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ABSTRACT Increasing greenhouse gases & air pollution are a global threat. Global forums are aggressively
emphasizing on reducing the dependence on non-renewable resources. Battery Electric vehicle are among
the initial initiative to reduce dependency on fossil fuels, and this demands more research to understand the
energy requirements of a vehicle under different driving conditions. The performance of an Electric Vehicle
depends on varying drive conditions and the Power Electronic Controller is primarily responsible for its
sustainable operation. In this paper, a novel mathematical model is proposed to analyze the performance
of an electric vehicle under different driving conditions. The model is simulated at different driving speeds
keeping other longitudinal, lateral, and vertical parameters fixed. Rolling resistance forces, aerodynamic drag
force, gradient force, total driving force, driving torque, and power requirements at different speeds have been
calculated under standard driving conditions. The rolling resistance increases by 2.16 times with a change
in the vehicle speed from 40 kmph to 120 kmph. The aerodynamic drag force increases ten times with
a 10-degree gradient. The battery operating temperature is critical in vehicular performance, a hybrid
Pneumatic-Liquid Thermal Management System is proposed to maintain battery operating temperature.
Performance of the proposedmodel is simulated and found to be in linewith the existing standards. This study
concludes that road conditions, tyre pressure, velocity of travel, wind velocity, and temperature significantly
influence the performance of an electric vehicle.

INDEX TERMS Sustainability, battery electric vehicle, electric vehicle, electric vehicle modeling, rolling
resistance, aerodynamic drag, energy efficiency, pneumatic thermal management system.

ABBREVIATIONS
ABBREVIATIONS USED IN THE PRESENT RESEARCH
ARTICLE
m Total mass of vehicle in kg.
g Gravitational constant in m

s2
.

θ Is road slope in radians.
ρ Air density kg

m3 .

The associate editor coordinating the review of this manuscript and

approving it for publication was Miadreza Shafie-Khah .

A Frontal area of vehicle in m2.
Cr Coefficient of rolling resistance.
Cd Coefficient of aerodynamic drag.
v Driving speed in m

s .
a Acceleration of the vehicle in m

s2
.

R Radius of curvature.
N Normal force perpendicular to the

rolling surface in N .
Pi Tyre pressure in N

m2 .
Qg Heat generated by battery.

95278
This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/ VOLUME 11, 2023

https://orcid.org/0000-0001-9773-6695
https://orcid.org/0000-0001-6105-7471
https://orcid.org/0000-0002-9245-440X
https://orcid.org/0009-0002-4417-3918
https://orcid.org/0000-0003-1691-5355


A. Agrawal et al.: Mathematical Modeling of Driving Forces of an Electric Vehicle

QC Heat generated by chemical
reactions in a battery.

QJ Joule heat.
QConv Convection of battery heat.
QCond Conduction of battery heat.
1H Change in Enthalpy.
M Mass of reactants.
n Reaction order.
A Pre-exponential factor.
Ea Activation energy.
R Gas constant.
Tb Battery temperature.
Tair Ambient temperature.
I Current.
UOC Open circuit voltage.
Ut Terminal voltage.
h Convective heat transfer coefficient.
As Battery surface area.
K Thermal conductivity of battery

cover/ surface.
ρ Density of the battery.
C Specific heat.
t Time.
Frrf Rolling resistance force.
Fadf Aerodynamic drag force.
Fgdf Gradient force.
Ftrf Traction force.
Cr0,Cr1,Cr2&Cr3 Tyre constants.
α, β, a, b&c Tyre coefficients.
1z Rate of change of height in meters

per second.
1m Inertial factor.
vf Final speed of the vehicle in m/s.
vm Maximum speed of the vehicle in

m/s.
vg Gradient speed of the vehicle in m/s.
vb Motor speed in m/s.
LIB Lithium-ion batteries.
EV Electric vehicle.
BEV Battery electric vehicle.

I. INTRODUCTION
Carbon-dioxide (CO2) is one of the primary greenhouse gas
(GHG). According to US Environmental Protection Agency
(EPA), CO2 emissions have raised from 14% in 2014 to 27%
in 2019 to 30% in 2020. The transportation sector i.e. cars,
trucks, ships, trains, and planes primarily consuming diesel &
gasoline accounted for about 27% of total greenhouse gas
emissions in 2020 (EPA). Ignoring the global economic cri-
sis period of 2007-2008, a regular rise in GHG emissions
at an average of 4.7 gigatonnes annually was observed in
the last two decades. With a target to decrease GHG emis-
sions, UN Framework Convention on Climate Change agreed
to reduce the present CO2 emissions of the transport sec-
tor by 50% by 2050. The possible solution includes the

increased efficiency of vehicles and overall transportation
system, deploying low emissions fuels, and promoting the
use of zero-emission vehicles i.e. EVs. The efficiency of
vehicles and the overall transportation system can account
to reduce GHG emissions by up to 46% [1]. Driving style
significantly affects fuel consumption [2]. EVs can primarily
be zcategorized as hybrid EV (HEV) and Full EV. Hybrid EV
can be further zcategorized as micro, mild, and Full HEV.
Full HEV can be plug-in HEV type also. Full EV can be
battery (BEV) and fuel cell (FCEV) types. A comparison of
different vehicle types based on their drive power is presented
in Table 1.

TABLE 1. Comparison of different vehicle type based on their drive
power.

The degree of hybridization (DOH) is defined as the ratio
of electric motor power to the sum of ICE and electric motor
power. When ICE power is zero, the DOH becomes 1 i.e.
a Full EV. An EV essentially needs to have an Energy
Management System (EMS) to control and coordinate the
generation, storage, and flow of energy in the drive train. The
EMS helps to meet the need for real-time power requirements
to drive the EV which requires a PEC to be deployed in the
system. The schematic of such a power train for the BEV is
shown in Figure 1.
The guidelines for standardization and applications of elec-

trical and control components are issued by SAE and IEC.
The vehicle can be charged at home using domestic power
supply with rating of 220-440 volts with the help of an on-
board charger. This is typically a slow charging scheme.
On contrary, the fast charging can be done at a charging
station with a high voltage DC power supply. Usually, the
EVs are equipped with a Combined Charging System (CCS)
of SAE 1772 or IEC 62196-2 type 1. The low current and
voltage supply of the onboard charger and the high current
and voltage supply of the charging station combines at junc-
tion box. The two types of charging type share the neutral
terminal. Three wires are connected from the junction box to
the battery.

