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A B S T R A C T   

Mixed-mode delamination is one of the common failures of composites which has not been studied under low- 
impact loading. This paper studies the influence of displacement rate on mixed-mode I/II delamination of uni
directional carbon/epoxy composites. Single leg bending test is performed at displacement rates of 1, 10, 100, 
and 500 mm/min. Experimental results reveal that the mixed-mode I/II fracture toughness is invariant with the 
displacement rate. In addition, scanning electron micrographs shows that shear cusps are more obvious at 1, 10, 
and 100 mm/min. At 500 mm/min, significant matrix debris is noticed. Furthermore, the proposed three- 
dimensional rate-dependent fracture criterion is found to well predict the fracture toughness. Numerical simu
lation using cohesive zone model suggests that the lower numerical peak load is due to lower damage dissipated 
energy. In addition, the theoretical and numerical traction-separation responses show significant differences, 
which is also reflected in the numerical phase angle. This implies that the local mixed-mode ratio is not constant 
throughout the simulation process.   

1. Introduction 

Delamination is one of the major failure mechanisms in composite 
laminates due to low interlaminar strength [1–3]. Therefore, researchers 
have been trying to improve the interlaminar properties. For example, 
Hosseini et al. [4,5] investigated the mode I and mode II delamination of 
twill woven E-glass/L20 epoxy composite laminates using double 
cantilever beam (DCB) and end-notched flexure (ENF) specimens, 
respectively. Comparison was made between composites with and 
without the glass fibre chopped strand mat layers. The intention of using 
the mat-interlayer was to avoid through thickness crack development 
and reduce the possibility of catastrophic failure in the composite 

structures. Results revealed that for both mode I and mode II cases, the 
specimens without mat-interlayer have attained higher initiation and 
propagation fracture toughness values as compared to the specimens 
with mat-interlayer reinforcement. Not only that, by using 
exponential-linear traction separation model, the numerical and exper
imental force-displacement curves for the DCB test specimens were well 
compared. In addition, as the loadings are generally complex in reality 
[6] and polymeric materials are commonly known to be rate-dependent 
[7,8], it is essential to understand the influence of loading speed on 
mixed-mode I/II delamination behaviour of composite laminates. 

In the literature, the studies on the speed dependence on the 
delamination of composite materials are mainly focusing on mode I and 
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mode II cases. For instance, Machado et al. [9,10] studied the temper
ature and displacement rate effects on mode I and mode II delamination 
behaviour of unidirectional carbon/epoxy composites. Experiments 
were conducted at 2 mm/min and 100 mm/min. Results showed that 
both mode I (GIC) and mode II (GIIC) fracture toughnesses at all tem
peratures (− 30 ◦C, 20 ◦C, and 80 ◦C) decreased with the loading rate. 
Zabala et al. [11,12] tested unidirectional carbon/epoxy composite 
within the loading rate of 5 mm/min – 0.19 m/s. Similarly, a decrement 
in GIC was reported. However, GIIC was found to be invariant with the 
loading rate. On the other hand, Marzi et al. [13] discovered that by 
testing the carbon-reinforced polymer composite at 0.05 mm/s and 100 
mm/s, a decrement in GIC but negligible variation in GIIC were reported. 
Not only that, Colin de Verdiere et al. [14,15] investigated the delami
nation behaviour of untufted and carbon thread tufted carbon non crimp 
fabric (NCF)/epoxy up to 8.7 m/s for mode I and 7 m/s for mode II. Both 
GIC and GIIC were noticed to be invariant for untufted composite. 
However, for tufted composite, GIC was invariant while GIIC increased 
with the loading rate. 

Compared to mode I and mode II delamination, the research on the 
rate-dependency of mixed-mode I/II delamination is still very limited. 
For example, Blackman et al. [16,17] investigated both unidirectional 
carbon/epoxy and carbon/PEEK composites. The imposed loading rates 
were up to 15 m/s for mode I and 5 m/s for mode II and mixed-mode I/II 
loadings. It was found that all GIC, GIIC, and mixed-mode GI/IIC fracture 
toughnesses appeared to be invariant with the loading rate in the car
bon/epoxy composite. As for carbon/PEEK, they decreased with loading 
rate at all modes. 

