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Abstract

The nonabelian tensor squares and homological functors for many groups have been deter-
mined by many authors. The nonabelian tensor squares have been determined for all 2-Engel
groups in 1997 by Bacon, Kappe and Morse. In 2003, Bacon and Kappe determined some
homological functors for the non-abelian 2-generator p-groups of class 2. In this talk, the
nonabelian tensor squares and homological functors for certain other classes of groups will be
presented. Some of the results have been verified by Groups, Algorithms and Programming
(GAP) software.
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1 Introduction

The nonabelian tensor square GRG of a group G is a special case of the nonabelian tensor
product GRH of two arbitrary groups G and H that was introduced by Brown and Loday in
[3,4] and arises from applications of a generalized Van Kampen theorem in homotopy theory.

For all g,h € G let 9h = ghg™" and [g,h] = ghg~'h~!. Then G®G is defined as the group
generated by the symbols g®h, for g,h € G, subject to the relations;

gh®k = (9h&@9k)(gk) and gohk = (9oh)("g&"k),

for all g, h,k € G.

The definition guarantees the existance of an epimorphism x : G ® G — G’, defined on the
generators by k(g ® h) = [g,h], for all g,h € G. Let J(G) be the kernel of the map &, i.e
J (G) = ker (k) and J(G) is a G-trivial subgroup of G®G contained in its center. Consistent
with the notation and terminology in [5], let V (G) denote the subgroup of J(G) generated by
the elements © ® x for x € G for z,y € G. The group (G ® G)/V (G) is called the nonabelian
exterior square of G, and is denoted as G AG. The map « factorizes modulo V(G), thus inducing
an epimorphism £’ : G A G — G'. By results in [6,7] the kernel of the map &’ is isomorphic to
the Schur multiplicator M (G) of G.

The classification of infinite nonabelian 2-generator groups of nilpotency class 2 has been given
by [8]. The classification are given in the following Proposition 1.1 and Proposition 1.2.

Proposition 1.1[8] Let G = (a,b) be a 2 — generator group of nilpotency class less than or
equal to 2 of the form G = P x (b), where (b) is an infinite cyclic group and P = ([a, b])(a)
is a p-group. Then G is isomorphic to exactly one group of the following types:

(1.1.1)  G=({c) x {a))x(b), where [a,b|=c, [a,c]=[b,c]=1, |a|=p*,|c|=p?, a > v > 1;

(1.1.2)  G={a)x(b), where [a,b]=a?""", |a|=p%, a > 2y > 2;

(1.1.3)  G=({(a) x (c))x(b), where [a,bl=aP" "¢, [e,b]=a"P" """, |a|=p2, |c|=p°, v > o > 1,
a+o > 2y;
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(1.1.4) G=(a)x(b), where [a,b]=1, |a|=p®.

The groups in the above list have nilpotency class two precisely for (1.1.1), (1.1.2), and (1.1.3)
and are abelian for (1.1.4).

Proposition 1.2[8] Let G be an infinite 2 — generator group of nilpotency class two. Then
G is isomorphic to exactly one group of the following types:

(1.2.1) G=({a) x {c))x(b), where [a,b]=c¢, [a,c]=[b,c]=1, |a|=00, |b|=00, |c|] < o0;

(1.2.2) G=(Py X Py X ... x P; x ... x Py) x (b), n>1, where, for i = 1,...,n, the component
P; is a pi-group, p; # pj for i # j, |b|=oo and Py x (b) is of type (1.1.1), (1.1.2), (1.1.3) and
(1.1.4) respectively.

2 Main Results

The nonabelian tensor product has its origin in homotopy theory. In this research, we focus on
the tensor square G ® G of a group G. Using the explicit knowledge of the nonabelian tensor
squares of groups in the classification (Proposition 1.1 and Proposition 1.2), the nonabelian ten-
sor squares and the homological functors for infinite nonabelian 2-generator groups of nilpotency
class two are computed and listed below.

Theorem 2.1 Let G be a group of type (1.1.1) with p # 2. Then

GRG=(a® a)x{a@b)x((a®@b)(b®a))x{a®c)x(b@c)x(b@b) = Lda x L2, X L,

J(G)=(a®a)x((a®@b)(b®a))x(a @ c)x(b @ c)x((a®@ )P )x (b @ b) = Lja X Ly X Lya— X L,
V(G)=(a® a)x{(a®b)(b®a))x(b@b) = L3 X Z,

