SOME NUMERICAL METHODS OF DIFFUSION EQUATION FOR DIC
TECHNIQUE

Norma Alias, Hafizah Farhah Saipan Saipol? and Asnida Che Abd. Ghani®
YIbnu Sina Institute, Faculty of Science, Universiti Teknologi Malaysia,
81310 UTM, Johor Bahru, MALAYSIA.
23Department of Mathematics, Faculty of Science, Universiti Teknologi Malaysia, 81310 UTM, Johor Bahru,
MALAYSIA.
Email: 'norma@ibnusina.utm.my, {msc.hafizah, ®msc.asnida}@gmail.com

ABSTRACT

Food drying is one of the common techniques for
preserving food to decrease the moisture content and
minimize the biochemical reactions of degradation.
This paper focuses on the mathematical modeling of
tropical fruits dehydration using instant controlled
pressure drop (Détente Instantanée Controlée or
known as DIC) technique. The mathematical model
is described based on the Fick’s second type law [1].
Neglecting the effects of shrinkage, the Fick’s law is
transformed into one dimensional partial differential
equation (PDE) with parabolic type. The
discretization of the PDE is based 3 points weighted
finite difference approximation. The simulation of the
diffusion equation is illustrated through some
numerical iterative methods; Jacobi, Gauss Seidel,
Red Black Gauss Seidel and Successive Over
Relaxation (SOR) methods. The sequential algorithm
is developed by using Matlab 7.6.0 software with
R2008a version supported by Intel®Core™
Processor. The numerical analyses of these iterative
methods are compared in terms of number of
iterations, time execution, maximum error, root mean
square error and computational complexity cost.
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1 INTRODUCTION

Drying is an industrial preservation technique to
reduce the water content of the food product and
to minimize biochemical reactions of the
degradation [2]. The dehydration process of
fruits, vegetables and other products are
implemented to enhance storage stability, to

minimize packaging requirements and to
decrease the food weight by maintaining the
food nutrient. The most applicable techniques to
keep the fruits fresh and dry including freeze,
vacuum, osmotic, cabinet, fluidized bed, spouted
bed and microwave drying, and combinations
thereof [3].

Another alternative technique of dehydrating
process is DIC technique. The DIC technology
was initially developed by Allaf et al., (since
1988) in the University of La Rochelle, France.
The instant pressure-drop modifies the texture of
the material and intensifies functional behavior,
[4]. There are three stages involved in DIC
drying. At the first stage, the vacuum condition
is created. The second stage, the steam is
injected to the material for several second and
proceeds with the sudden pressure drop toward
vacuum. The third stage, the sudden pressure
drop causes quick cooling of the treated material
and massive evaporation of the water content.
The diagrammatic layout of the DIC can be
shown in Figure 1 [5].

Pricumatic System
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Figure 1. Schematic diagram of the DIC reactor: (a)
treatment vessel with heating jacket, (b) vacuum tank with
cooling liquid jacket, (c) vacuum pump and (d) instant
pressure drop valve.
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The four prevailing transport types intervene
during drying process are as following [4].

(i) internal heat transfer transmits the energy by
heat conduction condition,

(if) external heat transfer carries out the energy
based on convection or radiation process,

(iii) internal moisture mass transfer carries out
the water content in liquid and vapor phase,

(iv) external mass transfer process.

The high accuracy of mathematical model
generates the high impact in designing and
analyzing the simultaneous heat and moisture
transfer modeling. Drying models can be
classified into three major groups; empirical,
semi-empirical and  theoretical  equation.
Empirical equations are valid for specific
processes. The basic heat and mass transfer
models forming the simultaneous linear of
equations systems based on Fick’s diffusion
theory. This comprehensive model associates
with energy, mass and momentum transport
equations and thermodynamically interactive
fluxes [6]. Empirical and semi-empirical models
such as Newton (or Exponential), Page,
Henderson & Pabis, Simplified Fick’s diffusion,
Logarithmic, two term, two term exponential,
Verma et al., Wang & Singh and many other
models have been used to describe the extensive
of the drying Kinetics [7-10]. The theoretical
model based on the numerical simulation has
been reported by Wang & Sun [11].

[4, 12, 13] adopted Crank Nicolson’s scheme to
the geometry of solid matrix and diffusion
equation [14]. Zarguili et al. [15] solved the first
order PDE of mass transfer equation by using
integration and numerical methods. All programs
were run using the SIGMAPLOT software. Al
Haddad et al. [16] reported that the Fick’s law
for the drying kinetics was controlled the mass
transfer within the food material.

2 MATHEMATICAL MODELING

The theoretical studies on dehydration process
are based on the pure mass transfer, heat transfer
properties and its effects on drying process [1].
The diffusion and capillary action of the mass
transfer equation are based on Fick’s second law
as the following,

Mﬂ(* —\*/m):—Deff grad[MﬂJ 1)

m m

where M is the apparent density of water in the
food material, M, is the apparent density of dry
material, Vu is absolute velocity of water flow

within porous medium, Vn is the absolute
velocity of solid medium and D, is the
effective diffusivity of water within the solid
medium.