One of the three wires is functional only with an onboard
charging scheme and one with a charging station. The third
wire remains common. The charging and discharging occur
through the same set of wires. The circuit is so designed that
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FIGURE 1. The schematic of power train for a BEV.

at a time only one of the supplies is functional. Also, the
supply to the motor is cut off during charging. The PEC is
equipped with a microcontroller to operate the three-phase
motor with single-phase DC supply. Along with the power
supply, the parallel control and safety buses are also con-
nected to different devices. The data is collected through
these buses by the microcontroller unit. The vehicle is usually
equipped with a Vehicle Control Unit (VCU) also like Engine
Control Unit (ECU). The function of the VCU is analogous
to ECU. The auxiliary power supplies are usually controlled
through VCU. In addition, the EVs are also equipped with
several junction boxes containing fuses, relays, and other
functions to ensure the safety and control of the vehicle. There
are several different types of risks associated with the use
of EVs. These are sometimes life hazardous also. Primarily
these can be operational risks and life risks. Talking about
the operational risks, the thermal run out of the battery and
diffusion of lithium-ion with the electrodes are two severe
problems in addition to current leakage. Current leakage can
be taken care of in design and manufacturing.

EVs have emerged with a recognition of environment-
friendly transportation systems. The efficiency of EVs needs
to be studied with varying driving and road conditions.
Analysis of experimental observations of EVs is necessarily
required to develop energy consumption characteristics for
the development of energy-efficient EVs. Driving behavior
and driving patterns are then found to be the most significant
factors for the analysis of vehicular efficiency and energy
consumption. Driving patterns are found to be dependent
on distance driven, road topography, and traffic conditions
primarily [3]. The gradient of the road greatly impacts vehicle

energy consumption. Regenerative braking reduces emis-
sions and increases vehicular efficiency [4].
With difficulty in direct measurement of road gradient,

the claim that EVs are less impacted by road gradient as
compared to conventional vehicles [5], [6], [7] seems to be
impractical. This exists because of a gap in understanding and
analyzing the effects of road gradient on energy consumption.
Rolling resistance, air drag and gradient [8], intensity of
traffic [9], vehicle automation [10], driving style [11], and
weather influences [12] are the major influential factors that
affect the energy efficiency of EVs.

The auxiliary power requirements are claimed to be con-
stant in many studies as their influence on the performance
is less. In a study by Holmberg and Erdemir [13], more
than 50% of the total energy supplied by the battery is
consumed to overcome the driving resistances, primarily the
friction losses and the aerodynamic drag. An energy pre-
diction model should also include driving constraints and
limiting conditions, auxiliary power requirements, and their
inflations. It is also predicted that the BEVwill lead to energy
independence in the future [14]. Modelling and analysis are
necessary for energy optimization [15]. Cyber-Physical Sys-
tem (CPS) also supports the optimization of algorithms and
models [16]. Regenerative braking enhances energy savings
in EVs [17]. Regression analysis can be used for energy
optimization processes in BEVs [18]. MATLAB & Simulink
tools are significant in the modelling and analysis of BEV
models [19], [20]. Energy consumption calculations are most
desirable in EV [21]. Driving cycles are necessary to examine
the performance of EVs [22]. Routing is the highest influ-
ential factor for energy consumption [23]. The application
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of Artificial Intelligence will optimize the performances of
EVs [24]. Variables like routes, environmental factors, traf-
fic, weather, driving styles, and infrastructure, also need to
be included in the prediction model. Mathematical models,
block diagrams, flow charts, state transition diagrams, bond
graphs, etc. are widely used for modeling and simulating
energy requirements.

In addition to high energy density with stable performance
characteristics and a large number of charging-discharging
cycles, the performance of Lithium batteries is badly influ-
enced by extreme conditions of temperature, overcharging,
over-discharging, charging, and discharging rates (commonly
called C rate). Though the battery operating temperature
range is in the range of 10 to 40 degree Celsius, on one
hand where it is badly influenced by higher temperatures
which might lead to thermal run-away, on the other hand,
the chemical reaction and charge transfer rate reduces with
a reduction in operating temperature [25], thereby decreasing
the conductivity of the electrolyte [26] leading to diffusion of
lithium-ion with the electrodes [27]. In countries like Russia,
Canada, and Greenland, where the ambient temperature falls
below 0 ◦C, the LIB needs to preheat before usage to avoid its
damage [28], [29]. In the case of pure electric vehicles (EVs),
hybrid electric vehicles (HEV), and plug-in hybrid electric
vehicles (PHEV), it is necessary to preheat the battery before
use [30].

Modeling and simulation of EV is necessary to develop
vehicle configurations with optimal performance [31]. Dif-
ferent EVs have different configurations, hence need to be
modeled and simulated accordingly for their optimal per-
formance. The simulation and validation aim to optimize
driving range based on the vehicle type i.e. shape, curb
weight, payload, driving style, driving speed, and drive
cycle [32]. Equation-based modeling techniques best suited
for the dynamic simulation of EVs [31].Madziel and Campisi
in their study on energy consumption by EVs with an existing
mathematical model using Python programming felt the need
for accurate mathematical models for reliable results [33].
Halabi and Tarabsheh modeled EV dynamics, transmission,
and battery using Matlab and verified that the accuracy of the
available mathematical models is 73% [34]. This demands
the need for the development of new robust mathematical
models for EVs. Wei et al. also felt the need for an accurate
mathematical model of EVs for the estimation of the driving
range [35].

As with static and dynamic vehicle modeling and simula-
tion, thermal management of the LIBs is equally important so
that the deployed LIBs could meet the design requirements.
This is because, with the increase in the battery temperature,
its performance deteriorates drastically, and even reach the
condition of thermal runaway beyond some range depending
on the battery type. On the other hand, if the battery tem-
perature falls below a certain range, the electrolyte vanishes.
Prediction of thermal faults and runaways of LIBs are critical
for the durability of EVs [36]. Thermal management is

necessary for the optimal efficiency and life of LIBs [37], [38].
Thermalmanagement usually works with phase changemate-
rial, air, or liquid [39]. is Easy to use and low cost making
liquid and air-cooling more suitable [40].

