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ABSTRACT 

The dispersion of solute in blood flow has gained great attention by scientists 

for long time due to its importance in medical field and drug manufacture. The main 

interest in this study is mathematical analysis for steady dispersion of solute in blood 

flow with chemical reaction through a stenosed artery. In this study, the blood is treating 

as a non-Newtonian of Casson fluid model. The momentum equation and constitutive 

equation of Casson fluid have been used to obtain the solutions of velocity and average 

velocity for stenosed artery. The Taylor-Aris technique is applied to get the distribution 

of concentration, effective axial diffusion and relative axial diffusion by considering 

chemical reaction. The solutions between the dispersion of solute through an artery with 

stenosis and without stenosis have been compared. It is found that the radius of stenosed 

artery decreases because of the stenosis length and stenosis height increases while in 

case of without stenosis the radius of the artery does not change. The effective axial 

diffusion decreases with the increase of yield stress of Casson fluid and chemical 

reaction. The relative axial diffusion decreases slightly with the increase of yield stress 

of Casson fluid. The increase of yield stress and Peclet number can increase the viscosity 

of fluid, therefore, it minimizes the relative axial diffusion. Finally, the relative axial 

diffusion decreases slowly with the increase of the yield stress while the relative axial 

diffusion increases slowly with the increase of the radius of stenosed artery. 
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ABSTRAK 

 Penyebaran bahan larut dalam aliran darah meraih banyak perhatian oleh saintis 

setelah sekian lama kerana kepentingannya dalam bidang perubatan dan pembuatan 

ubat. Kepentingan utama dalam kajian ini adalah analisis matematik untuk penyebaran 

mantap bahan larut dalam aliran darah dengan tindak balas kimia melalui arteri yang 

mempunyai stenosis. Dalam kajian ini, darah diandaikan sebagai model bendalir Casson 

tak Newtonan. Persamaan menakluk momentum dan persamaan juzuk bendalir Casson 

digunakan untuk memperoleh penyelesaian halaju dan halaju purata bagi arteri yang 

mempunyai stenosis. Teknik Taylor-Aris digunakan untuk mendapatkan pengagihan 

kepekatan, keresapan paksi berkesan dan keresapan paksi relatif dengan 

mempertimbangkan tindak balas kimia. Penyelesaian antara penyebaran bahan larut 

melalui arteri yang mempunyai stenosis dan tanpa stenosis telah dibandingkan. Hasilnya 

mendapati jejari arteri yang mempunyai stenosis berkurangan kerana saiz stenosis 

meningkat, manakala dalam kes tanpa stenosis, jejari arteri tidak berubah. Keresapan 

paksi berkesan berkurangan apabila tegasan alah bendalir Casson dan tindak balas kimia 

meningkat. Keresapan paksi relatif bagi bendalir Casson sedikit berkurangan dengan 

peningkatan tegasan alah. Peningkatan tegasan alah dan nombor Peclet boleh 

meningkatkan kelikatan bendalir, seterusnya meminimumkan keresapan paksi relatif. 

Akhirnya, keresapan paksi relatif berkurangan perlahan-lahan dengan peningkatan 

tegasan alah manakala keresapan paksi relatif meningkat perlahan-lahan dengan 

peningkatan jejari arteri yang mempunyai stenosis.  
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CHAPTER 1 

 

 

INTRODUCTION 

 

 

 

1.1 Introduction 

 

In this chapter, the study discusses the problem background regarding the 

dispersion of solute, Casson fluid model, stenosis and chemical reaction. There are 

several impact factors into the effectiveness of the dispersion such as the stenosis size 

(the stenosis height and length), the chemical reaction, yield stress and Peclet number. 

In this study, the stenosis size and the chemical reaction are considered through a 

stenosed artery. 

 

Nowadays, the researchers pay many attentions on the dispersion of solute in 

blood flow. Hence the mathematical analysis of solute dispersion in blood flow 

becomes very important in the determining the effective solute dispersion coefficient, 

effective concentration of solute, effective time and effective fluid model of blood. 

The steady state of solute dispersion in blood flow is an important part to know the 

blood rheology in narrow arteries and to obtain result that useful in investigating some 

physical problems involving dispersion of solute in blood flow. The steady dispersion 

with chemical reaction through a stenosed artery needs constant conditions and 

properties (condition and properties should remain unchanged through the artery) for 

happen the process with time at different points. Water is an example of steady flow 

that being pumped within a stable system at a constant rate (Swarup, 2000). 

 

The arteries are part of vessel which can be educed disease called 

arteriosclerosis. The arteriosclerosis also known as stenosis. This disease is caused by 

the accumulation of fat, cells and other materials. When this arteriosclerosis happens, 

blood vessels suffer from tightness which is the blood flow become more difficult as 

shown in Figure 1.1. Figure 1.1 illustrates the type of arteries normal and artery with 

plaque build. This is referred to the arteriosclerosis, which more affects blood vessels 
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that transport blood to the brain, heart and legs most often (Sharma et al., 2015). 

