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ABSTRACT

The boundary layer flows of nanofluids, hybrid nanofluids, and blood are
usually studied in terms of classical partial differential equations instead of fractional
partial differential equations to avoid complexities in the exact solutions. Fractional
partial differential equations offer immense unconventional features to the research,
making them potential mathematical tools for describing the complex behaviour of
boundary layer flow. Therefore, the main objective of this thesis is to study unsteady
convection flows of nanofluids, hybrid nanofluids, and magnetohydrodynamic blood
based on the generalized fractional Brinkman type fluid model. The mixed convection
boundary layer flows of water-based carbon nanotubes nanofluids and Ferro nanofluid
with shape effect past a vertical plate are considered. The effects of thermal radiation,
heat generation with ramped, and isothermal heating are studied. The natural
convection boundary layer flows of water-based hybrid nanofluids in a channel and
magnetohydrodynamic blood flow in a cylindrical tube are also examined. The
dimensional boundary layer flow models are transformed into dimensional forms by
using appropriate dimensionless variables. Then, the obtained dimensionless models
are transformed into the fractional form by using Caputo and Caputo-Fabrizio
fractional derivatives. The exact solutions are obtained by using the Laplace transform
and joint Henkel and Laplace transform methods. The impacts of the fractional
parameter, the volume concentration of nanoparticles, Brinkman type fluid parameter,
magnetic parameter, thermal radiation, heat generation, and thermal Grashof number
are studied graphically with physical interpretations. The empirical results reveal that
for a shorter time, the temperature field, velocity field, blood velocity, and magnetic
particles velocity are decreasing with increasing fractional parameters due to variations
in temperature and velocity boundary layers. However, this trend revises for a longer
time. Meanwhile, it is noticed that the temperature field is increasing with the
increasing volume concentration of nanoparticles and hybrid nanoparticles due to the
advanced thermal conductivity, but the velocity field behaves oppositely because of
effective density. Besides this, the velocity field is decreasing with increasing
Brinkman type fluid parameter due to resistive forces. Finally, in a limiting case, the
general fractional solutions are reduced to the published classical solutions for the sake
of correctness and validation.
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ABSTRAK

Aliran lapisan sempadan bagi nanobendalir, nanobendalir hibrid, dan darah
kebiasaannya dikaji dari segi persamaan terbitan separa klasik dan bukannya
persamaan terbitan separa pecahan bagi mengelakkan kerumitan dalam penyelesaian
tepat. Persamaan terbitan separa pecahan menawarkan ciri-ciri tidak konvensional
yang besar terhadap penyelidikan, menjadikannya alat matematik yang berpotensi
untuk menerangkan tingkah laku aliran lapisan sempadan yang kompleks. Oleh itu,
objektif utama tesis ini adalah untuk mengkaji aliran perolakan tak mantap
nanobendalir, nanobendalir hibrid, dan darah hidrodinamik magnet berdasarkan
kepada model bendalir jenis Brinkman pecahan teritlak. Aliran lapisan sempadan
perolakan campuran bagi nanobendalir karbon nanotiub dan nanobendalir Ferro
berasaskan air dengan kesan bentuk mengalir melepasi plat menegak
dipertimbangkan. Kesan sinaran terma, penjanaan haba dengan tanjakan, dan
pemanasan isoterma dikaji. Aliran lapisan sempadan perolakan semula jadi
nanobendalir hibrid berasaskan air dalam saluran dan aliran darah hidrodinamik
magnet mengalir dalam tiub silinder juga diperiksa. Model aliran lapisan sempadan
berdimensi diubah ke dalam bentuk tanpa dimensi dengan menggunakan
pembolehubah tanpa dimensi yang bersesuaian. Seterusnya, model tanpa dimensi yang
diperoleh telah diubah menjadi bentuk pecahan dengan menggunakan terbitan pecahan
Caputo dan Caputo-Fabrizio. Penyelesaian tepat diperoleh dengan menggunakan
kaedah transformasi Laplace dan gabungan Henkel dan transformasi Laplace. Kesan
parameter pecahan, kepekatan isipadu nanopartikel, parameter bendalir jenis
Brinkman, parameter magnetik, sinaran terma, penjanaan haba, dan nombor Grashof
terma dikaji secara grafik berserta dengan interpretasi fizikal. Hasil empirik
menunjukkan bahawa untuk masa yang lebih singkat, medan suhu, medan halaju,
halaju darah, dan halaju partikel magnetik semakin menurun dengan peningkatan
parameter pecahan disebabkan oleh perubahan dalam suhu dan halaju lapisan
sempadan. Walau bagaimanapun, trend ini berubah untuk masa yang lebih lama.
Sementara itu, diperhatikan bahawa medan suhu meningkat dengan peningkatan
kepekatan isipadu nanopartikel dan nanopartikel hibrid disebabkan oleh kekonduksian
terma termaju, tetapi medan halaju bertindak sebaliknya kerana ketumpatan yang
berkesan. Selain itu, medan halaju menurun dengan peningkatan parameter bendalir
jenis Brinkman disebabkan oleh daya tahan. Akhirnya, dalam kes terhad, penyelesaian
pecahan itlak diturunkan kepada penyelesaian klasik yang telah diterbitkan bagi tujuan
ketepatan dan pengesahan.
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CHAPTER 1

INTRODUCTION

1.1 Introductions

This chapter is intended to provide the research background of nanofluids,
hybrid nanofluids, and blood based on fractional derivatives in Section 1.2. Problem
statement and research objectives are specified in Sections 1.3 and 1.4
correspondingly. Scope of the study is given in Section 1.5 followed by significance
of the study in Section 1.6. Finally, in Section 1.7, thesis organization is discussed.

1.2 Research Background

On 30" September 1695, L Hopital had written a letter to Leibniz. He asked
about a particular notation that was used by Leibniz for n® order derivative

(D" /Dx"f (x)) that what will be the answer if n=1/27?. Leibniz responded that it is

a paradox from which one day some useful consequences will be drawn (Leibniz,
1849). The communication between Leibniz and L’Hopital had given birth to
fractional calculus. Fractional calculus is a branch of mathematics that generalizes the
idea of conventional integral and derivatives of integer order to non-integer order
integral and derivatives. For the last five decades, after the work of Caputo (Caputo,
1967), this field attained a great consideration of researchers due to its applications in
real world problems by utilizing the usual initial condition in the application of Laplace
transform in contrast to the unusual initial condition in case of Riemann—Liouville
fractional derivative operator. Caputo was the first researcher, who understood the
application of the Laplace transform to form a fractional derivative operator from the
convolution product: the convolution of classical derivative of the function with power

Law kernel which is given by



F(ll )ti"‘*af (af bocue
D7t (y,t)= “ (1.1)
df (y.t)
) :1)
dt
or
t
1_(11 )J. 1 aafgy’r)dr;0<a<1
- — T
2ot (yt)— o (t-7) 12
of (y.t) 4
e
where F() is the gamma function, * represents the convolution product, F(l )ti“
-

is the non-local singular power-law kernel, and of (y,t)/&t is the classical derivative

of the function f (y,t) . The Laplace transform of Eq. (1.2) is given by

et (yt)f(a)=a*F(y,a)-f(y,0). (1.3)

where 7% (.) is the Caputo fractional derivative, « is the fractional order, q is the

Laplace transform variable, f(y,q)is the Laplace transform of f(y,t) and f(y,0)

is the usual initial condition. It can be clearly seen from Eqg. (1.3) that the singularity
in the power law kernel vanish in the application of Laplace transform. With this great

first step, after the Riemann—Liouville fractional derivative given by

t
! ij ! ~ f(y,r)dr;0<a<1,
Dt (yt) = ot (1.4)

with the following Laplace transform



£{pt(y.)Ha)=a“F (y.q)- 7 (y,0), (L5)

where 22 f (y,0) is the unusual initial condition. The problem of this unusual initial

condition without physical meaning and tough to compute was fixed. In additions to
this, the derivative of a constant is not zero in the case of Riemann—Liouville fractional

derivative operator see for example

7 (1)= ;>0,t20. (L.6)

In the Caputo fractional derivative, the drawbacks of Riemann—Liouville
fractional derivative were fixed and was successfully applied in many fields of science
and technology which include biometric foods, extrusion of polymer fluid, colloidal
solutions, cooling of metallic plates, exotic lubricants, glass fiber production, and glass
blowing (Haque et al., 2018).

The significance and efficiency of fractional derivatives to engineering
applications are experimentally proven by many investigators. It was experimentally
verified by Song and Jiang (1998) that the modified fractional Jeffery model is suitable
to illustrate the behavior of Sesbania gel and xanthan gum. Jiang and Qi (2012)
experimentally indicated that heat transfer in biological tissues can be consistently
analyzed by using fractional wave models. Meral et al. (2010) experimentally
confirmed that the fractional VVoigt model is efficient in the simulation of the wave
response of soft tissue such as phantoms. Chen et al. (2013) suggested that the data
obtained from fractional derivative models with variable order showed a considerably
improved contract with experimental data compare to the traditional model.

