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Abstract Iron oxide nanoparticles possess magnetic characteristics that enable their control and

manipulation using external magnetic fields, making them suitable for a wide range of biomedical

engineering applications. Consequently, this study investigates the ferrohydrodynamic interaction

of hybrid magnetic nanoparticles in an ethylene glycol plus water mixture flowing over an inclined

stretching sheet, taking into account the magnetic dipole effect. The governing partial differential

equations are transformed into ordinary differential equations by opting the suitable similarity vari-

ables. To obtain the numerical results, an unconditionally stable implicit difference method called

the Keller box method is employed. The study analyzes the effects of the inclination angle, ferrohy-

drodynamic interaction, ferroparticle volume fraction, and mixed convection parameter. The results

indicate that an increase in the inclination angle and mixed convective parameter enhances the

velocity profile and Nusselt number, whereas the ferrohydrodynamic interaction and ferroparticle

volume fraction exhibit the opposite trend. Furthermore, the study reveals that under certain con-

ditions, the presence of magnetic oxide and cobalt iron oxide suspended in an ethylene glycol plus

water mixture effectively reduces the heat transfer rate.
� 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Magnetic fields are significant in regulating the movement of
fluids and energy transfer in numerous industrial and technical

procedures such as liquid cooling systems, nuclear reactors,
and the refining of molten metal. Magnetohydrodynamics
(MHD) and ferrohydrodynamics (FHD) effects result from
the applied magnetic field induced by the Lorentz force [1]
and Kelvin force, respectively [2]. The volume forces of

MHD formulated the electrically conducting fluids while
FHD involved the polarization and magnetization along with
non-conducting electrical fluid [3]. Some fruitful articles on

MHD flow have been presented in [4–10]. In order to process
of generating the FHD effect, the magnetic material is required
to form either magnetic lines or fields [11]. One of the most
well-known magnetic materials in the industry is the magnetic

dipole, which creates a magnetic field and so causes the fluid to
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Nomenclature

Uw stretching velocity

Tw sheet temperature
T1 ambient or bulk temperature
Tc Curie temperature
u; tð Þ velocity components for x; yð Þ
q density
l dynamic viscosity
qCp heat capacity

k thermal conductivity
T temperature
M magnetization

H magnetic field
g gravitational acceleration
b� thermal expansion
a� inclination angle

d distance of the magnetic dipole

K thermomagnetic
Pr Prandtl number
e Curie temperature
v viscous dissipation

b ferrohydrodynamic interaction parameter
a dimensionless distance
k mixed convection

Grx Grashof number
Rex Reynold number
Cf local skin friction

Nux Nusselt number
sw wall shear stress
qw heat transfer rate
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experience the FHD effect. The magnetic dipole is a micro-
scopically small magnet including a bar magnet. Cullity and

Graham [12] who explained the magnetic background claimed
that the magnetic dipole is a relatively short magnet of the
finite moment. In view of this fact that similar magnetic field

exists even though the length of the magnetic bar is cut to its
maximum limit and doubles its pole strength. In terms of its
physical composition, a magnetic bar is composed of two poles

- north and south. The strength of the magnetic field is deter-
mined by the product of the magnet’s length and strength.
Kira et al. [13] investigated magnetic dipole modeling and con-
cluded that the smaller distance of the spherical magnetized

dipole provides the nearest field line on the bar magnet,
demonstrating a strong magnetic field.

According to an analytical solution on heat transfer with

thermomagnetic and magneto-mechanical effects that have
been reported by Neuringer and Rosensweig [14], the presence
of ferrofluid in a magnetic field produces a helpful FHD effect

for fluid flow owing to thermal energy exchange in the fluid.
The iron oxide that dissolved in a nonmagnetic carrier fluid
is called ferrofluids and was synthesized in 1960 [15]. Ferroflu-
ids are stable industrially prepared magnetic fluids and consist

of a highly colloidal suspension of magnetic particles with ten
nanometers in diameter [16]. The liquid carrier is an electrically
non-conducting fluid encompassed with polar and nonpolar

fluid. Magnetic nanoparticles have excellent physical and
chemical properties, including being stable, environmentally
safe as well as biocompatible [17]. Therefore, it leads to signif-

icant research development in the field of medical and pharma-
ceutical industries specifically in cancer therapy (treatment for
hyperthermia), drug delivery, and magnetic resonance imaging

(MRI) [17,18].
Andersson and Valnes [19] first investigated the ferrofluid

model under the influence of magnetic dipole along with a
stretching sheet. A magnetic dipole is applied under the sheet

in a positive x direction. The magnetic field intensity increases
as the sheet is stretched, saturating the ferrofluid. Thus, it
reduces the heat transfer rate at the sheet. The numerical

results without ferrohydrodynamics interaction show good
agreement with the analytical solution proposed by Crane
[20]. Titus and Abraham [21] were inspired by the work done

by [19] and then conducted a report on the pattern of ferrofluid
flow over an inclined stretching sheet together with prescribed
surface temperature (PST) and prescribed heat flux (PHF).

The results show that an angular enlargement of the sheet
when stretched increases the fluid velocity, however, reducing
the temperature distribution for both the PST and PHF cases.

