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This analysis explored the computational process of heat transfer analysis in a thin-film MHD flow embedded
in the hybrid nanoparticles, which combine the spherical copper and alumina dispersed in ethylene glycol as
the conventional heat transfer Newtonian fluid model over a stretching sheet. The nonlinear ordinary differential
equations (ODEs) was attained by transforming partial differential equation (PDEs) as governing equations
when implementing the similarity transformations technique. The resulting nonlinear ODEs have been utilized
by using the Keller box method. The natures of the thin-film flow and heat transfer through the various values of
the pertinent parameters: unsteadiness, nanoparticle volume fraction, thin-film thickness, magnetic interaction
and intensity suction/injection are deliberated. The approximate results for velocity and temperature distributions
and physical quantities in terms of local skin friction and Nusselt number have been obtained and analyzed via
graphs and tables. As a consequence, the suction expresses a more prodigious effect on the hybrid nanofluid
rather than injection fluid for all the investigation parameters. It is worth acknowledging that the existence
of the nanoparticles and MHD in the viscous hybrid nanofluid tends to enhance the temperature profile but
decay the particle movement in the thin-film flow. It is perceived that the velocity and temperature profiles
decline for the growth of the unsteadiness, thin-film thickness and suction/injection parameters.
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1. INTRODUCTION
Thin-film flow is the essential part of the microfabrica-
tion industry where it constructs the physical objects with
dimensions in the micrometer to millimeter range. The
products that use multiple thin-film flow include elec-
tronic devices containing conductive metals that allow
the electricity flow and medical devices that used chem-
ical films to inhibit microbial growth. Therefore, these
activities encouraged the researchers to study and ana-
lyze the several effects on heat transfer in a thin film
flow across moving vertical, horizontal and slanted flat
plates. Moreover, the principle utilization of such thin-
film fluid is in draining, coating, wetting, biological and
solar cells as given in Bertozzi,1 Roy et al.,2 Dutta et al.,3

Taherzadeh,4 Liu et al.,5 Kreder et al.,6 Girtan,7 Girtan8

and Thiele.9 It is produced through a process called
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‘Thin-Film Decomposition,’ which is a process of apply-
ing the thin-film onto a surface that is to be coated.10

The first problem of this phenomenon has been explored
by Wang11 without considering the heat transfer. Wang11

studied the issue of thin-film flow in the Newtonian fluid
that has been motivated by the studies of Sakiadis,12

Crane,13 Carragher and Crane14 who studied the theoret-
ical technique to solve the heat transfer flow along with
the stretching sheet. The study found that the rare exact
similarity solution of the unsteady Navier-Stokes equation
and an investigation on integration for that equation is
needed. Therefore, Andersson et al.15 started an analysis
to explore the nature of the hydrodynamic heat transfer
problem solved by Wang.11 Andersson et al.15 extended
the work done by Wang11 and introduced the similar-
ity transformation for the thermal equation. The author
found that the temperature on the thin-film flow enlarges
from the elastic sheet towards the free surface. After that,
Wang16 explored the flow problem with heat transfer. The
HAM method was applied to attain the investigated param-
eters unsteadiness and Prandtl number towards velocity
and temperature profiles. As a result, different values of
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parameters tend to vary in the thickness of the thin-film.
Shear stress between the wall of thin-film and fluid flow
was enlarged but decreased in thin-film thickness due to
increasing the unsteadiness parameter that pointed out the
stretching rate of the plane. The heat transfer of the thin-
film flow has been declined by the enhancement of the
Prandtl number.