From the abovementioned literature, it could be deduced that the 
influence of loading rate on the delamination behaviour of composite 
materials is still not conclusive. In addition to the types of material, the 
difference could also be due to the difficulty in obtaining the load signal 
[16] and test setup [7,14,18]. Furthermore, there are very limited works 
reported on mixed-mode I/II. Mixed-mode delamination is important to 
be considered due to complex loadings in nature. For example, Esmaili 
and Taheri-Behrooz [19] proposed a novel model to estimate the 
cohesive zone length (CZL) under fatigue-induced mixed-mode I/II 
delamination. The modified CZL considers both the material and 
structural geometry effects. Results showed a more accurate prediction 
of the crack growth rate in the Paris curve compared with the experi
mental data obtained from the literature. Their results highlighted the 
importance of the cohesive zone behind the crack tip. Rafiee and 
Sotoudeh [20] developed a new cohesive zone model for mixed-mode 
delamination. The irreversible interface degradation under cyclic 
loading was considered through the introduction of a new damage 
parameter, where the interlaminar stiffness reduction was expressed as a 
function of tractions, interfacial strength properties and coupled with 
the parameters of the mixed-mode bilinear traction-separation law. In 
their subsequent publication, the authors fabricated unidirectional glass 
fibre reinforced epoxy composite laminates using hand layup and vac
uum infusion process (VIP) [21]. The composites were fabricated at 
three stacking sequences: [012], [(0/±45)4] and [±456]. Fatigue tests 
were carried out on double cantilever beam test specimens under 
displacement control, at a fixed load ratio, R = 0.1 up to 104 cycles. The 
authors implemented the new cohesive zone model that was developed 
previously [20] to simulate the fatigue delamination onset of the com
posites. The numerical results revealed a good agreement with the 
experimental data. In addition, Rafiee and Sotoudeh [22] have also 
successfully implemented the model to simulate the mode II delamina
tion onset of IM7/8552 carbon/epoxy composite using double-notch 
shear (DNS) test specimen results by May and Hallett [23]. In view of 
this, it is necessary to further investigate the loading rate effects on the 
mixed-mode I/II delamination. 

In the authors’ previous works, the displacement rate effects on 
mode I [24] and mode II [25] delamination of unidirectional carbon/
epoxy composites have been studied. It was interesting to find that 
within the crosshead displacement rates of 1–500 mm/min, mode I 

fracture toughness is independent of the displacement rate [24], while 
the displacement rate has a positive effect on the mode II fracture 
toughness [25]. Considering the different observations in both mode I 
and mode II delamination behaviour; and noting that the loadings in real 
life applications are usually complex, this paper continues the charac
terisation of the displacement rate effects on mixed-mode I/II delami
nation behaviour of the same unidirectional carbon/epoxy composites. 
Single leg bending (SLB) test was conducted at displacement rates of 1, 
10, 100, and 500 mm/min. The mixed-mode fracture toughness was 
calculated using the compliance calibration (CC) method. Subsequently, 
the delaminated surfaces were analysed through the scanning electron 
microscope. After that, a three-dimensional rate-dependent model was 
proposed. Finally, the delamination behaviour was simulated using a 
cohesive zone model. Comparisons were done on the force-displacement 
curve, crack growth profile, traction-separation response, phase angle, 
and fracture energy. 

2. Materials and methods 

2.1. Materials and specimens 

The unidirectional carbon/epoxy prepreg used in this research has a 
nominal ply thickness of 0.15 mm [24,25]. The epoxy resin is Bisphenol 
A cured by dicyandiamide, while the carbon fibre is unidirectional with 
150 gsm. The average fibre volume fraction is 65.7 ± 6.3%, while the 
carbon fibre has an average diameter of 6.8 μm. Firstly, a unidirectional 
composite plate with [0]20 was fabricated using the hand lay-up tech
nique. To generate the pre-crack, a 15 μm Teflon film was placed at the 
mid-thickness location of the plate. The composite was then hot-pressed 
and has an average thickness (2h) of 3 mm upon curing. After that, it was 
cut into specimens of 20 mm width using a computer numerical control 
(CNC) machine. All specimens were prepared and supplied by “X Plas 
Singapore”. 