The outcomes have been parallel with the numerical results
obtained by Zeeshan et al. [22]. The effect of the Grashof num-
ber as the parameter of mixed convection controls the fluid

flow under the magnetic dipole effect [22,23]. Punith Gowda
et al. [24] reduced the complexity of the governing equations
of ferrofluid [19] by applying the boundary layer approxima-
tion theorem.

Heat transfer of nanofluid exhibits superior thermophysical
attributes than the conventional base fluid in terms of thermal
conductivity, thermal diffusivity, viscosity, and convective heat

transfer coefficient. The reason for this is that traditional heat
transfer fluids have low thermal conductivity when compared
to solids. As a result, scientists have attempted to create fluids

that use uniformed dispersion and stable suspension of solid
nanoparticles to improve the low thermal conductivity of these
traditional heat transfer fluids. The combination of the metal
oxides and ferromagnetic nanoparticles dispersed in a carrier

fluid such as oil, water, or ethylene glycol are categorized as
nano-ferrofluids [25]. This approach is consistent with the
nanofluid hypothesis, which was initially proposed by Choi

and Eastman [26] in 1995 s, and states that a nanofluid is a
mixing of a tiny amount of nanoparticles and a base fluid.
Hence, nano-ferrofluids ferrimagnetic materials are nanofluids

due to the reaction of metal oxides containing nano-ferric ions

Co2þ;Mn2þ;Zn2þ
� �

into a magnetic material (ferrofluids) with

the oxidation state + 2 metals [27]. Consequently, the physical
and chemical properties of nano-ferrofluids also attract inter-

est among the academic and industrial communities to explore
the theoretical study of ferrimagnetic. The theoretical study of
the magnetic dipole in nano-ferrofluids which is the nickel-zinc

ferrite NiZnFe2O4ð Þ and manganese zinc ferrite MnZnFe2O4ð Þ
with hematite ferrite Fe2O4ð Þ in ethylene glycol [28,29] and
water [29,30], magnetite Fe3O4ð Þ in three base fluids such as

kerosene, water, and refrigerant-134a [31], paramagnetic tanta-
lum Tað Þ, diamagnetic copper Cuð Þ; and ferromagnetic Feð Þ
which dissolved in base fluid 60% ethylene glycol and 40 %
water [32] and Fe against Fe3O4 in ethylene glycol with water
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[33]. Sheikholeslami [34] extended the work Sheikholeslami
[35] by considering the MHD effect on Fe3O4 in water by using
a new numerical approach, numerically.

The mixes of nanoparticles termed ‘‘hybrid nanofluids”
have gained a response from various industries that are inter-
ested to explore it more deeply due to its extensive technical,

industrial, and scientific applications such as for transporta-
tion, microfluidics, medical manufacturing and so on. Hybrid
nanofluids are formed by the suspension of two different types

of non-magnetic nanoparticles, whereas hybrid ferrofluid are
manufactured by the mixing of double magnetic nanoparticles
in conventional liquids. Kiranakumar, Thejas [36] claimed that
hybrid materials have high sensitivity and are more suitable for

room-temperature operation than single fluid. A comparison
theoretical study of hybrid ferrofluid and hybrid nanofluids
with magnetic dipole that has been reported by Naveen Kumar

et al. [37] proved that the hybrid ferrofluid
MnZnFe2O4 � NiZnFe2O4 in ethylene glycol improved the
minimum heat transfer together with velocity field contrast

to hybrid nanofluids. However, the temperature field of hybrid
nanofluids is higher than hybrid ferrofluid. In addition, hybrid
ferrofluid of Fe3O4=CoFe3O4 (magnetite and cobalt magnetite)

in engine oil depict more positive effects against heat transfer
rate [38]. When compared to hybrid nanofluids, the flow char-
acteristics of hybrid ferrofluid are easier to regulate using elec-
tromagnetic induction. It is interesting to mention that the

research on Fe3O4=CoFe3O4 by addressing the MHD effect
has been reported by Ramesh et al. [39] and Zainodin et al.
[40].

The mathematical formulation in the biomedical field has
been done by several researchers [41–43]. Therefore, the pre-
sent study will analyze the magnetic nanoparticles in biomed-

ical engineering applications namely MRI, and cancer
treatment, where they can be implanted into tumor tissue
and heated using an external magnetic field. The primary

aim of this study is to explore the characteristics of magnetic
nanoparticles. While many researchers have studied the mag-
netic dipole effect in fluid flow, there has been relatively little
investigation into the behavior of a hybrid ferrofluid over an

inclined stretching sheet. Therefore, the present study is
inspired by the prior study of ferrofluids [19] to explore the
behavior of hybrid ferrofluid. To achieve this, the problem is

expanded from [24] to include an inclined stretching sheet
[21]. Hybrid nanoparticles based on the previous study [38]
and dissolved in a mixture of ethylene glycol and water

[32,33], are chosen for the study. Using the similarity transfor-
mation technique, the governing partial differential equations
(PDEs) are altered into ordinary differential equations
(ODEs). To solve these ODEs, the Keller box method, which

is an implicit difference framework known for its absolute sta-
bility, is employed.

