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ABSTRACT ARTICLE HISTORY
Mixed convection significantly affects fluid flow and heat transfer in manufacturing and engi- Received 26 February 2024
neering. This study investigates it in a ferrohydrodynamics magnetized hybrid ferrofluid on a Revised 18 April 2024

slip stretching sheet affected by suction and injection. Using the modified Tiwari and Das model, Accepted 19 April 2024
the behavior of the hybrid ferrofluid, magnetite ferrite (Fe304) and cobalt ferrite (CoFe;04) KEYWORDS
based-water and ethylene glycol are explored. The governing partial differential equations are Mixed convection; suction
simplified via a similarity technique and solved using the Keller box method. Forced convection and injection;

reduces velocity profile and shear stress more rapidly than mixed and natural convection, exhibit- ferrohydrodynamics;

ing distinct thermal field and Nusselt number patterns. Injection increases shear stress by 71.98%, magnetized hybrid ferrofluid;
83%, and 87.08% under forced, mixed, and natural convection, while suction raises it by 25.96%, slip stretching sheet
28.50%, and 28.53%, respectively. Under suction, natural convection drop by 5.12% Nusselt

number, slightly less than forced (5.36%) and mixed convection (5.15%). Ferrohydrodynamics

significantly influences flow and heat transfer.

Nomenclature @ Local skin friction
Y stretching velocit Nuy Nusselt number
ing veloci

w 9 y Tw Wall shear stress

Tw sheet temperature
. qw Heat transfer rate

Too ambient or bulk temperature
Te Curie temperature
(u,v)  velocity components for (x, y) 1. Introduction
p density
L dynamic viscosity The processes of cooling and heating are fundamen-

pCp heat capacity tal thermodynamic operations that entail the transfer

k thermal conductivity of heat within a fluid either to or from a system to
T temperature achieve the desired temperature change. Heat transfer
M magnetization defined as the exchange of thermal energy between
H magnetic field objects or regions due to temperature differences, plays
g gravitational acceleration a crucial role in these operations. In the realm of heat
B* thermal expansion transfer, convection takes precedence over radiation
d distance of the magnetic dipole and conduction in certain daily life scenarios due to its
K thermomagnetic direct interaction with fluids - liquids or gases - that
Pr Prandt! number are prevalent in our environment. Conduction proves
e Curie temperature more effective in solid materials, while radiation can
P Viscous dissipation operate in a vacuum, making it less relevant in direct
5 Partial slip contact with fluids [1]. Within the context of convection,
S Suction and injection the significance of mixed convection becomes appar-
i Ferrohydrodynamic interaction parameter ent when examining the concurrent influence of both
o Dimensionless distance fluid motion and external forces on heat transfer. Nat-
Ji Mixed convection ural convection is driven by buoyancy forces resulting
Gry Grashof number from temperature differences, and forced convection is
Re, Reynold number induced by external means such as fans or pumps [2].
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Understanding mixed convection in fluid flow is
essential for optimizing heat transfer systems. The
increase in buoyancy force corresponds to the enhance-
ment of the mixed convection parameter, causing a sig-
nificant reduction in the thermal boundary layer thick-
ness as the fluid temperature decreases sharply along
an inclined stretching sheet [3]. Mahdy [4] asserted that
the mixed convection parameter improves heat trans-
fer performance, as evidenced by the Nusselt number
of fluid flows over a stretching surface. In addition, an
incrementation is also observed in the velocity profile
[5]. Daniel et al. [6] reported that the absence of the
mixed convection parameter, assigned as forced con-
vection flow, minimally affects fluid flow velocity. Con-
versely, the inclusion of the mixed convection param-
eter during natural convection leads to an increase in
the velocity profile [6]. The shear stress development is
higher in mixed convection, followed by natural con-
vection and forced convection, as reported by Ishak
etal.[7].

Permeable surfaces are commonly employed in
heating and cooling systems. Typically, a permeable
surface is associated with a scenario where the surface
allows fluid to either be removed (suction) or intro-
duced (injection or blowing) through its pores or open-
ings [8]. The investigation of fluid flow with suction and
injection effects was pioneered by Gupta and Gupta
[9], who extended the work from Crane [10] beyond
a stretching sheet. According to the analytical solu-
tion, an increase in suction causes a progressive thin-
ning of the boundary layer, while the reverse is true
for blowing. This is because suction entrains fluid from
the ambient environment while blowing pushes fluid
away from the surface [9]. Hence, suction and injection
effects provide means to control and manipulate fluid
flow. Subsequently, many researchers have focused on
investigating fluid flow embedded within suction and
injection effects. It is reported that transitioning from
injection to suction retards the temperature profile [11].
This implies that an increase in the suction parame-
ter leads to an elevation in the thermal boundary layer
thickness [12]. With an increase in injection intensity,
the fluid velocity is enhanced, while the suction effect
improves the shear stress of the fluid [13]. Sandeep and
Sulochana [14] argued that the presence of suction and
injection parameters along a stretching sheet intensi-
fies the heat transfer rate in fluid flow. However, Obalalu
et al. [15] found that suction-based convective cool-
ing proves more effective in influencing the thermal
properties of the fluid compared to injection-based con-
vective cooling. The valuable articles discussing suction
and injection effects can be found in [16-22].

Besides, the slip effect — specifically slip boundary
conditions — also plays a substantial role in impact-
ing the heat transfer flow across various fluid dynamics
scenarios. Slip conditions denote the relative motion
between a fluid and a solid surface [23]. Velocity slip

occurs when the fluid near a solid boundary has a veloc-
ity different from the solid surface [23]. In 1823, Navier
took the initiative to incorporate slip boundary condi-
tions into the examination of linear viscous fluid dynam-
ics [24]. This initiative involved postulating a direct con-
nection between the extent of relative slip length and
the local shear stress. Following this, Andersson [25]
conducted an initial analytical exploration into the influ-
ence of velocity slip on the flow around a stretching
surface. As the slip factor increases, there is a corre-
sponding elevation in slip magnitude, resulting in a
decrease in frictional resistance between the viscous
fluid and the surface. Building upon the work of [25],
Wang [26] asserted that the outcomes from the ana-
lytical solution of Navier-Stokes with a slip stretching
sheet can be extrapolated to applications in convec-
tive heat transfer and convective mass diffusion. These
applications are particularly significant in processes like
extrusion.

