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Abstract: Potential flow formed by doublet flow has been well applied in environmental applications 
and geothermal designs such as reservoir and fuel injectors. Most of the doublet flow is assumed 
based on the sink and source with equivalent strength and distance from the origin, forming the 
well-known Rankine oval structure when a far-field flow is superposed. A semi-analytical method is 
formulated to systematically investigate the unsymmetrical doublet flow with different strengths of 
sink and source. The general mathematical expression for unsymmetrical doublet flow is derived 
analytically before the streamline and the potential line can be visualised via a numerical approach. 
The results revealed that the doublet flows altered the Rankine oval structure to form aerofoil-like 
geometry. When the far-field flow interferes with the general Doublet configuration, unique flow 
structures such as convex, concave, and various wing shapes could be generated. The current study 
provides new insight on producing aerodynamic curves for the design of bio-inspired structures.

Keywords: potential flow; doublet flow; Rankine oval; stream function; superposition of flow

1. Introduction
Potential flow is an idealised flow characterised by its irrotationality and negligible 

viscous effect, while the flow remains continuously incompressible [1]. The flow potential 
was introduced by Leonard Euler in 1752 [2], in which the velocity vector can be defined 
as the divergence of velocity potential 0 , which could lead to Laplace equation upon 
combining with the Continuity equation:

V 2 0 =  0 (1)

Despite its long-standing history in investigating fundamental classical fluid me­
chanics, potential flow remains the research interest of the fluid dynamics fraternity. It 
is important as it has been widely applied in environmental flows, the visualisation of 
fluid flow, and the generation of initial flow conditions [3] . One of the notable examples 
of environmental flow is the estimation of groundwater flow, which is critical for tun­
nelling construction [4], groundwater extraction [5,6], and contamination prediction [7]. A 
massive number of works on the numerical simulation of groundwater flow have been 
reported. Xie et al. [8] applied a multiscale finite element method for groundwater flow 
in heterogeneous media. The application of the Monte Carlo method in similar research 
was reported by Xia et al. [9]. Moreover, meshfree techniques are gaining attention in the 
simulation of groundwater flow, and the literature reported includes the meshfree collo­
cation method [5,6], element-free Galerkin method [10], meshless local Petrov-Galerkin

Symmetry  2 0 2 2 ,1 4 ,391. h ttps://d oi.org/10.3390/sym 14020391 https://w w w .m dpi.com /journal/sym m etry

https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-1865-9212
https://orcid.org/0000-0003-1261-5216
https://www.mdpi.com/article/10.3390/sym14020391?type=check_update&version=1
https://doi.org/10.3390/sym14020391
https://doi.org/10.3390/sym14020391
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
mailto:wlam@utar.edu.my
mailto:kengyinnwong@utm.my
mailto:teywy@ucsiuniversity.edu.my
mailto:TengKH@ucsiuniversity.edu.my
https://doi.org/10.3390/sym14020391
https://www.mdpi.com/journal/symmetry


Symmetry 2022,1 4 ,391 2 of 27

method [11], and immersed boundary method [12]. Other environmental flows which 
require the application of potential flow theory are groundwater-surface water interac­
tion [13], granular flow [14], and interface flow [15].

The potential flow theory is widely used in various man-made technological applica­
tions. Potential flow theory was additionally applied by Liu et al. [16] and Magdalena and 
Firdaus [17] to investigate the hydroelastic response of floating structure and flow across a 
permeable wavy bed, respectively. Chen and Price [18] analytically studied the potential 
flow of a hydrofoil near a water surface. Recently, Frayssinhes et al. [19] also presented an 
interesting model based on potential flow theory, which is able to predict the local fibre 
orientation of veneers. Meanwhile, Sahin and Hyman [20] and Huggins and Packwood [21] 
manipulated the potential flow panel method to optimise the shape of an autonomous 
submersible. An analysis on the generation of wave drag due to a moving Rankine ovoid 
in stratified fluid was reported by Xu et al. [22]. Suner et al. [23] investigated similar topics 
by looking into the hydrodynamics of the perforated Rankine ovoid. Raven [24], who 
improvised the procedure of ship resistance testing on shallow water, involved potential 
panel analysis. Such theory was further applied by Roisman et al. [25], Rubin et al. [26], 
and Rubin [27] to develop models for mechanics of penetrations on elastic-plastic materi­
als. Furthermore, the Rankine oval structure can be used as a structural modification for 
minimising mechanical damping in fluid-structure interaction [28].