Narrowing of blood vessels may affects both genders, although arteriosclerosis can 

take decades to appear, but it is not usually detected until men reach 40 years of age 

and women until their 50s and 60s (Aronow et al., 2013). Neural arteriosclerosis does 

not usually have display until the distress is severe. A lot of patients do not sense that 

they have narrowed blood vessels even after a stroke. Signs may also appeared vary 

depending on the artery or member most affected. The diseases such as nausea, 

dizziness, blurred vision and severe headaches maybe indicator to start 

arteriosclerosis. When arteriosclerosis becomes severe (usually after some diseases 

that have been detected like a stroke or heart attack. The neurosurgeon may use 

minimally direct surgery to remove or expand the stenosed artery (Aronow et al., 

2013).  

 

 

 

 

Figure 1.1 Normal artery and artery with plaque build-up 

 

Many vast amounts of research have been conducted to better understanding 

of fluid behavior due to numerous types of fluids that usually encountered in industry 

and daily life which are known as Newtonian and non-Newtonian. The Newtonian 

fluid (called Isaac Newton) is a fluid that is stress-resistant versus the linear stress 

curve and passes through the origin. The constant proportionality is known as the 

viscosity (Karol, 2003; Krizek and Pepper, 2004). Non-Newtonian fluid is a fluid 

which is flow properties are not described by a fixed value of viscosity. Numerous 

mathematical models were proposed for fluid behavior that can be model the properties 

of shear thinning. These models depend on the curve-fitting method (CFM) which 

gives empirical relations to the curves of the shear stress curve versus the shear curves. 



3 
 

For example, the Bingham fluid model does not accurately describes the behavior of 

cement-based plaster even if the geometry is determined, but there are other models 

can describe it exactly. Thus, the model must be chosen carefully based on the case 

that want to describe. Thus, Casson fluid model is one of the best mathematical models 

used to describe the rheology of blood flow in narrow arteries at moderate shear rate 

(Astarita and Marrucci, 1974) 

 

 The constitutive equation of Casson model is the relationship that allows 

calculation of pressure as a function of the kinematic variables and ultimately as a 

function in the field of velocity that may depend on time (Astarita and Marrucci, 1974). 

The viscosity, yield stress and shear stress play an important role in the constitutive 

equations. The constitutive equation of Casson model consists of the yield stress as 

given by 

( )
21

when ,
(1.1)

0 when ,

y y

c

y

   


 


− 

= 
 

 

where 2 / /c y y      = − +  is the viscosity coefficient of Casson fluid with 

1 1ML T− − dimension, y  is the yield stress. When y = 0, the Casson fluid model reduces 

to the Newtonian fluid model. In addition, this model can be used only for moderate 

shear rate in smaller diameter tubes. Many researchers such as Blair (1959) and Copley 

(1960) modelled Casson fluid in the blood flow in narrow arteries at low shear rates. 

They demonstrated that the Casson fluid model is satisfactory for the description of 

the simple shear behavior of blood in narrow arteries. 

 

Taylor-Aris technique was the first method to measure the diffusion 

coefficients of molecules in steady dispersion of solute. This method described first 

time in 1953 by Taylor when he measured the dispersion of a pulse within a capillary.  

This method extended by computing the longitudinal molecules of diffusion by Aris 

(1956). The main idea of the Taylor-Aris technique is computing the concentration 

distribution of solute by assuming a symmetric Gaussian distribution which moves 

downstream with the average velocity of the flow and spreads in the flow direction 

with an effective diffusion coefficient effD  which is larger than the molecular diffusion 



4 
 

coefficient 
mD  because of the existence of the flow. This phenomenon is now defined 

as Taylor-Aris technique or Taylor dispersion (Cottet et al., 2007). There are other 

methods to analysis the concentration distribution such as duckworth–lewis–stern 

(DLS) and size-exclusion chromatography coupled to multi-angle light scattering 

(SEC-MALS) but have not been used as Taylor-Aris technique in the field to date 

(Malvern, 2015). Taylor-Aris technique is considered as fast and absolute method for 

determining the effective diffusion coefficient from 1950s (Cottet et al., 2007). Taylor-

Aris technique is also namely as Taylor dispersion analysis (TDA) (Malvern, 2015). 

This study analyzes the concentration distribution, effective axial diffusion and 

relative axial diffusion by using Taylor-Aris technique to obtain the accuracy 

solutions. 

 

In this study, the construction of analytically technique which is integration has 

been considered to solve the momentum and constitutive equations. In addition, the 

Simpson rule and Bessel function has been considered to solve convective-diffusion 

equation. Mathematica has been used to obtain the data for concentration distribution, 

effective axial diffusion and relative axial diffusion in case of with and without 

chemical reaction. Taylor-Aris technique are applied to obtain the effective axial 

diffusion and relative axial diffusion. The analytical solutions have been analyzed, and 

described the steady dispersion process in a stenosed artery. 