The electrification of the transportation sector has gained
worldwide acceptance as a crucial step towards achieving
net-zero emissions and addressing carbon footprints. As a
result, there has been a significant increase in research on
electric vehicles (EVs) in recent years. Mathematical models
have emerged as pivotal tools in advancing the study of
EVs. However, one of the major barriers to widespread EV
adoption remains the high cost associated with EVs, making
it essential to reduce their expenses.

Among the various modeling approaches, the Discrete
Choice Model (DCM) has been widely used for EV analysis.
Its successor, Agent-BasedModeling (ABM), has also gained
attention in the field. While a few researchers have explored
the application of machine learning methods in EV model-
ing, the utilization of revealed preference (RP) datasets to
forecast the future of EVs is more common.

Mathematical modeling has been recognized for its valu-
able contribution to facilitating the transition from ICEVs
to EVs. However, the availability of personalized and param-
eterized data concerning travel behavior specific to EVs is
still limited, which poses a challenge for accurate EV sim-
ulations. It is crucial to construct mathematical models of
EVs carefully, as no model can entirely capture all real-world
situations at present. To address this limitation, researchers
are actively performing sensitivity analyses to assess the
robustness of existing mathematical models in the presence
of uncertainties.

In summary, the importance of mathematical modeling
in the study of EVs cannot be overstated. While the field
has made significant progress, the reduction of EV costs
remains a critical factor for achieving large-scale EV adop-
tion globally. Further advancements in modeling techniques,
incorporation of personalized data, and rigorous sensitivity
analysis will contribute to the development of more accurate
and reliable mathematical models for EVs.

In the present study, a novel mathematical model for the
prediction of the energy efficiency of an electric vehicle is
proposed based on various longitudinal parameters as major
driving forces. All other power requirements are considered
constant and termed as an auxiliary power of the vehicle.
This research article reviews the various existing models of
vehicular energy calculations under different driving condi-
tions and proposes a new mathematical model with wider
perspectives and depth in its scope. The performance of the
proposed novel mathematical model is studied for different
driving conditions. The accuracy of the proposed model is
also tested for different driving cycles. The performance of
the proposed model is also compared with existing models
with varying rolling resistance force, aerodynamic drag, and
gradient force under different test conditions. The effect of
temperature variation on the performance of the vehicle is
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then studied at the end of the research article. A suitable
Pneumatic-Liquid Thermal Management System (PLTMS)
is also discussed. The proposed model is developed to work
under the dynamic parameters of an EV like, Tyre pressure,
Vehicular velocity, Dynamic rolling resistance coefficient,
and Direction of vehicle travel concerning wind velocity.

The article provides a systematic approach to understand
and optimize the driving forces that influence EV perfor-
mance and sustainability. In our study, we have modelled
rolling resistance, aerodynamic drag and gradient forces from
a different perspective. The mathematical formulations of the
EV for torque and power calculations in this research article
will make a significant contribution in the field of electric
vehicles. This model can be used to analyze and predict EV
behavior under different driving conditions, road types, and
terrains, allowing for the design and implementation of more
efficient and sustainable EV systems. The contribution of this
research is crucial in the pursuit of sustainable EV operation
as it aids in the development of advanced energy man-
agement strategies, optimized powertrain designs, and the
identification of potential areas for efficiency improvements.
Ultimately, this mathematical modeling approach plays a key
role in enhancing the overall performance and environmental
sustainability of Electric Vehicles, bringing us closer to a
greener and more sustainable transportation future.

This current section discussed the introduction and liter-
ature review. Section two will focus on the development of
an energy prediction model for an EV. The traction model is
proposed in section three, followed by results and discussion,
and a conclusion in sections four and five respectively.

II. ENERGY PREDICTION MODEL FOR AN EV
To accurately predict vehicular energy consumption, it is nec-
essary to study vehicular dynamics. The different vehicular
dynamic parameters of an EV are classified as longitudinal,
lateral, and vertical dynamic type. It is extremely important
to understand the impact of different driving resistances on
the performance of an EV [13]. In this article, the effect of
driving resistance on the performance of the vehicle, which
is a part of the lateral dynamic parameter, is studied and
analyzed. Figure 2 (a) and (b) depict the longitudinal motion
& resistances of the vehicle on flat terrain and on an inclined
road respectively. The driving force (at the drive axle) is the
sum of the moving force of the vehicle and the resistances
acting against its motion. The aerodynamic drag and rolling
resistances are the two primary resistances acting against the
vehicle motion. Aerodynamic drag is a function of air density,
frontal area, drag coefficient, velocity of the vehicle, andwind
velocity. Rolling resistance, is dependent on the mass of the
vehicle, the velocity of the vehicle, and the tyre pressure. The
traction power varies with road type (coefficient of rolling
resistance changes with change in road type), driving style
(type of acceleration), aerodynamic drag, and gradient of the
road. The auxiliary power includes power steering, lights,
music, air-conditioning, suspension type, tyre slip, and other
assistances installed/ equipped in the vehicles.

Primarily the energy consumption model is developed by
considering traction forces, auxiliary power requirements,
power train efficiency, auxiliary power efficiency, and brak-
ing requirements.

A. ROLLING RESISTANCE
The force resisting the vehicle movement is termed rolling
resistance. It is usually denoted as the coefficient times of
the normal force acting on the vehicle. For a vehicle to just
start rolling, it must overcome the rolling resistance. The
following models are available in the literature. The result of
the proposed model is compared with these existing models.
Model-A.1:According to minimum Heywood [41], rolling

resistance can be modeled as:

Frrf = Crmgv (1)

Cr , m, g and v are coefficient of rolling resistance, mass of
the vehicle, gravitational force and vehicle velocity respec-
tively. The author assumed the rolling resistance to be directly
proportional to the velocity, which gives a linear curve, the
possibility of which is contradictory to the theoretical claims
in the available literature.
Model-A.2: According to Das and Sharma, [42] the rolling

friction force can be modeled as:

Frrf = CrN (2a)

The rolling resistance coefficient (Cr ) is a cubic function of
the velocity of the vehicle and coefficients of tyre construc-
tion, Cr0, Cr1, Cr2 and Cr3 [43] as shown below:

Cr = Cr0+vCr1 + v2Cr2 + v3Cr3 (2b)

Cr0, Cr1, Cr2 and Cr3 are constants having different values.
Values of these constants are dependent on tyre type. N is
normal force. The value of these constants for a radial tyre is
shown in Table 2.