After the successful application of fractional derivatives in real-world
problems, the mathematicians also tried to contribute further to this field. In 2015,
Caputo and Fabrizio realized that the existing fractional operators have some
limitations which lead to some misleading results particularly in the modeling of real-
world problems. Some senior researchers claimed that the misleading results are due

to the singularity in the power law kernel. This argument was very valid. so, Caputo-



Fabrizio fractional derivative (CFFD) operator was introduced which is based on the

non-singular exponential kernel given by (Caputo and Fabrizio, 2015)

Dt“f(y,t):T_(—Z)exp(—lftaJ*afg’t);0<a<l, (1.7)
or
100 ol LD ot

where N(«) is the normalization function and N(«&)/1-aexp(—at/1-a) is the

non-singular exponential kernel. It is worth mentioning here that, integer order
calculus has a precise physical explanation and is used in the description of numerous
ideas of classical physics and applied mathematics. For example, the velocity of an
object is the first derivative of functions, the second derivative of a function
corresponds to the acceleration of the object, and so on. Fractional calculus is the
generalization of classical calculus and is anticipated to have a wider meaning.
Unfortunately, until now, there is no acceptable interpretation of fractional integrals

and derivatives in the literature (Dalir and Bashour, 2010).

In the past few decades, fractional derivatives put forward immense novel
features to the research community thereby extensively utilized in numerous
applications of science and engineering. In recent decades, fractional derivatives
became potential mathematical tools to describe real word problems in science and
engineering. Fractional derivatives, particularly the models that involve fractional
partial differential equations (PDESs), captured a rising concern in the various field
which includes heat transfer, biology, physics, chemistry, quantum mechanics,
diffusive transport, probability, electrical networks and electromagnetic theory,
viscoelastic materials, rheology and fluid flow problems (Dalir and Bashour, 2010). In
this thesis, the impact of fractional derivatives on unsteady fluid flows of Brinkman
type nanofluids, hybrid nanofluids and blood have been analyzed. It is worth

mentioning here that fluids are isotropic substances that deform continuously under



the action of applied shear stress and is a substance that mainly included liquids and
gases. Fluids can transfer matter, energy, and force from one place to another place,
so, the study of fluid flow merge with other disciplines of science and technology.
Fluid dynamics always attracted the interest of researchers right from its development
in the sciences. From the past few centuries, fluid dynamics assisted in various
industrial and technological applications as a vital tool. Many engineers, physicists,
and mathematicians have been fascinated by the reputation and charm of fluid
dynamics. Fluid dynamics has been blended from a highly developed research area to

an exceedingly applicable field of broader scope.

Mainly, fluids are categorized into two major classes; Newtonian and non-
Newtonian fluids distinguished based on their viscosity trend. The class of fluids that
follow Newton’s Law of viscosity is referred to as Newtonian fluid. However, non-
Newtonian fluids do not obey this Law. Among the class of Newtonian fluid, the one
which is rarely investigated is the Brinkman type fluid. Brinkman type fluid is a
viscous fluid introduced by Brinkman in his pioneer work while studying the fluid
flow due to the exertion of viscous force, on dense swarm particles surface. Using
Stokes’ formula, it was noticed that the viscous force acting on dense swarm particles
is significantly greater than that of on a remote particle (Brinkman, 1949a).
Additionally, a spherical shaped solid particle was fixed inside the swarm particles and
the impact of surrounded particles was considered as a porous medium. Based on this
set up a formula for permeability as a function of porosity was derived. The
mathematical formula was validated satisfactorily with experimental results. It was
noticed that the formula was applicable only for a medium having porosity greater than
0.4. To fix this issue Brinkman (1949b), further polished his previous work and
developed a formula with experimental validation for all range of values.
Consequently, Brinkman established a governing equation for the flow of viscous fluid
through a highly porous medium. The Brinkman equation is considered the extension
of Darcy’s equation which is typically referred to as Darcy’s Law (Darcy, 1856).
Rajagopal (2007), soothing the supposition made by (Brinkman, 1949a; Brinkman,
1949b), and developed a more general governing equation for the viscous fluid flowing
through highly porous media. Fetecau et al. (2011) obtained the first exact solutions

via Fourier sine transform for Stokes’ incompressible Brinkman type fluid model. Ali



et al. (2012), generated exact solutions for the velocity profile of Brinkman type fluid

using the Laplace transform method.

Note that, traditional/regular fluids (pure fluids such as water, alcohol
glycerine, polyester suspensions) have poor thermophysical properties and cannot
transfer the required amount of heat in various engineering and industrial sectors. The
heat transfer from one place to another place is referred to as heat convection which
can be free, force, or mixed convection. In heat transport systems, convection heat
transfer became a challenging task for engineers and industrialists. So, there is an
urgent need to fix this problem. Heat transfer in convection flows of fluids can be
enhanced by enhancing the thermal conductivity of the flowing fluids. In the past few
decades, many procedures have been proposed by researchers to enhance the
performance of convection heat transfer but failed due to scientific drawbacks.
Investigators also tried to enhance the thermal conductivity of the fluid by dispersing
micro-sized particles in the base fluid as the thermal conductivity of the solids is higher
than liquids. Various theoretical and experimental studies were carried out on the
suspension containing micro-sized solid particles. This research was initially
conducted by Maxwell about 10 decades ago (Maxwell, 1881). However, this research
was not commercialized because the suspension with large sized solid particles can
cause; (i) increasing drop in pressure, (ii) erosion of pipelines, (iii) abrasion of
surfaces, (iv) clogging micro-channels of devices, and (v) faster settling time due to
higher density. Furthermore, the suspension causes supplementary resistance and
possible erosion (Das et al., 2007).

The new technique in nanotechnology affords a convenient process to form
crystals from 1-100 nm on average. The suspensions of regular fluids and nano-meters
size particles of metals, oxides, silica, carbide, and carbon nanotubes (CNT’s) are
referred to as nanofluids. This term was firstly proposed by Choi and Eastman (Choi
and Eastman, 1995). In nanofluids, various factors such as volume fractions, size,
shape, clustering, PH value, and effect of particles materials of nanoparticles are
responsible for improved thermal conductivity and viscosity. For a very little volume
fraction of nanoparticles, a significant increase in the thermal conductivity occurs

referred to as synergistic effect of nanoparticles. Nanofluids have remarkable



thermophysical properties as compared to regular fluid and suspension containing
micro-sized particles. The successful use of nanofluid supports the trend toward
component minimization to implement the smaller and lighter design of the heat

exchange system.

Nanofluids have been widely studied in the literature due to their industrial
importance and applications included electronics, energy, heat exchanger, solar water
heater, advancement in diesel engines, environment, biomedicine, and healthcare
(Wang and Mujumdar, 2007). The contributions of nanofluids in science and
technology exponentially increased and reached to next level by introducing hybrid
nanofluids: the suspensions of two or more dissimilar nanoparticles in a single based
fluid. The main motive of introducing hybrid nanofluids is to further improve the
thermophysical properties of nanofluids. Hybrid nanofluids overcome the drawbacks
of conventional nanofluids suspensions and connect the synergistic effect of
nanoparticles. The newly branded hybrid nanofluids further advance the heat transfer
capability of conventional/traditional fluids which leads to engineering and industrial
applications with high performance and low cost (Bhattad et al., 2018). Hybrid
nanofluids are highly applicable in industrial and engineering processes with high
efficiency. Hybrid nanofluids have wide range of applications in many fields which
include transformer cooling, electric cooling, drug reduction, biomedical, generator
cooling, refrigeration nuclear system cooling, and coolant in machining (Waini et al.,
2019c). It is important to highlight here that in many high voltage transformers,
mineral oils were used as insulators and coolants. It was found that pure mineral oil
cannot handle high voltage. The predicted 40-30-year life of transformers reduced to
18-17-years working life. Sumathi et al. (2019) experimentally proven that the
working life of transfer was increased by 7.7 times than transformer oil by using oil
base Al203-TiO2-MoS2 hybrid nanofluid and was increased by 3.7-time than magnetic

nanofluid.

Besides this, the study of biological fluids (BF) under the influence of a
magnetic field is referred to as bio-magnetic fluid dynamics (BFD). This area in fluid
dynamics attracted numerous researcher (Carlton et al., 2001; Haik et al., 1999;
Hussain et al., 2018; Liu et al., 2001; Voltairas et al., 2002; Zeeshan et al., 2018) due



to the extensive applications proposed by medical science and bio-engineering which
include the development of magnetic tracers, targeted transport of drugs using
magnetic particles as drug carriers, development of magnetic devices for cell
separation, provocation of occlusion of the feeding vessels of cancer tumors, cancer
tumor treatment causing magnetic hyperthermia and reduction of bleeding during
surgeries (Tzirtzilakis, 2005). The BF exists in all living organisms and their flow is
significantly affected by the incidence of the magnetic field. Among various biological
fluids, the one electrically conducting fluid is blood. The human blood is composed of
plasma and red blood cells (RBC’s) (Boyd, 1961). The RBCs consist of a high
concentration of hemoglobin, the oxide of iron while the magnetic characteristics of

blood are due to the state of oxygenation (Sharma et al., 2015).

To study bio-magnetic fluids particularly blood, the mathematical model of BF
developed by Haik et al. (1999) is frequently used in the literature. They suggested
that Ferro-hydrodynamics (FHD) is like BFD in which the flow of electrically
conducting fluid is influenced by the magnetization of the fluid in the presence of
magnetic field with no induce current due to the small Reynold number. Hence, in the
mathematical model of BF, the magnetization of the fluid is assumed in the
formulation that corresponds to magnetohydrodynamic (MHD) or magneto-fluid-
dynamics (MFD) (Haik et al., 2002). The MHD or MFD focused on the interface
among electrically conducting fluids and externally applied magnetic field. The fluid
under the influence of the applied magnetic field experience electromagnetic so-called
Lorentz forces which are like drag forces that change the flow behavior.

