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ABSTRACT 

Fuzzy Topographic Topological Mapping (FTTM) is a model for solving 

neuromagnetic inverse problem.  FTTM consists of four topological spaces that are 

homeomorphic to each other.  A sequence of 𝐹𝑇𝑇𝑀𝑛 is a combination of n terms of 

FTTM. In previous studies, FTTM are linked with three mathematical concepts 

namely; FTTM with Pascal’s Triangle, FTTM as a graph and FTTM in relation to k-

Fibonacci sequence.  In this research, the relationship between graph of 𝐹𝑇𝑇𝑀𝑛 and 

k-Fibonacci is established via Hamiltonian polygonal paths in an assembly graph of 

𝐹𝑇𝑇𝑀𝑛.  The assembly graph is a graph with all vertices have valency of one or four.  

The Hamiltonian path is a path that visits every vertex of a graph exactly once. The 

structure of assembly graph of 𝐹𝑇𝑇𝑀𝑛 including maximal assembly graph of 𝐹𝑇𝑇𝑀𝑛 

is introduced and its properties are investigated.  The existence of Hamiltonian 

polygonal path in maximal assembly graph of 𝐹𝑇𝑇𝑀𝑛 is proven.  Several new 

definitions and theorems for the assembly graph of 𝐹𝑇𝑇𝑀𝑛 and Hamiltonian polygonal 

path in maximal assembly graph of 𝐹𝑇𝑇𝑀𝑛 are stated and proven, respectively.  

Finally, a theorem that highlight the relation between graph of 𝐹𝑇𝑇𝑀𝑛 to k-Fibonacci 

sequence is proven.   
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ABSTRAK 

 

Pemetaan Topologi Topografi Kabur (FTTM) adalah model untuk 

menyelesaikan masalah songsang neuromagnetik.  FTTM terdiri daripada empat ruang 

topologi yang berhomeomorfisma antara satu sama lain.  Satu jujukan 𝐹𝑇𝑇𝑀𝑛 adalah 

gabungan FTTM sebanyak n sebutan.  Dalam kajian terdahulu, FTTM dikaitkan 

dengan tiga konsep matematik iaitu; FTTM dengan Segitiga Pascal, FTTM sebagai 

satu graf dan FTTM dalam hubungan kepada jujukan k-Fibonacci.  Dalam kajian ini, 

hubungan antara graf 𝐹𝑇𝑇𝑀𝑛 dan k-Fibonacci telah dibina melalui laluan poligon 

Hamiltonian dalam graf 𝐹𝑇𝑇𝑀𝑛 terhimpun.  Graf terhimpun adalah graf yang semua 

bucunya mempunyai valensi satu atau empat.  Laluan Hamiltonian adalah laluan yang 

melewati setiap bucu graf dengan hanya sekali sahaja.  Struktur graf 𝐹𝑇𝑇𝑀𝑛 

terhimpun termasuk graf 𝐹𝑇𝑇𝑀𝑛 terhimpun maksimum telah diperkenalkan dan ciri-

cirinya diselidiki.  Kewujudan laluan poligon Hamiltonian dalam graf 𝐹𝑇𝑇𝑀𝑛 

terhimpun maksimum telah dibukti. Beberapa takrifan baru dan teorem untuk graf 

𝐹𝑇𝑇𝑀𝑛 terhimpun dan laluan poligon Hamiltonian dalam graf 𝐹𝑇𝑇𝑀𝑛 terhimpun 

maksimum, masing-masing telah dinyatakan dan dibuktikan.  Akhirnya, satu teorem 

yang mengetengahkan hubungan antara graf 𝐹𝑇𝑇𝑀𝑛 dan jujukan k-Fibonacci telah 

dibuktikan.  



viii 

TABLE OF CONTENTS 

 TITLE PAGE 

 

