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ABSTRACT

The concepts of temporal intuitionistic fuzzy set and temporal fuzzy set were

introduced by earlier researchers to model Spatio-temporal and dynamic motions of

complex physical systems, respectively. However, the temporal intuitionistic fuzzy set

has not been properly applied to solve systems with temporal information. Furthermore,

both concepts do not address the problem of uncertainty with respect to the time of

occurrence. In this thesis, the discrete and continuous Z-numbers are proven to be

ordered by employing a linear ordering relation. This new concept of ordered discrete

Z-number leads to the development of two families of temporal Z-number, namely,

linguistic temporal discrete Z-number (LTDZ) and temporal discrete Z-number (TDZ).

Some of the basic arithmetic operations for LTDZ are introduced and their properties

are proven in this thesis. In relation to that, a method for measuring uncertainty for

LTDZ with respect to its time of occurrence is proposed by modifying the method for

measuring the uncertainty of discrete Z-number. The temporal discrete Z-number is

developed for the purpose of analyzing the electroencephalographic (EEG) signal of

an epileptic seizure. Numerical examples are included to show the feasibility of the

proposed concepts.
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ABSTRAK

Konsep set kabur intuitionistik temporal dan set kabur temporal diperkenalkan

oleh penyelidik-penyelidik terdahulu untuk memodelkan Spatio-temporal dan gerakan

dinamik bagi sistem fizikal yang kompleks. Namun begitu, intuitionistik temporal

masih belum diaplikasikan dengan baik bagi menyelesaikan permasalahan sistem

yang melibatkan maklumat temporal. Tambahan pula, kedua-dua konsep tersebut

tidak menangani masalah ketakpastian berkenaan dengan masa kejadian. Dalam tesis

ini, nombor-Z diskrit dan selanjar telah terbukti ketertibannya dengan menggunakan

hubungan tertib linear. Konsep baharu ketertiban nombor-Z diskrit ini membawa

kepada pengembangan dua kumpulan nombor-Z temporal, iaitu, Linguistic Temporal

Discrete Z-number (LTDZ) dan Temporal Discrete Z-number (TDZ). Beberapa operasi

asas aritmetik untuk LTDZ diperkenalkan dan sifat-sifatnya terbukti dalam tesis

ini. Sehubungan dengan itu, kaedah untuk mengukur ketakpastian bagi LTDZ

berkenaan dengan masa kejadiannya dicadangkan dengan mengubah kaedah untuk

mengukur ketakpastian nombor-Z diskrit. Nombor-Z diskrit temporal dikembangkan

untuk tujuan menganalisa isyarat Electroencephalography (EEG) dari serangan sawan.

Contoh berangka disertakan untuk menunjukkan kebolehlaksanaan konsep-konsep

yang dicadangkan.
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CHAPTER 1

INTRODUCTION

1.1 Introduction
In 1965, Zadeh introduced the concept of fuzzy sets to model vague phenomena

[1]. The notion of fuzzy sets provides a convenient point of departure for the

construction of a conceptual framework which parallels in many respects to the

framework used in the case of ordinary sets. However, it is more general than the latter

as it has wider scope of applicability, particularly in the fields of pattern classification

and information processing. Also, fuzzy set theory provides a strict mathematical

framework in which vague conceptual phenomena can be precisely and rigorously

studied. Being a constitutive part of modern mathematics, fuzzy sets are not intended

to replace traditional set theory but to provide a formal way of describing the real-world

phenomena [2].

Goguen in [3] introduced the idea of L-fuzzy sets as a generalization of

Zadeh’s fuzzy sets. From another direction, Atanassov [4] introduced the concepts of

intuitionistic fuzzy sets (IFS) and intuitionistic L-fuzzy sets (ILFS), as a generalization

of fuzzy set and L-fuzzy set respectively.

Real-world information is flawed, and natural language is often used to represent

this feature. On one hand, such information is often characterized by fuzziness,

which implies that soft constraints are imposed on the values of variables of interest.

Considering only fuzziness when dealing with real world, imperfect information is not

enough. Partial reliability is another essential property of the information. Indeed,

any estimation of values of interest, be it precise or soft, are subject to confidence in

the sources of information. When one deals with knowledge, assumptions, intuition,

envision, and experience, in general cannot completely cover the whole complexity of

real-world phenomena. Thus, fuzziness from one side and partial reliability from the

other side are strongly associated with each other [5].
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In order to take into account this fact, Zadeh in [5] introduced the concept of

Z-number as an adequate formal description of real-world information. Basically the

concept of Z -number relates to the issue of reliability of information. The concept of

Z-number is intended to provide a basis for computation with numbers which are not

totally reliable [6].

