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Abstract— This paper presents the development of a
Proportional-Integral sliding mode controller for
tracking problem of robot manipulaters. A robust
sliding mode controller is derived so that the actual
trajectory tracks the desired trajectory as closely as
possible despite the highly non-linear and coupled
dynamics. The proposed controiler is designed using
the centralized and decentralized approaches. The
Proportional-Integral sliding mode is chosen to ensure
the stability of overall dynamies during the entire
period i.e. the reaching phase and the sliding phase.
Application to a two-link planar robot manipulator is
considered.

Index Terms—Sliding mode control, robot tracking
controller, robust proportional-integral sliding mode control.

[. INTRODUCTION

Variable Structure Control (VSC) with Sliding Mode
Control (SMC) has been widely applied to system with
uncertainties and/or input couplings [1], {2]. The design
philosophy is to obtain a high-speed switching control law
to drive the nonlinear plant’s state trajectory onto a
specified and user-chosen surface called the sliding
surface. When a system is in _the sliding mode, its
dynamics is strictly determined by the dynamics of the
sliding surfaces and hence insensitive to parameter
variations and system disturbances. Nevertheless, the
system posses no such insensitivity property during the
reaching phase. Therefore insensitivity cannot be ensured
throughout the entire response and the robustness during
the reaching phase is normally improved by designing the
system in such a way that the reaching phase is as short as
possible [3].

Recently, a variety of the SMC known as Integral
Sliding Mode Coentrol (ISMC) has surfaced in the literature
4], [5]. Different from the conventional SMC design
approaches, the order of the motion equation in ISMC is
equal to the order of the original system, rather than
reduced by the number of dimension of the control input.
Moreover, by using this approach, the robustness of the
system can be guaranteed throughout the entire response of
the system starting from the initial time instance.

In this paper, the problem of robust tracking for robot
manipulator is considered. On the basis of sliding mode
control theory, a class of VSC controllers for robust
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‘tracking of robot manipulators is

proposed under
centralized and decentralized approaches. It is shown
theoretically that for system with matched uncertainties, the
tracking error is guaranteed to decrease asymptotically to
zero and the system dynamics during the sliding phase can
easily be shaped up using any conventional pole placement
method.

1. PROBLEM FORMULATION

Centralized Controller Design
Consider the dynamics -of the robot manipulator as an
uncertain system described by [7]

Xy =[4+AX () +[B +ABO) () 0
where X(f)e R",u(f)e R™, represent the state and input
vectors, respectively. 4 and B are constant matrices ‘of
appropriate  dimensions while A4 and AB denote
uncertainties present in the system and input matrices,
respectively,

Define the state vector of the system as

X0 =[x 0.5, x, 0 )
Let a continueus function X, (r}e R” be the desired state
trajectory, where X1 is defined as:

X, 0= a5 x 0 OF €y
Define the tracking error, Z(¢) as
2n=x@-X,0 4

In this study, the following assumptions are made:

A1) The state vector X(¢} can be fully observed;

A2} There exist continuous functions H(#) and £(7) such
that for all X(t)e R" and all :

AAD=BHQ@); |HE)|<w

6]
AB()=BE@) ;  [|EW|<p -

. A3) There exist a'Lebesgue_& function Q(¢) € R, which is

integrable on bounded interval such that
X o(5) = AX (1) + BO() (6)
A4) The pair (4, B) is controllable.
In view of equations (4), {5) and (6), equation (1) can be
written as an etror dynamic system:
Z()=[A+ BHOIZ() + BHIOX, (1) %)
— BQ() +[B + BE(W)u(t)
Define the Proportienal-Integral (PI) sliding surface as

o) =CZ () - ,J'[CA +CBK)Z(t)dt (8)

where C e R™" and K € R™" are constant matrices. The
maitrix X satisfies
A (A+BK)<0 (9

and C is chosen such that CB € R™" is nonsingular,



The control problem is to design a controller u(#) such
that the system state trajectory X(f) tracks the desired state
trajectory X,{f) as closely as possible for all 7 in spite of the
uncertainties and non-linearities present in the system and

the system dynamics slide on the sliding surface as defined

by equation (8).

