
 

 

  
Abstract—This paper presents numerical results of flow behavior 

downstream of cylinder blockage at various Reynolds numbers. The 
lattice Boltzmann method, a numerical scheme based on mesoscopic 
approach has been used as a computational tool to study the vortices 
formation downstream of the cylinder. In this study, three different 
types of blockage are located inside a channel and the effect of the 
shape of blockage on the flow behavior downstream of cylinder at 
various Reynolds number is investigated extensively. Comparisons of 
detailed flow pattern for every case via streamline and length of 
vortices have been carried out. The ability of the lattice Boltzmann 
numerical scheme to simulate complicated flow phenomena is 
demonstrated.  
 

Keywords—CFD, lattice Boltzmann, cylindrical blockage, 
channel flow.  

I. INTRODUCTION 
ATTICE Boltzmann (LB) model, a model based on the 
physical at the mesoscopic scale, has received much 

attention since the 1980s due to its simplicity and easy 
implementation. Due to their ability to incorporate particle 
interactions at the mesoscopic level, LB models fit for 
simulating the behavior of complex flow system [1]. It has 
also been proven to be a useful tool for solving a wide range 
of complex flows, such as turbulent [2], flow inside porous 
media [3], immiscible fluid [4], magnetohydrodynamics [5], 
and many others [6][7][8].   

In this paper, a BGK lattice Boltzmann model [9] will be 
considered for single isothermal fluid flow system. Two-
dimensional channel flow with three types of blockage at 
various Reynolds numbers are solved. Comparisons in terms 
of vortex behavior downstream the blockage are presented. 
The objective of this paper is to demonstrate the capability of 
lattice Boltzmann BGK method and to stimulate further 
studies using the lattice Boltzmann approach.  

Section II presents a basic theory of the lattice Boltzmann 
model used in this paper that will enhance the general reader’s 
understanding of this simulation method. The lattice 
Boltzmann simulation of channel flow with blockage is 
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discussed in Section III. Results obtained by others simulation 
method are also brought for comparison purposes. The final 
section contains concluding remarks. 

II. LATTICE BOLTZMANN METHOD 

A. Lattice Boltzmann Equation 
The governing lattice Boltzmann equation (LBE), 

discretized in time and space, is given by 
 

f x + cΔt, t + Δt( )− f x, t( ) = Ω f( ) (1) 
 
where f  is the particle distribution function with constant 
velocity c  at position x  and time t  and Ω f( ) is collision 
integral. One of the major problems when dealing with LBE is 
the complicated nature this collision integral. Any replacement 
of collision must satisfy the conservation of mass, momentum 
and energy. The idea behind this replacement is that the large 
amount of detail of two-body interaction is not likely to 
influence significantly the values of many experimental 
measured quantities [10]. There are few versions of collision 
functions published in literature. However, the most well 
accepted version due to its simplicity and efficiency is the 
Bhatnagar-Gross-Krook (BGK) model [9]. The equation that 
represents this model is given by 

 

Ω f( ) = −
1
τ

f − f eq( ) (2) 

 
where f eq  is the equilibrium distribution function. τ  is the 
time to reach equilibrium condition during collision process 
and often called as time relaxation. Equation (2) of the BGK 
collision model describes that 1 τ  of non-equilibrium 
distribution function relaxes to equilibrium state within time 
τ  on every collision process. Substitute (2) in (1) gives 

 

f x + cΔt, t + Δt( )− f x, t( ) = −
1
τ

f − f eq( ) (3) 

 
Equation (3) consists of two parts; propagation (left hand 

side) which refers to the propagation of the distribution 
function to the next node in the direction of its velocity and 
collision (right hand side) which represents the collision of the 
particle distribution function. In LBM, magnitude of c  is set 
up so that in each time step Δt , every distribution function 
propagates in a distance of lattice node spacing Δx . This will 
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ensure that the distribution function arrives exactly at the 
lattice node after Δt and collide simultaneously. 

The number of assigned microvelocity to the distribution 
function will determine its lattice model. The general form of 
the lattice velocity model is expressed as DnQm where D 
represents spatial dimension and Q is the number of 
connection (lattice velocity) at every node [11]. For two-
dimensional simulation, there are D2Q7, D2Q9, D2Q17, 
D2Q52, etc lattice models have been tried by researchers. The 
choice of lattice model is depend on the order of tensor needed 
to recover macroscopic equations. For example, D2Q52 is 
required to correctly recover energy equation with correct 
energy flux term [12].  