TABLE 2. Value of different coefficients for a radial tyre.

Model-A.3: According to SAE-J2452 [44], rolling resis-
tance is dependent on vehicle speed (v) in m

s , tyre pressure
(Pi) in N

m2 and load (mg), as:

Frrf = (mg)α Pβ

i

(
a + bv + cv2

)
(3)

Table 3 presents values of tyre-dependent coefficients (i.e. α,
β, a, b & c) used in eq. (3).
Model-A.4: SAE also recommends using the model pro-

posed by Genta andMorello [45] for rolling resistance, which
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FIGURE 2. (a) Longitudinal motion & resistances of the vehicle on flat terrain. (b). Longitudinal motion & resistances of the vehicle on
inclined road (θ is gradient under consideration).

is dependent on tyre pressure (Pi) in N
m2 , vehicle velocity (v)

in m
s , and load (mg) in N as:

Frrf

=
K

103
(5.1

+

(
5.5×105+90mg

)
+
(
1.1×103+3.88×10−2mg

)
v2

Pi

)
(4a)

The constant K is defined as below:

K =

{
0.8 for radial tyres
1 for non-radial tyres

(4b)

During the comprehensive literature review, a recurring
theme emerged among researchers studying themodeling and

TABLE 3. Value of tyre dependent coefficients.

simulations of EVs; the pressing need for a highly accurate
and dependable mathematical model to attain optimal EV
performance. Given that the cost of BEVs is primarily deter-
mined by the costs of LIBs and their associated controls,
an in-depth mathematical analysis holds immense potential
in optimizing battery power utilization. In light of these con-
siderations, the authors propose a novel mathematical model
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that promises enhanced realism and accuracy compared to
existing approaches.
Model-A.5: PROPOSEDROLLINGRESISTANCEMODEL:

To establish amore realistic mathematical model for EVs, it is
essential to incorporate the following factors:

1) THE IMPACT OF TYRE PRESSURE ON ROLLING
RESISTANCE
Tyre pressure plays a significant role in determining the
resistance experienced by the vehicle while in motion.
By accounting for the influence of tyre pressure in the math-
ematical model, a more accurate representation of rolling
resistance can be achieved. This consideration acknowledges
the direct relationship between tyre pressure and the energy
required for vehicle propulsion.

2) THE EFFECT OF VEHICLE VELOCITY ON ROLLING
RESISTANCE
It is well-established that rolling resistance varies with the
speed at which the vehicle is traveling. By incorporating
the influence of vehicle velocity in the mathematical model,
amore comprehensive understanding of rolling resistance can
be attained. This enables a more nuanced analysis of how
varying speeds affect the overall performance and energy
efficiency of EVs.

By integrating these factors into the proposed mathe-
matical model, researchers aim to enhance its realism and
accuracy, enabling a more precise prediction of rolling resis-
tance in EVs. Considering the above-mentioned effects, the
proposed model for rolling resistance, Frrf by the authors is:

Frrf = Crmg (5)

The coefficient of rolling resistance (Cr ) is found to be depen-
dent on the ratio of the horizontal pushing force required to
roll a tyre in the direction of travel to the vertical load on
the tyre. The authors propose to calculate the coefficient of
rolling resistance through the following formulation:

Cr =

(
1
Pi

)(
0.1+

(
v

102

)2
)

(6)

The rolling resistance experienced under the given conditions
exhibits a range of values from 2.86 × 10−3 to 6.16 × 10−3.
It should be noted that the coefficient of rolling resistance can
vary depending on factors such as the type of road surface,
pavement type, and tyre pressure. For instance, on asphalt,
the coefficient of rolling resistance can be as low as 6× 10−3,
while on the sand, it can reach as high as 0.4.

To compare the rolling resistance of the five models con-
sidered, Figure 3 presents the results under specific virtual
test conditions. These conditions include a vehicle load of
1350 kg, a zero gradient (θ = 0◦), the same road surface
and pavement type, a constant tyre pressure of 35 PSI, and
a vehicle velocity ranging from 0 to 120 kmph.

The literature, comprising various theoretical and experi-
mental studies, has consistently concluded that the variation

in rolling resistance is not significant with changes in vehicle
velocity. The proposed model aligns with these findings,
as depicted in Figure 3. The rolling resistance values obtained
from the model demonstrate a gradual increase as the vehicle
speed increases. Specifically, the rolling resistance varies
from 61.66 N at the start to 69.15 N at 40 kmph, 73.3 N at
50 kmph, 79 N at 60 kmph, 85.9 N at 70 kmph, 91.6 N at
80 kmph, 100.2 N at 90 kmph, 110 N at 100 kmph, 119.9 N
at 110 kmph, and 132.9 N at 120 kmph.

The variation in rolling resistance shows a nearly linear
trend within each 10 kmph speed range. Additionally, it is
important to note that rolling resistance is dependent on both
tyre pressure and vehicle velocity. Tyre pressure, in particular,
has a significant influence on rolling resistance.

FIGURE 3. Comparison of rolling resistance with the proposed model for
different models at 35 PSI pressure.

FIGURE 4. Relationship between rolling resistance and tyre pressure.

Figure 4 illustrates the relationship between rolling resis-
tance and tyre pressure, revealing the non-linear nature of
this connection. It can be inferred from the graph that
as tyre pressure increases further, the variation in rolling
resistance becomes minimal, potentially negligible. Conse-
quently, it can be concluded that maintaining appropriate tyre
pressure is crucial for ensuring optimal performance in an EV.

To address this, there is a need to incorporate a tyre
pressure display on the dashboard panel of EVs. Such a
display would not only provide real-time information about
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the current tyre pressure but also indicate the optimal range
for achieving peak performance. Additionally, the display
should present the variations in performance associated with
different tyre pressure levels, emphasizing the importance of
maintaining the ideal pressure for efficient operation.

