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A B S T R A C T   

The investigation on flow of nanofluid are well known amongst researchers due to its utilization 
in the industrial and engineering sector. It is useful for cooling purposes in the electronic devices, 
which has shown good results in energy saving. Thus, this study focusses on the analysis of ra-
diation effects on mixed convection of Walters’-B nanofluid flow through a circular cylinder in the 
constant heat flux (CHF) and convective boundary conditions (CBC) horizontally. The sodium 
carboxymethyl cellulose (CMC-water) nanofluid is considered as conventional fluid containing 
copper nanoparticles. The numerical method of Keller-box is conducted to simplify the partial 
differential equations. Graphical profiles are plotted and discussed to examine the impacts of 
various physicals terms on velocity, skin friction, temperature and thermal transfer. The results 
discover the fluid velocity and temperature boost for increasing radiation and Biot number caused 
by the raise of energy supply in the fluid flow. The velocity profile decreases when nanoparticles 
volume fraction increases as the increment of fluid concentration slowing down the fluid flow. 
The convective heat transfers and skin friction increases as mixed convection parameter rises by 
varying the thermal boundary region. Furthermore, the temperature and velocity in CHF con-
dition are comparatively higher than CBC condition.  

Nomenclature 

a Radius 
Cp Specific heat of the fluid (Jkg− 1k− 1

)

Cf Skin friction coefficient 
hf Convective heat transfer 
K Viscoelastic parameter 
k Thermal conductivity of fluid 
k* Coefficient of mean absorption 
kf Heat conduction of base fluid 
k0 Viscoelasticity (kg /ms2)
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knf Heat conduction of nanofluid 
NR Thermal radiation 
Pr Prandtl number 
qw Wall heat flux 
qr Radiative heat flux 
Re Reynolds number 
Tf Wall temperature (K)
T∞ Ambient temperature (K)
T Fluid temperature (K)
U∞ Velocity at free stream (m /s)
u Velocity (x direction) (m /s)
u Dimensionless velocity (x direction) (m /s)
v Velocity (y direction) 
v Dimensionless velocity (y direction) 
x Coordinate of cylinder surface from lower stagnation point 
y Coordinate normal to the cylinder surface 
(x,y) Cartesian coordinate 

Greek symbol 
βnf Volumetric coefficient of thermal expansion of nanofluid 
γ1 Biot number 
λ Mixed convection parameter 
ψ Stream function 
μnf Dynamic viscosity of nanofluid 
ρs Solid fraction density of solid fraction 
ρ Fluid density (kg /m− 3)

ρf Base fluid density 
ρnf Nanofluid density 
φ Nanoparticles volume fraction 
σ* Stefan-Boltzman constant 
τw Wall skin friction 
θ Dimensionless temperature parameter 
θw Heat transfer coefficient  

1. Introduction 

The demand on high-energy devices have been grown expeditiously over a decade ago for a developing country. The thermal 
industrial devices which required high heat transfer capability are manufacturing, refrigerators, automotive, air-conditioning, aircraft 
and others high-energy devices. However, the traditional heat transfer approach cannot easily meet the high demands of these in-
dustrial devices [1]. Therefore, extensive studies have been carried out by research community to discover the best techniques to 
overcome these problems. After several attempts, many factors were identified which limit the traditional heat transfer approaches. 
One of the major factors limitations is low thermal conductivity in conventional fluids [2]. Common examples of conventional heat 
transfer fluid are ethylene glycol, oil and water. Therefore, the researchers suggested to improves the fluids thermal conductivity by 
dispersing nanoparticles into fluids to form suspension [3]. The suspension of nanometer-sized particles known as ‘nanofluid’ was 
proposed by Choi and Eastman [4]. The nanoparticles are made up of metal, oxide, carbide or carbon nanotube, which can flow 
smoothly through the micro channels [5]. Eventually, the utilization of nanofluid in high performance devices has received attention 
from many scientists due to its significance [6-7]. In this study, the non-Newtonian base fluid known as carboxymethyl cellulose-water 
(CMC-Water) is chosen. It exhibits higher ability to boost the convective heat transfer, thermal conductivity, diffusivity and viscosity 
compared to other base fluids [8-9]. 