Thompson and Troian [27] proposed that the slip
length of velocity remains constant, unaffected by tem-
perature variations in fluid flow. Yazid et al. [28] dis-
covered that the slip coefficient at the boundary condi-
tions eliminates the local skin friction along the stretch-
ing sheet. Rajesh et al. [29] investigated the existence
of partial slip at the fluid-solid interface, resulting in a
diminished velocity distribution compared to a no-slip
condition. This occurs because, in the absence of slip,
the fluid velocity aligns with the velocity of the stretch-
ing sheet. An analytical solution presented by Turkyil-
mazoglu [30] illustrates that the partial slip parameter
enhances convective heat transfer over conductive heat
transfer in magnetohydrodynamic (MHD) fluid flow. The
momentum boundary layer is reduced when consider-
ing velocity slip, however, the thermal boundary layer is
thicker [31].

The impacts of velocity slip, as well as suction
and injection effects, become particularly pronounced
when the presence of nanoparticles in the fluid is
taken into account. This is because the introduction
of nanoparticles into the liquid creates conditions that
deviate from the assumption of a perfectly smooth sur-
face during fluid flow [16]. Moreover, the inclusion of
nanoparticles leads to the formation of surface rough-
ness or texture on a plate, inducing slippage and alter-
ing the initial velocity of the fluid [32]. Suction usually
entails the removal of reactants or waste nanoparticles,
whereas injection introduces new particles or reactants
into the system [8]. This process enhances the stabil-
ity of the heat transfer system, particularly with the
presence of nanoparticles in fluid. It is crucial to note
that incorporating nanoparticles in a fluid introduces
the term nanofluid (NF). The concept of NF was intro-
duced by Choi and Eastman in 1995 [33]. NF can indeed
be prepared using physical or chemical methods, which
involve dispersing nanoparticles in a base fluid [34].
It is noteworthy that nanoparticles in NF typically fall



within the 1 to 100 nanometer (nm) size range, a sig-
nificant departure from the micrometer-sized particles
described in Maxwell’s concept [35]. The application of
NF for industrial cooling has demonstrated positive out-
comes, leading to energy conservation and a decrease
in emissions [5].

Although the presence of nanoparticles in NF can
enhance thermal conductivity, achieving both improved
conductivity and stability in single-component NF
poses a challenge. Stability concerns, such as parti-
cle agglomeration or sedimentation over time, may
offset the benefits of increased conductivity, restrict-
ing their long-term practicality [36]. To address this
trade-off, researchers have introduced hybrid nanoflu-
ids (HNF), which involve blending metallic and non-
metallic nanoparticles to optimize both thermal proper-
ties and stability [37]. Investigations on HNF encompass
metallic, non-metallic, and carbon materials [38]. Some
researchers have directed their attention to HNF involv-
ing the inclusion of magnetic nanoparticles, specifically
focusing on ferrite nanoparticles [39]. This type of HNF
is commonly referred to as hybrid ferrofluid (HFF). It is
important to point out that the thermal conductivity of
HFF is higher than that of the normal base fluid, making
them potentially superior candidates in heat transfer
systems [40,41]. According to Raj and Boulton [42], the
effective thermal conductivity of HFF relies on imposed
magnetic field strength.

Magnetic field can be used to manage the heat trans-
fer in a convective system, resulting in improved heat
transfer characteristics [43]. Magnetic fields offer sub-
stantial potential across diverse applications, including
the field of medical science [44]. Notably, a magnetic
field presents a promising avenue for developing an
alternative and potentially more effective drug delivery
with fewer side effects compared to existing options.
The interaction of magnetic fields with a fluid contain-
ing suspended magnetic nanoparticles gives rise to the
intriguing phenomenon known as “ferrohydrodynam-
ics” (FHD) and force known as the Kelvin force, resulting
from fluctuations in field strength [45,46]. This process
entails the manipulation and control of fluid motion
induced by the interplay between magnetic nanopar-
ticles and an external magnetic field [45].

Understanding the FHD is critical for inducing fluid
movement. Therefore, HFF holds promising applica-
tions in various technical, industrial, and scientific fields.
This is especially notable in the realm of biomedi-
cal engineering and technological fields, where they
hold significant potential applications in biomedical
applications (magneto-thermal therapy, targeted drug
delivery, magnetic hyperthermia) [47-49], coating pro-
cess [50], and magnetic cooling [51]. Neuringer and
Rosensweig [52] provided an analytical solution, reveal-
ing that the thermal energy of the fluid increases when
subjected to the FHD effect. Based on the theoretical
study reported by Rosensweig [45], as the magnetic
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Table 1. Previous studies on HFF.

Authors HFF MC FHD SIE VS
[62] Fe304 and molybdenum N X X X
disulfide (MoS;)
[63,64] NiZnFe;04 and MnZnFe;04 X Vv X X
[65] Fe304 and MnZnFe,04 x Vv x X
[66] Fe304 and CoFe304 Vv X Vv X
[67] CoFe;04 and MnZnFe; 04 X X Vv X
[68] NiZnFe;04 and MnZnFe;04 X X X Vv
[69,70] Fe304 and copper (Cu) X X Vv J
[71] Fe304 and CoFe304 Vv X X X
[72] CoFe304 and copper oxide X N X X
(Cu0)

dipole-induced magnetic field intensity rises, the fluid
reaches saturation. Consequently, the FHD effect leads
to a decrease in the heat transfer rate, and it simul-
taneously causes an increase in shear stress [53,54]. A
magnetic dipole is one type of source that generates
magnetic fields. It is a magnet or magnetic material
where one end has a north pole, and the other end
has a south pole [55]. A condensed magnetic spher-
ical bar yields more robust magnetic fields owing to
its closely spaced dipoles, thereby generating a uni-
form and intensified magnetic field in its vicinity. On
the other hand, an applied magnetic field can be either
external orinduced within the fluid, as seen in phenom-
ena like magnetohydrodynamics (MHD). This magnetic
field interacts with the moving charged particles, such
as ions and electrons, within the fluid. This interaction
leads to the induction of a Lorentz force, which plays a
pivotal role in driving the dynamics and behavior of the
fluid [56].