The studies mentioned above reveal most of the potential flow with practical appli­
cations involve a Rankine oval flow structure or the combination of uniform flow and 
source-sink elements. Where only a source-sink flow configuration is concerned, the flow 
is known as doublet flow. Perhaps, there are quite some direct applications of doublet flow 
reported. For instance, doublet flow was applied by Cola et al. [29] to improve microfluidic 
mixing, while Basu and Gianchandani [30] altered the fluids' surface tension as a strategy to 
create the microfluidic doublet configuration. The surface tension driven doublet flow can 
be observed in solutocapillary Marangoni flow, and the physics of the flow was detailed 
by Benouaguef et al. [31]. The formation of doublet flow was found as an essential factor 
in disrupting superfluidity as the paired vortex would induce impurities interaction [32]. 
The doublet system also can be observed in the design of geothermal reservoirs as a source 
of renewable energy, and such examples can be referred to in the work of Luo et al. [33], 
Willems et al. [34], Zhao et al. [35], and Mahbaz et al. [36]. The optimisation of well-doublet 
placement was documented in the work of Kong et el. [37]. Romanov and Leiss [38] further 
analysed the case study on enhanced geothermal systems for application in G5ttingen Uni­
versity. Moreover, Haghiabi et al. [39] conducted an interesting study to predict the velocity 
vector around a cylindrical weir using doublet potential theory. The doublet flow structure 
at anisotropic porous media was recently mathematically addressed by Severino [40].

Perhaps, a comprehensive analysis of doublet flow can be referred to in the work of 
Weijermars and van Harmelen [41]. However, most of the doublet flow applied in the previ­
ous research works was made based on two restrictions: (a) the distance between the source 
and sink is equally divided from a centre of division, and (b) the strength of source and 
sink is similar. For the time being, complex doublet flow can only be solved via numerical 
schemes. Therefore, the purpose of this article aims to formulate a semi-analytical method 
to enhance the contemporary doublet flow theory by incorporating an arbitrary value for 
both source-sink strength and distance characteristics. The resulting output of current 
work (doublet flow analysis) potentially contributes to the innovative engineering design, 
especially in microfluidic mixing, geothermal energy generation, groundwater extraction, 
formulation of aerodynamic profiles, and morphological design of bio-inspired structures.

In our paper, we discuss the mathematical derivation and numerical treatment for 
unsymmetrical doublet flow in Section 2, while the computed unsymmetrical doublet flow 
structures are presented in Section 3 . Some potential applications of the unsymmetrical 
doublet flow formulation are additionally introduced in Section 4 .
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2. M athematical Formulation of Unsymmetrical D oublet Flow

The unsymmetrical doublet flow equation can be derived by referring to the diagram 
as illustrated in Figure 1, in which the source (S2), sink (Si), and centre of an imaginary 
circle (So) are involved. In conventional doublet flow, a\ -  a ^ -  a, implying that the source 
and sink are equally separated from the centre of division. Moreover, the strength of the 
source and sink is deemed identical. The stream function xp of the doublet equation can be 
expressed as in Equation (2):

m _ 
xp =  — —— tan 
r  2 71

2 ar sin 6 (2)

where m is the strength of source/sink (volumetric flow rate per unit length-m2/s). The 
derivation of Equation (2) can be referred to in many fluid mechanics textbooks [1,39], and 
it will not be discussed in the current work. In the existing analysis framework, the distance 
of the source/sink from the centre of division is assumed to be locked as a, as shown in 
Equation (2). Moreover, the strength of the source and sink is identical.

>0

y /
'  /  / 

'  /
/

/  r
/

/  / 
'  //

;  r 2

Figure 1. Geometrical sketch for the formulation of unsymmetrical doublet flow general equation.

However, when the distance between the sink and the centre of division is released, 
the value of a\ and a2 will not be restricted. Moreover, a varied strength for the source and 
sink is considered. Equation (2) is not able to describe a doublet flow where the distance of 
the source/sink from the centre of division and the source/sink strength is different.