DECLARATION iii 

DEDICATION iv 

ACKNOWLEDGEMENT v 

ABSTRACT vi 

ABSTRAK vii 

TABLE OF CONTENTS viii 

LIST OF TABLES xi 

LIST OF FIGURES xii 

LIST OF ABBREVIATIONS xiv 

LIST OF SYMBOLS xv 

LIST OF APPENDICES xvii 

CHAPTER 1 INTRODUCTION 1 

1.1 Problem Background 1 

1.2 Problem Statement 2 

1.3 Objectives 3 

1.4 Scope of Research 4 

1.5 Significance of Research 4 

1.6 Framework of Research 4 

CHAPTER 2 LITERATURE REVIEW 7 

2.1 Introduction 7 

2.2 Fuzzy Topographic Topological Mapping (FTTM) 7 

2.2.1 Geometrical Features of Sequence of 𝐹𝑇𝑇𝑀𝑛 8 

2.2.2 Sequence of Cube of FTTM 10 

2.3 Fibonacci Numbers 12 

2.4 Graph 15 

2.4.1 Valency of Vertices 18 



ix 

2.4.2 Walk, Trail and Path 18 

2.4.3 Euler Graph and Hamiltonian Graph 19 

2.4.4 Graph of 𝐹𝑇𝑇𝑀𝑛 20 

2.4.5 Assembly Graph 23 

2.5 Conclusion 25 

CHAPTER 3 ASSEMBLY GRAPH OF 𝑭𝑻𝑻𝑴𝒏 27 

3.1 Introduction 27 

3.2 Assembly Graph of 𝐹𝑇𝑇𝑀𝑛 27 

3.3 Assembly Graph of 𝐹𝑇𝑇𝑀3 28 

3.4 Assembly Graph of 𝐹𝑇𝑇𝑀4 30 

3.5 Assembly Graph of 𝐹𝑇𝑇𝑀5 32 

3.6 Generalization of Assembly Graph for 𝐹𝑇𝑇𝑀𝑛 35 

3.7 Maximal Assembly Graph of 𝐹𝑇𝑇𝑀𝑛 36 

3.8 Conclusion 40 

CHAPTER 4 HAMILTONIAN POLYGONAL PATHS IN 

MAXIMAL ASSEMBLY GRAPH OF 𝑭𝑻𝑻𝑴𝒏 41 

4.1 Introduction 41 

4.2 Hamiltonian Paths in Assembly Graph in 𝐹𝑇𝑇𝑀𝑛 41 

4.3 Generalized Hamiltonian Polygonal Paths in Assembly 

Graph of 𝐹𝑇𝑇𝑀𝑛 48 

4.4 Conclusion 50 

CHAPTER 5 GRAPH OF FTTM IN RELATION TO k-

FIBONACCI 51 

5.1 Introduction 51 

5.2 The Relationship of Graph of 𝐹𝑇𝑇𝑀𝑛 and k-Fibonacci 51 

5.3 Conclusion 54 

CHAPTER 6 CONCLUSION 55 

6.1 Summary 55 

6.2 Suggestion for Future Research 56 

REFERENCES 57 



x 

LIST OF PUBLICATIONS 73 

 

  



xi 

LIST OF TABLES 

TABLE NO. TITLE PAGE 

Table 2.1 The list of vertices, edges, faces and cubes of FTTM 11 

Table 2.2 The number of valency of each vertex in Graph 1. 18 

Table 3.1 Number of 4-valent vertices of maximal assembly graph 40 

Table 4.1 Hamiltonian polygonal paths in assembly graph of 𝐹𝑇𝑇𝑀𝑛 

for n = 3, 4, 5,…,10 49 

Table 5.1 A collection of Hamiltonian polygonal paths and 𝐹2𝑘+1 of 

𝐹𝑇𝑇𝑀𝑛 for 𝑛 = 3 to 10 53 

 