The development in science and technology is levitat-
ing the demand for characterized devices with the best
performances and optimum functioning. Therefore, the
researcher introduced a new class of fluids using nanopar-
ticles named nanofluid.17 The existence of the nanopar-
ticles in the fluid can improve the rate of change of
the heat and working fluid properties due to their spe-
cial properties.18 According to Choi17 who proposed the
metallic or non-metallic particles that have a high ther-
mal conductivity in a fluid can tends to uplift the supe-
rior of heat transfer. The incorporates of nanoparticles and
fluid can reduce the boiling performance and degradation
increased. Most importantly, it smoother the surface of
nucleate sites, hence considerable deterioration of the heat
transfer coefficient.19�20 The scholar and scientists have
reported the dissolving of the nanoparticles in the conven-
tional fluid included Khan and Pop,21 Yirga and Shankar,22

Pourmehran et al.,23 Jahan et al.,24 Hafidz et al.25 and Gan-
gadhar et al.26 Yirga and Shankar22 studied the MHD flow
and heat transfer analysis in a steady porous sheet under
the effect of viscous dissipation and chemical reaction. The
transformed governing equations were solved numerically
by implementing the Keller box method.

The presence of the nanoparticle volume fraction in
the porous sheet has increased the skin friction. More-
over, Jahan et al.24 discussed an unsteady and heat trans-
fer analysis under the effect of suction/injection in a
nanofluid. Consequently, suction/injection parameters in
the nanofluid have a huge impact on the physical quan-
tities as well as velocity and temperature fields. The
nanofluids MHD together with the suction/injection effects
for the several geometries have been cross-examined by
Krishna and Chamkha,27 Krishna and Chamkha28 as well
as Chamkha et al.29 The studies claimed that the suc-
tion effect boosts the heat transfer rate of the nanofluid.
Hazarika et al.30 studied the thermophoresis and viscous
dissipation of MHD nanofluid over a porous stretching
sheet. The author considered the copper, Argentum and
ferum (III) oxide as the nanoparticles. Control-volume-
based finite element method (CVFEM) as the numerical
method has been employed by Chamkha et al.31 to analyze
the trend of nanoparticles in natural convection flow. A
similar method was also applied by Dogonchi et al.32 when
solving the mathematical modeling of magnetic nanofluid
natural convection in the porous with Brownian motion.
In addition, Dogonchi et al.33 claimed that the increase of
the suction parameter leads to an increase in the velocity,
however, a decline in the temperature of the nanofluid.

Based on the previous publications, nanofluids per-
formed well and showed a positive effect on heat trans-
fer. This situation encouraged the researcher to think
about incorporating of the different nanoparticles and
known as hybrid nanofluids. Several researchers have
cross-examined the combinations of alumina and copper
since these combinations have enhanced the thermal con-
ductivity and increased the convective heat transfer. For
example, Devi and Devi34 studied the effect of suction
parameters on MHD copper/alumina dissolved in water
as a conventional fluid. This analysis showed the upsurge
of the suction intensity retards the velocity and tempera-
ture profiles as well as skin friction coefficient, however it
overshot the Nusselt number representing the nanofluid’s
heat transfer rate. Devi and Devi35 extended the research
done by Devi and Devi34 by considering the Lorentz
force and Newtonian heating in a three-dimensional hybrid
nanofluid model. Momentum boundary layer thickness
turned thinner as increasing the Lorentz force through the
enhanced value of the magnetic interaction parameter M .
The Lorentz force heated the particles of hybrid nanofluid,
Cu–Al2O3 thereby, the thermal boundary layer gets thicker.
Besides, Devi and Devi36 compared the numerical

model for thermal conductivity of Cu–Al2O3 with the
experimental data from Suresh et al.37 when using the
90:10 ratio concentration of Cu–Al2O3/water. During this
analysis, the various volume fraction nanoparticles such as
0.1%, 0.33%, 0.75%, 1% and 2% give an excellent agree-
ment with the experimental data. Quite interesting results,
the growth of nanoparticles volume fraction from 0.005 to
0.06 has enhanced the temperature profile, thereby over-
shoot the fluid’s heat transfer rate. Nevertheless, the veloc-
ity profile, as well as the wall shear stress, were retarded.
It is worth mentioning that the works from34–36 depict that
the heat transfer rate of hybrid nanofluid is higher than
nanofluid. Series works from34–36 have motivated Waini
et al.38–40 to investigate similar combination nanoparticles
with different effects past a stretching/shrinking sheet. In
the research, the stability analysis was performed to deter-
mine the dual solutions in the long run and it is claimed
that the upper branch solution is stable. Further, Gha-
lambaz et al.41 reported that the presence of the hybrid
nanoparticles has a positive effect on the heat transfer rate
of the hybrid nanofluid. Tayebi and Chamkha42 conducted
a numerical analysis of steady MHD natural convective
heat transfer and flow on hybrid nanofluid, alumina and
copper which dissolved in water as a Newtonian fluid
model.
Moreover, several effects such as the existence of the