To formulate the solution for unsymmetrical doublet flow, we set the strength of source 
and sink as m\ and m2 , respectively. For mathematical simplicity, the strength of source 
and sink can be re-expressed as in Equations (3) and (4), respectively:

where,

m1 =  a 1 m (3)

m2 =  a2 m (4)

m =  m1 +  m2 (5)
m1

a1 =  . m1 +  m2 (6)

m2
a2 =  .m1 +  m2 (7)

In the current work, both a 1 and a2 are assumed to be integers, ranging from 1 to 10. 
The stream function equation for the doublet flow as in Figure 1 can be written as:

m2  m1

*  =  2 n 92 -  fl1 (8)

r2 — a2
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and upon the substitution of Equations (6) and (7) into Equation (8), the stream function 
now becomes Equation (9).

p
m

— a  e2 — a i ei) (9)

Applying a tangent function to Equation (9) and upon some modifications, a gen­
eral solution for the unsymmetrical doublet flow can be formed, as demonstrated in
Equation (10).

tan(a2 e2) — tan(a1 e1)m
p  =  —— tan 
r  I n (10)1 +  tan(a2 e2) tan(a1 e1)

Nonetheless, Equation (10) is difficult to be applied directly for the computation of 
stream function because the equation shall be expressed as a function of e  instead of e1 
and e2. Let tan (a1 e1) and tan (a2e2) be written in a notation form of tan (ageg). Based on 
trigonometric rules, we have derived the expression for tan (ageg), and the results can be 
referred to in Table 1.

Table 1. Tangential function for tan (agQg) at 2 < ag < 10.

ag tan (agdg)

2 2 tan eg

eg

2nta1t—

3 3 tan eg —tan3 eg

1—3 tan2 eg

4 4 tan eg  —4 tan3 eg

1—6 tan2 eg +tan4 eg

5 5 tan eg  — 10 tan3 eg +tan5 eg

1 —10tan2 eg +5tan4 eg

6 6taneg — 20tan3 eg +6tan5 eg

1 — 15 tan2 eg  + 15 tan4 eg — tan6 eg

7 7 tan eg  —35 tan3 eg +21 tan5 eg  — tan7 eg

1—21 tan2 eg +35 tan4 eg  — 7 tan6 eg

8 8 tan eg  — 56 tan3 eg +56 tan5 eg  — 8 tan7 eg

1—28 tan2 eg +70 tan4 eg  —28 tan6 eg +tan8 eg

9 9 tan eg — 84 tan3 eg  + 126 tan5 eg  —36 tan7 eg +tan9 eg

1—36 tan2 eg  +126 tan4 eg  — 84 tan6 eg +9 tan8 eg

10 10 tan eg  — 120 tan3 eg +252 tan5 eg  — 120 tan7 eg  + 10 tan9 eg

1—45 tan2 eg +210 tan4 eg  —210 tan6 eg  +45 tan8 eg  —tan10 eg

With the trigonometric formulation as in Table 1, Equation (10) can be thus written
as a function of tan (eg). Now, tan (eg), or tan (e1) and tan (e2) can further be expanded to 
form Equations (11) and (12), respectively.

tan e 1

tan e 2

r sin e
r cos e  — « 1

r sin e

(11)

(12)
r cos e  +  « 2

The substitution of Equations (11) and (12), and equations in Table 1 into Equation (10) 
will form the final stream function field for general doublet flow. For a Rankine oval flow, 
an addition of uniform flow can be added into Equation (10) to form:

m _i 
p  =  Ur sin e +  —— tan 

2n
tan(a2 e2) — tan(a1 e1)

1 +  tan(a2 e2) tan(a1 e1) (13)

where U is the free stream flow velocity (m/s). From the stream function field, the velocity vector 
at r and e  components, ur and ue, can be obtained using Equations (14) and (15), respectively.

1 dp  
r d e

dp  
dr

(14)

(15)

ur
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Since it is not straightforward to differentiate Equation (13), applying a simple fi­
nite differencing method can obtain the velocity vector. The discretised equations for 
Equations (14) and (15) are shown in Equations (16) and (17), respectively. The subscript i 
and j  in Equations (16) and (17) represents the spatial coordinate at the 9 and r component, 
respectively The discretisation stencil for these notations is shown in Figure 2. Note that if 
the size of the stream function matrix is nx x ny, then the velocity vector matrix is reduced 
to (nx —  1) x (riy  —  1).

(1. \ _  1 ~ Yi,] n r ._  1 fo + y -fo ,/  
’’’ r i,j 0;+y -  Oi,j

% j+1 -
M hi =  -  d7)

'  r i,]+1 r if]

\  \
\ ( i + U A \

,>\  \ u ) - > y+,)

.......... U

Figure 2. Spatial stencils of finite differencing for Equations (16) and (17).

The velocity potential for the flow 0  can be obtained by solving either one of the 
equations as seen in Equations (18) and (19).