It is worth noting that the researchers employed fer-
rite nanoparticles comprised of iron-oxide compounds
such as magnetite ferrite (Fe304), nickel zinc ferrite
(NiZnFe;04), manganese zinc ferrite (MnZnFe;0O4) and
cobalt ferrite (CoFe;04) to examine the behavior of
the boundary layer flow. Notably, Fe304 exhibits higher
magnetic strength and thermal conductivity in com-
parison to NiZnFe; 04 and MnZnFe,0, attributed to its
lower velocity profile and higher temperature field [57].
Similarly, CoFe;04 demonstrates superior saturation
magnetization and heat transfer capability compared
to other ferrite nanoparticles like Fe3O4, NiZnFe;Og,
and MnZnFe;0q4, even in the absence of an external
magnetic field [58,59]. It is intriguing to highlight that
CofFe,04 displays ferromagnetic behavior and excep-
tional chemical stability, positioning it as a robust
magnetic material with potential applications in med-
ical fields, such as hyperthermia cancer therapy [60].
Therefore, the theoretical studies reported by Anan-
tha Kumar et al. [61] claimed that the heat transfer of
Fe304/CoFe;04 improves HFF flow compared to fer-
rofluid flow. The examination of hybrid ferrofluid (HFF)
in the literature is detailed in Table 1, encompassing the
impacts of mixed convection (MC), ferrohydrodynam-
ics (FHD), suction and injection effects (SIE), and velocity
slip (VS).
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Based on the information presented in Table 1, it is
evident that no prior studies have explored the mixed
convection of a hybrid ferrofluid (HFF) composed of
Fe304 and CoFe304 in the presence of a magnetic
dipole, suction and injection effects, and velocity slip.
Therefore, this study aims to address this research gap
with the following objectives:

i. to explore the effect of the magnetic dipole and
the induced ferrohydrodynamics (FHD) interaction
in HFF flow,

ii. toinvestigate and compare free convection, forced
convection, and mixed convection concerning the
examined parameters in HFF flow.

iii. to explore and discuss the partial slip and suc-
tion/injection effects on FHD HFF flow.

To accomplish these objectives, the governing equa-
tions are developed based on previous studies [7,12,
28,65] in the form of partial differential equations
(PDEs). These complex PDEs are then transformed into a
set of coupled dimensionless ordinary differential equa-
tions (ODEs) using appropriate dimensionless variables.
The resulting ODEs are solved using an implicit finite-
difference method known as the Keller box method, as
described in the book by Cebeci and Bradshaw [73]. The
outcomes, including profiles and physical quantities for
the investigating parameters, are presented, analyzed,
and visualized through graphs and tables.

2. Mathematical formulation
2.1. Ferrohydrodynamics (FHD) effect

Ferrohydrodynamics (FHD) involves the study of the
interaction between magnetic fields and fluid flow con-
taining suspended magnetic particles, typically at the
nanoscale. It explores the influence of magnetic forces
on the behavior of hybrid ferrofluids (HFF) that contain
ferromagnetic particles [45]. In this context, the mag-
netic dipole serves as the source of magnetic fields and
is positioned below the x—axis at a distance, d (see
Figure 1). The center of the magnetic dipole aligns with
the y—axis, as depicted in Figure 1 [65]. The magnetic
fields generated are perpendicular to the x—axis and
saturate the HFF. The magnetic scalar potential, w is
defined as [65]

4l X
O=_———"—, (M
2w x2 + (y + d)
y1 is the source of the magnetic field strength (H). The
two-dimensional representation of H can be expressed
as H = (Hy, Hy) [65]

aH__aw_ 71 X2—(y—i—d)2 2
ox

8X - 271' (X2 + (y+d)2)ZI

OH 0w 7 2x(y + d)

T e n 2vEd g
oy oy 27 2+ (y+ d)2)

As the magnetic body force is directly related to the gra-
dient of H, the resultant magnitude of H is expressed

as [65]
1
S (CRE I
=(\&x) T oy '

Expanding equations (2) and (3) based on equa-
tion (4) yields the following expressions [65]
oH n 2x
ox  2m (y+d)*
oH 2 4x?
—=ﬂ(- -+ J. (6)
o 2\ (y+d°’ (y+d
The change in magnetization (M) can be viewed as a
linear relationship with temperature (T) [65]

(5)

M=K(T.—T). (7)

The thermomagnetic (K) effect induced by a thermal
gradient on the magnetic properties of materials. Two
conditions are necessary for the occurrence of the FHD
effect [54,65]

i. the fluid must have T distinct from the Curie tem-
perature (T¢) and
ii. aninhomogeneous magnetic field must be applied.

In fluid containing suspended magnetic nanopar-
ticles, the magnetization of the magnetic material
decreases when it reaches T.. This characteristic is par-
ticularly significant in practical applications due to the
notably high T, of iron, approximately 1043 K [31].

2.2. Hybrid ferrofluid (HFF)

The experimental studies by Shoghl et al. [74], Colak
et al. [75] and Colak [76] consistently support the the-
oretical model put forth by Tiwari and Das [77]. Conse-
quently, this study employs a modified version of Tiwari
and Das’s model [77] to characterize the thermophys-
ical properties of the hybrid ferrofluid (HFF). The den-
sity (pnfr) and specific heat (pCp)psr are expressed as
follows [65]

phfe = (1 = $2)I(1 — d1) por + d195,1 + h2ps,,

(pColner = (1 = $2)[(1 = 1) (pCp) e + 1 (pCp)s, ]
+ ¢2 (Pcp)sz-

Brinkman [78] introduced the dynamic viscosity (upf )
which represents the higher concentration of spherical
nanoparticles is applied

Hof

(1= — >’

Hhff =
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Figure 1. Physical geometry.

Table 2. The thermophysical traits of HFF [61,66].

Ethylene glycol with

Properties Fe304(¢1) CoFe;04(¢7) water (50%-50%)
p(kgm=3) 5180[ps, 1 4907 ps,1 1056[ppf]
CoUkg™'K™")  670[(Cp)g, 1 700[(Cp),,] 3.288[(Cp) ]
k(Wm=1K=1) 9.7[ks, 1 3.7[ks, ] 0.425[kpf]
Pr - - 29.86

while the thermal conductivity (kns ) approximated by
Maxwell’'s model, is given [79]

ks, + 2k — 2o (ke — ks,)

kpe = x k
= ks + 2kt + ok —ksy)
Where
kit ksi + 2kor — 2¢2 (kpr — ks1)
kot ks, + 2kpr + 2 (kpr — ks;)

The superscripts sy, 52, bf, ff, 1, and ¢, denote the first
and second solid nanoparticles, base fluid, ferrofluid,
and first and second nanoparticle volume fractions,
respectively. The thermophysical for HFF with conven-
tional fluid are presented in Table 2.