2. Mathematical formulation

In this study, the mathematical formulation is addressed by
following these conditions and assumptions:

� an incompressible and laminar steady fluid flow,
� two-dimensional Newtonian boundary layer flow,

� hybrid ferromagnetic fluid,
� boundary layer approximation,
� boussinesq approximation,

� magnetic dipole in terms of ferrohydromagnetic effect,
� inclined stretching sheet,
� no slip boundary conditions.

The mathematical model demonstrates the hybrid ferrofluid
flow past an inclined stretching sheet. The sheet is stretched
along the x� axis with the velocity, Uw ¼ cx where c is a con-

stant value, as well as y is perpendicular to the sheet at the x�
axis. As illustrated in Fig. 1 [44,45], the magnetic dipole is
located below the sheet and the center lies on the y� axis with

some distance, d. The ferrofluid is confined to the half-space of
positive y at the sheet. By generating a magnetic field that
points in the x direction, the magnetic dipole strengthens the

magnetic force and induces saturation in ferrofluids. More-
over, the sheet is set with a fixed temperature, Tw. The ambient
fluid temperature or bulk fluid temperature as discussed by
Das et al. [46] is taken to be T1: The temperature of the fluid

far away from the surface of the sheet where the ferromagnetic
element starts to lose its magnetism and become paramagnetic
is given as the Curie temperature, Tc and Tc ¼ T1. The mix-

tures of two kinds of nanoparticles in ferrofluids and sus-
pended in the base fluid produce hybrid ferrofluid. By
applying a modification of the Tiwari and Das model [40]

the governing equations including continuity, momentum,
and energy equation can be written as [19,21,24]
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and subject to the boundary conditions [19]

at y ¼ 0 : u ¼ Uw ¼ cx; t ¼ 0; T ¼ Tw; ð4Þ

at y ! 1 : u ¼ 0; T ¼ Tc; ð5Þ
where u; vð Þ represent the velocity components for x; yð Þ direc-
tions. q; l; qCp and k exemplify the density, dynamic viscosity,

heat capacity, and thermal conductivity, respectively. Sub-

script of hnf represents the hybrid nanofluid, l0 is the magnetic
permeability, T is temperature, H; and M demonstrate the
magnetic field and magnetization, respectively. g represents

the gravitational acceleration, b� is the thermal expansion coef-

ficient and the inclination angle is given by a�. The first term on
the right-hand side in equation (2) represents the component of
the ferromagnetic force per unit volume and depends on the

existence of the magnetic gradient. In equation (3), the second
term on the left-hand side demonstrates the heating due to adi-
abatic magnetization and viscous dissipation on the last term
of the right-hand side [14,23]. The magnetic dipole generates



Fig. 1 Physical geometry.
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a magnetic field, which influences the flow of the ferrofluid.
The magnetic scalar potential can be written [19]

d ¼ c
2p

x

x2 þ yþ dð Þ2 ; ð6Þ

where c represents the magnetic field strength Hð Þ at the

source. The H components are of the form [19]
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because the magnetic body force is proportional to the H gra-

dient, then H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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. By extending equations (7)

and (8) in powers of x and considering terms up to order x2,
the components of H may be represented as [19]
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The linear expression demonstrates the effect of magnetiza-
tion, M with temperature, T [47] is given as

M ¼ �K Tc � Tð Þ ð11Þ
where K denotes the thermomagnetic due to the temperature
gradient on magnetic materials coefficient. The occurrence of
ferrohydrodynamic interaction necessitates two conditions: i)
the fluid must have a temperature T different from Tc and ii)

an inhomogeneous magnetic field must be applied. The mag-
netic material loses its magnetization once the ferrofluid
reaches the Curie temperature. This property is crucial for
practical applications due to the high Curie temperature,

which is around 1043 K for iron. Equations (1) to (5) are in
the form of PDEs. These equations can be reduced into the
set of ODEs by using the following similarity transformations

[19]
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where n; g and h n; gð Þ are similarity variables and dimension-
less temperature, respectively. The stream function w x; yð Þ is

defined as u ¼ @w
@y

¼ cxf0 gð Þ and v ¼ � @w
@x

¼ � cl=qð Þ12f gð Þ which
automatically satisfies the continuity equation (1). Now, by
imposing equation (12) into equations (2) to (3), we have
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where the Prandtl number Prð Þ, dimensionless Curie tempera-

ture eð Þ, viscous dissipation vð Þ, ferrohydrodynamic interac-
tion bð Þ, dimensionless distance að Þ, and mixed convection
number kð Þ with Grashof number Grxð Þ and local Reynold

number Rexð Þ. These parameters are defined as

Pr ¼ m
a
; e ¼ T1

Tc � Tw

; v ¼ cl2

qk Tc � Twð Þ ;

b ¼ c
2p

l0K Tc � Twð Þq
l2

; a ¼
ffiffiffiffiffiffiffiffiffi
cqd2

l

s
;