0  =  [  urdr (18)
Jr1

0  =  ( 9  (ru9)d9 (19)
J  91

Perhaps, there are many numerical techniques to perform the integration over the 
velocity vector [42,43] as seen in Equation (18) or Equation (19). However, it is more 
convenient to obtain the velocity potential by considering the following Equations (5)-(10)

m
0  =  2 n  (*2 ln r2 -  *1 ln rx) (20)

in which r2  and r1  can be expressed as a function of r and 9 according to the trigonometric rule:

ri =  ^  fli2 +  r2 — 2ai r cos(n  — 9) (21)

r2 =  y/ a22 +  r2 — 2a2 r cos 9 (22)

Cylindrical coordinate (r,9) can be applied as the input before transforming them to 
Cartesian coordinates (x,y) using Equations (23) and (24).
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x =  rcosO  (23)

y =  r sin 0 (24)

MATLAB R2021a was used to code and visualise the flow. Operation is thus required 
to transform the velocity vector from cylindrical coordinate to Cartesian coordination. The 
transformation for ux and uy can be obtained by applying Equations (25) and (26), respectively

ux =  uq cos(J^  +  +  ur cos 6 (25)

Uy =  Uq s i n ^  — +  ur sin 6 (26)

In short, in this semi-analytical method for unsymmetrical doublet flow, an analytical 
approach was used to obtain the stream function while the numerical finite difference 
method to compute velocity vector and velocity potential. The complete algorithm for the 
semi-numerical analysis of unsymmetrical doublet flow can be demonstrated in Figure 3.

Figure 3. Algorithm for the semi-analytical method for unsymmetrical doublet flow.

3. Flow Structure of Unsymmetrical Doublet Flows
When the source and sink have a similar strength, a symmetrical doublet or Rankine 

oval structure can be formed. In the case where the source and sink have varied strengths, 
the resulting flow structure would be more complicated. A more complex potential flow 
structure could be generated based on the semi-numerical scheme as delineated in Section 2. 
This structure of the section will be arranged as follows: the potential flow structure 
due to pure unsymmetrical doublet flow is included in Section 3.1; the superposition of 
unsymmetrical doublet flow with different source far-field velocity magnitude direction will 
be covered in Section 3.2; while the effects of far-field flow orientation on the unsymmetrical 
doublet flow are discussed in Section 3.3.

3.1. Pure Unsymmetrical Doublet Flow

Consider a doublet flow in which the strength of the source is 2m while the value of a1 
is taken as 0.5. The value m is taken as 1. The example of the doublet flow solution for differ­
ent strengths of sink and different values of a2 can be shown in Figures 4 and 5, respectively.



Symmetry 2022,14,391 7 of 27

(a)

40

30

20

10

-10

■ - 2 d  

I

®  -40
-1.0 -0.8 -0.6 -0.4 -0.2 0.0

Figure 4. Cont.

40

30

20

10

0

-10

-20

-30

-40



Symmetry 2022,14,391 8 of 27

Figure 4. Unsymmetrical doublet flow structure when the strength of sink is at (a) 3m, (b) 5m, and (c) 7m.

Streamlines 
Velocity vector 
Stagnation Line

Stagnation

point

Figure 5. Stagnation point and stagnation line profile for unsymmetrical doublet flow.

From Figure 5, it can be observed that when the strength of the sink and source is 
not identical, both the streamlines and potential lines are distorted. The more significant 
the difference between the sink and source, the more apparent the distortion is. When 
the strength of the sink is 3m, the flow pattern is almost similar to the doublet flow with 
identical source/sink strength. However, when the strength of the sink increased, the 
deviation of velocity field could be observed, in which the velocity vector was altered with 
a stiffer angle moving towards the sink. It is an interesting phenomenon that a stagnation
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point can be observed at a larger sink strength, i.e., 5m. This stagnation point exists as 
the sink with superior strength could act as a "uniform  flow " moving towards the sink, 
countering the flow from the source. The distance of the stagnation point (see Figure 5), 
b, can be predicted by equating the velocity for source and sink such that:

. _  .. «1 m _  «2m
ur,s°urce _  ur,sink ^  2n (a1+a2+ b) _  2nb  (27)

b _  a2(a1+a2) 
a.1— a 2

It shall be noted that the stagnation point could not be observed if the strength of the 
source was larger than the strength of the sink. The streamlines along the stagnation point 
can be further obtained by substituting r = b and 9 = 0 into Equations (11) and (12) before 
computing the streamlines based on the algorithm as demonstrated in Figure 3 . In other 
words, at the stagnation line, *  = 0. Equating Equation (10) with zero, numerical solutions 
such as the fixed-point iteration technique could be deployed to obtain the value of r along 
with the stagnation point. The general stagnation line equation can be expressed as in 
Equation (28). Solving Equation (28) will obtain the stagnation line as shown in Figure 5 by 
taking the source and sink strength as 2m and 7m, respectively.