In various engineering and industrial devices such as accelerators, pumps,
microfluidics, and mixer nuclear reactor, MHD is applied to control the boundary layer
(Al-Habahbeh et al., 2016). The MHD effect help in understanding and forecast and
significant improvement in the fusion blanket system (Smolentsev et al., 2010). In
1942, the idea of MHD was presented by Alfven for the first time and received Nobel
Prize in 1972. MHD has plenty of applications in various field of science and
technology such as electrochemical processes, chemical catalytic reactors, grain
storage, beds of fossil fuels such as oil shale and coal, the extraction of geothermal

energy, salt leaching in soils, solar power collectors, underground disposal of nuclear



waste, the spreading of chemical pollutants in saturated soil, high-performance
insulation for buildings, insulation of nuclear reactors, packed sphere beds, the
migration of moisture in fibrous insulation and heat exchange between soil and

atmosphere and sensible heat storage beds (van der Holst and Keppens, 2007).

1.3 Problem Statement

In the literature, the analytical studies based on the Brinkman type fluid for the
boundary layer flows of nanofluids and hybrid nanofluids and blood are rarely reported
due to the complexity in finding the exact solutions. These difficulties usually occur
in the exact solutions treatment for the flow of nanofluids over an infinite plate with
ramped heating, the flow of hybrid nanofluid in a channel, and MHD blood flow in a
cylinder. Indeed, some studies are published in this direction but only restricted to
integer-order derivatives. To fill this research gap, the following problems are
addressed and solved for exact solutions using integral transforms such as the Laplace
transform and the joint Laplace and Hankel transforms:

1. Convection MHD flow of water based CNT’S Brinkman type nanofluid with
ramped heating.

2. Radiative convection MHD flow of nanofluid with heat generation and
nanoparticles shape effect

3. Natural convection channel flow of hybrid nanofluid in the presence of heat
generation.
4. Natural convection MHD channel flow of hybrid nanofluid in the presence of

heat generation

5. MHD flow of fractional brinkman type blood with magnetic particles in a

cylindrical tube



In this thesis, the Problems mentions in 1-5 are solved for exact solutions using

integral transforms such as the Laplace transform and the joint Laplace and Hankel

transforms. Additionally, this thesis is organized to answer the following questions:

14

How are the fractional Brinkman type fluid models formulated in different flow
regimes such as flows past an infinite plate, flows in a channel, and blood flow

in a cylinder?

How the fractional nanofluids and hybrid nanofluids behave in convection flow

problems?
How do the fractional derivatives affect the velocity and temperature fields?

How do numerous effects such as MHD, thermal radiation, heat generation,
ramped heating, isothermal heating, different shapes of nanoparticles, volume
concentrations of nanoparticles and hybrid nanoparticles influence the velocity

and temperature fields?

How do the exact solutions can be obtained from the fractional models of the
flows of nanofluids past an infinite plate with ramped heating, the flows of

hybrid nanofluids in a channel, and blood flow in a cylinder?

Research Objectives

This study examines the mixed convection flows of nanofluids past an infinite

plate with ramped heating, natural convection flows of hybrid nanofluids in a channel

and MHD blood flow in a cylinder. The exact solutions are obtained via the Laplace

transform and joint Hankel and Laplace transform methods. The obtained solutions are

computed and plotted. In a limiting sense, the obtained solutions are reduced to

classical form and validated with published work. The following are the main

objectives of this research.

10



1.5

To formulate the problems of convection flows of nanofluids, hybrid
nanofluids, and blood in three different geometries such as the flows past an

infinite plate, flows in a channel, and blood flow in a cylinder.

To generalize the classical model using Caputo-Fabrizio, Caputo fractional

derivatives.

To obtain and validate in limiting cases the exact solutions for the proposed

problems.

To investigate the influence of various pertinent flow parameters on velocity,

temperature, and magnetic blood particles velocity fields physically.

Scope of the Study

This research focused on the unsteady, incompressible boundary layer flows of

Brinkman type nanofluids, hybrid nanofluids, and blood. This research is based on the

following assumption and limitations.

Unidirectional and one-dimensional boundary layer flows are considered in

Cartesian and cylindrical coordinate systems.
The incompressible and laminar flows are considered.

In the case of MHD flows, the electrically conducting fluids are considered and

the induced magnetic field is neglected.

The Brinkman type fluid model together is fractionalized by using the Caputo-
Fabrizio fractional derivative in the first four problems while the last problem

is fractionalized via the Caputo fractional derivative.

This thesis investigates nanofluids and hybrid nanofluids theoretically and
mathematically. In this thesis, nanofluids or hybrid nanofluids are not

physically prepared/characterized.

11



1.6

In the first four problems, the energy equation is partially coupled with the

momentum equation by using the Oberbeck-Boussinesq approximation.

The exact solutions are computed and plotted by using the MATHCAD

software.

Significance of the Study

The significance of the study is listed as follows.

The results obtained from this research will help to enhance the knowledge of
boundary layer flows in nanofluids, hybrid nanofluids, and blood in different

flow regimes.

The results obtained from this study will help in understanding trend and
features of various boundary layer flow of nanofluids, hybrid nanofluids, and
blood.

The results obtained from this study can be used as a base for complex non-
linear flow problems recurrently taking place in engineering and applied

sciences.

The concept of generalization/fractionalization of classical models with an
integer order can be further advanced for highly non-linear non-Newtonian
nanofluids and hybrid nanofluids to achieve additionally accurate and realistic

results.

12



1.7 Thesis Organization

This thesis comprises eight Chapters. Chapter 1 discussed a detailed research
background go after problem statement, research objective, scope of the study, and
significance of the study. Chapter 2 provides a detailed literature survey relevant to the
problems established in research objectives and highlighted in the problem statement.
Chapter 3 addressed the problem of convection heat transfer of MHD flow of CNTs
nanofluids past an oscillating infinite vertical plate. In this Chapter, the detailed
derivation of the continuity equation, momentum equation, and energy equation are
provided. The constitutive equation of Brinkman type fluid in conjunction with certain
appropriate assumptions, the governing equations of the problem are developed in
terms of partial differential equations (PDEs). The velocity field is subjected to
oscillating boundary conditions whereas, the ramped heating conditions are considered
for the temperature field. To eliminate units and reduce the number of variables, some
suitable non-dimensional and non-similarity variables are introduced into the
governing equations and initial and boundary conditions to make the system
dimensionless. The dimensionless model is then transformed into time-fractional form
by using the time-fractional Caputo-Fabrizio fractional derivative. The time-fractional
model is solved for exact solutions by using the Laplace transform method. The
obtained solutions for velocity and temperature fields are computed and presented in
numerous graphs to study the effect of various pertinent flow parameters. Besides this,

the obtained solutions are reduced to classical form and validated with published work.

Chapter 4 examined the influence of thermal radiation, heat generation, and
nanoparticles shape effect in MHD flow of water-based Ferro nanofluid (FesO4-H20)
past an oscillating infinite vertical plate. In a similar procedure as in Chapter 3, the
exact solutions are developed for the Caputo-Fabrizio time-fractional FesOs-H20
nanofluids by using the Laplace transform method and plotted in various graphs with
a physical explanation. The idea of nanofluids is further advanced in Chapter 5 and
Chapter 6. More exactly, Chapter 5 discussed the flow of Cu-Al203-H20 hybrid
nanofluid in and channel subject to homogenous boundary conditions and isothermal
heating. This idea is further extended in Chapter 6 by considering the MHD effect in
the flow of Ag-TiO2-H20 hybrid nanofluid. Both the problems presented in Chapter 5

13



and Chapter 6 are solved for exact solutions by following the same procedure as in
Chapter 3 and Chapter 4.

Proposed Problems

h
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Figure 1.1 Operational framework
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Chapter 7 deals with the two-phase MHD blood flow based on the Caputo time
fractional Brinkman type fluid model in a horizontal cylinder. In this Chapter, the
detailed derivation of the continuity equation, momentum equation, and equation of
motion of the magnetic particle in the blood is presented in the cylindrical coordinates
system. The joint Hankel and Laplace transform method is employed to find the exact
solutions for blood and magnetic particle velocities. Classical solutions for blood and
magnetic particle velocities are recovered. For the sake of correctness, the obtained
solutions are validated with already published work. Finally, in Chapter 8 the whole
thesis is summarized, and an adequate conclusion is drawn. Future recommendations
and suggestions are also included in this chapter. The operational framework and

solutions methodology is given in Figure 1.1.

15



REFERENCES

Aaiza, G., Khan, I. and Shafie, S. (2015). Energy transfer in mixed convection MHD
flow of nanofluid containing different shapes of nanoparticles in a channel
filled with saturated porous medium. Nanoscale Research Letters. 10 (1), 490.

Ahmad, B., Shah, S. I. A,, Haq, S. U. and Shah, N. A. (2017). Analysis of unsteady
natural convective radiating gas flow in a vertical channel by employing the
Caputo time-fractional derivative. The European Physical Journal Plus. 132
(9), 380.

Ahmed, N. (2019). MHD Mass Transfer Flow Past an Impulsively Started Semi-
Infinite Vertical Plate with Soret Effect and Ramped Wall Temperature
Mathematics Applied to Engineering, Modelling, and Social Issues (pp. 245-
279): Springer.