GAG=(a A c)x(bAc)x(aNb) = T2, X Ly,

M(G)=(a A e)x(bAc)x{(aAb)P) 2 22 x Zyu s,

AG)=((a® a)2)x((a®@b)(b® a))x (b @ b)) = 72 X Z,

P

GRG=(a®c)x (bRc)x (aRdb) x (b@b) = 72, X Lpa X L,

J(G)=(a®c)x (bRc)x ((a@b)P") x (b&b) = 72, X Lipa— X Lg,

Theorem 2.2 Let G be a group of type (1.1.1) with p = 2, then

GRG=(a® a)x{a@b)x((a®@b)(b®a))x(a®c)x{bRc)x(b®b) = Z3. x 72, x Z,
J(@)=(a@a)x((a®@b)(b®a))x((a®b)? )x(a®c)x(b®c)x(b®@b) 272, X Lya—r X 73, X 7,
V(G)={a®a)x((a®b)(b®a))x(b®b) = Z3. x Z,

GAG=(a N c)x(bAc)x{aAb) =732, x Lo,

M(G)=(aAc)yx(bAc)yx{(anb)?) =73, X Lya,

A(G)=((a® a)?)x {(a® b)(b® a))x{(b® b)) = Zga-1 X Zna X Z,



52 The nonabelian tensor squares and homological functors . ..

GRG=(a®c) x (b@c) x (a®a) x (b@b) x (a@b) = 73, x 73 x Laa,

J(G)=(a®c) x (b&c) x (a@a) x (b2b) X ((a®@b)*") =2 Z3, x L} X Lga—v,
Theorem 2.3 Let G=({(c) x (a))x(b), where [a,b] = ¢, [a,c] = [b,c] = 1, |a] = 27, |b] = o0,
lc| =27, v > 1. Then

GeG=(a ® a)x{(a ® b)(b ® a))x{(a @ b)*(b® c))x(a @ b)x((a ® b)*(a ® ¢))x (b @ b) = Z3, x
ZQW-H X Zgry—l X Z,

J(@)=(a@a)x{(a®@b)(b® a))x(((a®b2(b® )* ) x((a@b)*")x (h @ b) 273, x 7} x Z,
V(@)=(a®a)x{(a®b)(b®a))x(b®b) =73, x Z,

GAG=((a Ab)2(bAc))x(aAb)x{(a Ab)2(aAc)) = Loy X Lovi1 X Loy,

M(G)=(((a A B (b A )" )x((a A b)) 73,

AG)=((a®a)?)x((a@b)(b® a))x((b® b)2) = Zgy1 x Zy» x Z,

GRG=(a®a) x (b&b) x ((a®b)?(bDc)) x (a®b) x ((a@b)?(a®c)) =2 Z3 X Ty X Lgrsr X Luyy1,

J(G)=(((a®b)?(bBc))*" ") x ((a®b)*") x (a®a) x (h@b)== Z3.

Theorem 2.4 Let G=(a)x (b), where [a,b] = a*" ", |a| = p, [b| = 00, @ > 2y > 2, 2 = [a, 1]
and p odd prime. Then

GeG=(a® a)x((a®@b)(b®a))x{a@b)x(b@b) 2 L2, X Ly X Z,

J(G)=(a @ a)x((a@b)(b® a))x((a@ b)) x (b b) 2Z3,_, x Z,
V(G)=(a®a)x((a®b)(b®@a))x(bp@b) =72, ., <L,

GNG=(a N b)=Zye,

M(G)=((a Ab)"")= Zppa—s,

AG)=((a® a)*)x((a®b)(b® a))x{(b® b)?) = Z}%a_w X 7,

GRG=(a@b) x (b@b)=2 Lo X Lo,

J(G)=((a@b)P" ) x (b@b)= Zpa—v X L.

Theorem 2.5 Let G=(a)x(b), where [a,b] = a®>" ", |a| = 2%, |b] = 00, a > 2y > 2, z = [a, b].
Then

GRG={a®a)x((a®@b)(b®a))x{a @ b)x{b® b) = Zoa—~+1Liga—~ X Lo X L,
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J(@)=(a®a)x((a®b)(b®a))x{(a®b)>)x(b®b) XLya—+1 X L2,_, X Z,
V(G)=(a ® a)x ((a @ b)(b® a))x (b & b) = Zna—ri1 X Zigar X T,

GAG=(a A b)2Zsa,

M(G)=((a AbP" V2 Ziyasy,

AG)=((a®a))x{(a®@b)(b®a))x((b® b)) = 72, . xZ,

GRG={a®b) x (a@a)x (b)Y Zga x 72,

J(G)=((a@b)*") x(a®a) x (b&b)= Zoa— x Z3.