Using the hypothesis of diffusion equation and
the effects of drying shrinkage, equation (1)
becomes

2
ﬂ:Deﬁ[a MJ

ot Ox?

)
Some assumptions have been made to solve the
PDE with parabolic type [17]:

1. Solid temperature remained constant and
equal to air temperature during drying
process.

2. Uniform initial moisture distribution.

3. Fruits slice was considered as a thin slab of
thickness L,=2l. Both sides of the slice are
exposed to uniform airflow at constant
temperature.

4. External resistance to the mass transfer was
negligible.

The initial and boundary condition are as follows
[18];

M(x,00=M, at x=0, %—'\:{Izo andat x=b,
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the moisture balance can be written as

oM
Deff pdp & = _hmpair(Mi - Mair)

where p,, is the density of drying process, p,;
Is the density in ambient air flow, h_ is the
mass transfer coefficient, M, is the interface

moisture content (kg water vapor/kg dry air) and
M. is the air moisture content (kg water

vapor/kg dry air). The effective diffusion
coefficient, D, can be represented as,

Ea
Dy =D, exp L— mj 3)

where D, is the effective diffusivity coefficient

(m?/s); D, is pre-exponential factor Arrhenius

equation (m?/s); Ea is activation energy (kJ/mol);
R is gas constant, 8.3 Jmol K; and T is air
temperature (°C).

The mass transfer coefficient, h, is computed
using the following relationship [9]

h, = %(2 +0.522Re® Sc°%) 4)

Reynolds number, Re and Schmidt number, Sc
are defined as

Re=\i and Sc= 5)
v Dair
where D,;., L, v and V are diffusivity of vapor

into air, length of food, kinematic viscosity of air
and air velocity, respectively. Assuming one-
dimensional equation is investigates involving
some parameters of moisture transfer,
homogeneous and spherical shape of the product
sample. The initial condition is uniform moisture
distribution with non-shrinking. The analytical
solution of Fick’s equation [14] is given by
equation (6),

M — M © 1 N*7z°Dyt

(6)

where M. is the equilibrium moisture content, L

is the half thickness of the slice and n is the
Fourier’s series number.

2.1 Discretization

The weighted finite difference approximation for

1
"2

Equation (2) at in,t_ 1J grid is given by
. . 1 1
Equation (7) with Oseszand Egesl,

Mi(j+l) _Mi(i) _ Deff [eéfMi(jﬂ) +(1_9)5X2Mi(i)]

At (Ax)?
(7)

governing the 3 points formula

)+ (L+226D4 M, .,
=D, (1- 9)(M i1t Moy )+ [l_ 27D, (1~ 9)]Mi,j

- /w)Deff (M i-1,j+1 +M,

i+1, j+1

(8)

where i=12,..m, j=12..T and 2=t
(Ax)

Equation (8) can be considered for three

methods. There are an explicit, Crank Nicolson

and implicit methods. The equation depends on
the value of variables, 6 = 0,% or 1 respectively.

The methods used to solve the discretization are
Jacobi, Gauss Seidel (GS), Red-Black Gauss
Seidel (RBGS) and Successive Over Relaxation
(SOR). These methods will be discussed in the
next section.

2.2 lterative Methods

The governing equation (2) which describes the
drying characteristic is solved numerically.
Jacobi, GS, RBGS and SOR methods are the
selected scheme for solving the discretization of
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parabolic equation. The transformation of the
simultaneous linear system of equations into
matrix form is used to solve Equation (8).

Jacobi method is a simple and fundamental
iterative method. Jacobi method computes the
value of u for each component respect to x
andy.

M D = (loi ->.a,M{ )/aii , i=123..,m.

Gauss Seidel method is an enhanced version of
the Jacobi method. The calculation of this
method is as follows

(ks1) _ (k) (k+1)
M _(bi—Zaqu > a;M! lj/aii,

j>i j<i

1=123,..,m.

Red Black Gauss Seidel method contains two
subdomain, QF and Q" . Red point depends on
the black point, and vice-versa. The loop starts
by computing the odd points, from the bottom
left and then going up to the next row and so on.
When the all odd points are finished, do the
black ones. The red black grid is illustrated in
Figure 2.
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Figure 2. The grid for red and black points.

i) The grid calculation at QF

M D :[bi -2 M =3 aMi j/aii ’

j>i j<i

1=135,..,m-1

ii) The grid calculation at Q"

M :(bi -2 M =2 M J(kﬂ)J/aii ’

j>i j<i

1=2406,..,m.

SOR method is a variant of the Gauss Seidel
method resulting in faster convergence. The
formula is given by

M i(k+:|.) — (1_ C())M fk) + ﬁLbl _ Za” M J(k) . Za” M J(k+l)J,
a

ii j>i j<i

O<w<2,1=123,...,m.