magnetohydrodynamics (MHD) and suction/injection in
fluid grabbed the response of industry especially engineer-
ing to explore deeply the flow of the fluid as well as the
production of the products past in different geometries.
VeeraKrishna et al.43 studied the analysis of second-grade
fluid with MHD together with the hall effects through
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the porous medium between two vertical plates. Besides,
porous medium with ramped wall temperature and sur-
face concentration in MHD second grade fluid have been
done by VeeraKrishna and Chamkha.44 The characteristics
of heat and mass transfer on MHD flow of second-grade
fluid together with the porous medium subjected to a semi-
infinite vertical stretching sheet also have been investigated
by Krishna et al.45 The fluid under the impacts of MHD
in porous plate also gives the significant changes of the
fluid in free convection flow.46�47 Further, Veera Krishna
et al.48 explored the MHD, ion slip and porous parameter
on unsteady generating/absorbing second-grade fluid.
Clearly from the above literature review, the study

on heat transfer in a thin-film with hybrid nanoparticles
(alumina-copper) has not yet been discussed anywhere by
any researchers. Therefore, the present problem follows
closely the work done by16�34–36 by including the hybrid
nanofluid. The Keller box method is be utilized to obtain
the numerical solutions. The details of the method can be
found in the book by Cebeci and Bradshaw.49 In dealing
with the nonlinear parabolic problem, this method is quite
appropriate and widely used by many researchers like,22�50

and Ref. [51] to solve problems of similar nature (nonlin-
ear parabolic problems) which has been proven to be effi-
cient. The implicit Keller box method is an unconditionally
stable finite difference method conjunction with achieves
remarkable accuracy. The effects of several parameters on
the flow and heat transfer analysis are presented in form of
the graphs and tables. The resultant numerical results will
be compared with the published paper to show reliability
in the numerical method employed.

2. MATHEMATICAL FORMULATION
An unsteady two-dimensional, incompressible, laminar
boundary layer flow of an electrically conducting and
MHD thin-film flow of hybrid nanofluid across the porous
stretching sheet has been considered. The fluid flow in the
thin-film with uniform thin-film thickness h�t� is caused
by the stretching sheet at x-axis with velocity Uw and y is
normal to the sheet. The sheet is assumed to have a mass
transfer parameter with a velocity of the suction/injection,
Vw while the temperature of the sheet, Tw varies with the
distance x along with the sheet. The stretched velocity,
mass transfer parameter, and temperature at the sheet are in
the form of Uw = bx/�1−�t�, Vw = �Vw�0/�1−�t�1/2 and
Tw = T0 − Tref�bx

2/�2����1− �t�−3/2 respectively. Here,
�Vw�0 it corresponds to the initial velocity suction/injection
parameter. The viscous hybrid nanofluid is being sucked
with velocity and injected at the thin film’s sheet. T0 rep-
resents for the variable of slit temperature and reference
temperature Tref. Further, �> 0 and b > 0 are taken for the
following analyses and are valid only for a time t < �−1.
The geometry of the problem is portrayed in Figure 1.

Fig. 1. Physical model.