k ¼ Grx

Re2x
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gb� Tc�Tð Þ
C2x

h i
Re2x

¼ gb� Tc � Tð Þx3

m2
: ð16Þ

Boundary conditions (4) and (5) are then reduced to

at g ¼ 0 : f gð Þ ¼ 0; f0 gð Þ ¼ 1; h1 gð Þ ¼ 1; h2 gð Þ ¼ 0; ð17Þ

at g ! 1 : f0 gð Þ ! 0; h1 gð Þ ! 0; h2 gð Þ ! 0: ð18Þ
Ethylene glycol plus water as proposed by [32,33] is used as

the base fluid for the Newtonian ferrofluid together with
spherical-shaped hybrid ferroparticles of Fe3O4 and
CoFe2O4. Ethylene glycol plus water is the Newtonian fluid

since its viscosity is constant when the shear rate is increased
[49]. The spherical particles have small particles with a high
surface area. The smaller particles have a low sedimentation

rate and energy levels. Table 1 illustrates the thermophysical
properties of the base fluid and nanoparticles at an ambient
temperature of 25℃ [48]. The thermophysical properties of

the hybrid ferrofluid are presented in Table 2. Here, the super-
script of nf; bf; s1; s2 and / represent the ferrofluid, base fluid,
first solid ferroparticles Fe3O4ð Þ, second solid ferroparticles

CoFe2O4ð Þ, and nanoparticle’s volume fraction, respectively.
The local skin friction, Cf and Nusselt number, Nux are

defined as [19]

Cf ¼ � 2sw
qbfU

2
w

; andNux ¼ xqw
kbf Tc � Twð Þ ð19Þ

which depicts the wall shear stress, sw xð Þ and heat transfer

rate, qw xð Þ, respectively. These physical interests can be defined
as
Table 1 Base fluid and nanoparticles thermophysical charac-

teristics [40,48].

Properties Ethylene glycol (50%) plus

water (50%)

Fe3O4 CoFe2O4

q kgm�3
� �

1056 5180 4907

Cp Jkg�1K�1
� �

3:288 670 700

k Wm�1K�1
� �

0:425 9:7 3:7

Pr 29:86 � �
sw ¼ lhnf
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: ð20Þ

By applying the similarity equation (12), the dimensionless
local skin friction and heat transfer coefficients are written as
[23,31]
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3. Numerical method

The Keller box method, an implicitly stable numerical
approach, is employed to solve the governing equations (13)
to (15) as well as the boundary conditions (17) to (18). The
method has been found to be particularly accurate for nonlin-

ear problems. It must be emphasized once more that this
numerical scheme has proven to be easier, more adaptable,
and more effective to use than the majority of other numerical

approaches, including the local nonsimilarity method, and to
provide numerical results with a high degree of accuracy. More
importantly, the method is numerically stable, enabling calcu-

lations to be performed [50]. Following the four primary steps
lead to a numerical solution.

3.1. First-order system

Equations (13) to (15) reduce to a first-order system by intro-

ducing the new dependent variables f ¼ f; f0 ¼ u; f00 ¼ t; h1 ¼
h; h01 ¼ s; h2 ¼ g; h02 ¼ w, obtained
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3.2. Finite difference scheme

The rectangular grid in the x� g plane is shown in Fig. 2 and
the net points are



Table 2 Base fluid and ferroparticles thermophysical characteristics [40].

Properties Hybrid nanofluid

Viscosity lhnf ¼ lbf
1�/1ð Þ2:5 1�/2ð Þ2:5

Density qhnf ¼ 1� /2ð Þ 1� /1ð Þqbf þ /1qs1

 �þ /2qs2

Specific heat capacity qCp

� �
hnf

¼ 1� /2ð Þ 1� /1ð Þ qCp

� �
bf
þ /1 qCp

� �
s1

h i
þ /2 qCp

� �
s2

Thermal conductivity
khnf ¼ ks2þ2knf�2/2 knf�ks2ð Þ

ks2þ2knfþ/2 knf�ks2ð Þ � knfwhere

knf
kbf

¼ ks1þ2kbf�2/2 kbf�ks1ð Þ
ks1þ2kbfþ/2 kbf�ks1ð Þ
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x0 ¼ 0; xi ¼ xiþ1 þ ki; i ¼ 1; 2; 3; � � � I;

g0 ¼ 0; gj ¼ gjþ1 þ hj; j ¼ 1; 2; 3; � � � J;
where ki and hj are the Dx and Dg -spacing, respectively. i and j

are the sequence of numbers that indicate the coordinate loca-

tion. Generally, the derivatives in the g� direction are defined
as

½ �0 ¼ @½ �
@g

¼ ½ �j � ½ �j�1

hj
; ð25Þ

and for any point

½ �j�1
2
¼ 1

2
½ �j � ½ �j�1

� �
: ð26Þ

The finite difference is generated by imposing the deriva-
tives of (25) and (26) on the first-order derivatives presented
in the preceding subsection. While equations (22) to (24) are

approximated by the central difference scheme at the midpoint

xi; gj�1
2

� �
. The associated boundary conditions (17) to (18) at

x ¼ xi are

fi0 ¼ 0; ui0 ¼ 0; hi0 ¼ 0; gi0 ¼ 0 ð27Þ
Fig. 2 Net rectangle for d
uiJ ¼ 0; hiJ ¼ 0; giJ ¼ 0: ð28Þ
3.3. Newton’s method

The resulting equations after applying the finite difference

method are nonlinear algebraic system equations. Newton’s
approach is used to linearize the nonlinear system by introduc-
ing the iterates for the new dependent variables.

