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Abstract

An adaptive cumulative sum (CUSUM) control chart based on the classical exponential weighted moving average (EWMA)
statistic and Huber’s function, symbolized as an ACUSUME control chart, is an enhanced form of the classical CUSUM
control chart that can identify different sizes of shift. However, the classical EWMA statistic for the ACUSUME control
chart does not provide explicit rule for parameter choices to diagnose a specific shift. To overcome this issue, this study has
proposed two ACUSUM control charts, symbolized as ACUSUM, control charts to monitor a specific and a certain range
of shift. The novelty behind the proposed ACUSUM, (ACUSUMQ) and ACUSUM?)) control charts is initially adaptively
updating the reference parameter using the classical CUSUM statistic, generalized likelihood ratio test, and score functions to
achieve superior performance. An algorithm in MATLAB using the Monte Carlo simulation technique is designed to obtain
numerical results. Furthermore, based on numerical results, performance evaluation measures such as average run length,
extra quadratic loss, relative average run length, and comparison index are calculated. The proposed ACUSUMc control charts
based on performance evaluation measures and visual presentation are compared against other control charts. Findings reveal
the superiority of the proposed ACUSUMC¢ control charts. Besides, for practical point of view, the proposed ACUSUMé1 )
control chart is implemented with numerical data to show the significance over other control charts.

Keywords Adaptive - Generalized likelihood ratio test - Monte Carlo simulation - Performance evaluation measures - Score
functions
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dom causes of variation and special causes of variation.
Furthermore, random causes of variation are inherited part of
every process and have a harmless nature for any process. A
process is called statistically in-control under random causes
of variation. In contrary, special causes of variation occur due
to some problems such as problem in raw material, improper
adjustment in machines, and human error. A process is called
statistically out-of-control with special causes of variation.
Statistically a special cause of variation is also known as a
shift in the process parameters. Timely action to detect or
eliminate a shift in the process parameters can bring it back
into normal position.

To detect or eliminate a shift in the process parameters,
the statistical process control (SPC) tools are famous. More
specifically control charts among SPC tools got special atten-
tion because of their effectiveness and ease implementation.
Normally control charts are categorized as memory-less and
memory control charts. Shewhart control chart suggested by
Shewhart [1] known as memory-less is used to monitor a
shift of large size in the process parameters, but less sensi-
tive to detect small-to-moderate sizes shift. To overcome the
problem of Shewhart control chart, Page [2] and Roberts [3]
offered the classical cumulative sum (CUSUM) and exponen-
tially weighted moving average (EWMA) control charts to
identify small-to-moderate shift, respectively; these control
charts also known as memory control charts. The classical
CUSUM control chart is only effective for a shift for which it
is designed [4] by considering a specific value of its reference
parameter (e.g., K). Besides, it is hard to predict the actual
magnitude of the shift in real life. So, the CUSUM control
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chart may not perform well when future shift infrequently
known or changed over the time.

To solve the issue of the classical CUSUM control chart
[2], multiple classical CUSUM control charts at different
values of reference parameter that can be designed to detect
different sizes of shift are recommended, but multiple classi-
cal CUSUM control charts for the said purpose are difficult
to design and create complications in the implementation
procedures [5]. On the other hand, the classical CUSUM
control chart advanced forms such as an adaptive CUSUM,
denoted as ACUSUM control chart, became popular among
the research community [6] to distinguish different sizes of
unknown shift. There are few advantages of ACUSUM con-
trol chart over the classical CUSUM control chart. Firstly,
ACUSUM control charts are easy to implement because they
are comprised a single control charts as compared to multiple
control charts [7]. Secondly, in the ACUSUM control charts,
reference parameters are adjusted dynamically to gain better
performance for a broad range of shift [8].

In this regard, an ACUSUM control chart recommended
by Sparks [9] to monitor a shift in the process location. The
ACUSUM control chart [9] methodology is based on the
classical EWMA statistic, and it has good detection abil-
ity in a range of unknown shifts. Likewise, Jiang et al. [7]
recommended an ACUSUM control chart based on classical
EWMA statistic, symbolized as an ACUSUME control chart.
The reference parameter of the ACUSUME control chart
is first adaptively updated on the classical EWMA statis-
tic and then a weight is assigned to it using Huber function.
Recently, Abbasi and Haq [10] have extended ACUSUME
[7] control chart based on auxiliary information to identify
different sizes of a shift in the process location effectively.
More insights into adaptive memory control charts can be
seen in the studies of Capizzi and Masarotto [11], Shu and
Jiang [12], Wu et al. [8], Amiri et al. [13], Zaman et al.
[14], Abbasi and Haq [15], Zaman et al. [16], and references
therein.