2.2. Interlaminar fracture toughness test 

Mixed-mode I/II delamination was achieved through the single-leg 
bending (SLB) test (Fig. 1). SLB test was carried out at displacement 
rates of 1, 10, 100, and 500 mm/min. This was categorised as the low- 
speed range [26]. All tests were displacement controlled using Instron 
Universal Testing Machine 5982 with a load cell capacity of 5 kN. At 
least three specimens were tested for each displacement rate. All tests 
were performed at ambient conditions. 

2.3. Morphology study 

The delaminated surfaces were gold-coated by 134 Bio-Rad Polaron 
Division before SEM images were taken using scanning electron mi
croscope Philips XL40. 

3. Data reduction method 

The calculation of the fracture toughness GI/IIC is based on the Irwin- 

Fig. 1. Schematic diagram of SLB test setup.  
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Kies [27] equation: 

GC =
P2

C

2B

(
dC
da

)

(1)  

where PC is the critical load, B is the width of the specimen, C is the 
compliance (inverse of the initial linear slope) and a is the crack length. 
The compliance calibration model is written as: 

C=C2a3 + C1 (2) 

In Eq. (2), C2 and C1 are obtained through the fitting of C – a3 plot. 
Substituting the derivative of Eq. (2) into Eq. (1) yields: 

GC =
P2

C

2B
⋅3C2a2 (3) 

The initial crack length was fixed at 30 mm for all displacement 
rates. In order to generate the compliance plot, additional specimens 
were tested at crack lengths of 20, 25, 35, and 40 mm within the linear 
region. 

Fig. 2. Force-displacement curves of the SLB specimens at all displace
ment rates. 

Fig. 3. Compliance plot of the SLB test at different crack lengths.  

Fig. 4. Mixed-mode I/II fracture toughness at various displacement rates.  
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4. Results and discussion 

4.1. Force-displacement curves 

Fig. 2 shows the force-displacement curves of the SLB specimens at 
displacement rates of 1, 10, 100, and 500 mm/min. During the early 
stage of loading, the force increases linearly with the imposed 
displacement. When the peak force is attained, the force drops abruptly. 
This indicates unstable crack growth. At all displacement rates, the 
slopes at the initial region are close to each other, where the average 
slopes are 123, 119, 122, and 123 N/mm for 1, 10, 100, and 500 mm/ 
min. By using the average slope at 1 mm/min as a reference, the 
maximum difference between them is only approximately 3%. This 
implies that within 1–500 mm/min, the stiffness of this composite is not 
sensitive to the displacement rate. A similar observation was reported 
for mode I and mode II tests on the same carbon/epoxy composite ma
terial [24,25]. This is also similar to the observation by Cantwell [28], 
which was been highlighted by Yasaee et al. [29] as well. 

4.2. Mixed-mode I/II fracture toughness 

Fig. 3 depicts the compliance plot of the SLB test tested at 1 mm/min, 
where the best fit parameters are C2 = 9.37 × 10− 8 mm− 2 N− 1 and C1 =

5.61 × 10− 3 mm N− 1, with R2 = 0.8308. The same C2 value is used to 
compute the fracture toughness of each test at all displacement rates. 
This is based on the previous observation in Fig. 2, where the stiffness is 
similar at all displacement rates. The average fracture toughness values 
are listed in Fig. 4, with the values in the bracket referring to the coef
ficient of variation in %. Based on the results, the mixed-mode I/II 
fracture toughness GI/IIC is found to be invariant with the displacement 
rate. Compared to GI/IIC at 1 mm/min, the difference is 15%, 4% and 4% 
at 10, 100 and 500 mm/min, respectively. 

The scanning electron micrographs are captured at the mid-width 
crack tip location of the specimen. Fig. 5 (a)–(c) shows that the frac
tography of the SLB specimens at 1, 10, and 100 mm/min are similar. 
Firstly, shear cusps are observed, which is an indication of the mode II 
component, and is widely noticed in brittle matrix composites [29–36]. 