3.4. Block elimination method

The block tri-diagonal factorization scheme is employed to
solve the matrix of the linear system. A block tri-diagonal

matrix is a special block matrix since it consists of a block of
matrices. The matrix is written as A½ � d½ � ¼ r½ �, where matrix
A is zero excluding those three along the diagonal. The solu-

tions are obtained by solving the matrix using the block-
elimination method (Thomas algorithm). The calculation of

the value d is repeated until it satisfies dt ið Þ
0

			 			 � e with

e ¼ 0:00001 to achieve four decimal accuracies for most pre-
dicted quantities. A comprehensive description of the
ifference approximation.
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approach can be found in Cebeci and Bradshaw [51] and Malik
et al.[52].

4. Results and discussion

The main purpose of the current study is to analyze the behav-
ior of the hybrid ferrofluid, Fe3O4 � CoFe2O4 which dissolved

in ethylene glycol plus water as the base fluid numerically
under the effect of the magnetic dipole at different inclination
angles. Figures and tables are employed to describe the exam-

ined characteristics, which include ferromagnetic bð Þ, ferropar-
ticles volume fraction /2ð Þ, and mixed convective parameter
kð Þ by considering three cases namely, a� ¼ 0 (horizontal

stretching sheet), a� ¼ p
8
(inclination angle), and a� ¼ p

4
(vertical

stretching sheet). Through this study, the permanent parame-

ters by Andersson and Valnes [19] are set as the initial study:
e ¼ 2:0; v ¼ 0:01 and a ¼ 1:0.

4.1. Verification of the results

The current method is validated by comparing the obtained
numerical results with previous publications. Fig. 3 illustrates

a comparison between the numerical results obtained through
the Keller box method and the previous findings reported by
[20,23]. It is noticed that the special case of the current study
is discovered to be in amazing concurrence with the distributed

results given by Andersson and Valnes [19]. In addition,
Table 3 demonstrates an excellent agreement of the numerical
results with the studies reported by Olanrewaju [10], Zeeshan

and Majeed [22], and Punith et al. [24].

4.2. Inclination angle a�ð Þ

The effect of the inclination angles is designated in Fig. 4 for
the velocity profile and Fig. 5 for the temperature profile.
Increasing the inclination angle from 0 to p

3
leads to suppress-
Fig. 3 Verification of
ing the velocity profile. Physically, the gravitational force com-
ponent acting along the surface gets more pronounced as the
stretch sheet’s angle increases. This leads to a greater pressure

difference along the surface. At a� ¼ 0, it depicts the scenario
of a horizontal sheet with no gravitational force in the fluid.
The greatest gravitational force companionship occurs as the

sheet goes from horizontal to vertical direction by changing
the values of a� from 0 to p

3
Consequently, the intensity of

buoyant forces in the fluid increases which enhances natural
convection by a factor of sina�. Due to variations in the loca-
tions of the aligned angles, the aligned magnetic field behaves

like a transverse magnetic field for p
4
and attracts the nanopar-

ticles. This can drive more vigorous fluid motion hence, the

fluid particles will freely flow and the momentum barrier layer
will form distant from the sheet. As the sheet changes from a
horizontal to a vertical plate, the thermal boundary layer cools

down, while the inclination angle results in a delay in the tem-
perature profile. The reason for this is that as the angle of incli-
nation of the sheet elevates from forced convection to mixed
convection to natural convection, the effective surface area

exposed to the fluid shrinks. Heat transmission is proportional
to the surface area available for heat exchange. A decreased
surface area means less contact between the sheet and the fluid,

resulting in a slower heat transfer rate. The temperature of the
fluid will normally be lower as less heat is delivered to it. The
identical action of both profiles has been proven by the study

of Titus and Abraham [21] and Zeeshan et al. [22]. The out-
come clearly shows that altering the stretching sheet’s angles
may significantly affect the temperature of the hybrid fer-

rofluid in the cooling and heating process including cancer
treatment.

4.3. Ferrohydrodynamic interaction bð Þ

Figs. 6 and 7 are plotted to depict the velocity profile f0 gð Þ and
temperature profile h1 gð Þ for different values of b. The analysis
the current results.