2.3. The governing equations

Based on the assumptions, this study is dedicated to
examine the characteristics of boundary layer flow and
heat transfer in a specific hybrid ferrofluid (HFF). This
particular HFF is composed of magnetite ferrite (Fe3Oa)
and cobalt ferrite (CoFe;04). Both ferrite nanoparticles

are dissolved in a conventional fluid, namely an ethy-
lene glycol (EG) and water solution. The HFF is repre-
sented in a two-dimensional space with velocity com-
ponents (u,v) at (x,y) directions. The fluid is consid-
ered incompressible and laminar, experiencing bound-
ary layer flow over a stretched sheet. The analysis takes
into account the influence of mixed convection involv-
ing the magnetic dipole and partial slip velocity as the
fluid passes over a flat sheet. Suction and injection
effects are considered in the study. The HFF induces its
motion by stretching an elastic sheet along the x—axis,
with the y—axis perpendicular to the sheet, as shown
in Figure 1 [65]. The sheet undergoes stretching with
a velocity U, = cx, where ¢ > 0 denotes the rate of
stretching [65]. The sheet is maintained at a constant
temperature (T,), and the surrounding fluid is denoted
as Too. The presence of magnetic nanoparticles in the
fluid introduces a specific temperature known as the
Curie temperature (T¢). When the fluid temperature sur-
passes T, the HFF undergoes a transition, losing its
magnetism and transforming into a paramagnetic state.
In this state, the temperature of the HFF system follows
the condition T, < Too < T [65]. Hence, the governing
PDEs are established as follow [30,65]

ou 8v_

x oy 0, (8)
ou ou oH
Phff (Ua + Va_y) = Mﬂoa
2 2
+ W (ZTZ + ZTZ) +9p* (Tc—T), )
oT oT oH oH oM
(pCp)nft (Ua—x + Va—y> + (Ua—x + V@) ﬂOTa—T
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e (2T N 02T
= Khff axz ayz

| 2(24)
Hhff aX

Here, equation (8) demonstrates the continuity
equation. The final term in momentum equation (9)
accounts for the mixed convection parameter, taking
into consideration the gravitational field (g), and ther-
mal expansion coefficient, (f*) [66]. The term mag-
netic body force per unit volume of /VI,uo illustrates
the components of magnetization force commonly
referred to as the Kelvin force [31,54]. This force dimin-
ishes when there is no magnetic gradient. In this con-
text, uo stands for the permeability of free space. In
equation (10), the second term on the left-hand side
signifies the heating due to adiabatic magnetization
in HFF [31,54]. The concluding term in the energy
equation (10) denotes viscous dissipation, serving as
a heat source generated by fluid particle friction in
HFF [31,54]. While magnetohydrodynamics (MHD) the-
ory allows for a non-zero Lorentz force in the presence
of a uniform magnetic field, FHD interactions necessi-
tate a magnetic field that varies spatially, specifically

distinguished by (ﬂ", ﬁ) [80]. Then, the boundary con-

) ov 2+ 6u+6v 2
oy dy  ox '

(10)

ox' oy
ditions are assumed as slip conditions together with

suction and injection effect at the sheety = 0[12,28,65]

ou
y:O:u—UszS/,-p@,v=vW,T=TW, n

Here, the slip length (Ly;,) and ‘2,—; represents shear
stress at the solid-fluid interface were defined with y
denoting coordinates tangential to the surface. In addi-
tion, Lgjp is assumed to be temperature-independent
[27]. The suction and injection effects are defined as v,
and are established using the similarity transformation
approach [12]. Meanwhile, the boundary conditions at
a distance far from the sheet, where y — o0, are refor-
mulated as [65]

y—>o00:u=0T=T.. (12)

2.4. Similarity transformations

The complexity of governing PDEs (8) to (10), along
with their respective boundary conditions (11) and
(12), have been reduced to ODEs by applying similarity
transformations using the similarity variables as given
below [65]

1

w(n,&) = vecf (), = (C—p)zy,é - (C—p)zx,
Iz Jz

=T
001,¢) = = = 01(n) + 20, (). (13)

C_TW

Here, v = ';‘7 demonstrates as kinematic viscosity.
w(n, &) represents the stream function, and 6(y,&)
denotes the dimensionless temperature, both depen-
dent on two independent variables (7, £). It is notewor-
thy that the equation for (7, &) satisfies the continuity
equation (8), which is expressed as u = —"’ = oxf'(n)

1
andv=-2 = —(%i) 2f(;7). The velocity for suction

and injection effects are given by v,, = —(Epﬁ)jf(O)
[12]. Substituting equation (13) into governing PDEs (9)
and (10) yields

(,Uhff) o _f2 g 2(por/ ﬂhfflﬁ&
Hof (n+a)

+(%) (“””),191 —o, (14)
por ) \ tof
khff) ((pCP)hff> ,

(9 + 207 + | —— ) Prfo
(kb ! 2) (pcp)bf k
L 2P0, —38) 3 (,Uhff)4 f2_

(n+a) Mof

k " C 2 f
(ﬂ) 0 — (—(p ot ) Pr2f 6, — fo3) + 2P0
kpf (Pcp)bf (n+a)

(15)

! 4f
— 1B —
p 8)[(77+a)4+(77+a)5]

- (”ﬂ) 4f2=0. (16)
Hbf

The boundary conditions (11) and (12) become at

n=0:f(n) =5 =1+5"(),
() =1,0.() =0, (17)

at
n—oo:f(n) =0, 60:(n) = 0, 6(n) — 0. (18)

Where the prime symbol denotes the derivative with
respect to 5. S for suction (S > 0) and injection (5 < 0).
The dimensionless parameters are listed in Table 3.

2.5. Engineering parameters

Studying local skin friction, Cf and Nusselt number,
Nuy in engineering are crucial because they provide
key insights into the behavior of fluid and heat trans-
fer within a system. Understanding Cr helps engineers
comprehend the resistance experienced by fluids as
they flow past a surface. The parameter Cr in terms of
wall shear stress, 7, is defined as [54,65]
C = piTUZ ,Where 7, = /lhffz—;

Meanwhile, the Nuy provides information about heat
transfer efficiency between a solid surface and a
fluid, aiding in the design of cooling systems, heat



Table 3. Dimensionless parameter.