tan(« 1 9i) _  tan(a292) (28)

Nonetheless, it is not straightforward to solve Equation (28). Since *  = 0 appears in
several locations in the potential flow domain, a unique solution is not available. Therefore,
the graphical method is required to solve Equation (28). The initial guess for executing the 
graphical method is critical for the case where the strength of the source and sink is 2ni 
and 7m, respectively. For this example, the initial guess for radius ranges from 0.3 to 0.5. 
Upon obtaining the equation via the graphical method, it is possible to apply interpolation 
techniques to get a smooth curve for the stagnation line. In the current paper, the moving 
least squares (MLS) method [44] is applied. The formulation of the MLS method can be 
found in the work of Cheah and Tey [45] while a recent review of the mathematical tool can 
be referred to the work of Tey et al. [46]. By taking the data generated using the graphical 
method, the stagnation line equation can be written as in Equation (29). The coefficient 
of determination R2 of Equation (29) is 0.9857, which is considered well fitted with the 
computed value. Of course, the stagnation line equation is only valid for the case with 
the strength of the source and sink as 2m and 7m, respectively, while both a1 and a2 are
0.5. The aerofoil-like equation shall be re-computed if there is any change in the potential 
flow variables.

f  0.4109 +  0.5896x — 0.6541x2 — 0.4412x3 0 <  9 <  n
y _  { - 3 <  <  (29)[ —0.4109 — 0.5896x +  0.6541x2 +  0.4412x3 n  <  9 <  I n

The potential flow profile would be varied due to the distance of a1 and a2. The flow 
fields when a2 = 0.5 while a1 = 0.4 and 0.2 can be illustrated as in Figure 6. Perhaps, there is 
no difference in flow characteristics between the doublet flow of different a1  and a2 values 
with identical a1  and a2  values, as long as the summation of a1  and a2  is the same. For 
instance, the value of b remains unchanged when a2 = 0.5 and a1  = 0.2, and when a1  = 0.35 
and a2 = 0.35, in accordance with Equation (27). Nonetheless, manipulating the value of a1  

and fl2  is beneficial in setting up the precise location of the sink and source. This advantage 
would assist in simulation doublet flow-related studies such as geothermal creeping flow 
and other environmental Darcy flow.
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Figure 6. Unsymmetrical doublet flow structure when a2  = 0.5 while (a) a1 = 0.4 and (b) a1 = 0.2, with 
the strength of source and sink is 2m and 7m, respectively.

3.2. Superposition o f Unsymmetrical Doublet Flow with Far-Field Flow

Due to the complexity of the flow vector when the far-field velocity is superimposed 
into the doublet flow, the formulation of the stagnation line and determination of the 
stagnation point is not as straightforward as discussed in the previous section. However, 
with the implementation of the semi-numerical algorithm, the complex potential flow can
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be visualised in few simple steps. The interference of free-stream flow with the equal- 
strength doublet flow could form a Rankine oval flow structure, well documented in 
many fluid mechanics references [2,42,47,48]. In comparison, the involvement of varied- 
strength doublet flow would produce many interesting flow phenomena. The following 
subsections will discuss the alteration of Rankine oval structures due to sink-dominant 
doublet, source-dominant doublet, and the orientation of far-field velocity.

3.2.1. Sink-Dominant Superposed Flow

The superposition of free-stream or far-field velocity on the doublet flow is modelled. 
The interference of two potential flows leads to different types of interesting flow structures. 
When the sink and source strength is identical (i.e., oc\ -  oij), the Rankine oval body can 
be obtained. Nonetheless, when oc\ ^  0i2 , the Rankine oval structure does not necessarily 
appear, depending on the magnitude and direction of the far-field velocity. Some examples 
of superposition of far-field velocity on the sink-dominated doublet flow are simulated in 
Figure 7.

For the case in which the strength of the sink is larger than the source, if the incoming 
far-field flow originates from the sink-sided direction as shown in Figure 7a, there will be no 
Rankine oval structure formed. However, the far-field velocity could impose a significant 
impact on the location of the stagnation point. From the observation of Figure 7a,b, 
a stronger far-field velocity would extend the value of b. The location of the stagnation 
point can be determined by summating the velocity components to be zero. Therefore, the 
value of b for this case can be written as in Equation (30).

2 nU b2 +  [m2 — m\ +  2n U (a i  +  a ^ b  +  m2(^i +  0 2 ) — 0 (30)

Perhaps, Equation (30) is only valid for an exceedingly small range of values such that:
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Figure 7. Altered Rankine oval flow structure when strength of source and sink is 2m and 5m, 
respectively, for (a) U = 5m, (b) U = 20m, (c) U = -5m, and (d) U = — 20m.