The governing PDEs for MHD viscous hybrid nanofluid
with the extent of the Tiwari and Das52 model for hybrid
nanofluid can be written as53

�u
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+ �v

�y
= 0� (1)

�hnf
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�x
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)
= khnf

�2T

�y2
� (3)

where velocity segments along x and y direction is �u� v�.
khnf represents the conduction by the heat of nanodisper-
sion, the density for the hybrid nanofluids �hnf , �C��hnf
indicates the energy capacity of nanodispersion, 	hnf

demonstrating an effective dynamic viscosity and 
hnf

corresponds to the electrical conductivity for the hybrid
nanofluid. T and t are demonstrate the temperature and
time. A uniform magnetic B�t� which is dependent on
time, is applied perpendicular to the sheet. The magnetic
Reynolds number is assumed to be small to neglect the
induced magnetic field. The effect of the Lorentz force
is negligible. The polarization of charges on an electric
field is taken to be zero. The B�t� for the flow under this
investigation can be defined in the form of the variable of
Ref. [53]

B�t�= B0�1−�t�−�1/2� (4)

The boundary conditions that are associated with these
equations are Ref. [16]

y = 0� u= Uw� v = Vw� T = Tw� (5)

y = h�
�u

�y
= �T

�y
= 0� v = dh

dt
� (6)

The spherical hybrid nanoparticles, alumina, and cop-
per are taken as dispersing nanoparticles. Ethylene glycol
fluid is considered the Newtonian base fluid. The thermo-
physical properties of the nanoparticles and base fluid with
the addition of electrical conductivity can be written as in
Table I.
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Table I. Thermophysical properties of the base fluid and
nanoparticles.34� 54

Physical Water plus 30%
properties ethylene glycol Cu Al2O3

Cp (Jkg−1K−1) 3714 385 765
� (kgm−3) 1038 8933 3970
k (Wm−1K−1) 0.484 400 400

 (s/m) 0.00276 5�96×106 35×106

Pr 16.62 - -

The governing Eqs. (1)–(3) along together with the
boundary conditions (5) and (6) are reduced into the sim-
plest set of ODEs by using the similarity transformations
technique. Wang16 introduced the following dimensionless
variable in vector f �
� and ��
�, and are presented as

� = ��b�1−�t�−1�1/2x�f �
�� (7)

T = T0−Tref

(
bx2

2�

)
�1−�t�−�3/2���
�� (8)


 =
(�
b

)
�1−�t�−�1/2��−1y� (9)

where � is an undefined constant which denotes the film’s
dimensionless thickness. At the free surface, 
 = 1 and
y = h�t�, Eq. (8) has been rewritten as

� =
(�
b

)
�1−�t�−�1/2�y

=
(�
b

)
�1−�t�−�1/2�h�t��

(10)

which gives

h�t� = �
(�
b

)
�1−�t�1/2h�t�

dh

dt
= 1

2�
(
�
b

)
�1−�t�−�1/2��−��

= −1
2
��

(�
b

)
�1−�t�−�1/2��

(11)

and stream function, ��x� y� t� which can be defined as

u= ��

�y
and v =−��

�x
(12)

By using the Eqs. (6) and (11), we have.

u= bx

�1−�t�
f ′� v =−

(
�b

1−�t

)1/2

�f � (13)

Equation (13) automatically satisfies the continuity
Eq. (1). Now, by imposing the Eqs. (7)–(9) and (13) cou-
pled with the physical properties of hybrid nanofluids into
Eqs. (2)–(3) and (5)–(6), and we have.(

A1

A2

)
f ′′′ +�

[
ff ′′ − f ′2−S

(
f ′ + 1

2

f ′′

)

−
(
A3
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]
= 0� (14)

(
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)
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[
−S

(
3

2
�+ 1

2

�′

)
−2f ′�+ f�′

]
= 0�

(15)

and the boundary conditions (5) and (6) becomes.


 = 0� f ′�0�= 1� f �0�= w� ��0�= 1� (16)


 = 1� f ′′�1�= 0� �′�1�= 0� f �1�= S

2
� (17)

where a prime denotes the differentiation concerning 
.
The parameter A�i = 1� � � � �6� is the modification of the
thermophysical properties for the hybrid nanofluids that
can be defined as

A1 =
1

�1− ��1+�2��
2�5 �
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[
�1−�2��1

�s1
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+�2

�s2

�bf

+ �1−�+�1�2�

]
�
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+2
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s2
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s2
+2
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bf −2�1�
bf −
s1
�


s1
+2
bf +�1�
bf −
s1
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]
�
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s1

+2
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�

]
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�1−�2���1−�1��bf +�1�s1

�+�2�s2
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� (18)

A5 =
[
ks2 +2knf −2�2�kbf −ks2�

ks2 +2knf +�2�kbf −ks2�

]

×
[
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]
�

Here, � is the thin film thickness, unsteadiness of the
dimensionless measure is denoted by S, Pr is the Prandtl
number, suction/injection parameter is presented by w and
the magnetic interaction parameter, M and are defined as.