  



xii 

LIST OF FIGURES 

FIGURE NO. TITLE PAGE 

Figure 1.1 Four components of FTTM 1 

Figure 1.2 The sequence of 𝐹𝑇𝑇𝑀𝑛 2 

Figure 1.3 Three mathematical concepts which are linked to FTTM 3 

Figure 1.4 Framework of research 6 

Figure 2.1  FTTM model 7 

Figure 2.2 Geometrical features of FTTM 8 

Figure 2.3 The sequence of 𝐹𝑇𝑇𝑀𝑛 10 

Figure 2.4 Map of Konigsberg bridges converted into graph 15 

Figure 2.5 Directed Graph 16 

Figure 2.6 Simple Graph 17 

Figure 2.7 Example of finite and infinite graphs 17 

Figure 2.8 Graph 1 18 

Figure 2.9 A Hamiltonian cycle 20 

Figure 2.10 Sequence of 𝐹𝑇𝑇𝑀𝑛 21 

Figure 2.11 𝐹𝑇𝑇𝑀3 22 

Figure 2.12 𝑀1, 𝐵1, 𝐹3, 𝑇3 22 

Figure 2.13 𝑀1, 𝐵2, 𝐹3, 𝑇3 23 

Figure 2.14 Assembly graphs 23 

Figure 2.15 Outline of Chapter 2 26 

Figure 3.1 Graph of 𝐹𝑇𝑇𝑀1 and 𝐹𝑇𝑇𝑀2 28 

Figure 3.2 Graph of 𝐹𝑇𝑇𝑀3 28 

Figure 3.3 The maximal assembly graph of 𝐹𝑇𝑇𝑀3 29 

Figure 3.4 Graph of 𝐹𝑇𝑇𝑀4 30 

Figure 3.5 The maximal assembly graph of 𝐹𝑇𝑇𝑀4 32 

Figure 3.6 Graph of 𝐹𝑇𝑇𝑀5 32 



xiii 

Figure 3.7 The maximal assembly graph of 𝐹𝑇𝑇𝑀5 34 

Figure 3.8 Graph of 𝐹𝑇𝑇𝑀𝑛 35 

Figure 3.9 The maximal assembly graph of 𝐹𝑇𝑇𝑀𝑛 36 

Figure 3.10 Assembly subgraph of 𝐹𝑇𝑇𝑀4 37 

Figure 3.11 The maximal assembly subgraph for 𝐹𝑇𝑇𝑀4 37 

Figure 3.12 The maximal assembly graph 𝐹𝑇𝑇𝑀𝑛+3 38 

Figure 3.13 The assembly graph 𝐹𝑇𝑇𝑀𝑛′ 39 

Figure 4.1 The maximal assembly graph of 𝐹𝑇𝑇𝑀3 42 

Figure 4.2 The Hamiltonian polygonal path of 𝛤𝐹𝑇𝑇𝑀3
 42 

Figure 4.3 The maximal assembly graph of 𝐹𝑇𝑇𝑀4 43 

Figure 4.4 The Hamiltonian polygonal paths of 𝛤𝐹𝑇𝑇𝑀4
 44 

Figure 4.5 Assembly graph of 𝐹𝑇𝑇𝑀𝑛+1 48 

 

  



xiv 

LIST OF ABBREVIATIONS 

BM - Base magnetic plane 

B - Base magnetic plane 

EEG - Electroencephalograph 

FM - Fuzzy magnetic field 

F - Fuzzy magnetic field 

FTTM - Fuzzy topographic topological mapping 

𝐹𝑇𝑇𝑀𝑖 - Fuzzy topographic topological mapping version i 

MC - Magnetic contour plane 

M - Magnetic contour plane 

MEG - Magnetoencephalogram 

𝐹𝑇𝑇𝑀𝑛 - Sequence of FTTM 

𝐹𝑇𝑇𝑀𝑛 - Sequence of n-FTTM 

TM - Topographic Magnetic Field 

T - Topographic Magnetic Field 

   

   

   

   

   

   

   

   

   

   

   

   

   

   