Table 3 Comparison of �f00 0ð Þ:
Published paper Olanrewaju [10] Zeeshan and Majeed [22] Punith et al. [24] Present result

�f00 0ð Þ 0.605848 0.6058427 0.6069352 0.6069

Fig. 4 f0 gð Þ for sundry parameters of a�:

Fig. 5 h1 gð Þ for sundry parameters of a�:
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is carried out by setting b from 1 to 5 [23]. The magnetic field
strength exists owing to the magnetic dipole’s location under
the sheet, which generates the ferromagnetic effect on the

boundary layer ferrofluid flow. Because the ferrofluid is mag-
netic in nature, the existence of a magnetic dipole interferes
with the fluid movement of the ferroparticle owing to magnetic

attraction to the ferroparticle, worsening the fluid’s viscosity.
According to equation (16), when the values of the parameter
b increase, the magnetic field that the magnetic dipole pro-

duces becomes stronger. Therefore, it leads to a slight reduc-
tion in the velocity of the fluid in a hybrid ferrofluid, as
depicted in Fig. 6. It is interesting to note that the momentum
boundary layer thickness approaches the elastic sheet, thereby

turning thinner. The increment of the viscosity leads to an
upsurge in the frictional force in the hybrid ferrofluid. The
presence of such force in the hybrid ferrofluid suppresses the

collision rate between particles and then, converts mechanical
energy (potential energy and kinetic energy) into thermal
energy. Hence, it enhances the temperature profile as well as

the thermal boundary layer as illustrated in Fig. 7. This obser-
vation shows that an exceeding magnetic field can result in a
more severe temperature rise, which is essential for efficiently

destroying cancer cells via hyperthermia treatment. In the cur-
rent challenge, the velocity and temperature characteristics of
the hybrid ferrofluid when embedded with various values of
parameter b have exhibited similar behavior as observed by

Andersson and Valnes [19] (ferrofluid) and Zeeshan et al.
[22,23,31] (nano-ferrofluid).

In comparison to an incline a� ¼ p
8

� �
and a vertical stretch-

ing sheet a� ¼ p
4

� �
, the particle mobility of the hybrid ferrofluid

decomposes more with a horizontal stretching sheet. This
emerges because the fluid’s viscosity cannot be overcome by
forced convection due to ferrohydrodynamic processes. As a
result, fluid particles travel relatively slowly in comparison to

natural convection and mixed convection owing to buoyancy
Fig. 6 f0 gð Þ for sundr
force dominating. When the temperature of the hybrid fer-
rofluid on the vertical sheet is compared to that on other
angles, such as the incline and horizontally stretched sheet, it

is observed to be lower. This is because the buoyancy force cre-
ates a convection flow, which serves to cool down the fer-
rofluid. Interestingly, in the absence of buoyancy when

stretching the sheet horizontally, the heat content in the liquid
is at its maximum consistent with the thermal conductivity
under the FHD effect.

4.4. Ferroparticles volume fraction /2ð Þ

Fig. 8 demonstrates the changes in the velocity profile caused

by an increase in the volume fraction /2 of ferroparticles.

The output of the total ferroparticles volume fraction /hnf

� �
is applied up to 4% due to the Brinkman model in Table 2.
From this figure, the behavior of that profile depicts that the

suspension of the ferroparticles eliminates the velocity move-
ment by lowering the momentum boundary layer. When the
fluid is robust with the ferroparticles, the viscous rate in the

fluid slightly raises causing the inflation of the frictional force
in the hybrid ferroparticles. Consequently, such a force
restricts the rate of collision among the ferroparticles and addi-
tionally prompts the velocity profile to diminish. Fig. 8 depicts

stretched sheets ranging from horizontal to vertical by varying
the values of the parameter a�. As the concentration of fer-
roparticles grows, the velocity profile in forced convection

tends to fall more severely than in mixed and natural convec-
tion. This indicates that the lowest buoyancy force in forced
convection leads the particles to be in a tight and compact con-

figuration thereby, slowing their motion. In short, the lowering
of the inclination angle prohibits the particles from moving
freely.

The accumulation of ferroparticles in the fluid led to an

improvement in its temperature, as evidenced by Fig. 9. This
y parameters of b.



Fig. 7 h1 gð Þ for sundry parameters for b:

Fig. 8 f0 gð Þ for sundry parameters of /2.
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is attributed to the ferroparticles’ ability to increase the ther-
mal conductivity of the fluid. In this way, more heat energy
will be consumed and simultaneously causes an increment in

the thickness of the thermal boundary layer. The results coin-
cide with the results obtained by Muhammad et al. [28–30]
who investigated the ferrite nanoparticles in a liquid including
ethylene glycol as the base fluid. It is interesting to mention

that this rise in temperature is essential for hyperthermia ther-
apy because it can cause cancer cells to suffer thermal damage,
which eventually kills them. It is inferred from Fig. 9 that the
temperature profile fell as the angle of the sheet increased. It
means that the scarcity of buoyancy force passing through
the horizontal sheet when a� ¼ 0 assists in heat storage and

the fluid will be hotter than the vertical sheet when a� ¼ p
4
.

The hybrid ferrofluid flow over a solid surface by the external

agencies during forced convection enhanced the heat transfer
leading to improve temperature in the fluid. The presence of
the buoyancy force either in mixed or natural convection
causes the particles of the fluid to move upward and far away

from the sheet. Basically, the buoyancy force, commonly



Fig. 9 h1 gð Þ for sundry parameters of /2.
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known as Archimedes’ principle, is the upward force produced
on a floating item owing to the density differential between the
object and the surrounding fluid. As a result, the heat gener-

ated during sheet stretching is not entirely absorbed by the
fluid particles, resulting in a reduced thermal field as compared
to forced convection.