Fig. 5. Scanning electron micrographs of the SLB specimens at (a) 1, (b) 10, (c) 100, and (d) 500 mm/min.  

Fig. 6. Three-dimensional presentation of the experimental data and best-fit surface plot.  
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Secondly, the existence of clean fibre surfaces implies the adhesive 
failure of the fibre/matrix interface, which is an indication of weak 
fibre/matrix interfacial bonding [32,37]. Thirdly, matrix cracking is also 
noticed, despite it is not significant. At 500 mm/min, Fig. 5 (d) shows 
different observation, where there is less shear cusps but more matrix 
debris. 

4.3. Three-dimensional plot of the fracture toughness 

Combining the results on mode I [24], mode II [25], and mixed-mode 
I/II, Fig. 6 plots the experimental fracture toughness (marked as “●”) in 
three-dimensional form. It is to note that only mode II fracture toughness 
was found to be sensitive to the displacement rate [25] and could be 
fitted using: 

GIIC(v)=GIIC,QS

{

1+m
[

ln
(

v
vQS

)]ζ}

(4)  

where GIIC (v) refers to the mode II fracture toughness at loading speed v 
and the subscript QS indicates the GIIC at the lowest displacement rate (1 
mm/min). The best-fit parameters of m and ζ were found to be 3.29 ×
10− 1 and 1.36 × 10− 4 [25]. In this study, the variation of the fracture 
toughness as a function of displacement rate is therefore proposed to be 
fitted using the modified BK-criterion: 

GC =GIC + [GIIC(v) − GIC]

(
GII

GT

)η

(5) 

It is to note that to fit the experimental data, GIC is fixed at 245 N/m 
(obtained at 1 mm/min) [24] and GIIC(v) is a function of displacement 
rate as described by Eq. (4). The surface fit is performed on the exper
iment data to find the best coefficient η value in Eq. (5). For optimiza
tion, a nonlinear least-squares fitting method based on trust region is 
used [38]. Fig. 6 shows the surface fit with the best-fit material 
parameter η = 3.175. 

Table 1 shows the experimental fracture toughness, curve fit fracture 
toughness and their deviation. The experimental fracture toughness is 
measured with the mode ratio from 0 to 1 and displacement rate in 
logarithmic scale from 0 to 6.2, whereas the curve fit fracture toughness 
is obtained from Eq. (5). The absolute percentage deviation of fracture 
toughness is obtained through Eq. (6). 

ΔFT =

⃒
⃒
⃒
⃒
FTc − FTe

FTe

⃒
⃒
⃒
⃒× 100% (6)  

where ΔFT is the absolute percentage deviation of the fracture tough
ness, FTc is curve fit fracture toughness and FTe is experimental fracture 
toughness. The average ΔFT of 7% indicates the accuracy of Eq. (5) in 
predicting the fracture toughness. 

5. Numerical modelling 

5.1. Finite element model 

Fig. 7 illustrates the finite element model of a SLB test specimen. The 
specimen is simply supported with a vertical displacement applied at the 
mid-span. To ensure consistency, the same modelling approach used in 
the authors previous studies is implemented [24,25,39]. Continuum 
shell elements (SC8R) are used for the composite arms, with the lamina 
properties listed in Table 2. The lamina properties were determined in 
the authors’ previous studies and have been successfully implemented in 
modelling the mode I [24] and mode II [25] delamination of the same 
carbon/epoxy composite. Cohesive elements (COH3D8) with a thickness 
of 10 μm are implemented along the mid-plane interface to simulate 
delamination propagation. A small thickness is imposed to avoid 

Table 1 
Absolute percentage deviation of fracture toughness obtained from experiment 
and curve fitting.  