Symbol Model parameter Mathematical expression
C
Pr Prandtl number HT",
. Te
P Curie temperature ,
Te—Tw
Viscous dissipation cu?
4 pk(Te — Tw)'
K(Te — Tw)p
s FHD interaction r M(Ciz'”)/,
2z u
fc
o Dimensionless —pd,
distance H
gp* (Tc—T)
Gr, [ 2 } *(Te = T3
A Mixed  convection —; = “; = 95" e 3 ) ,
parameter Reg Reg vf
1
C
0 First-order  velocity LS/ip(—p)z.
slip H

exchangers, and thermal management in various engi-
neering applications. The parameter Nuy, with heat
transfer rate g, is written as [65]

N Xqw Xqw
kbf(Tc - TW) kbf(Tc - TW) '

The dimensionless forms of Cr and Nuy in relation to the
Reynolds number, Re are derived through the applica-
tion of similarity variables (14), resulting as [65]

Nuy ,where q,, = —kpg

NI—=

1 2 _
CfRe} = ———f"(0)and NuyRey
K hff

k
= —%[0{ (0) + £264(0)].
bf

3. Numerical method

The resulting ODEs (14) to (18) are solved using the
Keller box method, which is well-known for addressing
nonlinear parabolic problems. This method is chosen
due to its unconditional stability, enabling reliable com-
putations [73]. It involves discretizing the domain into a
grid and approximating the solution at each grid point.
Not only is this numerical scheme more accessible, but it
isalso highly adaptable and practical compared to other
methods. Consequently, the iterative process through
this method yields highly accurate numerical outputs
[81]. The primary steps to comprehend the workflow of
this method are revealed below.

i. The resulting ODEs (14) to (18) reduce to first
order system by introducing the new dependent
variables of f(#), u(n), v(n),0(n) and g(»).

ii. The first-order derivative equations, as indicated
in step (i), undergo the application of numeri-
cal techniques utilizing finite difference schemes.
The central difference scheme is employed to
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discretize equations (14) to (16). This process
results in the generation of nonlinear algebraic
system equations. The boundary conditions (17)
and (18) are also discretized at x = x'.

iii. The iterations are introduced to linearize the
nonlinear algebraic system in step (ii) through
the Newton method.

iv. The linear algebraic system is converted into a
matrix and solved using the block tri-diagonal
factorization scheme. It is crucial to note that the
block tri-diagonal matrix is distinctive due to its
composition of matrix blocks. Subsequently, the
Thomas algorithm of a block-elimination tech-
nique is applied to achieve the numerical solu-
tions of the matrix.

The computational procedure of the Keller box
method is implemented using MATLAB software, fol-
lowed by the generation of corresponding numeri-
cal results. Comprehensive information regarding the
Keller box method can be referenced in works
[73,82,83].

4. Results and discussion

The present study delves into the impact of the mag-
netic dipole on the behavior of a hybrid ferrofluid (HFF)
asitflows past a stretching porous sheet. Various factors
are taken into consideration in the investigation, includ-
ing ferrohydrodyhamics (FHD) interaction (f), suction
and injection (S), partial velocity slip (J), the volume
fraction of magnetic nanoparticles (¢;), and the mixed
convection parameter (1). The smart HFF is synthesized
by blending magnetite ferrite (Fe304) and cobalt fer-
rite (CoFe;04) into a biopolymer solution, which is a
mixture of ethylene glycol (EG) and water. This HFF
solution shows potential applications in heating and
cooling systems [47,48,50,51]. To underscore the signif-
icance of the effects, the analysis is initiated by con-
figuring the parameters without the investigated vari-
able and subsequently adjusting the values based on
previous research findings. The examination is con-
ducted by categorizing it into three scenarios: forced
convection,A = 0, mixed convection, 2 = 1.0 and natu-
ral convection, 1 = 1.2 [7]. Additionally, suction (S > 0)
and injection (S < 0) are also compared against the
pertinent parameters [15]. The parameters for both the
initial and investigated parameters are established as
follows.
Initial parameters:

Initial parameters : Pr = 29.86[64],

€ =20,y =0.01and a = 1.0[57]

Investigated parameters : § = {0.0,0.3,0.5}[32],

B = {0.0,1.0,2.0}[60], $, = {0.00,0.01,0.02}[65]. (20)
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4.1. Verification of the results

Several parameters have been compared with those of
the previous study, as outlined in Tables 4 and 5. Table 4
shows the code validation for the mixed convection
parameter 1, while Table 5 presents the partial veloc-
ity slip parameter ¢ and suction parameter S examined
in the current study. It is clear that the current study
presents a comparable solution to the previous investi-
gations [5,53], with the mixed convection parameter set
to 4 = 1 corresponding to local skin friction (f”(0)) in
Table 4. When the current study converges to a limiting
casebysetting f = 4 = ¢1 = ¢p» = 0andtakingPr =7,
the numerical results for f(0) demonstrate good agree-
ment with published studies [25,26] in the absence of
the suction effect (S = 0), as depicted in Table 5. A com-
parable result is also evident in the case of the suction
effect (S = 2 ) when comparing the current study with a
prior investigation [30]. Itis notable that f(0) decreases
as the parameter ¢ raises. Remarkably, an elevated value
of f”(0) is observed in the presence of the suction effect,
S =2than S = 0 along a slip stretching sheet, particu-
larly when d is set to 1.0 and 5.0. Therefore, the findings
of this current study align well with the existing results,
providing confidence in the computation and analysis
of the remaining tasks within the study.

4.2. Ferrohydrodyhamics (FHD) Interaction (f3)

The reaction between a fluid containing suspended fer-
rite nanoparticles and magnetic fields leads to the FHD
effect. This phenomenon is observed by considering
the dimensionless FHD interaction parameter (), the
dimensionless distance of the magnetic dipole from the
origin (a), and the Curie temperature (¢). Figure 2(a)
is plotted to illustrate the velocity profile (f'(#)) due to
the parameter g. It is noteworthy that () decreases as
the parameter S increases from 0 to 2 past a stretching
sheet. When ferrite nanoparticles respond to magnetic
fields, they tend to align themselves along the direc-
tion of the fields, forming structures often referred to
as magnetic chains or clusters, saturating the HFF. As
these magnetic chains develop, they have a noticeable
impact on the rheological properties of the HFF, typ-
ically resulting in an increase in viscosity. The height-
ened viscosities limit the movement of the fluid, creat-
ing increased resistance to its flow. This finding aligns
with the conclusions presented by Andersson [54].
Figure 2(a) also depicts the influence of the mixed
convection parameter (1) on the flow of HFF, magnify-
ing the parameter }B. It is evident that f'(5) drastically
declines in forced convectionas A = 0 comparedto A =

Table 4. Comparison of —f" (0) for 2 = 1.