Ahmed, N., Ali Shah, N., Ahmad, B., Shah, S. I., Ulhag, S. and Gorji, M. R. (2019).
Transient MHD convective flow of fractional nanofluid between vertical
plates. Journal of Applied and Computational Mechanics. 5 (4), 592-602.

Ahmed, N., Vieru, D., Fetecau, C. and Shah, N. A. (2018). Convective flows of
generalized time-nonlocal nanofluids through a vertical rectangular channel.
Physics of Fluids. 30 (5), 1-17.

Akhtar, S. and Shah, N. A. (2018). Exact solutions for some unsteady flows of a couple
stress fluid between parallel plates. Ain Shams Engineering Journal. 9 (4), 985-
992.

Al-Habahbeh, O. M., Al-Saqga, M., Safi, M. and Khater, T. A. (2016). Review of
magnetohydrodynamic pump applications. Alexandria Engineering Journal.
55 (2), 1347-1358.

Ali, A., Banerjee, S. M. and Das, S. (2020a). Hall and ion slip current’s impact on
magneto-sodium alginate hybrid nanoliquid past a moving vertical plate with
ramped heating, velocity slip and Darcy effects. Multidiscipline Modeling in
Materials and Structures.

Ali, F., Bilal, M., Gohar, M., Khan, 1., Sheikh, N. A. and Nisar, K. S. (2020b). A Report

on fluctuating free convection flow of Heat Absorbing Viscoelastic Dusty fluid

215



past in A Horizontal channel With MHD Effect. Scientific Reports. 10 (1), 1-
15.

Ali, F., Bilal, M., Sheikh, N. A., Khan, I. and Nisar, K. S. (2019a). Two-Phase
Fluctuating Flow of Dusty Viscoelastic Fluid between Non-conducting Rigid
Plates with Heat Transfer. IEEE Access. 7, 123299-123306.

Ali, F., Gohar, M. and Khan, I. (2016a). MHD flow of water-based Brinkman type
nanofluid over a vertical plate embedded in a porous medium with variable
surface velocity, temperature and concentration. Journal of Molecular Liquids.
223, 412-419.

Ali, F., Imtiaz, A., Khan, I. and Sheikh, N. A. (2018a). Flow of magnetic particles in
blood with isothermal heating: A fractional model for two-phase flow. Journal
of Magnetism and Magnetic Materials. 456, 413-422.

Ali, F., Imtiaz, A., Khan, I. and Sheikh, N. A. (2018b). Hemodynamic Flow in a
Vertical Cylinder with Heat Transfer. Journal of Magnetics. 23 (2), 179-191.

Ali, F., Jan, S. A. A., Khan, I., Gohar, M. and Sheikh, N. A. (2016b). Solutions with
special functions for time fractional free convection flow of Brinkman-type
fluid. The European Physical Journal Plus. 131 (9), 310.

Ali, F., Khan, I. and Shafie, S. (2012). A note on new exact solutions for some unsteady
flows of Brinkman-type fluids over a plane wall. Zeitschrift fir Naturforschung
A. 67 (6-7), 377-380.

Ali, F., Khan, I. and Shafie, S. (2013). Conjugate effects of heat and mass transfer on
MHD free convection flow over an inclined plate embedded in a porous
medium. PLoS One. 8 (6), €65223.

Ali, F., Khan, I., Sheikh, N. A., Gohar, M. and Tlili, I. (2018c). Effects of Different
Shaped Nanoparticles on the Performance of Engine-Oil and Kerosene-Oil: A
generalized Brinkman-Type Fluid model with Non-Singular Kernel. Scientific
reports. 8 (1), 15285.

Ali, F., Sheikh, N. A., Khan, I. and Saqib, M. (2017). Magnetic field effect on blood
flow of Casson fluid in axisymmetric cylindrical tube: A fractional model.
Journal of Magnetism and Magnetic Materials. 423, 327-336.

Ali, F., Yousaf, S., Khan, I. and Sheikh, N. A. (2019b). A new idea of Atangana-
Baleanu time fractional derivatives to blood flow with magnetics particles in a
circular cylinder: Two phase flow model. Journal of Magnetism and Magnetic
Materials. 486, 165282.

216



Aly, E. H. and Pop, I. (2019). MHD flow and heat transfer over a permeable
stretching/shrinking sheet in a hybrid nanofluid with a convective boundary
condition. International Journal of Numerical Methods for Heat & Fluid Flow.

Aly, E. H. and Pop, I. (2020). MHD flow and heat transfer near stagnation point over
a stretching/shrinking surface with partial slip and viscous dissipation: Hybrid
nanofluid versus nanofluid. Powder Technology.

Aman, S., Khan, I., Ismail, Z., Salleh, M. Z., Alshomrani, A. S. and Alghamdi, M. S.
(2017). Magnetic field effect on Poiseuille flow and heat transfer of carbon
nanotubes along a vertical channel filled with Casson fluid. AIP Advances. 7
(1), 015036.

Aman, S., Khan, I., Ismail, Z., Salleh, M. Z. and Tlili, I. (2018). A new Caputo time
fractional model for heat transfer enhancement of water based graphene
nanofluid: An application to solar energy. Results in physics. 9 (6), 1352-1362.

Anwar, T., Khan, I., Kumam, P. and Watthayu, W. (2020a). Impacts of Thermal
Radiation and Heat Consumption/Generation on Unsteady MHD Convection
Flow of an Oldroyd-B Fluid with Ramped Velocity and Temperature in a
Generalized Darcy Medium. Mathematics. 8 (1), 1-18.

Anwar, T., Kumam, P., Khan, I. and Watthayu, W. (2020b). Heat Transfer
Enhancement in Unsteady MHD Natural Convective Flow of CNTs Oldroyd-
B Nanofluid under Ramped Wall Velocity and Ramped Wall Temperature.
Entropy. 22 (4), 401.

Anwar, T., Kumam, P. and Watthayu, W. (2020c). Influence of Ramped Wall
Temperature and Ramped Wall Velocity on Unsteady Magnetohydrodynamic
Convective Maxwell Fluid Flow. Symmetry. 12 (3), 392.

Atangana, A. and Baleanu, D. (2016). New fractional derivatives with nonlocal and
non-singular kernel: theory and application to heat transfer model. Thermal
Science. 2016 (20), 763-769.

Azhar, W. A., Vieru, D. and Fetecau, C. (2017). Free convection flow of some
fractional nanofluids over a moving vertical plate with uniform heat flux and
heat source. Physics of Fluids. 29 (8), 1-13.

Bejan, A. (2013). Convection heat transfer: John wiley & sons.

Benkhedda, M., Boufendi, T. and Touahri, S. (2018). Laminar mixed convective heat
transfer enhancement by using Ag-TiO 2-water hybrid Nanofluid in a heated
horizontal annulus. Heat and Mass Transfer. 54 (9), 2799-2814.

217



Bhattad, A., Sarkar, J. and Ghosh, P. (2018). Discrete phase numerical model and
experimental study of hybrid nanofluid heat transfer and pressure drop in plate
heat exchanger. International Communications in Heat and Mass Transfer. 91,
262-273.

Bhatti, M. M., Zeeshan, A. and Ellahi, R. (2016a). Endoscope analysis on peristaltic
blood flow of Sisko fluid with Titanium magneto-nanoparticles. Computers in
biology and medicine. 78, 29-41.

Bhatti, M. M., Zeeshan, A. and ljaz, N. (2016b). Slip effects and endoscopy analysis
on blood flow of particle-fluid suspension induced by peristaltic wave. Journal
of Molecular Liquids. 218, 240-245.

Bibi, A. and Xu, H. (2020). Peristaltic channel flow and heat transfer of Carreau
magneto hybrid nanofluid in the presence of homogeneous/heterogeneous
reactions. Scientific Reports. 10 (1), 1-20.

Boyd, W. (1961). text-book of pathology; structure and function in diseases.

Brinkman, H. C. (1949a). A calculation of the viscous force exerted by a flowing fluid
on a dense swarm of particles. Flow, Turbulence and Combustion. 1 (1), 27.

Brinkman, H. C. (1949b). On the permeability of media consisting of closely packed
porous particles. Flow, Turbulence and Combustion. 1 (1), 81.

Caputo, M. (1967). Linear models of dissipation whose Q is almost frequency
independent—II1. Geophysical Journal International. 13 (5), 529-539.
Caputo, M. and Fabrizio, M. (2015). A new definition of fractional derivative without

singular kernel. Progr. Fract. Differ. Appl. 1 (2), 1-13.

Carlton, J. M., Yowell, C. A., Sturrock, K. A. and Dame, J. B. (2001). Biomagnetic
separation of contaminating host leukocytes from plasmodium-infected
erythrocytes. Experimental parasitology. 97 (2), 111.

Chamkha, A. J., Dogonchi, A. and Ganji, D. (2019). Magneto-hydrodynamic flow and
heat transfer of a hybrid nanofluid in a rotating system among two surfaces in
the presence of thermal radiation and Joule heating. AIP Advances. 9 (2),
025103.

Chen, W., Zhang, J. and Zhang, J. (2013). A variable-order time-fractional derivative
model for chloride ions sub-diffusion in concrete structures. Fractional
Calculus and Applied Analysis. 16 (1), 76-92.

