt and slender orientations. It is noticed that the separation times are
increased with increasing ω for the case of slender orientation. It is observed that the
flow does not separate at the forward stagnation point when ω = 0.1, 0.25 and 0.5 for the
case of blunt orientation. The same behavior of the flow are observed when Pr = 7 and
α = −3. For this case, the separation times along the cylinder of the elliptic cross section
near forward stagnation point for some values of ω are presented in Table 3. It can be seen
that the separation times are increasing as the value of Pr increases for each value of ω on
both cases, slender and blunt orientations at forward stagnation point. Table 4 shows the
separation times along the cylinder of elliptic cross section near forward stagnation point
(x = 0) when Pr = 7 and α = 1.25 (assisting flow). The opposite trend can be seen where
the separation times decrease with the increasing ω. When the case of slender orientation
is considered, there are no separation times at forward stagnation point.

Figure 4 shows the variation of the separation times ts for the boundary layer flow near
the forward stagnation point (x = 0) of elliptic cylinder. In this figure, the mixed convection
parameter α is considered in the range −5 ≤ α ≤ 2 while the values of axis ratio b/a are
taken as b/a = 0.1, 0.25, 0.5, 0.75 while ω = 100, 16, 4, 1.7778 for slender orientation. It can
be seen that near the forward stagnation point, the separation times for the case of blunt
orientation are delayed compared to the case of slender orientation for the opposing flow
(α < 0). It is noted that there are no separation times obtained for assisting flow (α > 0)
and also when ω = 0.1, 0.25. Furthermore, the separation times near forward stagnation
point for the blunt orientation are higher than the separation times for slender orientation.

Figure 5 show the velocity profiles for some values of time t and mixed convection
parameter α when Pr=1 for both cases, blunt and slender orientation, respectively. For the
case of blunt orientation, it is clear that an increasing value of α leads to the increasing
values of velocity profiles. Moreover, when α = 2 (assisting flow), values of velocity are
higher compared to the case of α = −3 (opposing flow). Near the forward stagnation
pooint, the values of velocity increase rapidly as the values of time, t increase when α
is fixed. Furthermore, it is observed that as t increases, the boundary layer thickness



116 Madina Jamaludin, Nurul Farahain Mohammad, Sharidan Shafie and Anati Ali

increases significantly. The similar behaviour of velocity profiles as discussed above are also
observed for the case of slender orientation. Evidently, the values of velocity are increased
by increasing α. In addition, when α = 2 (assisting flow), the values of velocity are higher
compared to the case when α = −3 (opposing flow). It can be seen also for α = 2 (assisting
flow), the values of velocity are increased with increasing time t. However, a different
behaviour is observed for α = −3 (opposing flow) where as t increases, the value of velocity
decreases. Moreover, it can be seen that the flow reversal occurred when α = −3 (opposing
flow) due to the fact that there are negative values of velocities. In addition, this region of
flow reversal grows larger as t increases. Similarly to blunt orientation, as t increases,the
boundary layer thickness increases sequencely.

Figure 6 display the velocity profiles near the forward stagnation point of the elliptic
cylinder for various values of ω when Pr=1 and Pr=7 for the case of slender orientation
and blunt orientation, respectively. It is noticed that the values of velocity decreases with
increasing ω for both cases. As expected, flow reversal occurred for the case of slender
orientation as shown in Figure 6(b) due to the fact that there are velocities with negative
values. These regions of flow reversal grow larger when the value of ω becomes greater. It
can be seen from these figures, the region of flow reversal are larger when Pr=1 compared
to the case of Pr=7.

Figure 7 portray the velocity profiles near the forward stagnation point of the elliptic
cylinder for various values of Pr for the case of slender orientation (ω = 4) and blunt
orientation (ω = 0.5) when t = 0.15 and α = 1. It is observed that the value of velocity
decreases as the Prandtl number, Pr increases.