Theorem 2.6 Let G=({a)x(c))x(b), where z = [a,b] = a?* ¢, [e,b] = a PP,
la| = p®, |c| =p%, v >0 >1, a+ 0 > 2y and p odd prime. Then

GoG=(a ® a)x{(a @ b)(b ® a))x((a ® a)’" "(a @ 2))x{(a @ b)P" " (b @ 2))x(a @ b)yx (b @ b)

~ 72 2
= Zpa*’H’U X Zpo' X Zpa X Z,

J(G)=(a®a)x ((a®b)(b@a)) x((a@a)’" " (a®@z))x(((a@b)" " (bo2)P""") x((a@b)*") x (bob)
gZZQ,ﬂ/Jﬁ, X Z o X Zmzn( o—2v+a g) X Zmaz(p“*’*’,y) X Z,

V(G)=(a®a)x((a@b)(b®a))x(bDb) = 7, ., X Z,

GAG={(a N a)?" " (a A 2))x{(a AB)P" " (b A 2))x{a AbY2Z2, X Zpo,

p

MG)=((a o™ (AN x((la A B (0 D xl(@ A BTV Zyr X Lot ) X

maz(p®7,7)>
AG)=((a® a2)x((a®b) (b a)x((bB b)) = 22, ., x L,

GRG=((a®a)?"" " (a®z2)) x ((a@b)P" " (b@2z)) x (a@b) x (b@b)= Z2; X Lo X Lo,

p

J(G)=((a®a)”" " (a®z)) < {((a®b)”" " (b@2))""") x{(a@b)") X (b0D)2= Zpr X Lmin(po-2r+a 0) X
Zmaac(p"‘*“Y,w) X ZQ

Theorem 2.7 Let G=((a)x(c))x(b), where [a,b] = a®*" "¢, [c,b] = a PP 20 [a,b] =
a® ¢, [e,b] = a2 Ja| =22, || =29, v > 0 > 1. Then

GG=(0.5 a)x((a ® )6 © ) x(0 8 Hx{(09 0" (08 (e O Y @ ® > e
Z)> < > & Zoa—~+ot+1 X Liga—nto X Lga X 7.2 2. x 7,

J G):<a®a)><<(a®b)(b®a)>><<(a®a)2a_7(a®z)>><<((a®b)2a_7(a®z)_2aﬂ_l(b®z))2%_a>><<(a®
b)2W>>< <b ® b> g22047'74»474»1 X ZQa—ﬂH—a X ZQU X Zmin(p‘772'y+a70') X Zmax(pa—'y7,y) X Z,

V(G)=(a® a)x ((a @ b)(b® a))x (b @ b) 2 Zyartors X Zgario X L,

GAG=((a AN a)® " (an2))x{((@Ab)> (an 22" (bA2)x{a A Z2 X Zoa,
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M(G)={(a A a)2 (@ A 2))x{((a A D)2 "(a A 2)"2 77 (b A 2)277) x((a A )2V Zge X

Lipin(pr-27+a ,0) X Limaz(pa— )
A(G):«a 2 a)2> % ((CL ® b)(b R CL)> X <(b &® b)2> =~ ZQO&*'%kcr—l X ZQQ,7+0 X Z7

GBG=((a®a)*" " (a®2)) x ((a®b)*™ " (a®z) 72" (bD2)) x (a®b) x (aBa)
x (b)Y 73, X Toa x 73,

T(G)=((aBa)*" " (@B2))x (B> (a2) 2" (082))* ") x {(aBb)”")
X (a®a)x (bRb)= Zno X Lppin(pr—21+0,0) X Lnaz(pa— ) X L.

Theorem 2.8 Let G=(a)x (b), where [a,b] = 1, |a| = p®, and p odd prime. Then
GRG=(a ® a)x{(a@b)(b® a))x(a®@byx (b @ b) = Z3. x Z,

J(G)=(a® a)x((a @ b)(b® a))x (a @ b)x (b @ b) 2Z3. x Z,
V(@)=(a®a)x((a®@b)(b@a))x(b@b) = 72 x Z,

GAG=(a N b)2Z,pe,

M(G)={a A bY= Zpe,

A(G)=((a@a)*)x{(a®b)(b®a))x((b® b)) = Zia x Z,

GRG=(a@b) x (b@b)=2 Lo X L,

J(G)=(a@b) x (bDb)=2 Zpe X .

Theorem 2.9 Let G=(a)x (b), where [a,b] = 1, |a| = p®, and p = 2. Then
GeG=(a® a)x((a®@b)(b®a))x(a®b)x(b® b) = Z} x Z,
J(G)={a®a)x((a®@b)(b® a))x(a® b)x{b®b) 273, x Z,
V(G)=(a®@a)x{(a®b)(b® a))x(b@b) X Z3. X Z,

GAG=(a A b)2Za,

M(G)={a A b)Y Zaa,

AG)=((a® a)®)x((a ®b)(b® a))x{(b @ b)2) = Zya—1 X Lo X Z,
GRG=(a@b) x (aDa) x (b@b)=Zga x 73,

J(G)=(a@b) x (a®a) x (bRbY Zoa x 73.
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