Choi, S. U. S. and Eastman, J. A. (1995). Enhancing thermal conductivity of fluids

with nanoparticles: Argonne National Lab., IL (United States).

218



Choudhury, K. and Ahmed, N. (2019). Unsteady MHD Mass Transfer Flow past a
Temporarily Accelerated Semi-infinite Vertical Plate in Presence of Thermal
Diffusion with Ramped Wall Temperature Unsteady MHD Mass Transfer
Flow past a Temporarily Accelerated Semi-infinite Vertical Plate in Presence
of Thermal Diffusion with Ramped Wall Temperature. 6 (2), 241-248.

Dalir, M. and Bashour, M. (2010). Applications of fractional calculus. Applied
Mathematical Sciences. 4 (21), 1021-1032.

Darcy, H. (1856). Les fontaines publiques de la ville de Dijon; exposition et
application des principesa employer dans les questions de distribution d’eau.
Ouvrage terminé par un appendice relatif aux fournitures d'eau de plusieurs
villes, au filtrage des eaux et a la fabrication des tuyaux de fonte, de plomb, de
tole et de bitume. Victor Dalmont, éditeur, Paris.

Das, M., Mahatha, B., Nandkeolyar, R., Mandal, B. and Saurabh, K. (2014). Unsteady
hydromagnetic flow of a heat absorbing dusty fluid past a permeable vertical
plate with ramped temperature. Journal of Applied Fluid Mechanics. 7 (3),
485-492.

Das, S. K., Choi, S. U., Yu, W. and Pradeep, T. (2007). Nanofluids: science and
technology: John Wiley & Sons.

Debnath, L. and Bhatta, D. (2007). Integral transforms and their applications 2nd ed.
USA: CRC press.

Devi, S. A. and Devi, S. S. U. (2016). Numerical investigation of hydromagnetic
hybrid Cu—AI203/water nanofluid flow over a permeable stretching sheet with
suction. International Journal of Nonlinear Sciences and Numerical
Simulation. 17 (5), 249-257.

Dinarvand, S., Nademi Rostami, M., Dinarvand, R. and Pop, I. (2019). Improvement
of drug delivery micro-circulatory system with a novel pattern of CuO-
Cu/blood hybrid nanofluid flow towards a porous stretching sheet.
International Journal of Numerical Methods for Heat & Fluid Flow.

Ellahi, R., Rahman, S. U., Nadeem, S. and Vafai, K. (2015). The blood flow of Prandtl
fluid through a tapered stenosed arteries in permeable walls with magnetic
field. Communications in Theoretical Physics. 63 (3), 353.

Farooq, U., Afridi, M., Qasim, M. and Lu, D. (2018). Transpiration and viscous
dissipation effects on entropy generation in hybrid nanofluid flow over a

nonlinear radially stretching disk. Entropy. 20 (9), 668.

219



Fetecau, C., Fetecau, C. and Imran, M. A. (2011). On Stokes problem for fluids of
Brinkman type. Math. Reports. 13 (63), 15-26.

Fetecau, C. and Vieru, D. (2020). Exact solutions for unsteady motion between parallel
plates of some fluids with power-law dependence of viscosity on the pressure.
Applications in Engineering Science. 1 (3), 1-10.

Gakare, A. (2019). A Review on Nanofluids: Preparation and Applications. Nano
Trends-A Journal of Nano Technology & Its Applications. 21 (1), 21-35.

Ghasemi, S. E., Hatami, M., Sarokolaie, A. K. and Ganji, D. D. (2015). Study on blood
flow containing nanoparticles through porous arteries in presence of magnetic
field using analytical methods. Physica E: Low-dimensional Systems and
Nanostructures. 70, 146-156.

Gohar, M., Ali, F., Khan, I., Sheikh, N. A. and Shah, A. (2019). The unsteady flow of
generalized hybrid nanofluids: applications in cementitious materials. Journal
of the Australian Ceramic Society. 55 (3), 657-666.

Gul, A., Khan, I., Shafie, S., Khalid, A. and Khan, A. (2015). Heat transfer in MHD
mixed convection flow of a ferrofluid along a vertical channel. PloS One. 10
(11), 1-14.

Haik, Y., Chen, C. J. and Chatterjee, J. (2002). Numerical simulation of biomagnetic
fluid in a channel with thrombus. Journal of visualization. 5 (2), 187-195.

Haik, Y., Pai, V. and Chen, C.-J. (1999). Development of magnetic device for cell
separation. Journal of Magnetism and Magnetic Materials. 194 (1-3), 254-261.

Hajizadeh, A., Shah, N. A., Shah, S. I. A., Animasaun, I., Rahimi-Gorji, M. and Alarifi,
I. M. (2019a). Free convection flow of nanofluids between two vertical plates
with damped thermal flux. Journal of Molecular Liquids. 289, 110964.

Hajizadeh, A., Shah, N. A., Zaman, F. and Animasaun, I. (2019b). Analysis of Natural
Convection Bionanofluid Between Two Vertical Parallel Plates.
BioNanoScience. 9 (4), 930-936.

Hamilton, R. L. and Crosser, O. K. (1962). Thermal conductivity of heterogeneous
two-component systems. Industrial & Engineering chemistry fundamentals. 1
(3), 187-191.

Haque, E. U., Awan, A. U., Raza, N., Abdullah, M. and Chaudhry, M. A. (2018). A
computational approach for the unsteady flow of Maxwell fluid with Caputo
fractional derivatives. Alexandria engineering journal. 57 (4), 2601-2608.

220



Hazarika, G. (2014). Chemical Reaction on a Transient MHD Flow Past an
Impulsively Started Vertical Plate with Ramped Temperature and
Concentration with viscous dissipation. International Journal of Fluid
Engineering, ISSN-0974-3138. 6 (1).

Herbert, O. (2004). Prandtl’s Essentials of Fluid Mechanics. (2nd ed.) Springer
Science & Business Media: Springer Science & Business Media.

Hussain, F., Ellahi, R., Zeeshan, A. and Vafai, K. (2018). Modelling study on heated
couple stress fluid peristaltically conveying gold nanoparticles through coaxial
tubes: A remedy for gland tumors and arthritis. Journal of Molecular Liquids.
268, 149-155.

Hussain, S., Ahmed, S. E. and Akbar, T. (2017). Entropy generation analysis in MHD
mixed convection of hybrid nanofluid in an open cavity with a horizontal
channel containing an adiabatic obstacle. International Journal of Heat and
Mass Transfer. 114 (11), 1054-1066.

Ismail, Z., Hussanan, A., Khan, I. and Shafie, S. (2013). MHD and radiation effects on
natural convection flow in a porous medium past an infinite inclined plate with
ramped wall temperature: An exact analysis. Int. J. Appl. Math. Stat. 45 (15),
77-86.

Ismail, Z., Khan, 1., Imran, A., Hussanan, A. and Shafie, S. (2014). Mhd double
diffusion flow by free convection past an infinite inclined plate with ramped
wall temperature in a porous medium. Malaysian Journal of Fundamental and
Applied Sciences. 10 (1).

Izadi, M., Mohebbi, R., Delouei, A. A. and Sajjadi, H. (2019). Natural convection of
a magnetizable hybrid nanofluid inside a porous enclosure subjected to two
variable magnetic fields. International Journal of Mechanical Sciences. 151,
154-169.

Jaluria, Y. (1980). Natural convection, heat and mass transfer HMT (Vol. 5). Beccles
and London: Pergamon Press.

Jamil, D. F., Uddin, S. and Roslan, R. (2020). The Effects of Magnetic Casson Blood
Flow in an Inclined Multi-stenosed Artery by using Caputo-Fabrizio Fractional
Derivatives. Journal of Advanced Research in Materials Science. 72 (1), 15-
30.

Jan, S. A. A, Ali, F., Sheikh, N. A., Khan, I., Saqgib, M. and Gohar, M. (2018). Engine

oil based generalized brinkman-type nano-liquid with molybdenum disulphide

221



nanoparticles of spherical shape: Atangana-Baleanu fractional model.
Numerical Methods for Partial Differential Equations. 34 (5), 1472-1488.

Jiang, X. and Qi, H. (2012). Thermal wave model of bioheat transfer with modified
Riemann-Liouville fractional derivative. Journal of Physics A: Mathematical
and Theoretical. 45 (48), 1-12.

Jiji, L. M. (2006). Heat convection (1st ed.) New York, USA: Springer.

Kataria, H. R. and Patel, H. R. (2018). Effect of thermo-diffusion and parabolic motion
on MHD Second grade fluid flow with ramped wall temperature and ramped
surface concentration. Alexandria engineering journal. 57 (1), 73-85.

Kays, W. M. (2012). Convective heat and mass transfer: Tata McGraw-Hill Education.

Khalid, A., Jiann, L. Y., Khan, I. and Shafie, S. (2017). Exact solutions for unsteady
free convection flow of carbon nanotubes over an oscillating vertical plate.
Proceedings of the 2017 AIP Conference Proceedings, 020054.

Khalid, A., Khan, 1., Khan, A., Shafie, S. and Tlili, 1. (2018). Case study of MHD
blood flow in a porous medium with CNTS and thermal analysis. Case studies
in thermal engineering. 12 (9), 374-380.

Khan, A., Khan, 1., Ali, F. and Shafie, S. (2014a). Effects of wall shear stress on MHD
conjugate flow over an inclined plate in a porous medium with ramped wall
temperature. Mathematical Problems in Engineering. 2014.