The behavior of fluid is influenced by important mechanism known as convective heat transfer. The transfer of thermal energy 
amongst surface and fluid flow at different temperature is represented as convection. It is categorized in three different modes, free, 
force and mixed convection [10-11]. The fluid motion generated by free and forced convection is referred as mixed convection flow. It 
has been implemented in various industrial usages involving cooling of electronic devices by fan, a heat exchanger at the low velocity 
environment and solar collectors [12]. The research of convective heat transfer in fluid flow depends on boundary condition. 
Generally, two types of thermal boundary conditions are applied, convective boundary conditions (CBC) and constant heat flux (CHF). 
It is discovered that CBC arises when heat transfer at surface is proportional to temperature of local surface [13-14]. The studies on CBC 
and CHF have been discovered with various types of fluids, geometries, and impacts. Ramesh et al. [15] analyzed the flow on boundary 
layer across a stationary or moving inclined surfaces with CBC via shooting approach. The influences of CBC on mixed convection of 
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Casson fluid flow past a stretched surface with hall impact was examined by Ashraf et al. [16]. For the geometrical model of horizontal 
circular cylinder with CHF condition, Ahmad et al. [17] discovered convective flow and thermal transfer of viscoelastic fluid in the 
influences of radiation. Meanwhile, Zokri et al. [18] explored the convective flow of Jeffrey fluid with joule dissipation effect 
numerically. 

The study of non-Newtonian fluids is prominent research amongst scientists due to its multiple usages in engineering, for example, 
fiber technology, geothermal energy extraction, coating of wires, biological fluids and oil reservoirs [19-20]. Viscoelastic Walters’-B 
fluid is a non-Newtonian fluid which describes both elastic and viscous properties. The pioneer work on Walters’-B was suggested by 
Rivlin [21] which explored the relation of stress deformation on isotropic materials. Later, Min et al. [22] extended Rivlin [21] works 
by studying limitations of Walters’-B fluid related to small deformation imposed on a large stretch. Co and Bird [23] pointed out that 
Walters’-B fluid does not move further and rapid from its initial configuration. Several researchers have conducted the studies on 
boundary layer flow of Walters’-B fluid using different geometrical models [24–33]. For circular cylinder geometry, the pioneer 
investigation on the flow of elastic-viscous Waters’-B fluid was reported by Harnoy [34]. Later, Nazar et al. [35] discovered the impacts 
of CHF on mixed convection viscous flow in a circular cylinder. Anwar et al. [36] extended Nazar et al. [35] works for both heated and 
cooled cases. Kasim et al. [37] continued Anwar’s work [36] with presence of the constant heat flux condition. Later, Kasim et al. [38] 
extended their previous work by examining the impacts of heat source on the flow across circular cylinder. 

The fluid flow with thermal radiation has gained the attentions of engineers because of its importance in engineering applications, 
including control heat transfer in the polymer process and nuclear reactor. The impacts of radiation in Casson fluid across a porous 
stretching sheet using Rosseland approximation was analyzed by Pramanik [39]. It is shown that convective heat transfer and tem-
perature boosts for increasing radiation. Farooq et al. [40] investigated MHD viscoelastic nanofluid flow at a stagnation point with 
effect of radiation via homotopy analytical mehod (HAM). Kumar et al. [41] examined the influences of radiation on double-diffusive 
flows of viscoelastic nanofluid through a stretched surface by implementing Runge-Kutta Fehlberg and shooting techniques. Khan et al. 
[42] explored the chemical reaction and radiation impacts on Sisko fluid across a stretched permeable plate using HAM. Ibrahim et al. 
[43] discovered the influence of chemical reaction and radiation on non-Newtonian fluids with heat source, Soret and Dufour and slip 

Fig. 1. The geometrical model of fluid across a circular cylinder in (a) three and (b) two dimension.  
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effects. The Casson and Williamson fluid flow is induced by a stretched plate with non-uniform thickness. Furthermore, Hussain et al. 
[44] analyzed the viscosity and thermal radiation on unsteady viscoelastic fluid over an infinite surface. 

