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ABSTRACT 

Dual integral equations arise when integral transforms are used to solve mixed 

boundary value problems of mathematical physics and mechanics. A formal technique 

for solving such equations have been developed. In specific mixed boundary value 

problems, Fourier transforms are applied, and subsequently, dual integral equations 

involving Bessel and trigonometric functions have been obtained. The present work 

aims to consider solvability and solution of systems of dual integral equations 

involving Fourier transform occurring in mixed boundary value problems for the 

Laplace’s equation with mixed Dirichlet-Neumann boundary conditions. The use of 

Abel’s integral transform was employed. Furthermore, Mathematica software has been 

used to obtain graphical solutions to the problems. 
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ABSTRAK 

Persamaan kamiran dual timbul apabila jelmaan kamiran digunakan untuk 

menyelesaikan masalah nilai sempadan campuran fizik matematik dan mekanik. 

Teknik formal untuk menyelesaikan persamaan tersebut telah dikembangkan. Dalam 

masalah nilai sempadan campuran tertentu, jelmaan Fourier digunakan, dan 

seterusnya, persamaan kamiran dual yang melibatkan fungsi Bessel dan trigonometri 

telah diperolehi. Kajian ini bertujuan untuk mempertimbangkan penyelesaian sistem 

persamaan kamiran dual yang melibatkan transformasi Fourier terhadap masalah nilai 

sempadan campuran untuk persamaan Laplace dengan syarat sempadan Dirichlet-

Neumann. Penggunaan transformasi integral Abel digunakan. Selanjutnya, perisian 

Mathematica telah digunakan untuk mendapatkan penyelesaian grafik terhadap 

masalah tersebut. 
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CHAPTER 1  

 

 

INTRODUCTION 

1.1 Problem Background 

The mixed boundary value problems (MBVP) are practical situations in most 

of the potential theory and other mathematical physics problems. The boundary value 

problem (BVP) for the partial differential equation (PDE) is defined by the mixed 

boundary conditions on disjoint parts of the boundary of the domain. However, two 

types of boundary conditions commonly used in solving mixed boundary value 

problems are Dirichlet and Neumann conditions. The value of the functions is 

specified by the Dirichlet condition and the Neumann problem is to find a defined, 

continuous, and differentiable function u over a closed domain D with boundary 

conditions C that might be represented in an enclosed border. A combination of the 

function and its derivatives specified at boundary C for the Laplace equation may also 

be determined by a mixed boundary value problem. 

∇2𝑢 = 0 on 𝐷 

𝑢 = (𝑎𝑓 + 𝑏
𝑑𝑓

𝑑𝑟
) on 𝐶 

where f is some prescribed function, 
𝑑𝑓

𝑑𝑟
 is its derivative, a and b are constants, and ∇ 

is the Laplacian operator. In a wide range of applications, mixed boundary value 

problems of the potential theory are essential. They can usually be solved best by 

reducing them to a Riemann Hilbert problem, but there are certain arbitrary constants 

needed to be interpreted. 

 

The kind of boundary value problems in which the two boundary conditions 

can be seen at the disjoint part of the boundary is known as the mixed boundary value 

problem. They can be found in virtually every branch of engineering and are among 

the hardest to solve. But with the advancement of mathematical software, integral 
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equations have become popular for solving large-scale problems. The first problems 

of the electrified circular disc and the spherical cap were overcome in the 19th century. 

The method used can be classified as a Green function method, with the main 

disadvantage of building up instead of deriving the Green function concerned. The 

success of the procedure relied primarily on the ingenuity and creativity of the 

researcher. This way, not many problems can be resolved. In the first half of the 

twentieth century, many integral transform methods were developed. Some of the first 

findings have been identified  (J. C. Cooke, 1966). Two main methods for the solution 

of mixed boundary value problems can be found in contemporary literature (Uflyand, 

1977).  

The problem of axisymmetric needs to be solved using the integral transform 

method leading to the dual series and dual integral equations. However, if a non-

axisymmetric problem required to be solved, each harmonic result must separately be 

obtained, typically through an extreme lumpy procedure that is becoming more 

ambiguous because the number of harmonics grows. The new general method 

systemically introduced by Fabrikant (1989) allowed a non-axisymmetric problem to 

be solved in a precise and closed manner, for the first time. The new approach also 

enables non-classical domains to be studied. A wide range of forms have been studied 

by Fabrikant (1989), and the accuracy of analytical solutions is remarkably high. 