�= �2� S = �

b
� Pr =

�	cp�bf

kbf
�

w =− �Vw�0

�
√
�b

� M = 
bf B
2
0

�bf b
(19)
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The physical quantities that are concerned in the present
study are the local skin fraction, Cf which depicts the wall
shear stress, �w�x� and the heat transfer rate qw�x� that is
shown through the Nusselt number, Nux, which are written
as

Cf =
�w�x�

�f u
2
w

and Nux =
xqw�x�

kf �Tw −T��
� (20)

�w�x� and qw�x� are defined as,24

�w�x�= 	hnf

(
�u

�y

)
y=0

� (21)

qw�x�=−kw

(
�T

�y

)
y=0

� (22)

Using similarity variables (6)–(8), the dimensionless local
skin friction and heat transfer coefficient can be repre-
sented as.

CfRe
1/2 = 1

�

[
1

�1−�1�
2�5+ �1−�2�

2�5

]
f ′′�0�� (23)

NuxRe
−1/2 =−1

�

(
khnf

kf

)
�′�0�� (24)

where Reynold number, Re= xuw/�f .

3. NUMERICAL APPROACH
The transformed nonlinear coupled Eqs. (14) and (15)
along with the corresponding boundary conditions (16) and
(17) in the form of ODEs are solved numerically using
an unconditionally stable implicit finite difference method
known as the Keller box method. The numerical solution
is attained by following a couple of steps as below.
(i) Reduce higher order of ordinary differential Eqs. (14)
and (15) into the system of first-order ordinary differential
equations by introducing the new dependent variables f =
f , f ′ = u, f ′′ = v, � = �, �′ = g. Hence, yield(

A1

A2

)
v′ +�

[
fv− 1

2
S
v−u2−Su−

(
A3

A4

)
Mu

]
= 0�

(25)(
A5

A6

)
Pr−1g′ +�

(
fg−2�u− 1

2
S
g− 3

2
S�

)
= 0� (26)

and the boundary conditions (14) and (15) becomes;


 = 0� f = 0� u= 1� � = 1� (27)


 = 1� f = S

2
� v = 0� g = 0� (28)

(ii) Implementing the central difference scheme to write
the finite differences for the transformed first-order ODEs.
Generally, the derivatives in the 
-direction are defined as
(see Fig. 2)

p′ = �p

�

= pj −pj−1

hj

Fig. 2. Net rectangle for difference approximation.

and for any points generally, we have.

pj− 1
2
= 1

2
�pj −pj−1�

(iii) Linearize the nonlinear algebraic system by using the
Newton method. Introducing the iterates for the new inde-
pendent variables. For example;

f
�i+1�
j = f

�i�
j +�f

�i�
j

(iv) Solve the linear system in matrix form by the block
elimination technique. The matrix is written in the form of

�A����= �r�� (29)

where matrix A is zero, excluding those three along the
diagonal. Then, the vector-matrix can be written as



�A1� �C1�
�B2� �A2� �C2�

� � �

� � �

� � �

�Bj−2� �Aj−2� �Cj−2�
�BJ � �AJ �




×




��1�
��2�
���
���
���

��j−1�
��J �



=




�r1�
�r2�
���
���
���

�rj−1�
�rJ �



� (30)

4. RESULTS AND DISCUSSION
4.1. Validation of the Results
Approval of the method and the computational code is
done by looking at the mathematical consequences of the
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current examination with Wang16 and Das et al.20 Table II
provides a comparison of the numerical findings with pre-
vious publications by setting the parameters; nanoparti-
cles volume fraction �1 = �2 = 0, suction/injection w =
0, Prandtl number Pr = 1�0, magnetic M = 0 for several
thin-film thicknesses � which are subjected to a different
parameter S. The value of the local skin friction f ′′�0� as
depicted in the table shows an excellent agreement with the
previous work. Hence, the code authentication is reason-
able. By increasing the unsteadiness parameter S, it f ′′�0�
also increases.