A literature survey discussed above reveals that limited study has been accounted on the flow of Walters’-B fluid through circular 
cylinder. Moreover, no work is conducted to examine the impacts of thermal radiation on viscoelastic Waters’-B nanofluid. Motivated 
by limitation of the studies, the present study explores the mixed convection flow and thermal transfer of Walters’-B nanofluid across a 
circular cylinder with thermal radiation impact. The convective and constant heat flux are considered as boundary conditions. The 
graphical and numerical solutions are obtained via MATLAB software. The influences of related dimensionless terms on fluid velocity, 
skin friction, temperature and thermal transfer rate are explored. 

The present work is applicable to be implemented as the model for ultra-high cooling system. Nanofluid is very suitable as a coolant 
because of its properties, which are higher in thermal diffusivity and thermal conductivity compared to classic fluid. Cooling system in 
engine devices in one of the applications where nanofluid is used and plays an important role as a heat waste absorber in order to bring 
the engine temperature back to normal [45]. 

2. Mathematical formulation 

Consider the flow of viscoelastic Walters’-B nanofluid through a circular cylinder. The definition of gravitational acceleration is 
gx = g sin(x /a). The velocity outer the region of boundary surface is ue(x) = U∞ sin(x /a) with constant velocity (1 /2)U∞ at free 
stream, which flow upward over the cylinder [11]. A three-dimensional model of viscoelastic Walter’s-B nanofluid flow over a circular 
cylinder is displayed in Fig. 1(a). The cross-section view of Fig. 1(a) in two-dimension is presented in Fig. 1(b). 

The governing equations of Walters’-B nanofluid are written as [49]. 

∂u
∂x

+
∂v
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

= ue
∂ue

∂x
+

μnf

ρnf

∂2u
∂y2 −

ko

ρnf

[
∂
∂x

(

u
∂2u
∂y2

)

+ v
∂3u
∂y3 −

∂u
∂y

∂2u
∂x∂y

]

+ gβnf (T − T∞)sin
(x

a

)
, (2)  

u
∂T
∂x

+ v
∂T
∂y

=
k

ρCp

∂2T
∂y2 +

1
ρCp

∂qr

∂y
(3)  

with boundary conditions (BCs) 

u = 0, v = 0, − knf
∂T
∂y

= hf
(
Tf − T

)
; at y = 0, x ≥ 0,

u = ue(x),
∂u
∂y

= 0, T = T∞; at y → ∞, x ≥ 0,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(4)  

and 

u = 0, v = 0, T = −
qw

knf
; at y = 0, x ≥ 0,

u = ue(x),
∂u
∂y

= 0, T = T∞; at y → ∞, x ≥ 0,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(5) 

Note that the symbol ’-’ on the parameter refer to the dimensional parameter. Table 1 portrays the thermophysical properties of 
nanoparticle and base fluid [50]. 

The radiative heat transfer, qr based on Rosseland approximation are expressed by [51]. 

qr = −
4σ*

3k*

[
∂T4

∂x
,
∂T4

∂y

]

, (6) 

The small difference of temperature in the fluid is indicated as T4. The variable T4 is expanded as linear function via Taylor’s series 
for T∞ and written as 

T4 = T4
∞ + 4T3

∞(T − T∞)+ 6T2
∞ + … (7) 

Hence, the higher order terms are ignored yields 

Table 1 
Thermophysical properties of nanoparticle and base fluid.  