As mentioned before, an ACUSUME [7] control chart uses
the classical EWMA statistic. This main issue with the clas-
sical EWMA statistic is: it does not provide clear instruction
for the parameter (i.e., 1) value selections to identify a spe-
cific shift [4]. Additionally, it may be interesting and vital for
researchers, quality engineers, practitioners, and experts to
use the classical CUSUM statistic for the ACUSUME con-
trol chart (symbolized as an ACUSUM_,) against the classical
EWMA statistic. May it help to further improve the detec-
tion ability for a specific as well as for a broad range of shift.
So, this point is taken as an inspiration to design this study.
And this study proposes two ACUSUM, (ACUSUM." and
ACUSUM((;Z)) control charts to identify a particular also a
certain range of shift. The rationality behind the proposed
ACUSUMgl)andACUSUMgl) control charts is to first adap-
tively update the reference parameter based on the classical

CUSUM statistic and then assign it as a weight on observation
(s) using weighting functions such as Huber and Bi-square,
respectively.

The performance evaluation measures such as average run
length (ARL) for a specific shift, extra quadratic loss (EQL),
relative average run length (RARL), and performance com-
parison index (PCI) to assess the overall performance of con-
trol charts are used. These performance evaluation measures
are computed using simulated data through Monte Carlo sim-
ulation technique by designing an algorithm in MATLAB.
The proposed ACUSUMél)andACUSUM?) control charts
performance is investigated against the classical CUSUM [2],
an ACUSUM [9], an adaptive EWMA (AEWMA) suggested
by Capizzi and Masarotto [11], denoted as AEWMAE, and
ACUSUME [7] control charts. The findings reveal that the
proposed ACUSUM(C1 ) and ACUSUM(C2 ) control charts, per-
form quite effective against counterparts for a specific shift
as well as for a certain range of shift. Finally, the proposed
control chart is also implemented on numerical data which
are taken from Montgomery [17] and analysis against other
control charts to show the significance.

The rest of the article is organized as follows: Sect. 2 rep-
resents the research methodologies of the classical CUSUM,
ACUSUM, and ACUSUME control charts. Likewise, the
proposed ACUSUMED and ACUSUMEz) control charts
methodologies are introduced in Sect. 3. The performance
evaluation measures, parameters effect on the properties of
run length (RL), Monte Carlo simulation technique, and
construction procedures of the proposed control charts are
presented in Sect. 4. Illustration of results and comparison of
the control charts based on performance evaluation measures
are explained in Sect. 5. Implementation procedure of control
chart with numerical data is provided in Sect. 6. Finally, sum-
mary, conclusions, and recommendations are part of Sect. 7.

2 Existing Methods

This section contains the explanation of the variable of
interest and generalization Markovian of classical EWMA
statistic. Besides, the basic structures of some existing con-
trol charts such as the classical CUSUM, ACUSUM, and
ACUSUME control charts to monitor the process location
shift are also defined.

2.1 Variable of Interest

Let X (x; ~ N(,uo, ag), i =1,2,3...n) denote a process
characteristic of interest that follows a normal probabil-
ity distribution with known in-control location w( (location
parameter) and variance 002.
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2.2 Classical CUSUM Control Chart

Page [2] designed the classical CUSUM control chart that is
famous to diagnose small-to-moderate size shift in the pro-
cess location. The design structure of the classical CUSUM
control chart for monitoring the i’ observation can be pre-
sented as follows:

C = max[0, C;_; + x; — (1o + K)1, (D)

C; =min[0, C;_, +x; — o + K1, (2)

where C(:)t = 0 are the initial values of the C;" and C;” statis-
tics. The K is considered as a reference parameter, and it
is defined as one-half of the magnitude of the shift (6). It
can be expressed as: K = kop, where k € [0.25, 1.5] is
a constant [17]. The C; and C; are one-sided upper and
one-sided lower plotting statistics of the classical CUSUM
control chart. The upper control limit (UCL) and lower con-
trol limit (LCL) of the classical CUSUM control chart are
defined as follows:

H = =+hoy, 3

where £ is control limit coefficient that depends on the value
of k and pre-fixed value of ARLg [17]. The ARL presents
in-control value of ARL. Generally, the ARL has been cat-
egorized as statistically in-control (i.e., Hy : & = o),
symbolized as ARLy and statistically out-of-control (i.e.,
Hp : w = p1), denoted as ARL . The p; represents the
deviated value of pg. If C;r > Hor C;7 < —H, the process
is considered out-of-control; otherwise, in-control.