However, for % :1, the SOR method reduces to
Gauss Seidel method.

These methods are repeated until it reaches the
stopping criterion such that [M & - M| < g

where ¢ is the convergence criterion.
3 SEQUENTIAL ALGORITHM

Figure 3 shows the sequential algorithm for
numerical simulation of the parabolic equation.
The computation iterates until it fulfills the

stopping criterion.

¥
l Initial Condition |

k
| Boundary Conditions |

¥

! !+ A

X

Numerical methods
under consideration

Figure 3. Sequential algorithms for numerical simulation
of parabolic equation.
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4 NUMERICAL ANALYSIS

Based on the weighted finite difference
approximation, a computer program was
developed and implemented in MATLAB
software to simulate the fruit drying process
using some numerical methods which are Jacobi,
Gauss Seidel, Red Black Gauss Seidel and SOR
methods. The CPU is supported by
Intel®Core™ based on Dualcore processors. The
initial and boundary conditions are stated in
Section 2 while the properties of fruits and
physical conditions are illustrated in Table 1. In
order to validate the numerical results, the
obtained data were compared with the analytical
solution, Equation (6).

Table 1. Fruits properties and physical conditions

D, 1.06x10°°
L  5mm

M, 3kg/kg
T  600s

The numerical analysis of the weighted finite
difference schemes for each method is illustrated
Table 2. The analysis of the iterative methods is
based on the time execution, number of iteration,
computational cost, maximum error and root
mean square error (RMSE). The formula for
RMSE is given by

N 2
RMSE = \/Z (MED —M®OP /N

The comparison between the iterative methods
was done for 1.0e—5 tolerance rate and
N =100 data size.

Table 2. Numerical analysis for different methods based
on Crank-Nicolson and implicit formula.

6=05 0=1

Numerical JB

. GS RBGS SOR JB GS RBGS SOR
Analysis

Time exec (s) | 0341232 0.119965 0.110728 0.072224 0.621533 0.169252 0.10692 0.057458

No. of iteration 106 44 45 21 191 72 73 23

Comp. | Add 1070 450 690 286 1920 730 1110 312

cost | Mult. 1712 720 1058 484 3072 1168 1702 528

Absolute error | 9.91612e-6 | 8.38281e-6 | 9.17722e-6 | 8.30280e-6 | 9.74428e-6 | 9.82251e-6 | 9.68803e-6 | 9.88208e-6

RMSE 3.36135e-6 | 2.08894e-6 | 2.95750e-6 | 9.78374e-7 | 3.82967¢-6 | 2.91529¢-6 | 3.52434e-6 | 2.47915¢-6

From Table 2, SOR method shows the best
performance which is more accurate and
performs faster than RBGS, GS and Jacobi. SOR
provides the lowest number of iteration and the
shortest time of execution to converge. The
accuracy method is determined by computing
RMSE. The lowest value of RMSE represents
the most accurate method. Absolute error also
can describe the accuracy of each method. From
Table 2, it is shown that SOR is the most
accurate method due to the smallest value of
RMSE. Therefore, from the obtained results,
SOR is the alternative method with the lowest
computational complexity, time of execution,
number of iteration and convergence rate.

The visualization of the mass transfer is shown
in Figure 4 and 6. Figure 4 and 6 show the
moisture content based on the numerical and

analytical solution for & :% and #=1. As time

goes on, the rate of evaporation of moisture
decreases. Figure 5 and 7 illustrated the error
between the analytical and numerical which are

range between 1.23 and 6.52x107* for
9:% and between 2x10™" and 7x107 for

0=1.

Humerical Solution for Crank Micolson Method
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Figure 4. Numerical and analytical analysis of moisture

content when , _ 1.
2
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Figure 5. The analysis of error between the numerical and

analytical solution when , _1.
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Figure 6. Comparison between numerical and the
analytical for moisture content values when g-1.
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Figure 7. The analysis of error between the numerical and
analytical solution when 9 =1.

5 CONCLUSION

A mathematical modeling based on PDE with
parabolic type is used to present the mass
transfer of drying process using DIC technique.
The discretization of the governing equation is
solved based on the Crank Nicolson method

(when 9:%) and implicit method (when

¢ =1). The weighted finite difference schemes
are solved using Jacobi, Gauss Seidel, Red Black
Gauss Seidel and SOR method. The result of the

numerical analysis is compared based on the
time  execution, number of iteration,
computational cost, maximum error and root
mean square error (RMSE). In order to validate
the numerical results, the obtained data were
compared with the analytical solution [14]. The
visualization of the mathematical modeling using
MATLAB software has shown that the rate of
evaporation of moisture decreases as time goes
on. The results obtained have proved that the
mathematical model is capable to simulate the
mass transfer distribution through numerical
method approach.
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