When the far-field velocity is too strong, the stagnation point will not exist at the wake 
of the co-linear line of the source because the free stream flow will overwhelm the suction 
velocity of the sink. Instead, there will be two turning points deviated symmetrically from 
the co-linear line of the source. This phenomenon is due to the strong far-field velocity 
that bolsters the outward velocity from the source to the wake of the co-linear line of the 
source, negating the possibility of having any zero-velocity location along this line. From 
Figure 7b, the turning points can be observed at the location approximated at (—0.5, 0.8) 
and (—0.5, —0.8). The streamline which connects the turning points, sink, and source would 
bind the altered Rankine oval structure. This streamline is termed as aerodynamic line in 
this paper.

When the far-field velocity is superimposed from the source-sided direction, a stagna­
tion point is formed as well, yet with a smaller value of b compared with the pure doublet 
flow, as demonstrated in Figure 7c. When the far-field velocity strengthens, the stagnation 
point will remain along the wake of the co-linear line of the source.

The value of b for such a case can be described as in Equation (32), which is valid only 
for the range of far-field velocities as shown in Equation (33).

Moreover, it is noteworthy that at an extremely high far-field velocity from the source­
sided direction, a secondary stagnation point can be observed at the wake of the sink. For 
instance, in Figure 7d, the secondary stagnation point is located approximately (—1.7, 0). 
The flow structure resembles the half-body flow. In the half-body flow, the stagnation line 
forms due to the intersection between the far-field flow and the source. In the current 
case, the current half-body flow forms from the imposition of significantly powerful far- 
field velocity and sink-dominated doublet flow. The greater the far-field speed from the 
source-sided direction, the larger the distance between the secondary stagnation point and 
the sink.

2nUb2 +  [m1 — m2 +  2n  (a1 +  a2 )U  ]b — m2 (a1 +  a2) =  0 (32)

U <
2n  b 2n  (a1 +  a2 +  b)

(33)
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The continuity of the stagnation line (ty = 0) is broken due to the discontinued spot, 
as shown in Figure 8 . The discontinued spot is formed due to the dominance of the sink, 
which deviates and realigns the streamlines around the sink's domain. However, it is 
still possible to obtain the aerodynamic line that forms a flow structure that resembles 
Rankine-oval or half body structure. It is not straightforward to determine the aerodynamic 
line for the sink-dominant superposed flow as there is a discontinued stream function 
along the stagnation line. For example, in Figure 7d, at 163° <  6 <  180°, a non-zero 
stream function can be observed (see Figure 8 for a detailed illustration). The point which 
separates the zero and non-zero stagnation stream function is named as the discontin­
ued point in this paper. Thus, the first pair of discontinued points can be observed at 
(0.5, —1.65) and (—0.5, —1.65), in which the stagnation stream function changes from ip = 0 
to «  ±19.19. Meanwhile, at 124° <  6 <  163°, the stagnation stream function changes 
again from xp «  ±19.19 to ip «  ±38.39, in which the discontinued spots are located approxi­
mately at (1.4, —0.95) and (—1.4, —0.95). Due to this complication raised by the discontinued 
spots, the aerodynamic line can only be approximated with graphical visualisation.

Aerodynamic line

Figure 8. Secondary aerodynamic line for the sink-dominant superposed flow. The red circle represents 
the discontinued spots.

3.2.2. Source-Dominant Superposed Flow

Due to the superposition of source-dominant doublet flow and far-field flow, the 
altered flow structure appears to be symmetrical to the sink-dominant superposed flow, 
as discussed in the previous section. Due to the strong source, the stagnation points are 
shifted leftward in locations nearer to the sink, as illustrated in Figure 9a-d . The location 
of the stagnation point can also be determined by equating the velocity components to 
be zero. The value of b for the sink-sided and source-sided far-field can be shown in 
Equations (30) and (32), respectively. The equations are only valid for a small range of 
far-field velocity.
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Figure 9. Altered Rankine oval flow structure when strength of source and sink is 5m and 2m, respec­
tively, for (a) U = 5m, (b) U = 20m, (c) U = — 5m, and (d) U = -20m.