Physical Properties Cp(J  kg− 1K− 1) ρ(kg  m− 3) k(Wm− 1K− 1) β× 105(K− 1)

Nanoparticle (Cu) 385 8933 401 1.67 
Base fluid (CMC-water) 4179 997.1 0.613 21  
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T4 ≅ 4T3
∞T − 3T4

∞. (8) 

Then, substitute equations (6) and (8) into energy equation (3) obtain 

u
∂T
∂x

+ v
∂T
∂y

=
k

ρCp

(

1+
16σ*T3

∞

3k*k

)
∂2T
∂y2 , (9) 

The similarity transformation is introduced to reduce the complexity of the governing coupled equations (1) to (3). Referring from 
Kanafiah et al. [52], Zokri et al. [53] and Selvakumar and Dhinakaran [54], the similarity variables are implemented to convert the 
partial differential equation into the ordinary differential equation. The similarity variables are 

x = x/a,y = Re1/2(y/a), u = u/U∞, v = Re1/2(v/U∞), ue(x) = ue(x)/U∞,

θ = (T − T∞)
/(

Tf − T∞
)
, θ = (T − T∞)Re1/2/( aqw

/
knf

)
,

(10) 

Substituting dimensionless variables (10) into equations (1), (2) and (9) gives the subsequent forms 

∂u
∂x

+
∂v
∂y

= 0 (11)  

[

(1 − φ)+φ
ρs

ρf

][

u
∂u
∂x

+ v
∂u
∂y

]

=

[

(1 − φ)+φ
ρs

ρf

]

sin x cos x+
1

(1 + φ)2.5
∂2u
∂y2

− K
[

∂
∂x

(

u
∂2u
∂y2

)

+ v
∂3u
∂y3 −

∂u
∂y

∂2u
∂x∂y

]

+

[

(1 − φ)+φ
(ρβ)s

(ρβ)f

]

λθ sin(x),
(12)  

[

(1 − φ)+φ
(
ρCp

)

s(
ρCp

)

f

][

u
∂θ
∂x

+ v
∂θ
∂y

]

=

(
ks + 2kf

)
− 2φ

(
kf − ks

)

(
ks + 2kf

)
+ φ

(
kf − ks

)
1
Pr

(

1+
4NR

3

)
∂2θ
∂y2 , (13)  

with dimensionless BCs 

u = 0, v = 0,
∂θ
∂y

= − γ1(1 − θ);  at y = 0, x ≥ 0,

u = ue(x),
∂u
∂y

= 0, θ = 0; as y → ∞, x ≥ 0,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(14)  

and 

u = 0, v = 0,
∂θ
∂y

= − 1, at y = 0, x ≥ 0,

u = ue(x),
∂u
∂y

= 0, θ = 0, as y → ∞, x ≥ 0,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(15)  

where Prandtl number, Pr = μf Cp/kf and viscoelastic parameter, K = koU∞/μf a. 

3. Mathematical solution 

The governing equations (11) to (13) with corresponded BCs (14) and (15) are solved by considering the following variables 

ψ = xF(x, y), θ= θ(x, y), (16)  

with the stream function ψ 

u=
∂ψ
∂y

, v = −
∂ψ
∂x

. (17) 

Substitute equations (16) and (17) into equations (11) to (13) yields 
[

(1 − φ)+φ
ρs

ρf

][(
∂F
∂y

)2

+ x
∂F
∂y

(
∂2F
∂x∂y

)

− x
∂F
∂x

∂2F
∂y2 − F

∂2F
∂y2

]

=

[

(1 − φ)+φ
ρs

ρf

]
sin x cos x

x
+

1
(1 + φ)2.5

∂3F
∂y3 +

[

(1 − φ)+φ
(ρβ)s

(ρβ)f

]

λθ
sin x

x

+K

⎡

⎢
⎢
⎢
⎢
⎣

2
∂F
∂y

∂3F
∂y3 − F

∂4F
∂y4 −

(
∂2F
∂y2

)2

+ x

⎛

⎜
⎜
⎜
⎜
⎝

∂2F
∂x∂y

∂3F
∂y3 −

∂F
∂x

∂4F
∂y4

+
∂F
∂y

∂4F
∂x∂y3 −

∂2F
∂y2

∂3F
∂x∂y2

⎞

⎟
⎟
⎟
⎟
⎠

⎤

⎥
⎥
⎥
⎥
⎦
,

(18) 
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(
ks + 2kf

)
− 2φ

(
kf − ks

)