In present study, the D2Q9 has been chosen due to its 
flexibility and efficient for boundary treatment [13].  The 
microscopic velocity components for this model are 

    

c =
0 1 0 −1 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥  (4) 

 
The lattice geometry is shown in Fig. 1.   
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Fig. 1 D2Q9 lattice geometry 

 
The equilibrium distribution function of the D2Q9 model is 

 

f iα
eq = ρwα 1 + 3 c iα ⋅ u( )+

9
2

c iα ⋅ u( )2 −
3
2

u 2⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥  (5) 

 
where the value of weights are depend on the types of velocity 
direction 

 

w 0 =
4
9

, w1 =
1
9

 and w 2 =
1
36

 (6) 

 
Noted also the subscript i, ( i = 1,2,..,9) have been used in (5) 
to describe the number of microscopic velocity directions. 
Here α = 0 when i = 0, α = 1 when i = 2,3,4,5 and α = 2 
when i = 6,7,8,9. Therefore, (3) can be rewritten in discretized 
form in terms of microscopic velocity as follow 

  

f iα x + c iαΔt, t + Δt( )− f iα x, t( ) = −
1
τ

f iα − f iα
eq( ) (7) 

 
D2Q9 has been proved to satisfy up to fourth order tensor 
[14]. Under this constraint, the macroscopic variables such as 
density and velocity can be obtained by moment integration of 
distribution function as follow 

f iα
i=1

9

∑
α = 0

2

∑ = ρ , c iα f iα
i=1

9

∑
α = 0

2

∑ = ρu   (8) 

  

B. Derivation of Macroscopic Equations 
In this subsection, the derivation of continuity and Navier-

Stokes equations by using the so-called Chapmann-Enskog 
expansion is discussed. To see this, the Taylor series 
expansion is applied of left hand side of (7) and retaining 
terms up to second order gives 

 

∂ t + ∇ ⋅ c iα( ) f iα +
1
2

∂ t
2 + 2∂ t∇ ⋅ c iα + ∇∇ : c iαc iα( )f iα

 (9) 

 
In order to relate LBE with a macroscopic equation, it is 
necessary to separate different time scales. This is to indicate 
different scale of physical phenomena and contribute 
separately in the final macroscopic equation. To do this, space 
and time derivative are expanded in terms of Knudsen number 
ε  [15] as follow 

 
 (10) 

 
∇ = ε∇ + O ε 2( ) (11) 

 
Expand distribution function fiα  about f iα

eq  gives 
 

f iα = f iα
eq + ε f iα

1 + ε 2 f iα
2 + O ε 3( ) (12) 

 
where 

 
f iα

n

i
∑

α
∑ = f iα

nc iα
i

∑
α
∑ = 0  for n ≥ 1 (13) 

 
Equation (12) imply that the non-equilibirum distribution 
function ( f iα

n ) do not contribute to the local values of density 
and momentum. 

Substituting (10), (11) and (12) into (9) and regroup the 
equation to first order ε  

 

∂t1 + c iα ⋅ ∇( ) f iα
eq = −

1
τ

f iα
1   (14) 

 
The equation to order ε2 is simplified by using (14) gives 

  

∂ t 2 f iα
eq + ∂ t1 + c iα ⋅ ∇( ) 1−

1
2τ

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ f iα

1 = −
1
τ

f iα
2                (15) 

 
A summation of (14) with respect to i and α  is taken to give 
the first order continuity equation 

 
∂ t1ρ + ∇ ⋅ ρu( ) = 0  (16) 

 
Multiplying (14) by ciα  and taking the summation as above 
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lead to 
 

 (17) 
 
where  
 
Π eq = c iαc iα( ) f iα

i
∑

α
∑  (18) 

 
is the momentum flux tensor. After some simple mathematics 
manipulation to satisfy Galilean invariance and isotropic of 
tensor, the final expression for Πeq  is 
 
Π eq = cs

2ρδβχ + ρuβ uχ  (19) 
 
Substituting (19) into (17) results in 
 
∂ t1 ρu( ) + ∇ ⋅ ρuu( ) = −∇ c s

2 ρ( ) (20) 

 
Equations (16) and (20) are the Euler equations. The pressure 
is given by  
 
p = c s

2ρ  (21) 
 
Similarly, the equation for ρ  and u can be obtained from 
equations of ε 2  of (15). Taking summation with respect to i 
and α  gives 
 
∂ t 2ρ = 0  (22) 
 
Multiplying (15) by ciα  and taking the summation as above 
gives 
 

∂ t 2 ρu( )+ ∇ ⋅ 1 −
1

2τ
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ Π1 = 0  (23) 

 
where 
 

Π1 = −τ 1
3

− c s
2⎛ 

⎝ 
⎜ 

⎞ 
⎠ 
⎟ ∂γ ρuγ( )δβχ +

1
3

∂β ρuχ( )
⎧ 
⎨ 
⎩ 

+
1
3

∂χ ρuβ( )− uβ ∂ χ c s
2ρ( )− uχ∂ β c s

2ρ( )
−∂γ ρuβ uχ uγ( )}

 (24) 

 
Combining equations of O ε( ) and O ε 2( ) gives the correct 

form of the continuity equation 
 
∇ ⋅ u = 0  (25) 
 
and the momentum equation for an incompressible fluid 
 

∂ t ρuβ( )+ ∂ χ ρuβ uχ( )= −∂ β c s
2ρ( )+ ∂χ 2ρ 2τ − 1

6
Sβχ

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟  (26) 

 

where Sβχ =
1
2

∂β uχ +∂χ uβ( ), p = cs
2ρ  and the sound speed in 

given by 
 
c s

2 =
1
3

 (27) 

  
Finally, the kinematic viscosity of fluid is related to the time 
relaxation in mesoscopic scale as follow 
 
υ =

2τ − 1
6

 (28) 

  
From above derivations, it can be seen that the evolution 
equation of (7) can lead to the incompressible Navier-Stokes 
equation through Chapman-Enskog expansion.  