However, when the far-field velocity is beyond the range as stipulated in Equations (31) 
and (33), with increasing far-field velocity, the stagnation point and stagnation line will 
gradually grow further and larger before disappearing. The streamline evolution due to 
the increasing far-field velocity can be referred to in Figure 10. At a low far-field velocity 
where the stagnation point exists, the stagnation line can be obtained at ty = 0. A detailed 
graphical method is required to approximate the aerodynamic line that bounds the doublet 
domain at a higher far-field velocity where the stagnation point has perished. The graphical 
numerical approach is required as the value of the aerodynamic line stream function could 
be non-zero, and the value of the stream function has to be approximated under a high-
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resolution stream function plot. For example, the stream function of the aerodynamic 
line of Figure 9a,b is about ±0.38 and ±14.8, respectively. With the graphical method as 
delineated in Section 3.1, the coordinates of the stagnation line of Figure 9a,b can be plotted 
as Figure 11.

(b)

-2.4 -2.1 -1.7 -1.4 -1.0 -0.7 -0.4 -0.0 0.3 0.7 1.0

Figure 10. Cont.
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(c)

Figure 10. Streamline evolution due to increasing far-field velocity of (a) U = 2m and (b) U = 4m, and 
(c) U = 6m, when strength of source and sink is 5m and 2m, respectively.
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(b)

Figure 11. Aerodynamic line for the source-dominant superposed flow with: (a) tf = 0.38 at U = 5m 
and (b) tf = 14.8 at U = 20m.

Therefore, it can be seen that when the far-field velocity grows more robust, the 
stagnation line will be broken to form the aerodynamic line. The aerodynamic convex will 
additionally become flatter as the far-field velocity continues to grow stronger. As such, at 
U ^  to the aerodynamic line will deform as a concave structure.

Finally, the secondary stagnation/aerodynamic point will be relocated in proximity 
with the source when an extremely high far-field velocity from the source-sided direction is 
applied, as shown in Figure 9d. The visualisation of the secondary aerodynamic line will 
be slightly troublesome compared with the normal stagnation line due to stagnation spots.

3.3. Effects ofFar-Field Flow Orientation on Unsymmetrical Doublet Flow

The flow structure formed due to different far-field flow orientations could be referred 
to in Figure 12. When the far-field flow direction changes, the altered Rankine oval structure 
will be broken down easily. By taking U = 20m at source-dominant superposed flow as 
the example, when the uniform flow direction is parallel with the sink-source orientation 
(as in Sections 3.1 and 3.2), the primary stagnation point (stagnation point originating 
from the source) and the secondary stagnation point (stagnation point originating from 
the sink) will lie within a straight line. When the uniform flow comes with an angle of 
9 = 45°, the primary and secondary stagnation point will deviate upwards and downwards, 
respectively.

When the flow angle is changed to 9 = 90°, the line of stagnation points remains 
distorted. This phenomenon could be deemed a unique flow structure for sink- or source- 
dominated doublet flow as, in the flow with equally strong sink-source flow, the stagnation 
points will fall on the same line. A detailed discussion on this matter has been disclosed in 
the work of Weijermars and van Harmelen [41]. Even when 9 = 90°, the line of stagnation 
points does not form a straight line.
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Figure 12. Breakdown of Rankine oval flow structure when strength of source and sink is 5m 
and 2m, respectively, for (a) U = 20m at 8 = 45°, (b) U = 80m at 8 = 45°, (c) U = 20m at 8 = 90°, 
(d) U = 80m at 8 = 90°, (e) U = 20m at 8 = 135°, and (f) U = 80m at 8 = 135° (yellow spots represent 
the stagnation point).

When the far-field velocity increases, the distance between the stagnation points 
from the sink/source decreases. This reduction implies that the area of the doublet flow 
boundary has shrunk, and more fluids discharged from the source (or injector) will deviate 
away from the sink (or producer). Furthermore, when the far-field speed at 8 = 90° and
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135° is too large, no fluid from the injector will be flown to the producer. It happens as 
the boundary of doublet is broken, and no recirculation from the source to sink can be 
observed. The fluid will be forced away to the far-field shortly after it is discharged from the 
source. This observation is essential in the future innovative design of geothermal devices 
and hydrocarbon reservoirs. A proper alignment of sink-source orientation in response 
to far-field flow direction could avoid undesirable producer loss and greatly influence the 
sweep efficiency.

4. Potential Aerodynamic Applications of Unsymmetrical Doublet Flows
The current work provides a deeper insight into the flow structure on the effect of 

unbalanced sink-source strength. It could be beneficial in the innovative applications of 
groundwater creep flow predictions, geothermal well placement, and other environmental 
flows in the future. For instance, there is potential to utilise the unbalanced sink-source 
potential flow for better fluidic mixing efficiency [29] due to the existence of discontinued 
spots (see Figure 8), which promote micro-turbulence [49].