  



xv 

LIST OF SYMBOLS 

{   } - A set 

𝛾 - A set of Hamiltonian polygonal paths 

γ𝑖  - A set of Hamiltonian polygonal paths for some i 

𝜓𝐺  - An incidence edge 

Γ  - Assembly graph 

Γ𝐺𝑖
  - Assembly subgraph for some i  

C - Collection of all sets of Hamiltonian polygonal paths 

‖    ‖ - Concatenation operation 

𝐶𝑖,𝑗𝐹𝑇𝑇𝑀𝑛 - Cube of order two 

𝜖 - Element of 

∅ - Empty set 

𝐹𝑛 - Fibonacci sequence 

∀ - For all 

> - Greater than 

≥ - Greater than or equal 

≅ - Homeomorphism 

⟶ - Implies 

∩ - Intersection 

< - Less than 

≤ - Less than or equal 

Γ𝐹𝑇𝑇𝑀𝑛
  - Maximal assembly graph of 𝐹𝑇𝑇𝑀𝑛 

ℕ - Natural number 

|Γ𝐹𝑇𝑇𝑀𝑛
|  - Number of 4-valent vertices of maximal assembly graph of 

𝐹𝑇𝑇𝑀𝑛 

|Γ|  - Number of 4-valent vertices of assembly graph 

|C|  - Number of collection of all sets of Hamiltonian polygonal 

paths 

|𝐶𝑖,𝑗𝐹𝑇𝑇𝑀𝑛|  - Number of cubes of order two 



xvi 

𝐹𝑇𝑇𝑀4/𝑛  - Number of cubes produced by combination of any four terms 

in 𝐹𝑇𝑇𝑀𝑛  

𝐹𝑇𝑇𝑀3/𝑛  - Number of cubes produced by combination of any three 

terms in 𝐹𝑇𝑇𝑀𝑛  

𝐹𝑇𝑇𝑀2/𝑛  - Number of cubes produced by combination of any two terms 

in 𝐹𝑇𝑇𝑀𝑛  

𝑒𝐹𝑇𝑇𝑀𝑛  - Number of edges that can be generated by 𝐹𝑇𝑇𝑀𝑛 

‖Γ𝐹𝑇𝑇𝑀𝑛
‖  - Number of edges visited by paths in maximal assembly graph  

|     | - Number of elements in a set 

𝑓𝐹𝑇𝑇𝑀𝑛  - Number of faces that can be generated by 𝐹𝑇𝑇𝑀𝑛 

𝑣𝐹𝑇𝑇𝑀𝑛  - Number of vertices that can be generated by 𝐹𝑇𝑇𝑀𝑛 

E(G) - Set of edges in a graph 

V(G) - Set of vertices in a graph 

∋ - Such that 

∪ - Union 

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

  



xvii 

LIST OF APPENDICES 

APPENDIX TITLE PAGE 

Appendix A: Assembly Graph of 𝐹𝑇𝑇𝑀3 59 

Appendix B: Assembly graph of 𝐹𝑇𝑇𝑀4 62 

Appendix C: C++ Programming to identify the Hamiltonian polygonal 

paths in  Maximal assembly graph of 𝐹𝑇𝑇𝑀𝑛 70 

 

 

 

 





 

1 

CHAPTER 1  

 

 

INTRODUCTION 

1.1 Problem Background 

Fuzzy Topographic Topological Mapping (FTTM) model was introduced in 

1999 by UTM's Fuzzy Research Group (FRG).  According to Ahmad et al. (2000), 

FTTM was developed to obtain information on the location of epileptic foci of 

epileptic patients from their recorded magnetoencephalography (MEG) or 

electroencephalogram (EEG) signals.  The FTTM has four components namely, 

magnetic contour plane (MC), base magnetic plane (BM), fuzzy magnetic field (FM) 

and topographic magnetic field (TM) as shown in Figure 1.1. 