B. AERODYNAMIC DRAG FORCES
When the vehicle moves, its movement is opposed by the
airflow. The amount of this opposing force, termed aerody-
namic drag force depends on the frontal area of the vehicle,
the coefficient of aerodynamic drag, and the vehicle velocity.
Model-B.1: The aerodynamic drag force proposed by Hey-

wood [41], Cauwer et. al [46], and Berry [47] is given as:

Fadf =
1
2
ρACdv2 (7)

Model-B.2: Ehsani et al. [48] recommended the following
model for the maximum speed of the vehicle:

Fadf =
1
5
ρACdv2 (8)

The analysis of the aforementioned models highlights an
important aspect that has been neglected, i.e. the impact
of gradient slope on aerodynamic drag. To ensure accurate
estimations of battery capabilities, it is crucial to comprehend
the performance of EV in hilly terrains as well.
Model-B.3: PROPOSEDAERODYNAMICDRAGMODEL:

In light of this, the authors propose an enhanced Aerody-
namic Drag Model that considers the influence of gradient
in aerodynamic force calculations. It is well-established that
aerodynamic drag forces have an exponential relationship
with vehicular speed. By incorporating the effect of the
gradient in these calculations, the proposed mathematical
model becomesmore realistic and comprehensive. Themodel
can provide valuable insights into performance and energy
consumption under diverse scenarios. This knowledge is vital
for optimizing battery usage and ensuring the efficient oper-
ation of EVs in real-world conditions. The authors propose
following aerodynamic drag model (Fadf ):

Fadf =
1
2
ρACd (v (1 + sinθ))2 (9)

Air density ρ at NTP is 1.2 kg
m3 , which varies with changes in

meteorological data, because of which the actual drag forces
vary in experimentation in different terrains. The frontal
area A remains constant for a vehicle type under study and
experimentation. The value of the drag coefficient depends
on frontal area, body shape, Reynolds Number, Froude
number, Mach Number, and surface finish ranging from
0.2 to 0.9 [49]. The change in terrain can be accommodated
by conducting simulationswith varying air density in addition
to variation in other variables of the above model.

Under the same test conditions, the comparison of the
aerodynamic drag for the above three models for an EV with
1.6 m width and 1.5 m height, 0.3 as drag/ wind speed coef-
ficient and 1.2 Kg

m3 as the density of air (at NTP) is presented
in Figure 5.

FIGURE 5. Comparison of the aerodynamic drag for different models.

Analyzing the aforementioned considerations, the authors
put forth a novel and improvedAerodynamicDragModel that
takes into consideration the influence of gradient in aerody-
namic force calculations. Extensive research has established
that aerodynamic drag forces exhibit an exponential relation-
ship with vehicular speed. However, the influence of gradient
on aerodynamic forces has often been overlooked. Table 4
represents the variation in aerodynamic drag force w.r.t. the
change in gradient. From the table, it can be inferred that the
change in aerodynamic drag force is approximately 0.06%
and 0.03% per degree change in the gradient at 60 kmph and
120 kmph respectively.

TABLE 4. Percentage variation in aerodynamic drag force (KW) w.r.t.
variation in gradient.

By incorporating the effect of gradient into the aero-
dynamic force calculations, the proposed mathematical
model gains heightened realism and comprehensiveness. This
enhancement allows for a more accurate representation of
the complex dynamics involved in EV performance. The
model becomes capable of providing valuable insights into
the intricate interplay between aerodynamic drag, gradient,
vehicle speed, and their impact on energy consumption and
overall performance under diverse driving scenarios.

The proposed aerodynamic drag model plays a pivotal role
in optimizing battery usage and ensuring the efficient opera-
tion of EVs in real-world conditions. By accurately capturing
the influence of gradient on aerodynamic forces, the model
empowers researchers, engineers, and EV manufacturers to
fine-tune their designs, develop effective control strategies,
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and make informed decisions regarding battery capacity and
energy management systems.

With its ability to provide a comprehensive understand-
ing of the performance and energy consumption of EVs
under various scenarios, this proposed model is a valuable
tool for the development and advancement of sustainable
transportation. It holds immense significance in optimizing
EV efficiency, extending driving range, and promoting the
widespread adoption of electric vehicles as a viable alterna-
tive to traditional combustion-engine vehicles.

C. GRADIENT FORCES
There are highs and lows on the road. These highs and lows
develop gradients on the road. These highs need additional
forces to climb up. The generalized formulation for the cal-
culation of the gradient force Fgdf is given by:

Fgdf = mg sin θ (10)

The existing mathematical model of the gradient force fails
to incorporate the variations in tyre pressure and the vehicle
velocity.
Model-C.1: PROPOSED GRADIENT FORCES MODEL:

The current mathematical model of the gradient force
neglects crucial factors such as variations in tyre pressure and
vehicle velocity, limiting its realism and accuracy. To address
these limitations and create a more comprehensive and robust
model, the authors propose the following enhancements:

1. Influence of tyre pressure during travel on a gradient:
The proposed model recognizes the significant influence
of tyre pressure on the gradient force experienced by the
vehicle. By incorporating the effect of tyre pressure varia-
tions in the mathematical calculations, the model becomes
more realistic, accounting for the changes in force result-
ing from different tyre pressures.

2. Influence of velocity during travel on a gradient: The
proposed model also considers the impact of vehicle
velocity on the gradient force. It acknowledges that the
force exerted by the gradient varies with the speed at which
the vehicle is traveling. By incorporating the influence
of velocity in the mathematical calculations, the model
becomes more accurate, capturing the dynamic nature of
the gradient force in different driving conditions.

By integrating these factors into the proposed mathemati-
cal model, the authors aim to enhance its realism, accuracy,
and robustness. The resulting model provides a more com-
prehensive understanding of the gradient forces acting on the
vehicle, accounting for the effects of tyre pressure and veloc-
ity. This advancement is crucial for accurately estimating
the forces encountered during travel, enabling more precise
predictions of vehicle performance, optimizing battery usage,
and ensuring efficient operation of Electric Vehicles (EVs)
in real-world conditions. The authors proposed the following
novel mathematical model of the gradient force:

Fgdf = Frrfsin θ = (Crmg) sin θ (11a)

where,

Cr =

(
1
Pi

)(
0.1+

( v
100

)2)
(11b)

The calculations of the coefficient of rolling resistance (Cr )
are to be calculated as done in section II-A.

In this study, the authors introduce three distinct models
to address different aspects of Electric Vehicle (EV) design.
These models include the novel Rolling Resistance Model
(Section II-A), Aerodynamic Drag Model (Section II-B), and
Gradient Model (Section II-C). Each of these models brings
forth unique insights into the forces and factors influencing
EV performance.