Published paper Punith et al. [53]

—f'(0)

Olanrewaju [5] Present study

0.605848 0.6069352 0.6069

1 for mixed convection and 4 = 1.2 for natural convec-
tion. This phenomenon arises due to the presence of
buoyancy forces as the dimensionless parameter 4 tran-
sitions from 0 to 1.2. Referring to Table 3, 1 is defined as
the ratio of the Grashof number (Gry) to the Reynolds
number (Rey). Gry is directly associated with buoyancy
force and inversely related to viscous force. Therefore,
the lack of buoyancy force in HFF flow reduces the
momentum boundary layer. It is also observed that the
removal of the reactants through the intensity of suc-
tion (S > 0) obviously lowers f'() compared to the
injection process (S < 0). This means that removing the
HFF has diminished the pressure in the HFF system,
thereby reducing the force between the nanoparticles
when stretching the elastic sheet.

Besides influencing the velocity field, the parameter
p significantly affects the temperature profile (61(7)),
as demonstrated in Figure 2(b). The presence of the
parameter 8 generating the FHD effect enhances heat
content in the HFF. As f increases, a stronger align-
ment of ferrite nanoparticles occurs in response to the
magnetic fields, leading to heat generation through
the realignment of magnetic moments. Simultane-
ously, this alignment enhances convective heat transfer
within the HFF, creating more effective pathways for
heat transfer from the solid surface. Hence, the tem-
perature field elevates, accompanied by an accumula-
tion in the thermal boundary layer. Notably, it is also
observed in Figure 2(b) that 6, (#) is detected lower in
the case of 1 = 1.2 than in cases with A = 1and 1 = 0.
This implies that a greater buoyancy force, at its maxi-
mum with 1 = 1.2, impedes the accumulation of heat
in the HFF system. Hence, natural convection results in
a thinner thermal boundary layer within the HFF system
rather than forced and mixed convection. Simultane-
ously, the injection process, which introduces reactant
into the HFF system, results in the accumulation of more
heat in the fluid. Therefore, ; (1) with the injection case
is higher than 0y () with the suction case.

4.3. Partial Velocity Slip (5)

Figure 3(a) has been generated for the purpose of ana-
lyzing the effects of the partial slip parameter, 5 on ().
The result illustrates that as the parameter ¢ increases
along a stretching sheet, the motion of the HFF pro-
gressively decreases. This pattern occurs due to the
heightened influence of lubrication and surface slip-
page, which hinders the free movement of nanopar-
ticles. Consequently, the momentum boundary layer
becomes thinner and approaches closer to the surface
of the sheet. It is worth noting that when ¢ is equal to
zero, the current study reverts to the no-slip condition.
In this scenario, the velocity of the HFF matches the
velocity at the surface of the sheet in accordance with
the boundary condition (17), then f’(0) = 1. Interest-
ingly, it is observed that the absence of slip conditions,
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Table 5. Validation of § against —f”(0) when S = 0 and S = 2.

S=0 S=2
1) Andersson [25] Wang [26] Present Study Turkyilmazoglu [30] Present Study
0.0 - - - 24142 2.4099
0.3 - 0.7010 0.7010 - -
1.0 - 0.4300 0.4305 0.6823 0.6816
3.0 - - - 0.2870 0.2869
5.0 0.1448 0.1450 0.1451 0.1822 0.1821
50 0.0186 - 0.0187 - -
a) 1 Ll Ll T T Ll
e b — \=0.0
| §=0.3, ¢,=¢,=0.01, - s
0.8k e=2.00=1.0,y=001 =-—-.8<0 A\=1.2 |
S>0
0.24
0 1
0 1 2 3 4 5 6
n
b) 1 oL T T Ll T
AN 050.3,6,56,50.01, —— S50 mmmmm A=0.0
wh = = B -== S<0) o A=1.0
e\ 2.0 a=1.0, x=0.01 ol
0.8 B AN\ Y " = =l z]
ws \
\::Q .
N N
K% Y
06 \
=
(b‘_
04r
02
0
0

Figure 2. Velocity (a) and temperature (b) fields for parameter

when ¢ = 0, leads to more incredible velocity compared
to situations where J > 0. This trend aligns with the
findings reported by Rajesh et al.[29]. Therefore, itis cru-
cial to take into account partial velocity slip, particularly
when managing the motion of the HFF in heat transfer
processes. For example, this aspect can be employed to
improve the elimination of cancer cells or tissues while

B.

minimizing harm to healthy tissue during cancer treat-
ment. In addition, it is observed that the forced con-
vection, when /. = 0 exhibits a faster decrease in f'(3)
as the parameter ¢ increases. The absence of buoyancy
force causes nanoparticles in HFF to move to the surface
of the sheet faster than in scenarios with natural con-
vection and mixed convection, when 4 > 0.The suction
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) 1 - ' ' : '
5 s - A=0.0
3=1.0, ¢,=¢, 0.01, —_ S>>0 A=1.0
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f'(n)
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~
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08 i AW ~\ —— =, i

AL R\ “
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S$>0

6,(n)

0.9604

Figure 3. Velocity (a) and temperature (b) fields for parameter 6.

effect, when S > 0, leads to a quicker reduction in f'(#)
compared towhen S < 0.