Decentralized Controller Design

The robot dynamics of equation (1) can also be
represented as an uncertain composite system S defined by
an N interconnected sub-systems S; =12, N with

each sub-system described by [§]
.0 %(1) = [A, + A4 ()% (1) +[B, + AB,(1)]u, 1)

+ i (4, i (B, + AB(D)]u (1)

Jeljwi el i

an
+ A4 (O)]x () +

n. n.
where x(DeRr l”‘i(f)e R ! represent the state and

input of sub-system §;, respectively. 4, B, 4y and By are
constant nominal matrices. AA, AAd,, AB; and AB;
representing  uncertainties present in the system,
interconnection, input and coupling matrices, respectively.
The following assumptions are introduced:
(B1) Every state vector x{f) can be locally observed;
(B2) There exist continuous functions H(1), H(1), E(r)
and E(¢) such that for all X R¥ and all
A, (=B H, (1) ; [H,0)<a,

My (1) = BH (1) 5 ||, <y LD
AB (1) =B, L) ; ”"';(‘)"3 Bu
AB; (1) = BiE, (1) 5 |, < By
(B3) There exist a Lebesgue function Qi(t) eR:
xar () = A% (04 B, (1) (12)

where 4; and B; are the i-th subsystem nominal
system and input matrices, respectively;

(B4) The pair (4,, B;) is controllable.

The state vector of the composite system § is defined as

Xy =[xl @) 5l s L] s xe R (13)
Let X, () e R™" be the desired state trajectory:
X0 = [0 2y (O x5 (0] 3 x,() @ R (14)
- Define the tracking error, z{f) as
z,(B)=x,(t) - x, (1) (1%)

In view of equations {11), (12) and (15), equation (10)
can be written as

zi() = [4, + B,H Dz (1) + BH ()x . (1)
=B,Q,()+[B, +B.E (1)]u, 1)

N
T ey 0,0 |
N -
(16)
+j _ ]%‘jit[BU + B!EU(I)]HJ(!)

Define the local PI sliding surface for S; as
o, ()=Cz,{H)- j[c,A, +C.B K |z {t)dr  (UD
L]

where C,e R™™" and K, e R" are constant

matrices. The matrix K; satisfies

A (A; + B,K;) <0 (18}
and C; is chosen such that C,B; is nonsingular. For this
class of system, the stiding manifold can be described as

c(t)=[6,65,.,0;] (19)

The control problem is to design a decentralized
controller #{f) for each sub-system such that the system
state trajectory JX,(f) tracks the desired state trajectory Xu(#)
as closely as possible for all 7 in spite of the uncertainties
and non-linearities present in the system, and each
subsystem’s dynamics approaches and remains on the Pl
sliding surface S, as defined by equation (17) thereafter.

II1. SYSTEM DYNAMICS DURING SLIDING MODE

The concept of equivalent control was first mentioned
in [6]. The equivalent control is only a mathematically
derived tool for the analysis of a sliding motion rather than
a real control law generated in practical systems. In fact it
is not realizable in the real controller. With the equivalent
control, one can predict the system behaviour during the
sliding mode.

Centralized Control System

The equivalent control of the error system (7) can be
found by differentiating equation {8}, substituting equation
(7) into it, and equating the resultant equation to zero. It
can be shown that the equivalent control is [7]:

Uy (0) =11, + EOT {(H() - K)Z(0)

- Q)+ HOX, (0}
The system dynamics during sliding mode can be found by
substituting the equivalent control of equation (20) into the
system error dynamics of equation (7):

Z(t)=[A+ BK]1Z(r) 21
.Hence if the matching condition is satisfied {equation (11)
holds), the system’s error dynamics during sliding mode is
independent of the system uncertainties and couplings
between the inputs, and, insensitive to the parameter
variations.

(20)

Decentralized Control System .
Differentiating equation (17), substitute equation (16)
into it, and equating the resulting equation to zero.gives the
equivalent control, .4(f):
o (=11, +E,O{(H,()-K)z, )
-Q (O+H, ()x, (1)

+ Z (CrBl )AlCi[AU + BJ'HU (I)]x_, (t)
+ ._Z (_C,.Bi ) C,[B, + BE, (D, (1)}

The system dynamics during sliding mode can be found by substituting
the equivalent control (22} into the system error dynamics (16):

Z'(r):[Ai + BIKI]zl(t)

22)

Sy - B(C,B)TC S T4, + B H , (0], (O

J=Llg#i

N
+ D 0B, + BE (D]u, (1)}

=l gt

Define P, A[f, — B,(C,B,)7C,]

(23)

@24
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where P is a projection operator and satisfies -the
following two equations [3]:

CP =0 and P B =0 (25)
In view of -assumption (B2), then it follows that by the
projection property, equation (14) can be reduced as

zi{t) =4, + B.K,Jz,(1) (26)

Hence if the matching condition is satisfied, the system

error dynamics during sliding mode are independent of the
interconnection between the subsystems and couplings
between the inputs, and, insensitive to the parameter
variations. Equation (26} shows that the error dynamics
during sliding mode can be specified by the designer
through appropriate choice of the matrix K.

IV. SLIDING MODE TRACKING CONTROLLER
DESIGN
In the last section, the centralized and decentralized
control systems have been shown to be stable during the

sliding phase. It this section, it will be shown that the
systems during the reaching phase are practically stable.