Mode 
ratio 

Displacement 
rate in In scale 

Experimental 
fracture 
toughness, FTe 

Curve fit 
fracture 
toughness, 
FTc 

Absolute 
percentage 
deviation of 
fracture 
toughness, ΔFT 

0 0 245.03 245.00 0% 
0.43 0 383.26 320.72 16% 
1 0 1349.26 1349.00 0% 
0 2.3 202.59 245.00 21% 
0.43 2.3 324.73 351.17 8% 
1 2.3 1795.78 1792.87 0% 
0 4.6 275.06 245.00 11% 
0.43 4.6 336.46 351.17 4% 
1 4.6 1962.69 1792.91 9% 
0 6.2 258.59 245.00 5% 
0.43 6.2 348.36 351.17 1% 
1 6.2 1623.85 1792.93 10% 

Average percentage deviation 7%  

Fig. 7. Finite element model of the SLB specimen.  

Table 2 
Lamina properties for the carbon/epoxy composite used in this study [24,25].  

E11 (GPa) E2 (GPa) G12 (GPa) G13 (GPa) G23 (GPa) ν12 

103 6.7 2.7 2.7 2.5 0.34  
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interpenetration [40]. In addition, it is the same order of the resin-rich 
interface between the two adjacent laminas [41] and the thickness of 
the Teflon used in this study. Mollón et al. [42] have also used the same 
thickness to model the cohesive elements. This is also to ensure the 
consistency in the thickness that was used in the authors’ previous 
studies on mode I [24] and mode II [25] delamination using the same 
composite material. The cohesive properties are listed in Table 3. To 
ensure the consistency in the modelling approach, the same cohesive 
parameters that have been used in the authors’ previous studies for 
mode I [24] and mode II [25] delamination of the same composite are 
adopted. Both normal and shear interface stiffness are fixed at 4.5 × 105 

N/mm3 at all displacement rates [24,25]. In addition, the composite 
layers are discretised into a total of four elements in the thickness di
rection. The delamination region of interest meshed with a fine cohesive 
element size of 0.1 mm. The region outside the delamination region of 
interest meshed with a coarser element length of 2 mm. Uniform mesh of 
0.5 mm mesh is used to discretise the model in the width direction. 
Damage initiation is governed by the quadratic nominal stress criterion 
(Eq. (7), where t indicates the traction and the subscript u refers to the 
interface strength. In addition, the subscripts n and s refer to normal 
(mode I) and shearing (mode II) modes, respectively. The symbol 〈⋅〉 
refers to the Macaulay bracket where no damage will be initiated under 
a compressive stress state. Delamination starts to occur at a material 
point of the interface when the quotient of the nominal stress ratios 
reaches unity. As for damage propagation, it is simulated using 
BK-criterion (Eq. (5)). It is to note that since the simulation is carried out 
separately for each displacement rate, the experimental fracture 
toughness values listed in Table 3 are used. Hence, in the below study, 
numerical simulation using the fitted values from Eq. (4) and Eq. (5) is 
not attempted. It is worth to note that for this modelling approach, the 
displacement rate effect is considered by inputting the different mode I 
and mode II fracture toughness values determined experimentally at 
each different rate. Since the penalty stiffness for mode I and mode II at 
all displacement rates is fixed based on the authors’ previous findings on 

the same composite material [24,25], the interface strength could be 
estimated using Eq. (8) [43]. With this approach, when suitable mode I 
penalty stiffness and interface strength values are chosen [24], the mode 
II penalty stiffness and penalty strength could be directly estimated [25]. 
The implementation of Eq. (8) is also in accordance to May [44], where 
both interface strength and fracture toughness need to be considered for 
rate-dependency numerical simulation. This simple approach has been 
successfully implemented in pure mode I [24] and pure mode II [25] 
cases. To simulate the mixed-mode I/II delamination behaviour at 
different displacement rates, the same set of pure mode cohesive pa
rameters (listed in Table 3) is implemented in this study without further 
calibration. The intention is to evaluate whether this approach is unified 
and suitable for both pure- and mixed-mode cases. 
{

〈tn〉
tu,n

}2

+

{
ts

tu,s

}2

= 1 (7)  

tu,s =

̅̅̅̅̅̅̅̅̅
GIIC

GIC

√

tu,n (8)  