Besides the works mentioned above, the general doublet flow visualisation could 
also provide a new revelation about its potential applications in bio-inspired aerodynamic 
design and manipulation. Intensive research has been done in the design and operation 
of bio-inspired unmanned vehicles. However, to the authors' knowledge, all geometry 
of the unmanned vehicles was determined either by mathematical models, by coordinate 
scanning from the animals' specimen, or a combination of both. To name a few, the 
Fourier series function was applied by Aono et al. [50] to model the 3D kinematics of 
wings for insect flight, while a high-speed camera was used by Meng et al. [51] to capture 
the aerodynamic shape of fruit flies. An integration of both mathematical models and 
experimental observations was reported by Liu [52], where the effect of wing flexibility on 
insect aerodynamics was investigated. Similar works were also reported by Zimmerman 
and Abdelkefi [53], Scaradozzi et al. [54], Bian and Xiang [55], Salazar et al. [56], and 
Hudson et al. [57].

Cilia and flagella were found to be able to generate doublet flow around their oscilla­
tory bodies, which would generate stresses for bending mechanisms and propulsion [58]. 
Frumkin et al. [59] conducted an experiment to observe the swimming mechanism and 
found that the formation of doublet flow is indispensable to interfacial dynamics for hydro­
dynamic propulsion. However, research by Klindt and Friedrich [60] further showed that 
microswimmers attempted to minimise the generation of doublet flow structure to reduce 
hydrodynamic dissipation which predators could be able to detect. This feature could be 
applied to reduce aerodynamic noise produced by bioinspired unmanned vehicles while 
optimising propulsion efficiency. Despite extensive research in the geometry of bioinspired 
vehicles, there remains a paucity of literature that have reported on the relations between 
potential flow and animal morphology.

It is possible to relate the potential flow of doublet boundaries with the 3D mor­
phological structure of animals, which would assist the future design in unmanned 
aerial/underwater vehicles. For example, by taking ai = a2 = 1.3, while the strength 
of the source and sink is 2m and 7m, respectively, at U = 50m and 9 = 180°, an aerodynamic 
line resembling a Carangiform sw im m er's caudal peduncle [54,61] could be formed, as 
illustrated in Figure 13. The source and sink can be perceived as the centre of the rear of 
the anterior body and caudal fin, respectively. With the user-defined parameters as afore­
mentioned, the aerodynamic line which connects the anterior body and caudal fin can be 
formed. Then, with some interpolation tools such as the moving least squares method, the 
geometry of the aerodynamic line can be obtained. A geometry built upon the aerodynamic 
line could theoretically ensure a smooth flow and thus improve swimming efficiency.
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Caudal peduncle

Figure 13. Approximation of morphology of Carangiform swimmer using general doublet equation 
(modified from the work of Junqiang et al. [61]).

Moreover, the methodology explained in the current work shows potential for appli­
cation in many other bio-inspired structures such as dolphins [62], eels [63], fruit flies [51], 
ladybirds [64], and damselflies [65], to name a few. Since the far-field speed and orientation 
greatly influence the aerodynamic/stagnation line, the line's deformation could optimise 
the structure's ability to withstand the surrounding flow conditions.

5. Conclusions and Recommendation
A semi-numerical scheme has been proposed to analyse and visualise the general 

doublet flow, which encompasses the unbalanced strength of sink and source. Both pure 
and superposed doublet flow are investigated. Compared with the flow structure formed 
by the balanced sink and source strength, the unsymmetrical doublet flow could exhibit 
various types of stagnation/aerodynamic lines, depending on the strength of source/sink, 
far-field velocity, and far-field orientation. The conclusion is summarised as below:

1. Doublet boundary would be distorted to form convex (due to low far-field ve­
locity), concave (due to high far-field velocity), and other interesting shapes (in 
what condition).

2. The conceptual study provides deeper insight into the flow structure of the effect of 
unbalanced sink-source strength.

3. The research output potentially to apply in innovative environmental flow design 
and renders an alternative to formulate an aerodynamic curve for the design of 
bio-inspired structures in the near future.

The proposed algorithm is straightforward to be applied to generate various un- 
symmetrical doublet flow structures without the necessity to visualise the flow using 
complicated numerical schemes. However, it shall be noted that the formulation applies 
only to the case where the ratio between the strength of source and sink appears as an
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integer. More research works shall be done in the future to address the unsymmetrical 
doublet flow whenever any real number involves.
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Nomenclature

Symbol Description
Velocity potential 

tf Stream function
m Strength of source/sink
r Distance from source/sink to arbitrary point within the problem domain
u Velocity
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