(
ks + 2kf

)
+ φ

(
kf − ks

)

(

1+
4NR

3

)
1
Pr

∂2θ
∂y2 +

[

(1 − φ)+φ
(
ρCp

)

s(
ρCp

)

f

]

F
∂θ
∂y

= x

[

(1 − φ)+φ
(
ρCp

)

s(
ρCp

)

f

](
∂F
∂y

∂θ
∂x

−
∂F
∂x

∂θ
∂y

)

,

(19)  

with corresponding boundary conditions CBC and CHF, which are, 

F = 0,
∂F
∂y

= 0,
∂θ
∂y

= − γ1(1 − θ); at y = 0, x ≥ 0,

∂F
∂y

=
sin x

x
,

∂2F
∂y2 = 0, θ = 0; as y → ∞, x ≥ 0,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(20)  

and 

F = 0,
∂F
∂y

= 0,
∂θ
∂y

= − 1; at y = 0, x ≥ 0,

∂F
∂y

=
sin x

x
,

∂2F
∂y2 = 0, θ = 0; as y → ∞, x ≥ 0,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(21) 

Then, equations (18) and (19) are reduced into subsequent form at lower stagnation point of the cylinder (x≈ 0o) as follows 

1
(1 + φ)2.5f ′′′

−

[

(1 − φ)+φ
ρs

ρf

]
[
f ′ 2

− ff ′′
]
+K

(
2f ′ f ′′′

− ff iv − f ′ 2)
+

[

(1 − φ)+φ
(ρβ)s

(ρβ)f

]

λθ= 0, (22)  

(
ks + 2kf

)
− 2φ

(
kf − ks

)

(
ks + 2kf

)
+ φ

(
kf − ks

)

(

1+
4NR

3

)
1
Pr

θ′′ +

[

(1 − φ)+φ
(
ρCp

)

s(
ρCp

)

f

]

f θ
′

= 0 (23)  

with dimensionless BCs 

f (0) = 0, f
′

(0) = 0, θ
′

(0) = − γ1(1 − θ(0)),
f ′

(∞) = 1, f ′′(∞) = 0, θ(∞) = 0.

}

(24)  

and 

f (0) = 0, f ′

(0) = 0, θ
′

(0) = − 1,
f ′

(∞) = 1, f ′′(∞) = 0, θ(∞) = 0,

}

(25) 

The physical quantities of fluid flow are skin friction Cf and heat transfer θw(x). The terms of Cf and θw(x) are denoted by 

Cf =Re1/2 τw

ρU2
∞
, θw(x)=Re− 1/2 aqw

k(Tw − T∞)
. (26)  

with the skin friction τw and heat transfer qw at wall are [55]. 

τw = μnf

(
∂u
∂y

)

y=0
+ ko

(

u
∂2u
∂x∂y

+ v
∂2u
∂2y

+ 2
(

∂u
∂x

∂u
∂y

))

y=0
, qw = − knf

(
∂T
∂y

)

y=0
(27) 

Using dimensionless variables (10), the non-dimensional form of Cf and θw(x) for CBC and CHF are 

Cf (x) =
1

(1 − φ)2.5 x
(

∂2F
∂y2

)

y=0
, θw(x) = −

knf

kf

(
∂θ
∂y

)

,

Cf (x) =
1

(1 − φ)2.5 x
(

∂2F
∂y2

)

y=0
, θ(x) =

knf

kf
θw(x).