4.2. Numerical Results
The hybrid nanofluid flow and heat transfer behaviour in
a thin-film is separated into two cases; suction �w > 0�
and injection �w > 0� fluid through a permeable porous
sheet when the sheet is stretching. The numerical solu-
tions are obtained for various physical parameters values
to explain in-depth the physical problems in the form of
the flow structure relating to velocity, temperature, local
skin friction, and reduced Nusselt number coefficient.

Figure 3 indicates that the velocity profile decays as
the parameter of M is improved for all cases (w < 0 or
w > 0). The enhancement of the retarding force upsurge
in the hybrid nanofluid is associated with the increase
of M , which lessens the motion of the hybrid nanoparti-
cles and results in a thinning momentum boundary layer
thickness. The temperature profile in Figure 4 drawn the
opposite pattern as parameter M rises. A similar nature
for both profiles was observed and reported by Devi and
Devi34 and Upreti et al.55 This is because the electromag-
netic in the fluid escalates as M intensifies, thereby imply-
ing the strong Lorentz’s force, which generates friction in
the hybrid nanofluid. It is detected from the figure, and
the thermal boundary layer changes to thicken with the
build-up of friction under the impact of the magnetic field.
Moreover, the minimum velocity profile and the maximum
temperature profile for the magnetic hybrid nanofluid are
archived by the injection than the suction effects. A sim-
ilar trend of temperature profile for suction and injection
fluids flow was reported by Pal.56

The impact of the unsteadiness parameter S on the
velocity and temperature distributions are depicted, respec-
tively, in Figures 5 and 6 for both suction and injection

Table II. Comparison of f ′′�0� for �1 = �2 = w = M = 0, Pr = 1�0
and several values of � as S varies.

f ′′�0�

Das, Acharya
S and Kundu20 Wang16 Present

0.8 −2�6809 −2�6809 −2�6805
1.0 −1�9724 −1�9724 −1�9721
1.2 −1�4444 −1�4426 −1�4425
1.4 −1�0128 −1�0128 −1�0127
1.6 −0�6424 −0�6424 −0�6441

Fig. 3. Velocity distribution for various values of M .

cases. It can be concluded that an enhances in S declines
the velocity and temperature profiles. Physically, the rate
of the initial sheet to stretch from the narrow-slit failures
due to the growth of the unsteadiness parameter thereby
decline the force to flow the fluid in the thin-film. This
situation retards the velocity of the molecules’ movement
and inhibits the particles to absorb the heat. The momen-
tum and thermal boundary layer thickness also reduced
when S increased. As expected, the velocity and temper-
ature profiles of the hybrid nanofluid under the effect of
suction are lower than the injection case. It is perceived
that a larger amplitude of S leads to more thinning of both
boundary layer thickness in the suction case compared to
the injection case.
Figure 7 elucidates the nanoparticles volume fraction’s

variation towards the velocity profile of the magnetic
hybrid nanofluid. It is noticeable that the velocity profile
of the hybrid nanoparticles drops off when the volume
fraction of the copper nanoparticles increases from 0.005
to 0.06. Further, the momentum boundary layer thickness
is diminished and therefore slows down the fluid motion.
This is because of the boost up of the viscosity in the
fluid when the fluid is concentrated with the nanoparti-
cles. The movement of the particles in the thin-film under
the effect of the intensity of injection is faster than in the

Fig. 4. Temperature distribution for various values of M .
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Fig. 5. Velocity distribution for various values of S.