Figure 8 demonstrate the temperature profiles for some value of time ,t and mixed con-
vection parameter,α when Pr=1 for the case of blunt and slender orientations, respectively.
For the case of blunt orientation, velocity decreases with increasing time,t. However,for
the case of slender orientation, the temperature increases for α = −3 (opposing flow) and
decreases for α = 2 (assisting flow) with increasing time t. For both cases, it is noted that,
as t increases, the thickness of the thermal boundary layer decreased. A similar pattern can
be observed when the value of α increases.

Figure 9 illustrate the temperature profiles for some values of ω and Pr when t = 0.15
and mixed convection parameter, α = −3 for the case of blunt and slender orientations,
respectively. It is noted that when the Prandtl number,Pr is fixed, the value of temperature
unchanged with increasing ω for the case of blunt orientation. Nevertheless, different pattern
can be seen for the case of slender orientation as shown in Figure 9(b). In this figure, it
is observed that near the forward stagnation point the values of temperature increase with
increasing ω for both Pr=1 and Pr=7. On the other hand, both cases show that the values
of temperature decrease with increasing Prandtl number, Pr. In addition, the thermal
boundary layer thickness also decreases significantly. According to Ahmad [21], it is due to
the fact that an increasing Pr will lead to a decrease of thermal diffusivity where it leads to
the decrement on energy transfer and thus, decreases the thermal boundary layer. These
patterns of temperature profiles are similar to those produced by Ali [25] for the problem of
unsteady forced convection of boundary layer from a circular cylinder in a micropolar fluid.

On the other hand, Figure 10 present the variation of the Nusselt number, NuRe−1/2

versus t for various value of ω and Pr when α = −3 for blunt and slender orientations. It
can be seen that Nusselt number is unchanged with increasing ω for blunt orientation. In
spite of this, different pattern is found for the case of slender orientation where the Nusselt



Unsteady Mixed Convection Flow over a Cylinder of Elliptic Cross Section 117

number decreases with increasing ω. In addition, it is observed that the Nusselt number is
higher for the case of Pr=7 compared to the case of Pr=1. This pattern of Nusselt number is
similar to those obtained by Ali [25] for the problem of unsteady mixed convection boundary
layer from a circular cylinder in micropolar fluid.

The variation of the Nusselt number with t for various value of Pr near the forward
stagnation point for both cases, blunt and slender orientations, respectively is shown in
Figure 11. It is noticed that by increasing the value of Prandtl number, Pr will lead to an
increase of Nusselt number.

Figure 12 display the variation of the Nusselt number with t for some values of ω and α
near the forward stagnation point for blunt orientation and slender respectively. From this
figure, it is noted that there are no effects of mixed convection parameter, α on the values
of Nusselt number for blunt orientation. However, when slender orientation is considered,
the Nusselt number is lower for the case of α = −3 (opposing flow) compared to the case
of α = 2 (assisting flow) near the forward stagnation point. On the other hand, the skin

friction CfRe1/2 is given as CfRe1/2 = ue

t1/2

(

∂2f
∂η2

)

η=0
. It is noticed that for the problem

near the forward stagnation point, the values of skin friction, CfRe1/2 are equal to zero
since at this point the value of ue(x) is zero.

5 Conclusion

From the study conducted, it can be concluded that skin friction coefficient are equal to
zero near the forward stagnation point. Near the forward stagnation point, it is found that
the Nusselt number is fixed with increasing ω for the case of blunt orientation. However,
for the case of slender orientation, the Nusselt number near the forward stagnation point
is decreased. Furthermore, The velocity profiles for both blunt and slender orientations
near the forward stagnation point are found to be increased due to the effect of increasing
mixed convection parameter. In addition, as the mixed convection parameter increases,
the temperature near the forward stagnation point is decreased for both cases, slender
and blunt orientations. Also, near the forward stagnation point it is found that as the
mixed convection parameter increases, the Nusselt number is fixed for the case of blunt
orientation. However, for the case of slender orientation, the Nusselt number near the
forward stagnation point is increased. Moreover, the increasing value of Prandtl number,
Pr leads to a decrease in the velocity and temperature of the fluid for slender and blunt
orientations near the forward stagnation point. Meanwhile, the Nusselt number is found
to be increased due to the increasing of Prandtl number, Pr. For separation of flow near
the forward stagnation point, the slender orientation gives the earlier separation times for
opposing flow. Nevertheless, no separation times is detected for the assisting flow.
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Table 1: Comparison of separation time at forward stagnation point for Pr = 1 and α = −3
when ω = 1

stagnation Prandtl mixed Ali [25] Present
point,x number,Pr convection

parameter,α separation time,ts separation time,ts

0 1 -3 0.7012 0.7012

−5 −4 −3 −2 −1 0 1 2
−1

−0.5

0

0.5

1

1.5

2

t s

α

 