(28)  

4. Results and discussion 

The governing equations (18) - (19) and (22) - (23) in corresponded BCs (20)–(21) and (24)–(25) are executed via Keller-box 
techniques numerically. This method has been implemented by many researchers, such as Aurangzaib et al. [56] and Rosali et al. 
[57] because it is an unconditionally stable and succeed in obtaining the accurate results. It is also recommended to be used in solving 
the nonlinear parabolic problems. The details of this method are stated in the Cebeci and Bradshaw [58] book. The four steps involved 
to obtain the numerical results are as follows:  

(i) The ordinary differential equations are reduced to a system of first order equations. 
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(ii) The first order system is discretized to obtain the equations in the finite difference form by using central difference scheme.  
(iii) The nonlinear equations are linearized using Newton’s method and then written in matrix-vector form.  
(iv) Finally, the linear system can be solved via block tri-diagonal elimination technique. 

The impact of NR, γ1, λ, K and φ on behavior of velocity, skin friction, temperature and thermal transfer rate are studied. The present 
and previous results by Nazar et al. [35] and Kasim et al. [37] for skin friction and Merkin [13] and Rashad et al. [59] for heat transfer 
rate are compared for validation process. Tables 2 and 3 displays that all the outputs are discovered in excellent agreement. 

The influences of radiation NR, volume fraction of nanoparticles φ and Biot numbers γ1 on velocity are observed in Fig. 2(a), (b) and 
2(c). The velocity rise with increment of NR in CHF and CBC cases as displayed in Fig. 2(a). The reason is the thermal energy transferred 
within the momentum boundary layer thickness enhance as NR elevates. Hence, the collision between fluid particles become stronger, 
which cause the fluid velocity accelerates in the flow. The similar graphical results are obtained in the studies by Zokri et al. [60]. Fig. 2 
(b) portrays the deceleration on velocity for increasing φ values. Physically, the fluid flow slowing down due to the viscosity of fluid 
boost as the concentration nanoparticles rises. Furthermore, it is discovered in Fig. 2(c) that the fluid velocity accelerates as γ1 rises. 

The variation of radiation NR, volume fraction of nanoparticles φ and Biot numbers γ1 on temperature are demonstrated in Fig. 3(a), 
(b) and 3(c) of CHF and CBC conditions. Fig. 3(a) depicts the temperature rises with increment of NR in CHF and CBC cases. The reason 
is the thermal energy transferred within the thermal boundary region enhance as NR elevates. Consequently, the movement of fluid 
particles accelerates in the flow, which resulting in the temperature of fluid increases. Hence, it is concluded that the minimum ra-
diation value must be applied for rapid cooling process. The fluid temperature enhances with increase of φ as plotted in Fig. 3(b). It is 
discovered that the collision of nanoparticles accelerates when φ increases, which improves the fluid thermal conductivity and thus 
boost the temperature in fluid flow. Fig. 3(c) presents the enhancement of temperature with raise of γ1, which causes the convection of 
heat transfer at cylinder surface enhances. The same behavior of profiles is obtained from published works by Hayat et al. [61] and 
Grosan et al. [62]. 

Fig. 4(a), (b) and 4(c) demonstrates the impacts of NR, φ , and γ1 on the skin friction at various points of x on the cylinder surface. 
The wall shear stress enhances by increasing NR values as illustrated in Fig. 4(a). The reason is the velocity of flow accelerates, which 
resulting in the friction amongst the fluid particles and the cylinder surface elevates. Hence, the skin friction in Fig. 4(a) boosts as NR 
and x increases. Fig. 4(b) portrays the raise in volume fraction of nanoparticle improves the fluid viscosity, and thus, elevates the shear 
stress at boundary surface. Fig. 4(c) presents the skin friction increase in the influences of γ1. The higher resistivity of internal heat at 
the surface lead to the increment of collision of particles in the fluid flow and thus, elevates the shear stress at surface. A similar 
behavior of graphical results is observed in Rashad et al. [59] works. 