To establish a comprehensive approach to EV design calcu-
lations, it is essential to integrate these three proposed models
into a unified traction model. The integrated traction model
provides a holistic understanding of the forces that impact EV
performance. This integrated model will enable researchers,
engineers, and designers to conduct more accurate and com-
prehensive calculations for various aspects of EV design to
optimize EV design parameters, evaluate energy efficiency,
and make informed decisions regarding battery capacity,
powertrain systems, and overall vehicle performance.

III. PROPOSED TRACTION MODEL
According to minimum Heywood [41], power (EHe) required
to start a vehicle to move is the sum of the power required to
overcome aerodynamic drag and rolling resistance, the same
can be mathematically written as:

EHe =

(
1
2
ρACdv3

)
+ (Crmgv) (12)

This power model i.e. energy required to move a vehicle
lacks the gradient forces in it, also the rolling resistance is
assumed to be directly proportional to the velocity, which
gives a linear curve, the possibility of which is rare. Thus,
this model fails to predict the actual energy requirements
for a vehicle. Cauwer et. al [46] and Berry [47] updated the
model by incorporating the force required to accelerate the
vehicle and the gradient force to climb a slope. The energy
consumption model given by [46] is:

ECa = (mva) +

(
1
2
ρACdv3

)
+ (mg1z) + (Crmgv) (13)

where1z is the rate of change of height in meters per second.
Again, in this model rolling resistance is assumed to be
directly proportional to the velocity, with similar constraints
as given by Heywood. Thus, this model again fails to predict
the actual energy requirements for a vehicle. The energy
consumption model given by Berry is [47]:

[EBe=(mva)+
(
1
2
ρACdv3

)
+(mvg sin θ)+(Crmvg sin θ)]

(14)

Again, in this model rolling resistance is assumed to be
directly proportional to the velocity. They also introduced

95286 VOLUME 11, 2023



A. Agrawal et al.: Mathematical Modeling of Driving Forces of an Electric Vehicle

cos cos θ termwith the rolling resistance force, which reduces
the rolling resistance whenmoving on a gradient, which again
turns doubtful. Combiningmvg sin sin θ andCrmvg cos cos θ

again gives the same results as given by Cauwer et al. [46].
Thus, this model again fails to predict the actual energy
requirements for a vehicle. Ehsani et al. [48] proposed the
following three different models for acceleration, maximum
speed & grading:

Pacc =

(
1m
2t

(
v2f + v2b

))
+

(
2
3
Crmgvf

)
+

(
1
5
ρACdv3f

)
(15)

where 1m is the inertial factor, t is acceleration time, vf , vm,
vg and vb are the final, maximum, and gradient speed of the
vehicle and motor speed respectively in m/s. this model has
again similar problems in considering rolling resistance as a
function of velocity.

The forces required to travel are called traction forces.
According to basic physics, the traction force (Ftrf ) of an
automobile vehicle is dependent on rolling resistance (Frrf ),
aerodynamic drag forces (Fadf ) and gradient forces (Fgdf ).
Thus, the traction force (Ftrf ) requirements of an automobile
vehicle can be modeled as:

Ftrf = Frrf + Fadf + Fgdf (16)

The traction forces are independent of the fuel type. i.e.
are same for ICEVs and EVs. Figure 6 presents drive cycle
data used in this study to estimate the power demand in
real-time drive. The power demand for the drive cycle under
consideration is shown in Figure 7.
The proposed model, known as the Realistic Mathemati-

cal Traction Model (RMTM), offers several advantages over
existing models found in the literature and is recommended
by SAE for Original Equipment Manufacturers (OEMs) and
car manufacturers. The RMTM incorporates the following
key features:
1. Tyre pressure in rolling resistance formulation: Unlike

existing models, the RMTM includes a more realistic
empirical formulation that considers the influence of tyre
pressure on rolling resistance. By incorporating this cru-
cial factor, the model provides a more accurate represen-
tation of the forces encountered during vehicle operation.

2. Vehicle velocity in rolling resistance formulation: The
RMTM also incorporates vehicle velocity as a signifi-
cant factor in rolling resistance formulation, employing a
realistic empirical formulation to capture the influence of
speed on resistance. This ensures a more precise estima-
tion of rolling resistance under varying driving conditions.

3. The gradient in aerodynamic drag force calculations:
The RMTM takes into account the influence of gradient on
aerodynamic drag forces. This feature is absent in many
existing models and is an important factor in accurately
predicting the forces experienced by the vehicle in hilly
terrains or sloping roads.

4. Consideration of rolling resistance and its dependence
on tyre pressure and vehicular velocity in gradient force

calculations: The RMTMuniquely incorporates the influ-
ence of rolling resistance, which is further dependent on
both tyre pressure and vehicular velocity, in gradient force
calculations. This aspect has not been reported in any
previously published research articles, making the RMTM
more comprehensive and realistic in its approach.
By encompassing these advancements, the proposed trac-

tion model offers numerous benefits for EV design calcu-
lations. It provides a more accurate estimation of power
requirements and energy consumption during various driving
conditions. Furthermore, the model’s power calculations are
analyzed using a drive cycle depicted in Figure 6, and the
vehicular specifications and model parameters are detailed in
Table 5, ensuring a comprehensive evaluation of EV perfor-
mance.

TABLE 5. Model parameters for vehicular specification considered under
analysis.

With the above model parameters, the Model design
parameters values are presented in Table 6. These values
are vetted in comparison with several standard design values
from several different sources.

TABLE 6. Model design parameters values.

Based on the given parameter values and utilizing the drive
cycle data depicted in Figure 6, the power demand for the
EV is calculated, and the results are presented in Figure 7.
It is observed that the power demand curve exhibits a similar
pattern to the drive cycle data, indicating that the proposed
model successfully captures the dynamics of power require-
ments during vehicle operation. This alignment between the
calculated power demand and the actual drive cycle data
validates the accuracy and reliability of the proposed model.

Furthermore, the state of charge (SOC) curve of the battery,
derived from the proposed model, is illustrated in Figure 8.
The SOC curve provides insights into the battery’s energy
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FIGURE 6. Drive cycle considered in this study.

FIGURE 7. Power demand for the drive cycle under consideration.

FIGURE 8. State of Charge curve of the lithium-ion battery.

storage and depletion throughout the drive cycle. By consid-
ering various factors such as rolling resistance, aerodynamic
drag, and gradient forces, the proposed model accurately
estimates the SOC of the battery, allowing for a more com-
prehensive evaluation of the EV’s energy management.