The pattern of 61(n) for the different values of
the partial velocity slip parameter, ¢ is illustrated in
Figure 3(b). The parameter ¢ modifies the character-
istics of the HFF flow by releasing heat from the sur-
face, consequently increasing the temperature within
the HFF as the sheet stretches. Thereby, the thermal
boundary layer elevates. This outcome is in good agree-
ment with the numerical finding of hybrid nanofluid, as
reported by Rajesh et al. [29]. It is evident that param-
eter  enhances convective heat transfer between the
HFF and the surrounding fluid. Therefore, the partial slip
resulting from nanoparticle collisions with the surface
becomes crucial in elevating the temperature of the
HFF flow. Conversely, in the absence of slip conditions,
when § = 0, the pattern of 0; () is detected lower than

0.995
N
88.99
~
.35, _
—_— g T g - B
0.8 1 1.2

when velocity slip is present, when ¢ > 0. In the no-slip
condition, the heat transfer primarily occurs through
conduction, which is a slower heat transfer mechanism
compared to convection. However, the convection fluid
facilitated by slip conditions is more effective in carry-
ing heat away from the surface, resulting in a higher
61 (1) near the boundary. This phenomenon underlines
the significance of surface roughness under the consid-
eration of the parameter d in intensifying fluid tempera-
ture. This is crucial in applications that maintain specific
temperature ranges or gradients, such as in electronic
cooling or biomedical treatments. Higher pattern of
61 (n) is observed under forced convection conditions
(4 =0), as illustrated in Figure 3(b). This is attributed
to forced convection, where fluid motion is externally
induced, usually by stretching the sheet, resulting in
the minimal influence of buoyancy force. This forced



flow enhances the heat transfer rate, resulting in a more
pronounced temperature increase compared to natural
or free convection and mixed convection, where fluid
motion is driven by buoyancy forces with 4 > 0. The
injection process, when S < 0, contributes to higher val-
ues of 81 (17) compared to the suction process, when S >
0. This is because the injection process drags in addi-
tional heat content to the HFF system, thereby increas-
ing the thermal boundary layer.

4.4. Nanoparticles volume fraction (¢3)

Figure 4(a) is plotted to analyze the influence of the
nanoparticle volume fraction of the parameter ¢, on
f'(n). It is ascertained that adding CoFe;O4 nanopar-
ticles from 0% to 2% into the Fe3O4 (¢1 = 1%) solu-
tion results in the reduction of f'(#). The reason behind
this is that the HFF becomes more viscous due to
the incremental addition of CoFe,04 nanoparticles,
leading to additional aggregation and clustering in
the HFF. Furthermore, the aggregated particles create
obstacles in the fluid, hindering their ability to move
freely. The increased nanoparticle concentration also
disrupts momentum transfer within the HFF, particu-
larly near the boundary layer. This disruption reduces
the momentum boundary layer as the HFF encounters
increased resistance. It is also detected that the HFF
negatively affects the velocity of nanoparticles com-
pared to ferrofluid, when ¢» = 0, primarily due to the
faster reduction on f’(5). This phenomenon can be
attributed to the heightened presence of nanoparti-
cles within the fluid, resulting in an overall increase
in fluid viscosity. This finding aligns with the research
conducted by Zainodin et al. [71] with a similar HFF
flow. Furthermore, in Figure 4(a), it is illustrated that the
momentum boundary layer is thinner in forced convec-
tion (1 = 0), followed by mixed convection (1 = 1.0)
and natural convection (4 = 1.2). This phenomenon
is attributed to the faster reduction of f'(#) in cases
without buoyancy forces. Moreover, the analysis reveals
that the suction process (S > 0) results in a quicker
diminishment of f'(57) compared to the injection pro-
cess (S < 0). This discrepancy arises from the removal
of reactants inducing a reduction in viscosity within the
HFF system, thereby causing the momentum boundary
layer to move towards the sheet.

As depicted in Figure 4(b), changes in nanoparti-
cle volume fraction within the fluid notably influence
61 (n). Physically, increasing the nanoparticle volume
fraction significantly enhances the overall thermal con-
ductivity of the fluid, playing a vital role in improving
heat transmission efficiency. As the parameter ¢; rises,
the convective heat transfer coefficient improves, con-
tributing to an elevated 0;(#) until the fluid reaches
the temperature of the magnetic nanoparticle, T.. More-
over, a higher nanoparticle volume fraction augments
the contact points between nanoparticles, intensifying

JOURNAL OF TAIBAH UNIVERSITY FOR SCIENCE . 1

thermal interactions during fluid flow. This leads to the
thickening of the thermal boundary layer as more heat
transfers from the solid surface to the HFF system. It
is also observed that 8;(7) increases in the HFF when
the volume of CoFe;04 is introduced into the solution
of Fe304 compared to the ferrofluid of Fe304 alone.
The inclusion of CoFe;04 nanoparticles in the FesO4
solution enhances the absorption and retention of heat
effectively. This heightened capacity for heat absorp-
tion leads to a greater 01(x) as more thermal energy
is retained within the HFF. It is observed that () is
higher in forced convection, when 4 = 0, compared to
the case where 1 > 0 for natural and mixed convec-
tion. Notably, the presence of an external force in the
absence of buoyancy forces contributes to an increase
in the thermal conductivity of the HFF, consequently
leading to a thicker thermal boundary layer. The expan-
sion of the temperature field is also observed during the
injection process, when S < 0 than the suction process,
when S > 0.

4.5, Local skin friction (f” (0)) and nusselt number
(0;(0) + £265(0))

Table 6 presents the comparisons of local skin friction
(f”(0)) and Nusselt number (¢;(0) + £265(0)) for dif-
ferent values of the parameter 8, considering various S
and 1 in the respective cases. It should be noted that
the presence of the FHD effect, when £ > 0, increases
the dimensionless quantity of local skin friction com-
pared to the absence of the FHD effect, when g =
0. The introduction of the magnetic dipole alters the
behavior of the fluid through magnetic forces, intensi-
fying the movement of fluid particles near the surface.
This heightened movement leads to increased frictional
forces in HFF particles near the surface. Consequently,
this increased shearing effect enhances momentum
transfer, resulting in heightened skin friction. The study
reveals that the enhancement of f”(0) in forced convec-
tion (1 = 0) was 25.96%, followed by 28.06% in mixed
convection (4 = 1) and 28.53% in natural convection
(2 = 1.2) during the suction process at S > 0. Mean-
while, in the injection process at S < 0, it was observed
that the enhancement of f”(0) is higher than in the case
of S > 0. The upsurge of £ from 0 to 2 in the injection
process enhances f”(0) by 71.89% for A = 0, 83% for
A =1,and 87.08% for A = 1.2.