Fig. 6. Temperature distribution for various values of S.

situation of suction. The relation of the �2 and affected
temperature profile is mapped in Figure 8. As proved by
several researchers in the literature, the increasing of the
�2 parameter results in an elevates the thermal conductiv-
ity of the fluid.
Consequently, the temperature of the magnetic hybrid

nanofluid intensifies and leads to an enhancement in the
thermal boundary layer thickness of the thin-film flow.
Furthermore, it is worth mentioning that the injection
case’s temperature and thermal boundary layer thickness

Fig. 7. Velocity distribution for various values of �2.

Fig. 8. Temperature distribution for various values of �2.

is greater than the suction case. Results from this research
on velocity and temperature distributions concurred well
with the theoretical outcome of Das et al.57 for suction and
injection of MHD nanofluid.
The variation tendency on the hybrid nanofluid veloc-

ity due to the thin-film thickness � is demonstrated in
Figure 9. Enhancement of the dimensionless parameter
� spells out the thicker of the thin-film thickness. The
momentum boundary layer turns thinner since the parti-
cle of the molecules in the hybrid nanoparticles moves
slowly, corresponding to the decrementation in the fluid
velocity profile. In an injection fluid, the particle’s veloc-
ity is higher than the suction fluid, and the same goes
for the thickness of the momentum boundary layer. The
thin-film thickness reduces the temperature profile of the
magnetic hybrid nanofluid, as sketched in Figure 10. It
is obvious because thicker thin-film thickness allows less
heat absorption to the ambient fluid from the surface sheet,
thus declines the thermal boundary layer thickness. From
Figure 10, the magnetic hybrid nanofluid in the suction
case has a lower temperature than in injection case.
The response of the velocity and temperature profiles

due to the mass transfer parameter, the suction/injection
parameter, is presented in Figures 11 and 12. The addi-
tion of the hybrid nanofluid particles to the thin-film by

Fig. 9. Velocity distribution for various values of �.

80 J. Nanofluids, 11, 74–83, 2022



IP: 127.0.0.1 On: Tue, 07 Nov 2023 03:53:08
Copyright: American Scientific Publishers

Delivered by Ingenta

Kamis et al. MHD Boundary Layer Flow of Hybrid Nanofluid in a Thin-Film Over an Unsteady Stretching Permeable Sheet

A
R
T
IC
LE

Fig. 10. Temperature distribution for various values of �.

Fig. 11. Velocity distribution for various values of w.

implementing the injection’s intensity shrinks the velocity
and temperature profiles. Moreover, similar performances
are obtained when the disposal of the hybrid nanofluid par-
ticles from the thin film under the suction effects through
the permeable stretching sheet. The figures reveal that in
both cases of the fluid, the momentum and thermal bound-
ary layer thickness dwindle as increasing the parameter w.
The suction of the fluid causes a speed reduction, and heat
content in the particles is greater than under the injection
fluid, as depicted in Figures 11 and 12.

Fig. 12. Temperature distribution for various values of w.

Table III. Local skin friction CfRe
1/2
x and Nusselt number, NuxRe

−1/2
x

for suction and injection cases on the various values of M , S, �2 and �.

CfRe
1/2
x NuxRe

−1/2
x

Suction, Injection, Suction, Injection,
M S �2 � w > 0 w < 0 w > 0 w < 0

0.2 −12�3596 −6�7288 15�0216 8.5816
0.4 −13�3780 −7�78789 14�9917 8.5395
0.8 −14�2839 −8�7315 14�9668 8.5045
1.3 −15�1091 −9�5900 14�9454 8.4745

4.0 −11�9977 −6�2363 14�4155 7.8467
4.5 −12�1798 −6�4870 14�7229 8.2223
5.0 −12�3596 −6�7288 15�0216 8.5816
5.5 −12�5371 −6�9624 15�3123 8.9265

0.005 −7�5230 −4�8292 10�5845 6.8098
0.02 −9�3420 −5�1274 10�2235 6.6471
0.04 −9�2614 −5�5278 9�7689 6.4388
0.06 −10�3656 −5�9337 9�3420 6.2395

1 −7�3615 −5�2865 9�3036 6.8887
1.5 −8�2944 −5�7714 10�4545 7.5228
2 −9�1933 −6�2144 11�5588 8.1024
2.5 −10�0661 −6�6242 12�6273 8.6388

The influences of the various values of the governing
parameter M , S, �2 and � on local skin friction CfRe

1/2
x

and Nusselt number NuxRe
−1/2
x are mapped in Table III.