 

Figure 1.1 Four components of FTTM 

In general, FTTM is a 4-tuple of topological spaces which are homeomorphic 

to each other (Ahmad, 1993; Ahmad et al., 2005) and can be represented as 𝐹𝑇𝑇𝑀 =

{(𝑀, 𝐵, 𝐹, 𝑇): 𝑀 ≅ 𝐵 ≅ 𝐹 ≅ 𝑇}.  The exact arrangement for the sequential elements 

of FTTM is presented in Figure 1.2. 



 

2 

 

Figure 1.2 The sequence of 𝐹𝑇𝑇𝑀𝑛 

Yun (2006) noticed that if there are two elements of FTTM that are 

homeomorphic to each other component-wise, it would generate more new generated 

elements of FTTM, that is  

[(
2
1

) × (
2
1

) × (
2
1

) × (
2
1

)] − 2 = 14 elements.   (1.1) 

The researcher then proposed a conjecture such that, if there exist n elements 

of FTTM, then the number of new generated elements are 𝑛4 − 𝑛.  Later, Jamaian et 

al. (2010) proved the conjecture and introduced several new concepts in order to 

achieve it. 

1.2 Problem Statement 

In previous studies, FTTM are linked with three other mathematical concepts 

namely; FTTM with Pascal’s Triangle (Jamaian et al, 2010), FTTM as a graph (Sayed 

and Ahmad, 2013) and FTTM in relation to k-Fibonacci sequence (Ahmad et al., 2015) 

(see Figure 1.3).  About the same year, Bolat and Köse (2010) hinted that generated 

functions for the k-Fibonacci number have wonderful applications in graph theory.  

These linkages are illustrated in Figure 1.3. 



 

3 

 

Figure 1.3 Three mathematical concepts which are linked to FTTM 

 

However, Burns et al. (2013) established a linkage between graph to Fibonacci 

number by an important theorem.  This particular theorem will be discussed further in 

Chapter 2.  Finally, the theorem has led to the establishment of the relation between 

graph of 𝐹𝑇𝑇𝑀𝑛 to k-Fibonacci which will be elaborated in Chapter 5.  Prior to that, 

Chapter 3 and Chapter 4 contain all the necessary developed items in the form of 

definitions, theorems and corollaries that are needed to comprehend the claimed 

relation.   

1.3 Objectives 

The objectives of this research are as follows. 

1. To prove the mathematical relation between graph of FTTM and k-Fibonacci 

sequence. 

2. To establish the structure of FTTM combinatoric-wise. 
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1.4 Scope of Research  

The goal of this research is to prove the conjecture made by Bolat and Köse 

(2010) by establishing the relation of the graph of FTTM to the k-Fibonacci sequence.  

In order to achieve this goal, the two mathematical structures are studied 

comprehensively.  Besides, the theorem developed by Burns et al. (2013) which is 

focusing on Hamiltonian polygonal paths in assembly graph will be studied.  Thus, the 

characteristics of assembly graph of FTTM and Hamiltonian polygonal paths in it are 

investigated in order to accomplish the goal. 

1.5 Significance of Research 

As mentioned earlier in this chapter, Bolat and Köse (2010) hinted that the 

graph and k-Fibonacci are somehow linked to each other.  By proving the conjecture, 

new concepts of graph of 𝐹𝑇𝑇𝑀𝑛 are expected.  Therefore, the relation between two 

mathematical structures, graph and number theory, in particular, the graph of FTTM 

and k-Fibonacci sequence is established by a well-developed theorem.  The study of 

characteristics of assembly graph and Hamiltonian polygonal paths are carried out in 

order to achieve the goal.  Additionally, the findings of this research are great worth 

for the future. 

1.6 Framework of Research 

The thesis consists of six chapters.  The first chapter first chapter is the 

background of the research, problem statement, objectives, scope, significance and 

framework of the research. 

Chapter 2 consists the literature review of the research.  It presents the concept 

and characteristics the graph of sequence of FTTM.  The assembly graph and 

Fibonacci sequence are covered in this chapter too. 
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