5.2. Numerical analyses 

Fig. 8 compares the experimental and numerical force-displacement 
curves of the SLB specimens at 1, 10, 100, and 500 mm/min, respec
tively. Results indicate that the initial linear slopes are in good agree
ment with the experiments, with a maximum difference of 7%. This is an 
indication that the pure mode penalty stiffness used in previous studies 
[24,25] is still suitable for the mixed-mode case. Nevertheless, the peak 
load difference is relatively significant, ranging between 11 and 28%. In 
terms of average, the difference is 21%, 21%, 13% and 16% at 1, 10, 100 
and 500 mm/min, respectively. It is worth noting that the same set of 
penalty stiffness, interface strength, and pure mode fracture toughness 
for pure mode I [24] and mode II [25] are used for mixed-mode 
delamination in this study. 

In the previous studies, the same set of parameters was found to be 
able to well predict the numerical response of pure mode I and mode II 
cases, with a maximum of 2% and 10% of stiffness difference for mode I 
and mode II cases, respectively. As for the peak force, a maximum of 8% 
and 6% were reported for mode I and mode II cases. The possible reason 
of the relatively significant difference in the peak force for the mixed- 
mode case is due the difference in the experimental and numerical 
damage dissipated energy, which will be discussed in detail later. 

Fig. 9 depicts the crack growth at different displacement rates when 

Table 3 
Cohesive properties for the interface [24,25].  

v (mm/min) GIC (N/m) GIIC (N/m) tu,n (MPa) tu,s (MPa) 

1 245.03 1349.26 35 82 
10 202.59 1795.78 35 104 
100 275.06 1962.69 35 93 
500 258.59 1623.85 35 88  

Fig. 8. Experimental and numerical force-displacement curves of the SLB specimens at (a) 1, (b) 10, (c) 100, and (d) 500 mm/min.  
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the peak force is attained. The display output parameter QUADSCRT 
reaching 1 (shown in red in Fig. 9) indicates that the damage initiation 
criterion (Eq. (7)) of the cohesive element has been satisfied, where the 
element is experiencing damage degradation. Due to symmetry, only 
half of the width of the model is shown. The crack across the width 
shows a thumb-like pattern, where the crack grows slightly slower at the 
edge of the specimen. This is similar to the observation for the mode I 
case [24], however, it is opposite to what was reported for the mode II 
case [25]. 

At the peak load, the damage has been initiated and extended from 
the initial crack tip along the delamination path up to about 1.8, 1.6, 1.7, 
and 1.6 mm at a displacement rate of 1, 10, 100, and 500 mm/min, 
respectively. The similarity in the crack growth profile among the 
displacement rates is believed to be due to the closeness in the mixed- 
mode fracture toughness values. 

Fig. 10 plots the theoretical and numerical traction-separation vari
ations in mode I, mode II and mixed-mode I/II planes. Since the traction- 
separation response is similar among all four displacement rates, the 
two-dimensional plots for mode I, mode II and mixed-mode I/II at 1 
mm/min are presented in Fig. 11 for illustration purposes. The pure 
modes (labelled as “Pure” in Fig. 11 (a) and (b)) are plotted based on the 
cohesive properties listed in Table 3. Since the penalty stiffness for both 
pure normal and shear modes is 4.5 × 105 N/mm3 at all displacement 
rates, it would be the same for the mixed-mode case. The other pa
rameters for theoretical mixed-mode traction-separation response 
(labelled as “Theoretical” in Fig. 11 (c)) based on BK-criterion are 
calculated as follows [43]: 

For mixed-mode interface strength tu,m, 

tu,m =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

t2
u,n +

[
t2
u,s − t2

u,n

](GII

GT

)η
√

(9) 

For mixed-mode damage initiation separation δo,m, 

δo,m =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

δ2
o,n +

[
δ2

o,s − δ2
o,n

](GII

GT

)η
√

(10) 

As for mixed-mode damage final separation δf,m, 

δf ,m =
1

δo,m

[

δo,nδf ,n +
(
δo,sδf ,s − δo,nδf ,n

)
(

GII

GT

)η]

(11) 

Subsequently, the theoretical pure mode components (labelled as 
“Mixed” in Fig. 11 (a) and (b)) are calculated from the phase angle θ, 

tu,I = tu,m cos θ, tu,II = tu,m sin θ (12)  