An increment in the values dimensionless magnetic field
parameter M unveils a slumping effect on CfRe

1/2
x an

equivalent behaviour in NuxRe
−1/2
x . Sandeep et al.53 also

noticed this kind of characteristic, who considered an
unsteady MHD nanofluid flow embedded with nanoparti-
cles in a thin-film. The increase of the unsteadiness param-
eter S and thin-film thickness � curtail the local skin
friction, thereby decrease the magnitude of the wall shear
stress. However, the heat transfer rate or the Nusselt num-
ber showed greater rates for higher parameter S and �
respectively. Thus, due to the Nusselt number’s escalation,
the fluid’s convective heat transfer constantly increased.
Furthermore, the wall shear stress and the heat transfer

rate slightly decline with the growth of nanoparticles vol-
ume fraction �2 for the magnetic hybrid nanofluid. Similar
to the impact of the parameter w as tabulated in Table IV,
the values of the CfRe

1/2
x is decreased when the volume

fraction is improved, but an opposite tendency is observed
for the NuxRe

−1/2
x .

Table IV. Local skin friction CfRe
1/2
x and Nusselt number, NuxRe

−1/2
x

on the various values of w.

Mass transfer parameter, w CfRe
1/2
x NuxRe

−1/2
x

−0.5 −5�9498 7�0276
−0.3 −6�5698 7�7449
0.0 −7�6626 9�0060
0.5 −9�9681 11�6585
1.0 −12�8856 15�0059
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5. CONCLUSION
The ethylene glycol-based hybrid nanoparticles in a thin-
film flow by persuaded magnetic field in a porous
stretching sheet are discussed numerically. The numerical
analysis demonstrated the suction/injection has an essential
impact on the boundary layer flow and heat transfer in the
MHD thin-film hybrid nanofluid. Some of the interesting
findings include;
(i) It is found that both profiles showed the opposite trends
when upsurging the value of parameters M and �2.
(ii) Growth of the parameters S, � and w leads to decay
the speed of particles and cool down the viscous hybrid
nanofluid.
(iii) Both physical quantities diminished because of the
overshot of the parameters M and �2.
(iv) Local skin friction towards the increasing parameters
of S, � and w curtail and reverse pattern is found for Nus-
selt number of the viscous hybrid nanofluid.

Last but not least, to boost the quality of the paper as
well as knowledge in fluid mechanics, future work can be
designed the new mathematical modelling to explore the
several effects in a thin-film such as entropy generation,
viscous dissipation, thermal radiation and more general
effects. Some strategies include the different geometry like
channel, cylinder, cone and more general geometry can be
extended from this work.

NOMENCLATURE
Pr Prandtl number
t Time �s�
k Thermal conductivity (Wm−1K−1)

h�t� Uniform thickness of a thin-film
S Dimensionless unsteadiness parameter

�u� v� Velocity components �x� y�
T Temperature �K�
C� Specific heat at constant pressure (Jkg−1K−1)
Tw Surface temperature of the fluid �K�
T0 Initial temperature of the fluid �K�
Tref Reference temperature of the fluid �K�
��b Positive constants

f Velocity profile
Uw Stretched velocity
Vw Velocity of suction/injection
M Magnetic interaction parameter
Cf Local skin friction

Nux Nusselt number
qw Heat transfer rate (Wm−2)
Re Reynold number
w Dimensionless suction/injection parameter

 Electrical conductivity ��m)−1

� Thin-film thickness
� Volume fraction of nanoparticles
� Physical stream function

 Similarity variable

� Dimensionless temperature
� Kinematic viscosity (m2s−1)
� Density (kgm−1s−1)
	 Effective dynamic viscosity (kgm−1s−1)
� Dimensionless thin-film thickness
�w Wall shear stress �Pa�
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