 

 

 

1.2 Problem Statement 

 

Many researchers only treated the blood as a Newtonian fluid where it flows 

in arteries with large diameter at high shear rate but it is also important to study the 

blood flow in a narrow artery with moderate shear rates. Thus, this study analyze the 

dispersion of solute in blood flow through a stenosed artery with and without the 

presence of chemical reaction to obtain the data. Thus, using an appropriate fluid 

model such as Casson fluid model in a stenosed artery for moderate shear rate can 

produce more realistic results. The momentum and constitutive equations of Casson 

fluid have been used to obtain the solutions of velocity and average velocity for 
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stenosed artery by integrating with suitable boundary conditions. The convective-

diffusion equation has been solved analytically by using integration to account 

concentration distribution without chemical reaction. While the convective-diffusion 

with chemical reaction for steady dispersion has been solved numerically using 

Mathematica because complexed function of Bessel function. The Taylor-Aris 

technique is applied to get distribution of concentration, flux of solute, effective axial 

diffusion and relative axial diffusion with and without chemical reaction. In this 

research, the impact of the stenosis size and chemical reaction on the dispersion 

process in blood flow also has to take into account to make sure that the solutions 

obtained will be more realistic and the medicine that will be created will be more 

efficient when given to the patients. To the writer’s knowledge, no researcher 

attempted the study on the impact of stenosis size through a stenosed artery with 

chemical reaction in the steady flow in blood flow by treating the blood as Casson 

fluid.  

 

 

 

1.3 Research Objectives 

 

The aims of this study are:  

1. To formulate mathematical model of Casson fluid model in a stenosed artery.  

2. To solve analytically the momentum and constitutive equations for the steady 

dispersion of solute within a stenosed artery using integration with a suitable 

boundary condition. 

3. To solve the steady convective-diffusion equations without chemical using 

integration and with chemical reaction using Bessel function. 

4. To analyze the dispersion of solute by determining the expression of concentration, 

flow of solute, effective axial diffusion and relative axial diffusion using 

Mathematica.  
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1.4 Scope of Study  

 

The scope of this study is restricted to problems related axisymmetric, steady, 

laminar, and fully developed unidirectional flows of viscous incompressible Casson 

fluid in the axial direction through a stenosed artery. The governing equations of 

momentum and constitutive equations are solved analytically to get the velocity and 

average velocity in a stenosed artery. The velocity and average velocity are used in the 

steady convective-diffusion equation to get the concentration of solute in both flow 

regions. The Taylor-Aris technique is applied in this problem to obtain concentration 

distribution, effective axial diffusion and relative axial diffusion with and without 

chemical reaction. The results of solute dispersion in Casson fluid model can be 

reduced to get the result of Newtonian. The comparison between the dispersion of 

solute with stenosis and without stenosis has been compared. In addition, the impact 

of chemical reaction has been investigated. 

 

 

 

1.5 Significance of Study  

 

The study of solute dispersion in blood flow through a stenosed artery can help 

doctors, medical lab technicians or physiologists in predicting the suitable amount of 

medicine to be given to the patients. The findings also can help the other researcher 

especially in medical, pharmaceutical and bioengineering fields to get the appropriate 

assumptions and realistic descriptions dispersion of solute in blood flow when 

handling many cardiovascular diseases. Thus, the significant of this study are: 

1. This study determines the obtained result which are velocity and average 

velocity by solving analytically the momentum and constitutive equations 

using integration. 

2. This study determines the expression of concentration, effective axial diffusion 

and relative axial diffusion by solving analytically the convective-diffusion 

equation with and without chemical reaction using Taylor-Aris technique. 

3. This study also considers the stenosis size (stenosis length and height) with and 

without chemical reaction in the stenosed artery, and the results can be 

compared to the solute dispersion without stenosis. 
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1.6 Organization of Dissertation 

  

This dissertation consists five chapters. Chapter 1 introduces the main notions 

of dispersion of solute such as fluid models, the arteriosclerosis, fluid mechanics, 

governing equations and objective of the research. In Chapter 2, the related literature 

reviews are presented. Chapter 3 discusses the research methodology and provides the 

analytical solution of velocity, average velocity, distribution concentration, effective 

axial diffusion and relative axial diffusion. The analysis results and comparisons using 

different values of the parameters are analyzed by graphs and tables in Chapter 4. 

Finally, Chapter 5 gives conclusion and some recommendation for future studies.  
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APPENDIX A 

 

 

THE CODING OF 1C , 2C  and E WITHOUT 

 CHEMICAL REACTION  

 

A.1 Coding of Concentration in Plug Region 1C  and cC   

 

A.2 Coding of Concentration in Outer Region 2C   
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A.3 Coding of 1I  and 2I  

 

A.4 Coding of q and E  
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APPENDIX B 

 

 

THE CODING OF 1C , cC  , 2C  and E  

WITH CHEMICAL REACTION  

 

B.1 Coding of Concentration in Plug Region 1C  and cC    

 

B.2 Coding of Concentration in outer region ( 2C  )   
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B.3 Coding of I1  

 

B.4 Coding of I2  
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B.5 Coding of E  

 

 

B.6 Coding of Normalized Velocity  
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B7. Coding of Distribution Concentration  

 

B.8 Coding of Effective Axial Diffusion  
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B.8 Coding of Relative Axal Diffusion  

 

 