Centralized Controller
The manifold of equation (8) is asymptotically stable
in the large, if the following hitting condition is held:

(" O o) or) <0 @n
As a proof, let the positive definite function be
V(1) = o) (28)

Differentiating equation (28) with respect to time, ¢ yields

Vt)=(s" () s: (1) Jo ()| (29)
Following the Lyapunov stability theory, if equation (27)
holds, then the sliding manifold g(;) is asymptotically
stable in the large.

Theorem 4.1: The hitting condition (27) of the manifold
given by equation (8) is satisfied if the control u(?) of
system (7} is given by :

u(t) = ~(CBY [y |2 )|+ v | Xa (0]

(30)
+ ¥, JQUISGN (o)) + Q1)
where '
Y, > (a|CB| +|CBKf A1+B) (31
¥, > (@|CB) /(1+B) (32)
va > (BICB) A1 +B) (33)

Proof. See[7). 7

[t is shown in [7] that the system (1) is stable in the sense of
Lyapunov if the system is subjected to the control input
(30).

Deceniralized Controller

The composite manifold (19} is asymptotically stable in the

large, if the following hitting condition is held [5]:
N . .
PNCHOY X IEHORIY (34)
i=1

As a proof, let the positive definite Lyapunov function be
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(33)

V= Z:lb )

. N .
Then vy =% o] O/, o) (36)
i=]

Following the Lyapunov stability theory, if equation (34)
holds, then the sliding manifold () is asymptotically
stable in the large.
Thegrem 4.2: The global hitting condition (34) of the
composite manifold (19) is satisfied if every local contro!
u{1r) of the error system (16) is given by :

ul(t) = -(CI BA)-][’YH”Zr (I)“ +YE2|Jx! (f)" +Y:3"xdi (t)"

37
+1,|Q|ISGN (o, 1) + Q,(7)
where
Y > o,[C B +|C.BK) (38)
i N
a+plcal+ 2Hc.a,]+B,jcalHcay’
=l
N
- R (39)
i? N
fa-pcBl+ 2HCB+8.lcBCE)
=l
a|CB] (40)
Y= N
weplcal+ Xlcs+ b lesficsy
J=l s
N
13.-,-|IQ'3"+F;E C,8,]+BJc,B1 @n

N

Yia >
w+pcal+ Xies|+p.lcafcs
Proof. See [8].

It is shown in [8] that the system (10) is stable in the

sense of Lyapunov if the system is control by the input
37). : _

V. SIMULATION EXAMPLE

Consider a two-link manipulator with rigid links of
nominally equal length / and mass m shown in Figure 1.
The dynamics of the manipulator is [9]:

5 _ (+cosf)sin 8,6+ 2 sin 0,201+ 02). 6
-

% —cos’ 6,
2N -2(3+cos6,)T,

3

16 2
5 —cos” 6,

= —2(3+cosd,)sin 6?2.:91
#: =

L
{2+c0s8,)sind,.(261+82).6;
% _cos’ 6,
2(2+cos8,)T, —4(3 +cos 8, )T,

16 2
L —cos®d,




Define
. . Y
X(l)é[xl x % ox] :{91 B 8, 82}

voAl, o) =l I
Then the plant can be represented in the form of
X(t) ANX ()Y + B(Du(t)

with
0 1 0 o 0 0
A= 0 a; 0 ay . B= by by
0 0 0 1 0 0
0 a, 0 04 by by

5, = ((2/3) + cosxy)sinx - x, /((16/9) - cos? X)

byy = (2/3)sinx, “(2x, + %) 2, /(16/9) — cos™ x,)

@, = ~2((5/3)+cosx,)sinx, - x, ((16/9) - cos® x,)

@y, = —((2/3)+cosx,)sin x,(2x, + x ) {(16/%) - cos® x,)

by, ={(4/3)A(16/9)— cos” x,)

- by =—-2((2/3)+cosxj)/((16/9) cos’ x,)

lb42 =b,

b, =45/ + c08.x,)/((16/9) — cos’ x,)

Suppose that the bounds of 8,(r) and a,(f) are:
21507 <9, <150, 0°s~' <6, <507,

-35°<e, £100° Os'l<91<305'

1t is assumed that each sub- -system is required to track a
" pre-specified cyclmdal function of the form:

R A 2me 2t
8, (1) = {8 O+ [==—sin(—)],
] 8 (‘r) Tt
where A =8,(1)-8, (0), i=12. Inthis example, the mput
. _trajectory data used are as follows:
’ Start time, (0)=0.05
) Final time, 1 =100 s

Start positions, 8,(0) = 10° ;
- Final positions; 8;(t) = 30°;