4.5. Mixed convective parameter kð Þ

Fig. 10 reveals the velocity profile against the various values of

parameter k. It is detected that the hybrid ferroparticles move
away from the stretching sheet and result in surging the veloc-
ity profile with an increase in parameter k: This can be caused
by the fact that according to the last dimensionless parameter

in equation (16), k speak for the ratio of the local Grashof
number Grxð Þ and Reynold’s number Rexð Þ. Grx illuminates
the ratio of buoyancy force to the viscous force. Grx is inver-

sely proportional to viscous force but directly proportional
to the buoyant force. The growth of the buoyancy force rather
than the viscous force as k increased enables the ferroparticles

to move speedier thereby, thicker the momentum boundary
layer. The behavior of the temperature profile against k is plot-
ted in Fig. 11. The temperature distribution retails with an
augment in the value of k. Incrementation of the buoyancy

forces colds down the hybrid ferrofluid by lessening the ther-
mal boundary layer. Furthermore, the velocity profile remains
constant when k ¼ 0 in all circumstances because the last part

of the momentum equation (13) becomes a limiting case of the
stretched sheet in the absence of buoyancy force. Titus and
Abraham [21] and Zeeshan et al. [22] also claimed similar char-

acteristics of velocity and temperature fields of electrically non-
conducting ferrofluid.

The velocity of the fluid is greater in the vertical case

a� ¼ p
4

� �
with the highest buoyancy force when compared to

the case of a� ¼ p
8
but in the opposite direction for the temper-
ature field. The ratio of Grx=Re
2
x 	 1 demonstrates natural

convection, if the Grx=Re
2
x 
 1 indicates forced convection

and the combination of forced and free convection must be

considered if Grx=Re
2
x � 1 [53]. Hence, the higher of Grx=Re

2
x

in natural convection compared to mixed convection as well
as forced convection drag to improve the buoyancy force in

the hybrid ferrofluid. When a fluid is heated, the particles of
the hybrid ferrofluid become less dense, allowing them to float
easily with the assistance of maximal buoyancy force, whilst
the particles in the colder section drop due to their higher den-

sity. This density differential creates a circulation pattern,
resulting in a fluid motion. As the heated fluid rises, the fluid
velocity near the heated surface increases, leading to an

upward flow and providing a higher velocity profile. With an
overall reduction in parallel buoyancy to the surface, there is
a diminish in fluid velocity down the plate, which happens in

a forced convection state. Conversely, when the ratio of Grx
to Re2x approaches one, the heat content during sheet stretch-

ing is minimized. As a consequence, the temperature at the

sheet during mixed convection is considerably lower than the
ambient temperature and the Curie temperature of the mag-
netic material when the sheet is extended.

4.6. Local skin friction and Nusselt number

Table 4 shows the changes in local skin friction CfRe
1
2
x and

Nusselt number NuxRe
�1

2
x for the various investigated parame-

ters in three cases namely, a� ¼ 0 (horizontal stretching sheet),
a� ¼ p

8
; (incline sheet) and a� ¼ p

4
(vertical stretching sheet).

The pattern for the various values of b coincides with the
results of initial work on ferrofluids reported by Andersson
and Valnes [19] in both physical quantities. An increase in

the ferrohydromagnetic interaction upsurges the local skin
friction but eliminates the Nusselt number. The greatest buoy-
ancy force at the vertical sheet tends to enhance the shear stress



Fig. 10 f0 gð Þ for sundry parameters of k.

Fig. 11 h1 gð Þ for sundry parameters of k.
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by 62.88% when compared to cases a� ¼ p
8
, 62.42% and a� ¼ 0,

61.87%. The incrementation of the conductive heat transfer

and the reduction in the convective heat transfer is detected
in hybrid ferrofluid pass through the horizontal stretching

sheet when the values of NuxRe
�1
2

x declines by 9.86% followed

by 9.85% for a� ¼ p
8
and 9.84% for vertically stretched sheets.

Therefore, the ferrohydromagnetic interaction parameter may

improve the heat transfer of the hybrid in the circumstance
without gravity and buoyant forces during forced convection.
Further, CfRe
1
2
x boost immensely when the values of the

concentration of nanoparticles volume fraction were
enhanced. As more nanoparticles are added to the fluid, the
fluid flow becomes increasingly distorted, which in turn esca-

lates the level of shear stress experienced by the fluid. A similar
trend has been observed by Zainodin et al.[40] that analyzed
mixed convection hybrid ferrofluid flow, Fe3O4 � CoFe2O4.