Khan, A., Khan, 1., Ali, F. and Shafie, S. (2014b). Effects of wall shear stress on
unsteady MHD conjugate flow in a porous medium with ramped wall
temperature. PLoS One. 9 (3), €90280.

Khan, A., ul Karim, F., Khan, 1., Ali, F. and Khan, D. (2018). Irreversibility analysis
in unsteady flow over a vertical plate with arbitrary wall shear stress and
ramped wall temperature. Results in physics. 8, 1283-1290.

Khan, I. (2015). A note on exact solutions for the unsteady free convection flow of a
Jeffrey fluid. Zeitschrift fiir Naturforschung A. 70 (6), 397-401.

Khanafer, K., Vafai, K. and Lightstone, M. (2003). Buoyancy-driven heat transfer
enhancement in a two-dimensional enclosure utilizing nanofluids.
International journal of heat and mass transfer. 46 (19), 3639-3653.

Khashi’ie, N. S., Arifin, N. M., Pop, I., Nazar, R., Hafidzuddin, E. H. and Wabhi, N.
(2020). Non-axisymmetric Homann stagnation point flow and heat transfer
past a stretching/shrinking sheet using hybrid nanofluid. International Journal
of Numerical Methods for Heat & Fluid Flow.

222



Krishna, M. V. (2020). Hall and ion slip impacts on unsteady MHD free convective
rotating flow of Jeffreys fluid with ramped wall temperature. International
Communications in Heat and Mass Transfer. 119, 104927.

Kundu, P., Das, K. and Acharya, N. (2014). Flow features of a conducting fluid near
an accelerated vertical plate in porous medium with ramped wall temperature.
Journal of Mechanics. 30 (3), 277.

Kundu, R. K. and Cohen, I. M. (2002). Fluid Mechanics. (2nd ed.) United State of
America: Academic Press.

Leibniz, G. (1849). Letter from Hanover, Germany, to GFA L’Hopital, September 30;
1695. Mathematische Schriften. 2, 301-302.

Liu, J., Flores, G. A. and Sheng, R. (2001). In-vitro investigation of blood embolization
in cancer treatment using magnetorheological fluids. Journal of Magnetism
and Magnetic Materials. 225 (1-2), 209-217.

Lo, C.-H., Tsung, T.-T. and Chen, L.-C. (2005). Shape-controlled synthesis of Cu-
based nanofluid using submerged arc nanoparticle synthesis system (SANSS).
Journal of Crystal Growth. 277 (1-4), 636-642.

Lorenzo, C. F. and Hartley, T. T. (2016). The fractional trigonometry: With
applications to fractional differential equations and science Canada: John
Wiley & Sons.

Luo, L., Shah, N. A., Alarifi, I. M. and Vieru, D. (2020). Two-layer flows of
generalized immiscible second grade fluids in a rectangular channel.
Mathematical Methods in the Applied Sciences. 43 (3), 1337-1348.

Mahian, O., Kolsi, L., Amani, M., Estelle, P., Ahmadi, G., Kleinstreuer, C., Marshall,
J. S., Siavashi, M., Taylor, R. A. and Niazmand, H. (2018a). Recent advances
in modeling and simulation of nanofluid flows-part I: fundamental and theory.
Physics reports.

Mahian, O., Kolsi, L., Amani, M., Estelle, P., Ahmadi, G., Kleinstreuer, C., Marshall,
J. S., Taylor, R. A., Abu-Nada, E. and Rashidi, S. (2018b). Recent advances in
modeling and simulation of nanofluid flows-part I1: applications. Physics
reports.

Makris, N., Dargush, G. F. and Constantinou, M. C. (1993). Dynamic analysis of
generalized viscoelastic fluids. Journal of Engineering Mechanics. 119 (8),
1663-1679.

223



Mandal, P. K. (2005). An unsteady analysis of non-Newtonian blood flow through
tapered arteries with a stenosis. International Journal of Non-Linear
Mechanics. 40 (1), 151-164.

Marble, F. E. (1963). Dynamics of a gas containing small solid particles. Combustion
and Propulsion. 5 (147), 175-2013.

Maxwell, J. C. (1881). A treatise on electricity and magnetism: Clarendon press.

Maxwell, J. C. (1954). Electricity and magnetism: Dover New York.

Meral, F., Royston, T. and Magin, R. (2010). Fractional calculus in viscoelasticity: an
experimental study. Communications in Nonlinear Science and Numerical
Simulation. 15 (4), 939-945.

Na, W., Shah, N. A., Tlili, I. and Siddique, I. (2020). Maxwell fluid flow between
vertical plates with damped shear and thermal flux: free convection. Chinese
Journal of Physics. 65 (3), 367—337.

Nandkeolyar, R. and Das, M. (2014). Unsteady MHD free convection flow of a heat
absorbing dusty fluid past a flat plate with ramped wall temperature. Afrika
Matematika. 25 (3), 779-798.

Nandkeolyar, R., Das, M. and Pattnayak, H. (2013a). Unsteady hydromagnetic
radiative flow of a nanofluid past a flat plate with ramped temperature. Journal
of the Orissa Mathematical Society. 975 (1), 15-30.

Nandkeolyar, R., Seth, G., Makinde, O., Sibanda, P. and Ansari, M. S. (2013b).
Unsteady hydromagnetic natural convection flow of a dusty fluid past an
impulsively moving vertical plate with ramped temperature in the presence of
thermal radiation. Journal of Applied Mechanics. 80 (6), 1-9.

Narahari, M., Alaparthi, N. and Pop, I. (2017). Exact analysis of the transient free
convection flow of nanofluids between two vertical parallel plates in the
presence of radiation. The Canadian Journal of Chemical Engineering. 95
(11), 2186-2198.

Narender, G., Govardhan, K. and Sarma, G. S. (2019). Mhd stagnation point casson
nanofluid flow over a radially stretching sheet. Beilstein Archives. 2019 (1),
137.

Nisa, Z. U., Shah, N. A., Tlili, 1., Ullah, S. and Nazar, M. (2019). Natural convection
flow of second grade fluid with thermal radiation and damped thermal flux
between vertical channels. Alexandria Engineering Journal. 58 (4), 1119-
1125.

224



Pandit, K., Sarma, D. and Singh, S. (2017). A study of chemically reactive species and
thermal radiation effects on an unsteady MHD free convection flow through a
porous medium past a flat plate with ramped wall temperature. International
Journal of Applied Mechanics and Engineering. 22 (4), 945-964.

Podlubny, 1. (1998). Fractional differential equations: an introduction to fractional
derivatives, fractional differential equations, to methods of their solution and
some of their applications California USA: Elsevier.

Qayyum, M., Khan, H., Rahim, M. T. and Ullah, I. (2015). Analysis of unsteady
axisymmetric squeezing fluid flow with slip and no-slip boundaries using
OHAM. Mathematical Problems in Engineering. 2015 (2), 1-12.

Qiang, X., Siddique, I., Sadiq, K. and Shah, N. A. (2020). Double diffusive MHD
convective flows of a viscous fluid under influence of the inclined magnetic
field, source/sink and chemical reaction. Alexandria Engineering Journal.

Rajagopal, K. R. (2007). On a hierarchy of approximate models for flows of
incompressible fluids through porous solids. Mathematical Models and
Methods in Applied Sciences. 17 (02), 215-252.

Rashad, A. M., Chamkha, A. J., Ismael, M. A. and Salah, T. (2018). MHD Natural
Convection in a Triangular Cavity filled with a Cu-Al203/Water Hybrid
Nanofluid with Localized Heating from Below and Internal Heat Generation.

Razzaq, A. and Raza, N. (2019). Heat and mass transfer analysis of Brinkman type
fractional nanofluid over a vertical porous plate with velocity slip and
Newtonian heating. Journal of Mathematics (ISSN 1016-2526). 51 (9), 45-609.

Reddy, S. S., Sheri, S. R. and Shamshuddin, M. (2016). Diffussion-thermo and
chemical reaction effects on an unsteady MHD free convection flow in a
micropolar fluid. Theoretical and Applied Mechanics. 43 (1), 117-131.

Riaz, M. B., Atangana, A. and Saeed, S. T. (2020). MHD-free convection flow over a
vertical plate with ramped wall temperature and chemical reaction in view of
nonsingular kernel. Fractional Order Analysis: Theory, Methods and
Applications. 253-282.

Saffman, P. (1962). On the stability of laminar flow of a dusty gas. Journal of fluid
mechanics. 13 (1), 120-128.

Sarwar, S., Aleem, M., Imran, M. A. and Akgiil, A. (2020). A comparative study on
non-Newtonian fractional-order Brinkman type fluid with two different

kernels. Numerical Methods for Partial Differential Equations.

225



Seth, G., Bhattacharyya, A. and Tripathi, R. (2017). Effect of Hall current on MHD
natural convection heat and mass transfer flow of rotating fluid past a vertical
plate with ramped wall temperature. Frontiers in Heat and Mass Transfer
(FHMT). 9 (1).

Seth, G., Hussain, S. and Sarkar, S. (2014). Effects of Hall current and rotation on
unsteady MHD natural convection flow with heat and mass transfer past an
impulsively moving vertical plate in the presence of radiation and chemical
reaction. Bulgarian Chemical Communications. 46 (4), 704-718.