0=tz

8,(0)=15°
6,(1) = 60°

Centralized PI Siiding Mode Control

" With the given bounds, the plant can be represented in
the form of equation (1) with the nominal value of A and B
calculated as:

6 1 0 0 0 - 0
0 1169 0 0972 | | 1509 -1.949

o o o1 [7T] o 0
0 —2650 0 —2.431 ~1949 8415

with the “uncertainties for system and input matrices -
calculated as

0 0" 0 0 0 0
_|® 0.974 0 0972| . 10209 0337
10 0 0 0 | 0 0

0 4208 0 2431 2.3368 5.299

Using equation (5) the bounds of H(r) and E{f) can be
computed;
1|H(:)||<a 2.6046 ;

Define the gains:

|<p=19617

an

_ 2.0125 3.4291 0.0919 08735 such that
. 10.3235 0.4080 0.6868 0.4838
MA+ BK) = {-1,-2,-2,-3}
and o_[3 1 0 0]
¢ 0 021
the controller parameter y’s can therefore be computed
from equation (31)-(33) as:
v, > 11735 v, >0.8742; vy, >0.6384
For comparison purposes, two sets of the controller

parameters are chosen:

Setl: y =05 v,=02 y,=02

Set2: y =15 y,=1.0; v,=1.0
In Set 1, the controller parameter is selected to study the
performance of the system if the gain conditions of
equations (31)-(33) are violated; while in Set 2 the
controller parameters is selected to represent a situation
where the conditions imposed on the controfler are met.
The simulation results for both sets are shown in Figure 2.
If the controller parameter conditions are not met (Set’ 1),
the actual output positions fail to track the desired positions
(Figure 2a and Figure 2b). This is due to the fact that the
control inputs are not capable of switching fast enough-and
hence the sliding mode fails to materialized. On the
contrary, when the controller parameter conditions are met
{Set 2), the position tracking is satlsfactory (Flgure 2¢ and -
2d).

Decentralized Pl Sliding Mode Control -t

With the given bounds, the plant can be represented in
the form of equation (10). Each joint of the:robot is treated
as a sub-system with the nominal value of 4’4, B; and By
is calculated as:

o 1 T, o L., Jo. o7 .
A = 1. = A = .
: {0 1.168]"12 [0 -2431} " [0' 0.972_]_
0 0 0] L
Ay = ’ i B = ;32 =
0 ~-2.650 1.506 8.415 | .

5 - 0 s [0 .
271949 TP T 21049

Using equation (1 1), the bounds of H,(¢) and E(r) can be
computed;

"Hl(t)" Lo, = =0.2889,
#0200, =0.6458, | (0] S0t = 0.5
lE®]< B, = < 8,, =0.6297,

£ < B =1.5519, JE,()< B, =02777
In this study, the gains are chosen as follows:
K, =[1.3282  2.7683 ]so that A(4 +BK,Y={-1,-2};
K, =[0.7130 0.3053] so that \(4, + B,K,) = {~2,-3}:
=[3 1JadC, =14 1].
Therefore, from equations (38)-(41): -
Yu 1405y, >1.72;y,, > 0255y, > 1.13;
Yo > 41957, > 090y, > 1145y, > 4.48
For simulation purposes, two sets of controller parameters are chosen:
Set 1:] Vi =05 v, =05% v,=01 v,=05
' i’zl =4 75, =05 v5,,=05 1y _:4 .
et 2:{711 =3 Y2=3 Y5=% Yu=2
T Yo =5 Tp=2 Yu=2 y,=5



Set 1 contains the controller parameter selected to study the
performance of the system if equations (38)-(41) are not
met; while Set 2 contains the parameters satisfying the
condition imposed. The output trajectories for both
subsystems 1 and 2 are showt in Figure 3. It can be seen
that the tracking performance for both subsystems when Set
1 parameters were used are unsatisfactory (Figures 3a and
3b). The simulation was run again but this time with tho::
decentralized controller parameter was supplied from Set 2
(Figures 3¢ and 3d). As predicted theoretically, the
tracking performance is good for both subsystems.

VI. CONCLUSIONS

In this paper, a PI Sliding Mode controller is proposed
for trajectory ftracking of robot manipulators. The
controller can be design and implemented either in
centralized or decentralized fashion. -In both of the
approaches, it is shown mathematically that the error
dynamics during sliding mode is stable and can easily be
shaped-up using the conventional pole-placement
technique. Besides, the system stability is also guaranteed
during the reaching phase. Application to a two-link
manipulator shows that the proposed controllers are
" effective in tackling the uncertainties, non-linearities and
coupling exist in robotic system.
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_ Fig. 1 A two-link manipulator.
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