δo,I = δo,m cos θ, δo,II = δo,m sin θ (13)  

δf ,I = δf ,m cos θ, δf ,II = δf ,m sin θ (14) 

The theoretical phase angle θ is calculated using: 

θ= tan− 1

̅̅̅̅̅̅̅
GII

GI

√

(15) 

For SLB test, the theoretical mode ratio are GI/GT = 0.57 and GII/GT 
= 0.43, hence, the theoretical phase angle θ = 41◦. Table 4 lists all the 
mixed-mode and pure mode components of the theoretical traction and 
separation values by using the best-fit BK parameter η = 3.175. 

Figs. 10 and 11 also plot the numerical traction-separation response 
of the first ten elements from the crack tip of mixed-mode and pure mode 

Fig. 9. Crack growth profile at the peak force at (a) 1, (b) 10, (c) 100, and (d) 
500 mm/min. 

Fig. 10. Theoretical and numerical traction-separation responses at (a) 1, (b) 
10, (c) 100, and (d) 500 mm/min. 
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components at different displacement rates. From both Fig. 11 and 
Table 4, it could be noticed that the interface strength of the mode II 
component tu,II is always smaller than the mode I component tu,I, because 
the theoretical θ is less than 45◦. In addition, it is also to note that the 
pure mode component (“Mixed”) is always smaller than the pure mode 
input values (“Pure”), because “Mixed” is the component that is resolved 
from the mixed-mode resultant. For mode I component, Fig. 11 (a) 
shows that non-linearity is observed before the peak traction is ach
ieved. Subsequently, the normal traction component decreases in the 
same trend as the theoretical traction-separation response. In addition, 
at each displacement rate, the numerical traction-separation response 
for all the ten elements is similar. As for mode II component, a significant 
difference is observed as compared to the theoretical traction-separation 
response. As seen in Fig. 11 (b), the numerical mode II peak traction is 
higher than the theoretical mode II component (labelled as “Mixed”). In 

addition, the value is in an increasing trend with respect to the distance 
from the crack-tip and converged towards the mode II interface strength 
(labelled as “Pure”). Upon the attainment of peak traction, the numer
ical mode II traction drops abruptly in a non-linear pattern, and the final 
mode II separation is attained at a value that is much smaller than the 
theoretical value. 

As for mixed-mode, the numerical traction-separation response is 
similar to the mode II component, where the peak traction is always 
larger than the theoretical value and increases when the element is 
further away from the crack tip. Beyond numerical peak traction, the 
traction decreases in a non-linear trend. Towards the end of the sepa
ration, the traction follows a similar trend as the theoretical one. 
Nevertheless, the final separation is smaller than the theoretical value. 

The difference between the theoretical and numerical traction- 
separation response is postulated to be attributed to the difference in 
the definition of mixed-mode ratio. The theoretical mixed-mode ratio is 
determined using linear elastic fracture mechanics (LEFM) closed-form 
solution. This is also the mixed-mode ratio that is applied to the speci
mens during the experiment. On the other hand, the numerical mixed- 
mode ratio, which is also known as local mixed-mode ratio, is 
computed at each integration point of the cohesive elements [45]. 
Therefore, it is not constant and varies along the cohesive zone, which 
have been reported by some other researchers [45,46]. Further com
parison in the variation of the local mixed-mode ratio will be discussed 
in the later section through the plots of phase angle. 

The numerical phase angle θ = δII/δI is plotted in Fig. 12. It is 
apparent that the phase angle varies with the mixed-mode separation δm, 
which is obtained by Eq. (15). In addition, the phase angle also varies 
differently with a different element. This observation is different from 
the theoretical phase angle, where it is a constant with a value of 41◦. 
Non-constant numerical phase angle was also reported by Harper et al. 
[46]. The reason is that the local mixed-mode ratio is not a constant [43, 
45,47]. 