The domination of NuxRe
�1
2

x drop off as it intensifies the con-

centration of /2 and in line with the expected output as in



Table 4 CfRe
1
2
x and NuxRe

�1
2

x for b;/2 and k:

b /2 k a� ¼ 0 a� ¼ p
8 a� ¼ p

4

�CfRe
1
2
x �NuxRe

�1
2

x �CfRe
1
2
x �NuxRe

�1
2

x �CfRe
1
2
x �NuxRe

�1
2

x

1 1.1917 3.8636 1.1804 3.8654 1.1708 3.8668

3 1.5573 3.6707 1.5456 3.6726 1.5358 3.6741

5 1.9291 3.4827 1.9172 3.4846 1.9071 3.4863

0.00 1.1911 3.8943 1.1799 3.8960 1.1704 3.8974

0.01 1.1917 3.8636 1.1804 3.8654 1.1708 3.8668

0.02 1.1918 3.8371 1.1806 3.8389 1.1712 3.8403

0.0 1.0643 3.9359 1.0643 3.9359 1.0643 3.9359

0.2 1.0643 3.9359 1.0586 3.9368 1.0435 3.9390

1.0 1.0643 3.9359 1.0081 3.9443 0.9608 3.9513
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Ramesh et al. [39]. For raising the concentration of CoFe2O4,
it has been discovered that forced convection has a larger shear

stress than mixed convection and natural convection. How-
ever, the heat transfer rate on natural convection improves
the heat transfer rate. Consequently, natural convection hybrid

ferrofluid flow across a vertical stretch sheet can assist a sys-
tem’s cooling process.

Furthermore, the effect of mixed convective possessed a

negative effect on the wall shear stress where the values of

CfRe
1
2
x falls for both cases, a� ¼ p

8
and a� ¼ p

4
. A significant per-

centage decrease occurs at a� ¼ p
4
(9.72%) when the buoyancy

effect is higher than the gravitational force followed by 5.28%
when a� ¼ p

8
. On the other hand, an opposite trend is observed

for NuxRe
�1
2

x . When the hybrid ferrofluid flows at stronger

buoyancy forces, heat transmission rises, emphasizing convec-
tive heat transfer over conductive heat transfer. The percent-

age increments for a� ¼ p
8
and a� ¼ p

4
are 0.21% and 0.38%,

respectively. The observed behavior of the ferromagnetic flow

due to the mixed convection parameter corresponding to the
local skin friction and Nuselt number are comparable to the
results achieved in Zeeshan et al. [23].

The effect of inclination angles for CfRe
1
2
x and NuxRe

�1
2

x are

declared in Table 5. From this table, it is evident that the
increase of the inclination angles tends to decline the shear

stress but enhance the changes of heat transfer. This is because
the maximum buoyancy force is responsible for improving the

NuxRe
�1

2
x of the hybrid ferrofluid. According to the results,

CfRe
1
2
x decays significantly due to the buoyancy force which

inhibits the deformation of the hybrid ferrofluid to flow opti-
mally. Surprisingly, when the buoyancy force is at its peak in

natural convection, the variations in heat transmission rise.
Table 5 CfRe
1
2
x and NuxRe

�1
2

x for z:

a� �CfRe
1
2
x �NuxRe

�1
2

x

0 1.0643 4.0295
p
8 1.0081 4.0379
p
6 0.9910 4.0405
p
4 0.9608 4.0449
p
3 0.9378 4.0483
5. Conclusions

In this work, we studied and discussed the influence of hybrid

ferroparticles, Fe3O4 � CoFe2O4, with a magnetic dipole on
the heat transfer of ethylene glycol plus water toward an
inclined stretching. The governing equation was solved using

a finite difference method scheme via the Keller box method
in MATLAB software. The physical properties of the hybrid
magnetic nanofluid were affected by different values of the
inclination angles, ferrohydrodynamic interaction, ferroparti-

cles volume fraction, and mixed convection parameter, which
had an impact on the temperature profile, velocity field, skin
friction coefficient, and heat transfer rate. By adjusting the

angle of the inclination sheet, the behavior of the heat transfer
flow considers three heat transfer mechanisms: free or natural
convection, forced convection, and mixed convection. The

main findings of this problem are listed below;

i. The natural convection improved fluid velocity by
expanding the inclination angle parameter. This was

attributed to the peak buoyancy force in natural convec-
tion, allowing the particles to flow freely. However,
forced convection, which lacks buoyancy or gravita-

tional force, enhanced the temperature field beyond
mixed and natural convection.

ii. When a� varies from 0 to p
3
, the shear stress decreased by

11.89% and rapid increase in the heat transfer rate of
approximately 0.47%.

iii. Despite the magnetic dipole effect reducing fluid veloc-
ity, it raised the temperature of the hybrid ferrofluid in
the heat transfer system.

iv. When b varies from 1 to 5, the increment of local skin
friction for a� ¼ 0; a� ¼ p

8
; and a� ¼ p

4
are 61.87%,

62.42%, and 62.88%, respectively.
v. When b varies from 1 to 5, the decrement of the Nusselt

number for a� ¼ 0; a� ¼ p
8
; and a� ¼ p

4
are 9.86%, 9.85%

and 9.84%, respectively.
vi. In particular, CoFe2O4 acted as an insulator by increas-

ing the concentration of ferroparticles, resulting in a
reduction in the rate of heat transmission.



32 N.I. Kamis et al.
vii. The velocity profile for the mixed convection parameter

exhibited a different pattern compared to the tempera-
ture profile, which was influenced by the varying value
ratios of the local Grashof number and Reynold’s

number:
viii. The results of this study are highly relevant for the cool-

ing and heating process, particularly in the treatment of
cancer using hyperthermia.
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