 

Present

Ingham and Merkin (1981)

Figure 3: Variation of separation times near forward stagnation point when Pr=1

Table 2: The separation times, ts of the cylinder of elliptic cross section near forward
stagnation point (x = 0) for Pr=1 and α = −3 (opposing flow)

ω

Blunt orientation,ω = b
a

Slender orientation,ω = (a
b
)2

0.1 0.25 0.5 0.75 100 16 4 1.7778

ts - - - 1.5210 0.0033 0.0215 0.0954 0.2652
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Table 3: The separation times, ts of the cylinder of elliptic cross section near forward
stagnation point (x = 0) for Pr=7 and α = −3 (opposing flow)

ω

Blunt orientation,ω = b
a Slender orientation,ω = (ab )

2

0.1 0.25 0.5 0.75 100 16 4 1.7778

ts - - - - 0.0060 0.0361 0.1233 0.2252

Table 4: The separation times, ts of the cylinder of elliptic cross section near forward
stagnation point (x = 0) for Pr=7 and α = 1.25 (assisting flow)

ω

Blunt orientation,ω = b
a

Slender orientation,ω = (a
b
)2

0.1 0.25 0.5 0.75 100 16 4 1.7778

ts - - - - - - - -

−5 −4 −3 −2 −1 0 1 2
−1

−0.5

0

0.5

1

1.5

2

α

t s

 

 

ω = 0.5

ω = 0.75

ω = 100

ω = 16

ω = 4

ω = 1.7778

Figure 4: Variation of separation times near forward stagnation point when Pr=1 for various
value of ω and α
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(b)

Figure 5: The velocity profiles at x = 0 (forward stagnation point) for some values of α and
t when Pr=1 in (a)blunt orientation (ω = 0.5) and (b)slender orientation (ω = 4)
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Figure 6: The velocity profiles at x = 0 (forward stagnation point) for some values of ω and
Pr when t = 0.15 and α = −3 in (a)blunt orientation (ω = 0.5) and (b)slender orientation
(ω = 4)
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Figure 7: The velocity profiles at x = 0 (forward stagnation point) for some values of
Pr when t = 0.15 and α = 1 in (a)slender orientation (ω = 4) and (b)blunt orientation
(ω = 0.5)
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Figure 8: The temperature profiles at x = 0 (forward stagnation point) for some values of
α and t when Pr=1 in (a)blunt orientation (ω = 0.5) and (b)slender orientation (ω = 4)



122 Madina Jamaludin, Nurul Farahain Mohammad, Sharidan Shafie and Anati Ali

0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

η

s
 (

 η
 )

ω = 0.1, 0.25, 0.5, 0.75

Blunt :

        Pr = 1

        Pr = 7

(a)

0 2 4 6 8 10

0

0.2

0.4

0.6

0.8

1

η
s
 (

 η
 )

ω = 1.7778, 4, 16, 100

ω = 1.7778, 4, 16, 100

Slender :

        Pr = 1

        Pr = 7

(b)

Figure 9: The temperature profiles at x = 0 (forward stagnation point) for some values of
ω and Pr when t=0.15 and α = −3 in (a)blunt orientation and (b)slender orientation
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Figure 10: Variation of the Nusselt number with t at x = 0 (forward stagnation point) for
various value of ω and Pr when α = −3 for (a)blunt orientation and (b)slender orientation
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Figure 11: Variation of the Nusselt number with t at x = 0 (forward stagnation point) for
various value of Pr when α = 1 for (a)blunt orientation and (b)slender orientation
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Figure 12: Variation of Nusselt number with t near forward stagnation point for some value
of ω and α when Pr=1
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