The effects of NR, φ and γ1 on the heat transfer rate at various points of x on the cylinder surface are displayed in Fig. 5(a), (b) and 5 
(c). The rate of heat transfer rises in the CBC and CHF cases as exhibited in Fig. 5(a)(i) and 5(a)(ii) because thermal radiation elevates 
the temperature within flow, and therefore enhancing the convective heat transfer in the fluid. Fig. 5(b)(i) and 5(b)(ii) portrays the 
raise in volume fraction of nanoparticle increase the convective heat transfer for CBC and CHF cases. It is discovered the Nusselt 
number of CHF values higher compared to CBC because the fluid temperature decrease lead to the convection process for CBC case 
decelerates. Furthermore, the rate of heat transfer elevates from 5% to 11% for CBC case and 6%–14% for CHF case when the 
nanoparticles volume fraction varies up to 3%. Fig. 5(c)(i) shows the heat transfer rate elevate when γ1 rises for CBC cases. The higher 
convective heat transfer at cylinder plate lead to the increment of temperature in the fluid flow. The time for the rate of heat transfer 
when γ1 = 0 is limited because of the uniform temperature as depicted in Fig. 3(a). 

5. Conclusion 

The numerical study of mixed convection flow of Walter’s B nanofluid under influences of thermal radiation with CBC and CHF 

Table 2 
Comparison of Cf for λ values with γ1 = 1000, Pr = 1, K = 0, φ = 0 and NR = 0 in CBC case.  

λ Nazar et al. [35] Kasim et al. [37] Present results 

− 0.2 1.0340 1.033028 1.033034 
0.4 1.5747 1.573759 1.573749 
3.0 2.4913 2.489892 2.489872 
10 5.7730 5.777805 5.777701  

Table 3 
Comparison of − θ′

for λ values with φ = 0 Pr = 1, K = 0 and NR = 0 in CHF case.  

λ Merkin [13] Rashad et al. [59] Present results 

− 0.5 0.5420 0.5421 0.541784 

0.0 0.5705 0.5706 0.570141 

0.5 0.5943 0.5947 0.594164 
1.0 0.6158 0.6160 0.615180 
2.0 0.6497 0.6518 0.651019 
5.0 0.7315 0.7319 0.730881  
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Fig. 2. Impact of (a) NR with φ = 0.03, γ1 = 1 (b) φ with NR = 0.2, γ1 = 1 and (c) γ1 with φ = 0.03, NR = 0.2 on velocity for CHF and CBC with Pr = 6.2.K = λ = 1  
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Fig. 3. Impact of (a) NR with φ = 0.03, γ1 = 1 (b) φ with NR = 0.2, γ1 = 1 and (c) γ1 with NR = 0.2, φ = 0.03 on temperature for CHF and CBC with Pr = 6.2.K =

λ = 1 
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Fig. 4. Impact of (a) NR with φ = 0.03, γ1 = 1 (b) φ with NR = 0.2, γ1 = 1 and (c) γ1 with NR = 0.2, φ = 0.03 on skin friction for CHF and CBC with Pr = 6.2.K =

λ = 1 

R. Mahat et al.                                                                                                                                                                                                         



Case Studies in Thermal Engineering 39 (2022) 102394

11

conditions is investigated. Transformation of PDEs into ODEs are conducted using suitable non-dimensional variables. Then, the 
transformed equations are resolved with technique of Keller-box numerically. The behavior flow of velocity, skin friction, temperature 
and heat transfer rate are plotted and analyzed through MATLAB software graphically. The main conclusions in the analysis are 
summarized as:  

1. The velocity, skin friction, temperature and heat transfer rate increase with raise in NR for CBC and CHF cases.  
2. The increment of φ decelerates the fluid velocity and boost the fluid temperature for CBC and CHF cases.  
3. The temperature and velocity of fluid enhance for increasing γ1 values.  
4. For CBC and CHF, the heat transfer rate and skin friction for various x position elevates when NR, φ , and γ1 rises. 

Fig. 5. Impact of (a) NR with φ = 0.03, γ1 = 1 (b) φ with NR = 0.2, γ1 = 1 and (c) γ1 with NR = 0.2, φ = 0.03 on rate of heat transfer for (i) CBC and (ii) CHF with Pr =
6.2 and.K = λ = 1 
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5. The CHF magnitude is higher than CBC magnitude due to the convective heat transfer lower in CBC as the fluid temperature slowly 
dissipate to the surrounding. 
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