1.2 Background and Motivation
Time is one of the significant features in some real world problems. It is a

monotonic and a fundamental aspect for modeling dynamic information and systems,

such as in the realms of decision making, tra�c, weather, medicine, economics and

signal analysis. Time has two forms of representation which are; time interval and time

instance. Time interval represents the range between two points in time while time

instance represents a point in time. Most of temporal models are based on either one of

these forms [7]. It was mentioned in [7, 8] that temporal information is not crisp, but

it’s uncertain and vague. Therefore, both fuzzy and intuitionistic fuzzy sets have been

used to represent temporal information.

Temporal intuitionistic fuzzy set (TIFS) was introduced in [9] by Atanassov

to handle a spatio-temporal problem, where the degree of membership and non-

membership of TIFS changes with respect to time moments. However, the study

on TIFS is quite scares. Some works on theoretical concept of TIFS can be found in

[7, 10, 11, 12, 13]. Chan and Tu in [14] suggested a time-validated intuitionistic fuzzy

set in order to make an earlier decision based on the desired information level, which

is based on TIFS.

In another direction, Kasanovic introduced the concept of temporal fuzzy set

(TFS) to analyze dynamic motions of complex systems and their signals whenever there

exists an observable structure or regularity in system behavior [2]. The concept of TFS,

has been applied in the modeling of sleep onset dynamic from electroencephalography

(EEG) signal. For instance, on the transition from awake to deep sleep that often occurs

within the first hour following the ’light out’ event. Moreover, it can also be applied

to model problems in areas such as system identification, feature extraction and sensor

fusion [15]. In short, temporal fuzzy sets are fuzzy sets constructed from universe
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whose elements are ordered in time [15]. However, the family of temporal fuzzy sets

does not address the issue of uncertainty about a time of occurrence. It rather o�ers

an answer to what happens and how much it happens at any time instant during the

observation of a physical process.

By studying the two temporal sets through literature review, it was observed

that the temporal intuitionistic fuzzy set is more suited to deal with linguistic temporal

problems in some areas such as decision making, medical diagnosis, weather, tra�c

and others. However, the concept of temporal fuzzy set is constructed specifically

for analyzation and modeling of complex physical systems, particularly EEG signals.

Therefore, dynamic information or temporal information is often unreliable a

The concept of intuitionistic fuzzy, intuitionistic L-fuzzy and L-fuzzy sets are

proven to be generalization of fuzzy sets. These concepts are all equivalent. However,

the concept of intuitionistic N-fuzzy sets, proposed in [16] is not a generalization

of IFS. In this study, the concepts of ILFS and intuitionistic N-fuzzy set (INFS) are

proven to be equivalent. Moreover, two families of the temporal discrete Z-number

are developed. The first one is linguistic temporal discrete Z-number, which is based

on temporal intuitionistic fuzzy set. By utilizing the proposed concept, a model is

developed to solve a linguistic temporal problem. The second family is the temporal

discrete Z-number. It is constructed to analyze complex physical systems, particularly

to serve as a tool for analyzing the EEG signal of an epileptic seizure. Both families

have addressed the issue of uncertainty during the time of occurrence. In this study,

the discrete Z-number is chosen over its counterpart continuous Z-number, because the

natural language-based information has a discrete framework. Moreover, the discrete

Z-number o�ers less computational di�culty.

1.3 Problem Statement
Several approaches have been introduced to generalize fuzzy set, such as L-fuzzy

set, IFS, and ILFS. However, the notion of intuitionistic N-fuzzy set was proposed in

[16], such that N stands for negative. The only di�erence between IFS and INFS is that,

in IFS the universe of discourse maps to the closed interval [0,1], while in INFS it maps

3



to [�1,0]. Hence, the INFS is not a generalization of IFS as the authors suggested. In

response to this issue, this study shows that IFS and INFS are equivalent.

On the other hand, the concepts of TIFS and TFS are introduced to model

spatio-temporal problems and analyzation of complex physical systems respectively.

However, TIFS has not been applied properly to solve problems which involve temporal

information. Also, the concept of TFS lacks the capability to tackle the issue of

uncertainty about the time of occurrence in a dynamic system. Therefore, based on

this fact and the ability of discrete Z-number to handle fuzziness and uncertainty

concurrently, the concepts of linguistic temporal discrete Z-number

1.4 Objectives of the Study
The objectives of this study are to

1. Prove that discrete and continuous Z-numbers can be ordered.

2. Introduce the concept of linguistic temporal discrete Z-number and to show that

it can be used to solve temporal linguistic problems.