Seth, G. and Sarkar, S. (2015). MHD natural convection heat and mass transfer flow
past a time dependent moving vertical plate with ramped temperature in a
rotating medium with Hall effects, radiation and chemical reaction. Journal of
Mechanics. 31 (1), 91.

Shafie, S., Gul, A. and Khan, I. (2016). Molybdenum disulfide nanoparticles
suspended in water-based nanofluids with mixed convection and flow inside a
channel filled with saturated porous medium. Proceedings of the 2016. 2016.
030042.

Shah, N. A., Mahsud, Y. and Zafar, A. A. (2017). Unsteady free convection flow of
viscous fluids with analytical results by employing time-fractional Caputo-
Fabrizio derivative (without singular kernel). The European Physical Journal
Plus. 132 (10), 1-18.

Shah, N. A., Seikh, A. H., Tlili, 1., Shah, K., Shabbir, R. M., Rahimi-Gorji, M. and
Alharthi, N. (2019). Natural convection of bio-nanofluid between two vertical
parallel plates with damped shear and thermal flux. Journal of Molecular
Liquids. 296 (12), 1-12.

Shah, N. A., Vieru, D. and Fetecau, C. (2016). Effects of the fractional order and
magnetic field on the blood flow in cylindrical domains. Journal of Magnetism
and Magnetic Materials. 409, 10-19.

Shah, Z., Sheikholeslami, M., Kumam, P. and Shafee, A. (2020). Modeling of entropy
optimization for hybrid nanofluid MHD flow through a porous annulus
involving variation of Bejan number. Scientific Reports. 10 (1), 1-14.

Shahsavar, A., Moradi, M. and Bahiraei, M. (2018). Heat transfer and entropy
generation optimization for flow of a non-Newtonian hybrid nanofluid
containing coated CNT/Fe304 nanoparticles in a concentric annulus. Journal

of the Taiwan Institute of Chemical Engineers. 84, 28-40.

226



Shao, Z., Shah, N. A., Tlili, 1., Afzal, U. and Khan, M. S. (2019). Hydromagnetic free
convection flow of viscous fluid between vertical parallel plates with damped
thermal and mass fluxes. Alexandria Engineering Journal. 58 (3), 989-1000.

Sharma, S., Singh, U. and Katiyar, V. K. (2015). Magnetic field effect on flow
parameters of blood along with magnetic particles in a cylindrical tube. Journal
of Magnetism and Magnetic Materials. 377, 395-401.

Sheikh, N. A., Ching, D. L. C., Khan, I., Kumar, D. and Nisar, K. S. (2020). A new
model of fractional Casson fluid based on generalized Fick’s and Fourier’s
laws together with heat and mass transfer. Alexandria Engineering Journal. 59
(5), 2865-2876.

Sheikholeslami, M. (2018). Numerical investigation for CuO-H20 nanofluid flow in
a porous channel with magnetic field using mesoscopic method. Journal of
molecular liquids. 249 (1), 739-746.

Sheikholeslami, M., Shamlooei, M. and Moradi, R. (2018). Numerical simulation for
heat transfer intensification of nanofluid in a porous curved enclosure
considering shape effect of Fe304 nanoparticles. Chemical Engineering and
Processing-Process Intensification. 124 (2), 71-82.

Siegel, R. and Howell, J. R. (1992). Thermal radiation heat transfer (3rd ed.) United
State of America: Taylor and Fransic.

Sinha, A. and Shit, G. C. (2015). Electromagnetohydrodynamic flow of blood and heat
transfer in a capillary with thermal radiation. Journal of Magnetism and
Magnetic Materials. 378, 143-151.

Smolentsev, S., Moreau, R., Buhler, L. and Mistrangelo, C. (2010). MHD thermofluid
issues of liquid-metal blankets: Phenomena and advances. Fusion Engineering
and Design. 85 (7-9), 1196-1205.

Song, D. Y. and Jiang, T. Q. (1998). Study on the constitutive equation with fractional
derivative for the viscoelastic fluids—modified Jeffreys model and its
application. Rheologica Acta. 37 (5), 512-517.

Sumathi, S., Rajesh, R. and Subburaj, P. (2019). Investigation of Dielectric Strength
of Transformer Oil Based on Hybrid TiO2/Al203/MoS2 Nanofluid Using
Taguchi and Response Surface Methodology. IETE Journal of Research. 1-9.

Tadmor, Z. and Klein, I. (1970). Engineering principles of plasticating extrusion: Van
Nostrand Reinhold Co.

227



Tashtoush, B. and Magableh, A. (2008). Magnetic field effect on heat transfer and
fluid flow characteristics of blood flow in multi-stenosis arteries. Heat and
Mass transfer. 44 (3), 297-304.

Timofeeva, E. V., Routbort, J. L. and Singh, D. (2009). Particle shape effects on
thermophysical properties of alumina nanofluids. Journal of Applied Physics.
106 (1), 014304.

Tiwari, R. K. and Das, M. K. (2007). Heat transfer augmentation in a two-sided lid-
driven differentially heated square cavity utilizing nanofluids. International
Journal of heat and Mass transfer. 50 (9), 2002-2018.

Tzirtzilakis, E. E. (2005). A mathematical model for blood flow in magnetic field.
Physics of fluids. 17 (7), 077103.

uddin, S., Mohamad, M., Kamardan, M., Mohamad, M. A. H., Sufahani, S. and
Rozaini, R. (2019). Electromagnetic control of fluid with magnetic particles in
the stenosed region. Proceedings of the 2019 IOP Conference Series: Materials
Science and Engineering, 012067.

uddin, S., Mohamad, M., Khalid, K., Abdulhammed, M., Rusiman, M. S., Che-Him,
N. and Roslan, R. (2018a). Blood flow problem in the presence of magnetic
particles through a circular cylinder using Caputo-Fabrizio fractional
derivative. Journal of Physics. 995, 1-9.

uUddin, S., Mohamad, M., Rahimi-Gorji, M., Roslan, R. and Alarifi, 1. M. (2020).
Fractional electro-magneto transport of blood modeled with magnetic particles
in cylindrical tube without singular kernel. Microsystem Technologies. 26 (2),
405-414.

uddin, S., Mohamad, M., Sufahani, S., Kamardan, M., Mehmood, O. U., Wahid, F.
and Roslan, R. (2018b). Application of Caputo-Fabrizio fractional order
derivative (NFDt) in simulating the MHD flow of the third grade non-
Newtonian fluid in the porous artery. International Journal of Engineering &
Technology. 7 (3.36), 527-532.

van der Holst, B. and Keppens, R. (2007). Hybrid block-AMR in cartesian and
curvilinear coordinates: MHD applications. Journal of computational physics.
226 (1), 925-946.

Vanita and Kumar, A. (2016). Effect of radial magnetic field on natural convection

flow in alternate conducting vertical concentric annuli with ramped

228



temperature. Engineering science and technology, an international journal. 19
(3), 1436-1451.

Voltairas, P. A., Fotiadis, D. I. and Michalis, L. K. (2002). Hydrodynamics of magnetic
drug targeting. Journal of Biomechanics. 35 (6), 813-821.

Waini, 1., Ishak, A. and Pop, I. (2019a). Flow and heat transfer along a permeable
stretching/shrinking curved surface in a hybrid nanofluid. Physica Scripta.

Waini, 1., Ishak, A. and Pop, I. (2019b). Hybrid nanofluid flow and heat transfer over
a nonlinear permeable stretching/shrinking surface. International Journal of
Numerical Methods for Heat & Fluid Flow.

Waini, 1., Ishak, A. and Pop, I. (2019c). Unsteady flow and heat transfer past a
stretching/shrinking sheet in a hybrid nanofluid. International Journal of Heat
and Mass Transfer. 136, 288-297.

Waini, 1., Ishak, A. and Pop, I. (2020a). MHD flow and heat transfer of a hybrid
nanofluid past a permeable stretching/shrinking wedge. Applied Mathematics
and Mechanics. 41 (3), 507-520.

Waini, 1., Ishak, A. and Pop, 1. (2020b). Transpiration effects on hybrid nanofluid flow
and heat transfer over a stretching/shrinking sheet with uniform shear flow.
Alexandria Engineering Journal. 59 (1), 91-99.

Wang, X.-Q. and Mujumdar, A. S. (2007). Heat transfer characteristics of nanofluids:
a review. International journal of thermal sciences. 46 (1), 1-19.

White, F. (1997). Fluid Mechanics (4th ed.) (Fourth ed.). New York: McGraw Hill
Higher Education. .

Yu, W. and Xie, H. (2012). A review on nanofluids: preparation, stability mechanisms,
and applications. Journal of nanomaterials. 2012, 1.

Zafar, A. A., Shah, N. A. and Khan, I. (2019). Two phase flow of blood through a
circular tube with magnetic properties. Journal of Magnetism and Magnetic
Materials. 477, 382-387.

Zakaria, M. N., Hussanan, A., Khan, I. and Shafie, S. (2013). The effects of radiation
on free convection flow with ramped wall temperature in Brinkman type fluid.
Jurnal Teknologi. 62 (3), 33-39.

Zeeshan, A., ljaz, N., Abbas, T. and Ellahi, R. (2018). The sustainable characteristic
of bio-bi-phase flow of peristaltic transport of MHD Jeffrey fluid in the human
body. Sustainability. 10 (8), 2671.