The conditions we enforce on the domain boundary are called boundary 

conditions. The most common boundary condition is to define the function value on 

the boundary; this kind of condition is known as a Dirichlet boundary condition. For 

instance, if we specify the Dirichlet boundary conditions for the interval domain [𝑎, 𝑏], 

then we must provide the unknown at the endpoints with a and b; this problem is then 

called a Dirichlet BVP as shown in Figure 1.1. We have to specify the boundary values 

along the whole boundary curve in two dimensions and the boundary values on the 

whole boundary surfaces in three dimensions. 
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Figure 1.1 Dirichlet problem 

 

The second type of boundary condition is to determine the derivative of the 

unknown function on the boundary; this type of problem is called the Neumann 

boundary condition. For instance, if we specify 𝑢′(𝑎) = 𝛼 at the left end of the interval 

domain [𝑎, 𝑏], then we enforce a Neumann boundary condition. If we define only 

Neumann boundary conditions, then the problem reduces to a pure Neumann BVP as 

illustrated in Figure 1.2. 

 

Figure 1.2 Neumann Problem 

 

The Robin boundary condition is the third type of boundary condition known 

as the boundary condition of the mixed-type, it is a linear combination of the function 
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value and its derivatives at the boundary. For example, we might specify the Robin 

condition for any unknown 𝑢(𝑥) on [𝑎, 𝑏] as 𝑢(𝑎) − 2𝑢′(𝑎) = 0 See Figure 1.3. 

 

Figure 1.3 Robin Problem 

 

The Zaremba problem is another form of boundary value problem in which the 

Dirichlet condition is on one side of the boundary and the Neumann condition on the 

other half of the boundary. The problems of Zaremba are complex and their exact 

solutions cannot be obtained easily. See Figure 1.4. 

                                               

Figure 1.4 Zaremba Problem 

 

Continuum mathematical models also drive the equation of the Laplace. 

Laplace’s equation occurs in the study of equilibrium processes, including 
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electrostatics, fluid dynamics, thermal conductivity, and diffusion, in a wide variety of 

physical contexts. The desired (potential) function does not only implement Laplace’s 

equation but also shows some peculiar behaviour in most mathematical problems on 

the boundary domain (Aghili and Parsania, 2006). Mixed boundary value problems 

occur and are amongst the most difficult to overcome in many engineering branches 

(Fabrikant, 1991). However, the potential theory is one of the fields that could 

represent this theory.  

Dual integral equations arise during the development of Integral transform to 

solve mathematical physics and mechanics problems with mixed boundary value 

problems (J. C. Cooke, 1966). A formal technique was developed for the solution of 

such equations. This present work aims to determine the solution of the Laplace’s 

equation using Fourier transforms and dual integral equations method occurring in 

mixed boundary value problem Duffy (2008), Duffy (2004). 

1.2 Problem Statement 

In his book, Duffy (2008) presented only brief solutions of how the dual 

integral equations method can be applied to obtain the solutions of some mixed 

boundary value problems and used Matlab to display the results graphically. In this 

study, we have shown in detail how to apply the dual integral equations method to 

solve some mixed boundary value problems and used Mathematica to display the 

results of the analytical solutions for those not familiar with Matlab. 

1.3 Research Objectives 

The objectives of this research are as follows: 

i. To solve in detail selected mixed boundary value problems using 

separation of variables, Fourier transforms, and dual integral equations 

method. 

ii. To write computer codes for the Mathematica software to plot the 

solutions of the mixed boundary value problems. 
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1.4 Scope of the Study 

There are several methods to solve mixed boundary value problems which 

include conformal mapping, separation of variables, Wiener-Hopf and Mellin 

transform methods, and dual integral equations method to solve mixed boundary value 

problems. This dissertation focuses on the detailed applications of the Fourier 

transforms and dual Integral equations method to solve some mixed boundary value 

problems. There are several Mathematical software available such as Matlab, 

Mathematica, Maple, Sage, and Python. This study focuses on the use of Mathematica 

software for plotting graphs.  

1.5 Outline of the Dissertation 

This dissertation is formed into five chapters; the introductory Chapter 1 

provides a brief explanation of Laplace's equation and boundary value problems, some 

discussions on background research, the statement of the problem arising from this 

research, research objectives, and then review the scope of the study. The methods and 

applications for solving mixed boundary value problems are outlined in Chapter 2. 

Chapter 3 covers some auxiliary materials and the approach to dual integral equations. 

Chapter 4 shows how to apply Fourier and dual integral equations method to solve 

mixed boundary value problems. Finally, Chapter 5 provides conclusions and 

suggestions for further studies. 
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