Analyzing the drive cycle data, it is determined that the
average speed of the vehicle is 5.9 m/s. Using this average
speed and a drive cycle duration of 200 minutes, it can be
projected that the vehicle will cover a distance of approx-
imately 64 km. This estimation accounts for the vehicle’s

performance and energy consumption characteristics as rep-
resented by the proposed model.

The model’s ability to accurately estimate power demand
and battery SOC contributes to the development of more
efficient and reliable EV systems, supporting the widespread
adoption of sustainable transportation solutions.

The RMTM represents a significant step forward in the
field of EV design and analysis, offering improved accuracy,
realism, and a comprehensive understanding of the complex
factors influencing EV traction and power requirements. Its
advancements enable engineers and researchers tomakemore
informed decisions regarding EV design, optimizing perfor-
mance, efficiency, and overall user experience.

IV. EFFECT OF TEMPERATURE ON EV
It is worthwhile to note that the operating temperature of the
vehicle is also a critical factor and plays a vital role in spec-
ifying the sustainable operation of the electric vehicle [49],
[50], [51]. A temperature change significantly impacts the
charge/discharge capacity of the lithium-ion batteries and
eventually the performance of the electric vehicle [52]. The
performance of the lithium-ion batteries (LIB) degrades sig-
nificantly. the temperature alone can lead to a reduction of
about 50% in the vehicle range as discussed in [53] and [54].
The variation in the life cycle of a LIB at different oper-

ating temperatures for 1C rate is simulated and presented in
Figure 9. It is visible from the graph that the battery pack
has maximum life when operated near 25 ◦C. It is worth
noting that the life cycle changes drastically in the regions
where the operating temperature range is wide. The life cycle
is affected by almost 4%, 6%, 7.8%, 10%, 12%, and up to
23.5% with the temperature variation of 30 ◦C, 36 ◦C, 42 ◦C,
47 ◦C, 51 ◦,C and 71 ◦C respectively. This justifies the need
to develop a suitable Thermal Management System (TMS).
This would help to regulate and maintain the temperature
of its components. The system generally uses a combination
of heating and cooling mechanisms, such as liquid coolant
circuits, air cooling, and insulation, to keep the components
within their optimal operating temperature range. This is
important for improving the performance and longevity of the
components and ensuring the safe and reliable operation of
the EV.

A literature survey on TEC-based BTMS was conducted
by Siddique et al. [55]. The study covered a period of 2003-
2018 and showed that there has been an increase in the use
of TEC-based BTMS over time. In another study from [56],
the various modeling methods of thermoelectric elements
and thermoelectric coolers were discussed. In [57], the
researchers proposed a thermal management system based
on thermoelectric cooling, forced air cooling, and liquid
cooling. This experimental study examined the battery ther-
mal behaviour at different voltage levels, typically in the
range from 30V to 60V under natural cooling and hybrid
thermoelectric cooling methods. Li et al. [58] presented a
similar temperature-controlled system using direct cooling.
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FIGURE 9. Variation in LIB life cycles for different temperature ranges.

FIGURE 10. Change in temperature of the battery without any active
thermal management system.

This BTMS used an electronic coolant that was circulated
through the airducts and then piped directly into the device
during power up without using any other coolant or media.
Qin et al. [59] proposed the use of forced-air convection for
battery thermal management system.

A. THERMAL MODELING OF LITHIUM-ION BATTERIES
(LIB)
To understand the thermal properties of LIB and EV as a
whole, it is important to model the thermal impact mathe-
matically. The heat generated by a battery is the combination
of heat generated during the chemical reaction and Joule heat
as given by Liu et al. [60]:

Qg = QC + QJ (17)

Qg = 1HMnAexp
(

−
Ea

RTb

)
+I (UOC − Ut) (18)

General formulation of convection of battery heat to air from
the battery can be expressed as:

QConv = hA (Tb − Tair) (19)

Heat conduction between the battery surface and ambient air
can be expressed by:

QCond = KA (Tb − Tair) (20)

Considering uniform temperature distribution across the bat-
tery, the variation in the temperature of the battery with cover
is expressed as:

C
∂Tb

∂t
= 1HMnAexp

(
−

Ea

RTb

)
+ I (UOC − Ut) −KA (Tb − Tair) (21)

And the variation in the temperature of the battery without
cover is expressed as:

∂Tb

∂t
= 1HMnAexp

(
−

Ea

RTb

)
+ I (UOC − Ut) −hA (Tb − Tair) (22)

Research is still finding solutions to enable Lithium batteries
to operate at higher temperatures with optimum performance.
Liquid and air cooling and the use of phase change materials
are the three applicable cooling techniques. Individual as
well as hybrid cooling techniques are in practice. Hybrid
(cooling schemes combining liquid, air, and phase change
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FIGURE 11. Proposed Pneumatic-Liquid Thermal Management System (PLTMS).

materials) cooling schemes are found to be more efficient.
Some solutions have been proposed by the researchers to
operate the battery at lower temperatures, which include
pre-heat the battery to the operating temperature range by
using hot air, liquid, phase change materials [29], [61],
[62], [63], [64], [65] & sinusoidal alternating current or
changing the chemical composition of the electrolyte with
LiPF4 [66]. In the next section, a novel thermal manage-
ment system is proposed based on air and liquid cooling
methodology.

For the drive cycle presented in Figure 6 and the power
demand in Figure 7, the change in temperature of the battery
without any active thermal management system is shown
in Figure 10.

B. PROPOSED THERMAL MANAGEMENT SYSTEM (TMS)
Anovel hybrid Pneumatic-Liquid ThermalManagement Sys-
tem (PLTMS) is proposed as shown in Figure 11, and the
flowchart of the methodology of the proposed system is
shown in Figure 12. The radiator supplies cold air to the main
supply line which is then divided by the flow divider as per
the requirement. The flow control value for the respective
motor, power electronic converter and battery works on the
differential operating temperature of the device. The hot air
is exhausted out to the radiator for a closed loop operation to
improve the efficiency of the system.