Table 6 also illustrates that as f > 0 along with suc-
tion and injection conditions, results in a faster decre-
mentation in 0;(0) + &265(0) compared to g = 0 for
various values of the parameter A. This outcome sig-
nifies a reduction in the heat transfer rate. The inter-
action between the magnetic dipole and HFF intro-
duces heightened forces, including magnetic and shear
stress within the system. These intensified forces hinder
the effective transfer of heat energy from the surface,
thereby disrupting the convective heat transfer process.
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Figure 4. Velocity (a) and temperature (b) fields for parameter ¢,.

Table 6. Comparing the values of —f (0) and —[6; (0) + 5265 (0)1for various S and A with respect to the parameter f3.

4 =00 2=10 =12

Cases —f'(0) —10;(0) + £205(0)] —f'(0) —16;(0) + £205(0)] —f'(0) —[6(0) + £265(0)]
0.0 $>0 0.7665 7.3537 0.6917 7.4448 0.6771 7.4633
S$<0 0.6523 0.8950 04711 1.0232 0.4380 1.0460
1.0 $>0 0.8645 7.1568 0.7876 7.2510 0.7725 7.2701
§$<0 0.8669 0.7105 0.6575 0.8607 0.6205 0.8862
20 S>>0 0.9655 6.9597 0.8858 7.0610 0.8703 7.0809
S$<0 1.1218 0.4980 0.8621 0.6903 0.8194 0.8351

It is noteworthy that the decrement in 0; (0) + &265(0)
is more pronounced under the influence of S < 0 than
S > 0.Thisis attributed to the faster removal of the reac-
tant from the HFF system, leading to a cut-off in the
convective heat transfer rate. Additionally, itis observed
that the presence of buoyancy force (4 > 0) inhibits
the deterioration in 6;(0) + 5205(0) in contrast to the
absence of buoyancy force (A = 0) in both cases. The

smallest reduction in 0] (0) + ¢264(0) is noted when the
buoyancy force is at its maximum in natural convec-
tion, occurring at A = 1.2. This results in reductions of
5.12% and 20.16% for S > 0 and S < 0, respectively. In
the case of mixed convection with 2 = 1.2, the 6;(0) +
52495(0) decreases by 5.15% for S > 0 and 32.54% for
S < 0. In forced convection without buoyancy force as
A =0, the injection process leads to a higher decay in



0;(0) + 5265(0) compared to the suction process. The
decrement is observed to be 44.36% and 5.36% for S <
O0and S > 0, respectively.

5. Conclusion

The present investigation focuses on exploring the
characteristics of a hybrid ferrofluid (HFF), specifically
Fe304 — CoFe;04, when introduced into a mixture of
ethylene glycol (EG) and water. The research investi-
gates the combined impact of a magnetic dipole effect
and mixed convection. The presence of nanoscale par-
ticles induces slippage at the solid surface, and the use
of suction and injection is crucial for stabilizing the HFF
system. A mathematical formulation has been devised
to depict the flow of the HFF over a stretching sheet,
aiming to model the cooling and heating processes.
Initially, the governing equations have been simplified
into a set of nonlinear ordinary differential equations.
These resulting equations are then numerically solved
using the Keller box method. The study delves into the
effects of ferrohydrodynamics, slip velocity, and the vol-
ume fraction of nanoparticles concerning mixed con-
vection, suction, and injection effects. The investigation
provides a thorough analysis and discussion of these
parameters, yielding noteworthy findings such as

i. the presence of the ferrohydrodynamics (FHD)
interaction, partial velocity slip, and nanopar-
ticles volume fraction parameters significantly
influences both the profiles of velocity and ther-
mal in the HFF system,

ii. the velocity field diminishes with an increase in
the parameters of FHD, partial velocity slip, and
nanoparticles volume fraction, but an opposite
trend is observed in the temperature profile,

iii. in forced convection, the momentum bound-
ary layer becomes thinner as 1 = 0, followed by
mixed convection at 1 = 1 and natural convec-
tion at A = 1.2 across the investigated parame-
ters of FHD, partial velocity slip, and nanoparti-
cles volume fraction,

iv. theabsence of the buoyancy forceat 1 = 0, con-
sistently enhances the thermal boundary layer,
contrasting with the maximum buoyancy force
from 2 =1 to 2 =1.2 in different values of
the parameters of FHD, partial velocity slip, and
nanoparticles volume fraction,

v. the removal of reactants during the injection
processasS < Oresultsinan escalation of move-
ment and heat content in the HFF system for
the parameters of FHD, partial velocity slip, and
nanoparticles volume fraction,

vi. the shear stress in the HFF system is directly cor-
related with the presence of the magnetic dipole
within the FHD parameter, which ranges from 0
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to 2, encompassing both suction and injection
processes,

vii. convective heat transfer decreases with an
increasing impact of FHD in both suction and
injection cases,

viii. during the suction process, the local skin friction
increases by 25.96%, 28.06%, and 28.53% for 1 =
0,4 = 1.0and 4 = 1.2, respectively,

ix. forced convection, when A = 0 exhibits a higher
reduction in the Nusselt number by 44.36% dur-
ing the suction process, when S > 0 compared
to the injection process, when S < 0, which
shows a reduction of 5.36%,

X. higher shear stress is detected during the injec-
tion process,when S < 0, particularly at the peak
buoyancy force of natural convection.

xi. In the realm of medical treatment, incorporat-
ing parameters like FHD, partial velocity slip,
and nanoparticles volume fraction improves the
temperature distribution, allowing for regulated
heat retention between 40 o C to 45 o C [49].

xii. ~With improved heat distribution, forced convec-
tion can reduce the time needed for hyperther-
mia treatment sessions. This not only enhances
patient comfort but can also lead to more effi-
cient treatment outcomes.

xiii. Utilizing suction intensity can reduce harm to
healthy cells by limiting the movement of the
HFF during cancer treatment after the removal
of reactants from the body.

Overall, the study and understanding of the ferrohy-
drodynamic effect, mixed convection, and partial slip
together with the suction and injection effect in mag-
netized hybrid ferrofluid must be taken into account.
These parameters are crucial for optimizing the perfor-
mance, efficiency, and reliability of various engineering
systems and processes across a wide range of applica-
tions, particularly from electronics heating and cooling
systems to solar thermal systems and environmental
flows. For future studies, it is advisable to investigate
the impact of supplementary variables under slip con-
ditions, such as second-order velocity or nonlinear slip
conditions, as suggested by Karniadakis et al. [84] and
ternary nanofluids [85], as well as non-Newtonian fluids
like Casson [16,86].
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