δm =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

δ2
I + δ2

II

√

(16) 

Fig. 13 compares the experimental and numerical fracture energy. At 
all displacement rates, the first element has the lowest fracture energy 
and has the largest deviation compared to the experimental value, with 
31, 18, 21, and 24% for 1, 10, 100, and 500 mm/min, respectively. This 
is believed to be the major reason that the numerical peak load is lower 
than the experimental value. Turon et al. [43] have also reported that it 
was the fracture energy that influenced the numerical peak load. When 
it is away from the crack tip, the numerical fracture energy is increased 
and converged. For 1 mm/min and 10 mm/min, the numerical fracture 
energy is always lower than the experimental value. For 100 mm/min, 
the numerical fracture energy surpasses the experimental value from the 

Fig. 11. Two-dimensional plots for (a) mode I, (b) mode II and (c) mixed-mode 
I/II at 1 mm/min. 

Table 4 
Theoretical traction and separation parameters for mixed-mode and pure mode 
components.  

v (mm/min) tu,m (MPa) δo,m (mm) δf,m (mm) 

1 43.79 9.73 × 10− 5 1.75 × 10− 2 

10 44.33 9.85 × 10− 5 1.47 × 10− 2 

100 38.70 8.60 × 10− 5 1.74 × 10− 2 

500 40.60 9.02 × 10− 5 1.71 × 10− 2  

v (mm/ 
min) 

tu,I 

(MPa) 
δo,I (mm) δf,I (mm) tu,II 

(MPa) 
δo,II 

(mm) 
δf,II 

(mm) 

1 33.06 7.35 ×
10− 5 

1.32 ×
10− 2 

28.71 6.38 ×
10− 5 

1.15 ×
10− 2 

10 33.47 7.44 ×
10− 5 

1.11 ×
10− 2 

29.07 6.46 ×
10− 5 

0.96 ×
10− 2 

100 29.22 6.49 ×
10− 5 

1.31 ×
10− 2 

25.38 5.64 ×
10− 5 

1.14 ×
10− 2 

500 30.65 6.81 ×
10− 5 

1.29 ×
10− 2 

26.62 5.92 ×
10− 5 

1.12 ×
10− 2  
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fourth element and onwards. It is reasonable to postulate that this is due 
to larger GIC and GIIC input values as compared to the other displacement 
rates (Table 3), thus more energy is dissipated during the numerical 
simulation. As for 500 mm/min, the numerical value converges towards 
the experiment value when the element is further away from the crack 
tip. 

6. Conclusions 

This research focuses on the experimental and numerical studies of 
mixed-mode I/II delamination of unidirectional carbon/epoxy com
posites at displacement rates of 1, 10, 100, and 500 mm/min. Mixed- 
mode I/II delamination was determined experimentally using single- 
leg bending (SLB) test, while a cohesive zone model was employed to 
simulate the delamination behaviour. Based on the results, it could be 
concluded that:  

i. Mixed-mode I/II fracture toughness GI/IIC is invariant with the 
displacement rate. The average GI/IIC is 325–383 N/m within the 
speed of 1–500 mm/min.  

ii. Surface morphology analyses show that shear cusps are more 
noticeable at 1, 10, and 100 mm/min, whereas significant matrix 
debris is observed at 500 mm/min.  

iii. The three-dimensional rate-dependent fracture criterion is able to 
well predict the fracture toughness, with an average deviation of 
7%.  

iv. The numerical slope is well compared with the experimental 
value, with a maximum of 7% difference. However, the numeri
cal peak load is lower than the experimental one, with a 
maximum difference of 21%. The reason is believed to be 
attributed to lower mixed-mode fracture energy dissipated during 
numerical simulation.  

v. The theoretical and numerical traction-separation responses are 
obviously different for all mode I, mode II and mixed-mode I/II 

Fig. 12. Phase angle for the first ten elements from the crack tip at (a) 1, (b) 10, (c) 100, and (d) 500 mm/min.  

Fig. 13. Theoretical and numerical mixed-mode I/II fracture energy at (a) 1, (b) 10, (c) 100, and (d) 500 mm/min.  
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cases. This observation is also reflected in the phase angle plots, 
where the numerical phase angle is varying with the mixed-mode 
separation. This is an indication of a non-constant local mixed- 
mode ratio. 
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