III. SIMULATION TEST CASE: FLOW OVER A BLOCKAGE 
The understanding of flow over a blockage is important 

because of its related technical problems associated with the 
energy conservation and the structural design bridges, towers, 
cars, wires, and so forth. In the building design, flow structure 
can significantly affect the aerodynamics characteristics such 
as wind load, forces and moment to the building.  

Over the last twenty years, a vast amount of research 
activities on the flow past circular cylinder to increase the 
understanding of flow behavior behind the blockages. By 
contrast, there are very few similar studies on the other shapes 
although they play a dominant role in many practical 
applications. 

Generally, the flow structures over any shape of cylinder in 
a 2D channel are described by two non-dimensional 
parameters which are Reynolds number and the blockage 
ratio, the ratio between the height of the blockage to that of 
channel height. At Re > 1, the flow reaches steady state 
exhibiting separation at the trailing edges and a symmetric 
motion about the horizontal centerline behind the cylinder. 
The length of recirculation region increases with increase in 
Reynolds number. The effect of instabilities which cause 
vortex shedding and unsteady flow can be observed when a 
critical Reynolds number, Rec, is exceeded. One of objectives 
of this work is to determine the value of Rec for every test case 
at fixed blockage ratio of 1/8.  

 

 
(a) 
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(c) 

Fig. 2 Sketch of computational domain for three types of blockage 
inside channel flow, (a) cylinder, (b) square, and (c) diamond. 

 

Fig. 2 shows a sketch of the geometry of the flow problem 
used in the present study. The blockage ratio is defined by 
D/H where D is the height of the cylinder and H is the channel 
height of the inflow channel. The number of lattice nodes on 
the height of cylinder varies between 30 and 70 depending on 
the value of Reynolds number. 

A. Streamlines Plot  
The flow with Re = 1 was first simulated for every case. 

The streamlines plots are shown in Fig. 3. It is well known 
that for Re ≤ 1, the creeping steady flow passes the blockage 
with no separation takes place [16][17].  

 
 

  
            Fig. 3 Streamline plots at Re = 1 for every tested case 
 

As Re increases, the separation of flow can be firstly 
observed at Re ≈ 5 for every tested cases [18]. The flow 
downstream separates and formed a symmetric recirculation 
region. The streamline plot for Re = 10 is brought as reference 
and shown in Fig. 4. 

 
 

 
Fig. 4 Streamline plots at Re = 10 for every tested case 

 

B. Critical Reynolds Number  
The instabilities appear causes vortex shedding and the flow 

becomes unsteady when critical Reynolds number, Rec, is 
achieved. Rec for flow around cylindrical blockage is found to 
be at 55 while for square and diamond shaped blockage are 53 
and 44 respectively which are good agreement with previous 
studies [19][20]. Fig. 5a – 5c show the streamline plots at Rec 
and a value before Rec for every tested case. Due to the sharp 
separation point for diamond blockage and this lead to lowest 
value of Rec for this case.  

 

 
 

 
 

 
 

Fig. 5 Streamline plots at Re c − 1  and Rec  for every tested case.  
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C. Recirculation Length 
As discussed in proceeding section, the vortices 

downstream the blockage are steady and symmetrical until the 
flow reaches critical Reynolds number. In this section, we 
measured the recirculation length, lr, from the tip of cylinder 
in x-direction for every tested case and plotted in 
dimensionless form lr D  against Reynolds numbers. The 
results are shown in Fig. 6. Calculated polynomial lines are 
also included to see the evolution of vortices. The graphs 
clearly show that the recirculation length increases with 
Reynolds numbers. The graph shows that the recirculation 
length downstream the square blockage developed faster that 
other cases due to the fix separation point at the edge of the 
square. In addition, unlike cylindrical and diamond blockages, 
when the flow begins to separate, there is no solid boundary in 
x-direction to decelerate the flow for the square case. 
However, when the flow is dominated by inertia force at high 
Reynolds numbers, the recirculation region length is almost 
the same for diamond and square blockage. 

 

  
Fig. 6 Recirculation length against Reynolds number for every tested 

case 

IV. CONCLUSION 
Numerical predictions using lattice Boltzmann method of 

flow behavior past a blockage at various Reynolds number 
have been reported. The motivation of this study is due to the 
scattering of results for the flow characteristic especially the 
dependence of recirculation length on Reynolds number and 
the value of critical Reynolds number. This is evidently a lack 
of reliable experimental and numerical data for these flow 
cases. In conclusion, the present investigation with LBM has 
provides reliable and accurate result for 2D channel flow with 
blockage. This gives confidence to expand the application of 
LBM for the simulation at more complex fluid flow problem.  
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