3. Introduce the concept of temporal discrete Z-number and to show that the

proposed concept can serve as a tool for analyzing EEG signal of an epileptic

seizure.

1.5 Scope of the Study
This study focuses on the construction of two families of temporal Z-number,

the first is linguistic temporal discrete Z-number, which is based on the concept of

temporal intuitionistic fuzzy set. It was introduced in [9] by Atanassov to handle

spatiotemporal problems. The second family is the temporal discrete Z-number, which

is based on the idea of temporal fuzzy set. It was introduced by Kosanovic in [2] to

analyze dynamic motions of a complex system.

1.6 Significance of the Study
Ordered discrete or continuous Z-number is the most important concept needed

to construct any form of temporal discrete Z-number. This research have proved that

discrete and continuous Z-numbers can be ordered by creating a relation between set
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of discrete or continuous Z-number and any arbitrary ordered set in R. Moreover, the

concept of ordered discrete Z-number is utilized to construct two families of temporal

discrete Z-number, namely the linguistic temporal discrete Z-number and the temporal

discrete Z-number.

Some of the real-world problems in the areas of medicine, economics, tra�c

flows, decision making, and weather involve dealing with temporal information, where

such information are uncertain and vague. The proposed linguistic temporal discrete

Z-number could solve such problems e�ciently. Another most significant advantage of

this research is that the temporal discrete Z-number (TDZ) can be utilized as a tool for

analyzation of the EEG signal, particularly the analysis of EEG signal of the epileptic

seizure.

1.7 Research Methodology
Based on the research objectives and problem statement, the main aim of this

research is to develop two families of temporal Z-number. The methodology employed

for the purpose is outlined in this section. First of all, an ordered Z-number (discrete

or continuous) is a prerequisite component for the construction of temporal Z-number.

Therefore, the idea of an ordered fuzzy set is employed to construct an ordered discrete

Z-number, whereby a linear ordering relation � is used to establish the relation between

a set of discrete or continuous Z-numbers with any arbitrary ordered set in R whereby the

relation () is proven to be well defined between a set of discrete Z-numbers (Z̄D,�)
and arbitrarily ordered set G ⇢ R. In short, the construction relies on a sequence

of mapping and relations �: (Z̄D ⇥ G,�) �! G 3 (Z1,g1) � (Z2,g2) () g1 � g2

which immediately implies (Z̄D⇥G,�) is totally ordered, hence, (Z̄D,�)must be totally

ordered too. Similar arguments are used for continuous Z-numbers.

Linguistic temporal discrete Z-number is developed based on the idea of

temporal intuitionistic fuzzy set of Atanassov [4] and the proposed concept of ordered

discrete Z-number above. Some of its basic arithmetic operations and properties are

presented by converting LTDZ into temporal fuzzy set on the basis of fuzzy expectation.

Some suitable examples are provided to show the feasibility of the proposed concept

and model.
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Similarly, temporal discrete Z-number is constructed based on the idea of

temporal fuzzy set of Kosanovic [2]. To estimate the membership function of the

components of temporal discrete Z-number, a relationship between type-2 temporal

fuzzy set and temporal Z-number is established. Then a Z-number clustering algorithm

is used to obtain the membership function of TDZ. For example, analyzing the EEG

signal of an epileptic seizure is presented to show the implementation of the proposed

concept.

1.8 Research Outline
This study consists of seven chapters as shown by Figure 1.1. The first chapter

provides the general information about the study. Chapter 2 gives the literature review

on fuzzy set, fuzzy numbers, L-fuzzy sets and dynamic systems, and comprehensive

overview of Z-numbers. Chapter 3 presents the primary mathematical concepts that

have been utilized in this study. Chapter 4 contains two theorems and a corollary that

proved IFS, ILFS, INFS and L-fuzzy sets are equivalent. Moreover, it also discusses

the idea of ordered discrete and continuous Z-numbers. Chapter 5 presents the concept

of LTDZ and a model that is used to solve a linguistic temporal tra�c flow problem.

Chapter 6 introduces the notion of TDZ which can be served as a tool to analyze the

EEG signal of an epileptic seizure. Finally, chapter 7 provides the conclusion and

recommendation for future work.
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Figure 1.1: Research framework
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