The proposed PLTMS is simulated, and the temperature
control is shown in Figure 13. The stepwise algorithm of the
proposed method is as follows:
STEP-1: Start

STEP-2:Monitor the temperature of the battery cells using
temperature sensors
STEP-3: If the temperature is below the lower threshold,

go to step 2
STEP-4: If the temperature is above the upper threshold,

go to step 5
STEP-5: Activate the cooling system:

a. Turn on the pump to circulate liquid through the system
b. Turn on the fan to draw air through the heat exchanger

STEP-6: Transfer heat from the battery cells to the liquid:

a. The liquid flows through the heat exchanger, absorbing
heat from the battery cells

b. The heat is transferred from the liquid to the air flowing
through the heat exchanger

STEP-7: Dissipate the heat into the environment:

a. The hot air is expelled from the system through an exhaust
port or duct

b. The cooled liquid returns to the battery cells to absorb
more heat

STEP-8: Check if the temperature has reached the desired
level:

a. If the temperature is below the upper threshold, go to step 2
b. If the temperature is still above the upper threshold, repeat

steps 5-7

STEP-9: Deactivate the cooling system, and turn off the fan
and pump
STEP-10: Stop
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FIGURE 12. Flowchart of the proposed TMS Scheme.

FIGURE 13. Temperature control of the battery with proposed PLTMS.

The authors have modelled the Pneumatic-Liquid Thermal
Management Systems (PLTMS) in JavaScript and simulated
the same using Python programming. The collected data
points are plotted using the Microsoft Excel tool.

V. RESULTS AND DISCUSSION
Considering an EV with the total mass of 1350 kg (including
payload), 175 / 65 R14 tyre with a diameter of 584 mm,
and differential with 64 teeth on gear & 17 teeth on pin-
ion giving a gear ratio of 3.765, the results are analyzed.
Figure 14 presents the comparison of forces required to over-
come rolling resistance, aerodynamic drag & gradient, and

total force at different speeds. The total force requirement
ranges from 50 N to 220 N. The rolling resistance range
from 61.66 to 132.9 N over the range of 0 to 120 kmph i.e.
total variation is 71.28 N, and aerodynamic drag over the
same range varies from 0 to 88.45 N i.e. total variation is
88.45 N. The influence of aerodynamic drag increases more
rapidly as compared to other resistances. It can be inferred
from Figure 14 that at starting, the rolling resistance is very
high and as the vehicle velocity is increased, the drag force
is more dominant. Similar conclusions can be made from
Figure 15 and Figure 16 which outlines the torque require-
ments and energy requirements of the EV at different vehicle
velocity. It is noted that the torque range varies from 18.1 to
64.65 N-m over the speed range from 0 to 120 kmphwhile the
energy requirements range from 0 to 38.41 kW (51.51 hp).
These results are comparable with the experimental results
presented by Wang [67]. Maximum steady-state estimation
of SOC and SOH can be achieved within 1% accuracy [68].
Accurate estimation of battery health [69] and maximum
capacity [70] is necessary for reliability and optimal power
utilization in EV.

The variation in the energy requirements with gradient is
presented in Figure 17. It can be inferred from the figure
that the power requirement is increasing with increase in the
gradient and speed.

Table 7 summarizes the requirement of battery capacity at
different speeds ranging from 60 kmph to 120 kmph for a
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FIGURE 14. Variation of different forces of an EV with variation on
velocity.

FIGURE 15. Torque requirement of the EV under different vehicle
velocities.

FIGURE 16. Energy requirements for EV under consideration.

driving range between 100 kms to 500 kms. The range goes
from 18.11 kWh for 100 km range at 60 kmph to 560.1 kWh
for 500 km range at 120 kmph. For instance, with a battery
capacity of 60 kwh, the vehicle can provide a driving range
of about 331 km at 60 kmph, 252 km at 70 kmph, 172 km
at 80 kmph, and so on. It is clear from this discussion that
vehicle velocity has a significant impact on the driving range
of an EV.

VI. CONCLUSION
The mathematical model of a vehicle that includes rolling
resistance, aerodynamic drag, and road gradient has been
developed in the study. The simulation results for a vehicle
with 1.6 m width and 1.5 m height and 1350 kg weight

FIGURE 17. Variation in energy requirements for EV under consideration
w.r.t. gradient.

TABLE 7. Battery capacity in kWh.

with 35 PSI tyre pressure and 1.2 kg
m3 air density at normal

temperature and pressure are discussed. The results of the
proposed model are in line with the available experimental
drive cycle results. The model can also be simulated with
varying meteorological conditions (varying air density, tem-
perature & humidity), different driving behaviors of acceler-
ation, deceleration, and braking inputs.

The rolling resistance varies from 61.66 N to 1 32.9 N in
the speed range from 40 kmph to 120 kmph. The aerodynamic
drag force becomes 10 times with a 10o change in the gra-
dient irrespective of the vehicle velocity thereby following
a non-linear path. The proposed model predicts that vehicle
will consume 23 kW of the battery capacity in 200 minutes
covering a distance of 64 km at a speed of 5.9 m/s, which is
comparable with the available experimental results and is the
most accurate prediction.

The following contributions are claimed in the present
research:

• Extensive literature study to develop the model for pre-
diction of driving force considering rolling resistance,
aerodynamic drag, and gradient.

• Investigated the influence of tyre pressure and vehicle
speed and temperature on rolling resistance.

• Initiated research towards the development of a precise
mathematical model for the prediction of energy require-
ments to identify the power requirements for a road trip
before traveling.
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• Initiated a research perspective to give new scope to
simulations of vehicle dynamics.

• Offer insights to develop an original thermal manage-
ment system for the battery pack in general and the
electric vehicle altogether.

• Proposed a Pneumatic ThermalManagement System for
maintaining the operating temperature of the battery,
power electronic controller, and electric motor.

Although a novel mathematical model is proposed to
understand the performance of electric vehicles under driving
conditions, further initiatives are required to consider the
gradient, temperature, tyre slip, and environmental factors in
rolling resistance and aerodynamic drag. The authors also aim
to further investigate the technological development in the
area of forced air cooling with the following perspectives:

• Involving various artificial intelligence-based optimiza-
tion algorithms to improve the performance of forced-air
convection systems by reducing the amount of wasted
energy and improving overall efficiency.

• Develop a hardware setup and drive cycle analysis of the
proposed model.

• The influence of temperature on rolling resistance may
be considered.

• By incorporating the proposed mathematical model into
the digital twin, the current model will demonstrate the
capability to fulfill the aforementioned tasks. This inte-
gration will allow for the effective implementation of the
tyre pressure display and its associated functionalities,
enabling EV users to optimize their vehicle’s perfor-
mance while ensuring safety and efficiency on the road.
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