229



Zin, N. A. M., Khan, I. and Shafie, S. (2016). Thermal radiation in unsteady MHD free
convection flow of Jeffrey fluid with ramped wall temperature. Proceedings of
the 2016 AIP Conference Proceedings, 1-9.

230



LIST OF PUBLICATIONS

Publication in Impact Factor Journals

. Sagib, M., Khan, I., & Shafie, S. (2018). Natural convection channel flow of
CMC-based CNTs nanofluid. The European Physical Journal Plus, 133(12),
549. (IF=3.22, Q2)

. Saqib, M., Khan, I., & Shafie, S. (2019). Generalized magnetic blood flow in
a cylindrical tube with magnetite dusty particles. Journal of Magnetism and
Magnetic Materials, 484, 490-496. (IF=2.71, Q1)

. Sagib, M., Khan, I., & Shafie, S. (2019). Application of fractional differential
equations to heat transfer in hybrid nanofluid: modeling and solution via
integral transforms. Advances in Difference Equations, 2019(1), 1-18.
(IF=2.42, Q1)

. Sagib, M., Khan, I, & Shafie, S. (2019). Shape effect in
magnetohydrodynamic free convection flow of sodium alginate-ferrimagnetic
nanofluid. Journal of Thermal Science and Engineering Applications, 11(4).
(IF=1.54 Q2)

. Sagib, M., Shafie, S., Khan, 1., Chu, Y. M., & Nisar, K. S. (2020). Symmetric
MHD channel flow of nonlocal fractional model of BTF containing hybrid
nanoparticles. Symmetry, 12(4), 663. (IF=2.64, Q2)

. Sagib, M., Kasim, A. R. M., Mohammad, N. F., Ching, D. L. C., & Shafie, S.
(2020). Application of fractional derivative without singular and local kernel
to enhanced heat transfer in CNTs nanofluid over an inclined
plate. Symmetry, 12(5), 768. (IF=2.64, Q2)

Sagib, M., Khan, I., Shafie, S., Mohamad, A. Q., & Sherif, E. S. M. (2021).
Analysis of Magnetic Resistive Flow of Generalized Brinkman Type
Nanofluid Containing Carbon Nanotubes with Ramped Heating. Computers,
Materials & Continua, 67(1), 1069-1084. (IF=4.89, Q1)

242



8.

Sagib, M., Khan, I., Shafie, S., & Mohamad, A. Q. (2021). Shape effect on
MHD flow of time fractional Ferro-Brinkman type nanofluid with ramped

heating. Scientific Reports. Accepted. (IF=3.99, Q1)

Publication in Conferences

9.

10.

Saqib, M., Khan, I., & Shafie, S. (2019,). Mixed convection flow of Magnetic
Hybrid Nanofluid in two verticle parallel plates: A Caputo-Fabrizio Fractional
Model. In 3rd Asia International Multidisciplinary Conference 2019.

Sagib, M , Shafie, S., Khan, 1., & Qushairi, A. (2021).Impact of Fractional
Derivative on Convection flow of Brinkman type CNTs nanofluid with
Ramped Wall temperature. InJournal of Physics: Conference
Series (Submitted). IOP Publishing.

Book Chapters

11.

12.

13.

Saqgib, M., Shafie, S., & Khan, I. (2019). Fractional Model of a Hybrid
Nanofluid. Methods of Mathematical Modelling: Fractional Differential
Equations, 131.

Saqib, M., Shafie, S., & Khan, I. (2020). Generalized Brinkman Type Dusty
Fluid Model for Blood Flow. In Advanced Applications of Fractional
Differential Operators to Science and Technology (pp. 154-170). IGI Global.
Saqib, M., Shafie, S., & Khan, I. (2020). Applications of Fractional
Derivatives to Heat Transfer in Channel Flow of Nanofluids. Special Functions

and Analysis of Differential Equations. Chapman and Hall/CRC

243



	First Pages
	Muhammad Saqib Thesis R4 29-07-2021
	DEDICATION
	ACKNOWLEDGEMENT
	ABSTRACT
	ABSTRAK
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF ABBREVIATIONS
	LIST OF SYMBOLS
	LIST OF APPENDICES
	CHAPTER 1    INTRODUCTION
	1.1 Introductions
	1.2 Research Background
	1.3 Problem Statement
	1.4 Research Objectives
	1.5 Scope of the Study
	1.6 Significance of the Study
	1.7 Thesis Organization

	CHAPTER 2    LITERATURE REVIEW
	2.1 Introduction
	2.2 Convection Heat Transfer Flows
	2.2.1 Convection Heat Transfer Flows Based on Brinkman Type Fluid
	2.2.2 Convection Heat Transfer Flows of Nanofluids and hybrid Nanofluids

	2.3 Heat Transfer Flows with Ramped Wall Temperature
	2.4 Heat Transfer Flows in a Channel
	2.5 MHD Blood Flow in a Cylinder

	CHAPTER 3    CONVECTION MHD FLOW OF WATER-BASED CNT’S BRINKMAN TYPE NANOFLUID WITH RAMPED HEATING
	3.1 Introduction
	3.2 Mathematical Modelling
	3.2.1 Continuity Equation
	3.2.2 Momentum Equation of Brinkman Type Fluid
	3.2.3 Energy Equation

	3.3 Dimensionless Variables
	3.4 Transformation of Classical Model to Time Fractional Form
	3.5 Solution of the Problem
	3.5.1  Solution for Temperature Field in Case of Ramped Heating
	3.5.2 Solution for Temperature Field in Case of Isothermal Heating
	3.5.3 Solution for Velocity Field in Case of Ramped Heating
	3.5.4 Solution for Velocity Field in Case of Isothermal Heating

	3.6 Limiting Cases and Validation of Solutions
	3.6.1 Limiting Solutions for Temperature Field in Case of Ramped Heating
	3.6.2 Limiting Solutions for Temperature Field in Case of Isothermal Heating
	3.6.3 Limiting Solutions for Velocity Field in Case of Ramped Heating
	3.6.4 Limiting Solutions for Velocity Field in Case of Isothermal Heating

	3.7 Results and Discussion
	3.8 Conclusion

	CHAPTER 4    RADIATIVE CONVECTION MHD FLOW OF NANOFLUID WITH HEAT GENERATION AND NANOPARTICLES SHAPE EFFECT
	4.1 Introduction
	4.2 Mathematical Formulation of the Problem
	4.3 Dimensionless Variables and Development of Fractional Model
	4.4 Solution of the Problem
	4.4.1 Solutions for Temperature Filed with Ramped Heating
	4.4.2 Solutions for Temperature Filed with Isothermal Heating
	4.4.3 Solutions for Velocity Field with Ramped Heating
	4.4.4 Solutions for Velocity Field with Isothermal Heating

	4.5 Limiting Cases and Validation of Solutions
	4.5.1 Limiting Solution for Temperature Filed with Ramped Heating
	4.5.2 Limiting Solution for Temperature Field with Isothermal Heating
	4.5.3 Limiting Solution for Velocity Field with Ramped Heating
	4.5.4 Limiting Solution for Velocity Field with Isothermal Heating

	4.6 Results and Discussion
	4.7 Conclusion

	CHAPTER 5    NATURAL CONVECTION CHANNEL FLOW OF HYBRID NANOFLUID IN THE PRESENCE OF HEAT GENERATION
	5.1 Introduction
	5.2 Mathematical Formulation of the Problem
	5.3 Dimensionless Variables and Development of Fractional Model
	5.4 Solution of the Problem
	5.4.1 Solutions for Temperature Field
	5.4.2 Solution for Velocity Field

	5.5 Limiting Solutions and Validation
	5.5.1 Limiting Solution for Temperature Field
	5.5.2 Limiting Solution for Velocity Field

	5.6 Results and Discussion
	5.7 Concluding Remarks

	CHAPTER 6    NATURAL CONVECTION MHD CHANNEL FLOW OF HYBRID NANOFLUID IN THE PRESENCE OF HEAT GENERATION
	6.1 Introduction
	6.2 Mathematical Formulation of the Problem
	6.3 Dimensionless Variables and Development of Fractional Model
	6.4 Solution of the Problem
	6.4.1 Solutions for Temperature Field
	6.4.2 Solution for Velocity Field

	6.5 Limiting Solutions and Validation
	6.5.1 Limiting Solution for Temperature Field
	6.5.2 Limiting Solutions for Velocity Field

	6.6 Results and Discussion
	6.7 Conclusion

	CHAPTER 7    MHD FLOW OF FRACTIONAL BRINKMAN TYPE BLOOD WITH MAGNETIC PARTICLES IN A CYLINDRICAL TUBE
	7.1 Introduction
	7.2 Mathematical Formulation of the Problem
	7.2.1 Continuity Equation in Cylindrical Coordinates
	7.2.2 Case II: For Ordinary Newtonian Viscous Fluid
	7.2.3 Momentum Equation of Brinkman Type Fluid

	7.3 Dimensionless Variables and Development of Fractional Model
	7.4 Solutions of the problem
	7.5 Limiting Solutions and Validation
	7.5.1 Case I: For Classical Brinkman Type Fluid

	7.6 Results and discussion
	7.7 Concluding Remarks

	CHAPTER 8    CONCLUSION
	8.1 Introduction
	8.2 Summary
	8.3 Conclusion
	8.4 Suggestions for Future Research.

	REFERENCES
	LIST OF PUBLICATIONS