2.3 Generalization Markovian of Classical EWMA
Statistic

Sparks [9] suggested the following the classical EWMA
statistic to estimate an unknown shift in advance to moni-
tor the process location.

8 = (1 — )by +Axi, 4

where §; is a time-varying statistic and S0 = 0, and the
A € (0, 1] is a constant. Further, to enhance the estimation
for a large shift, Yashchin [18] recommended generalization
Markovian of the EWMA statistic which is defined as fol-
lows:

8 = bi_1 + (e, (5)

@ Springer
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where ¢; = x; — §;—1 is known as an error and @ (e;) is
Huber function which is given as:

ei+ (1 =Ny, ife; < —y
Dn(ei) = § rej, if lej| <y (©6)
ei — (1 =Ny, if ¢ >y,

where y € (1, 4] is a constant. If @, (e;) = Ae;, the gener-
alization Markovian Eq. (5) reduces to the classical EWMA
statistic Eq. (4).

2.4 ACUSUM Control Chart

Sparks [9] recommended an ACUSUM control chart to diag-
nose a certain range of shift in the process location. The
upper-sided plotting statistic of an ACUSUM control chart
is defined as:

St = max[O, SE+ (xi — 5 /2) / h (5;)] )

where (§l+ = max (S;;Im, &), 8t
tion that defines the control limit for the high-side statistic
given by Eq. (1). Similarly, the lower-sided plotting statistic

of an ACUSUM control chart is designed as follows:

s =max[0. ST, + (xi = 87/2) /n(=87)], ®)

< 0. The h(Sl_) has

> 0, and h((§l+> is a func-

where Sl_ = min(ér;in, S,) and &
the same interpretation as & (§[+) has. More details on (Sli)
can be found in the study of Sparks [9]. The UCL and LCL
of the ACUSUM control chart are given below:

Hacusum = hacusumoo, 9

where hacusum is control limit coefficient depends on
pre-defined value ARLg. If Si+ > Hacusum or §; <
—Hacusum, the process is out-of control; otherwise, in-
control.

2.5 ACUSUMgControl Chart
The ACUSUME control chart proposed by Jiang et al. [7]
is effective to detect a certain range of shifts in the process

location. The upper-sided plotting statistic design structure
of the ACUSUME control chart is defined as follows:

zt =max[0, - +w(8) (v - 572)]. (10)

where 8 = max((S;ﬁn, 8,'), 8+ > 0, and w(&l‘”) =&

is a linear weight function. Analogously, the lower plotting
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statistic design structure of the ACUSUME control chart can
be presented as follows:

z7 =min0, 27, —w(87) (x - 87 2) ], (11)

where Sl_ = min(égin, 8;) Sin < 0, and w Sl_ = Sl_
The control limits (UCL and LCL) of the ACUSUME control

chart are defined as follows:

HacusuMg = £hAcusuME 0 12)

where hacusumg is known as control limit coefficient that
depends on pre-defined value ARLg. If Z > Hacusumg or
Z; < —Hacusumg, the process is out-of control; otherwise,
in-control.

2.6 ACUSUM as a Special Case of ACUSUME Control
Chart

Comparing the h(éf) of ACUSUM and w(gli) of
ACUSUME as a function of Si, it can be observed that the
h(sli) is the curvilinear function, while w(éf) is a linear
function [7]. Therefore, it corresponds to the ACUSUME
control chart statistics in Eq. (3) using weight function

w(8r) =1/m(8}).

3 Proposed ACUSUM, Control Charts

This section comprises the methodologies of the proposed
ACUSUMgl) and ACUSUM?) control charts. In more
details, the methodologies of the proposed ACUSUMé])
and ACUSUMéz) control charts are based on the classical
CUSUM statistic and Huber and Bi-square, respectively.
The conceptual framework is to adjust the reference param-
eters dynamically by allocating weights on them for a broad
detection of shifts in the process location. Furthermore, it is
theoretically attractive because it is loosely built on the gener-
alized likelihood ratio test (see “Appendix”). More details on
the designing of the proposed ACUSUMé]) and ACUSUM.EZ)
control charts are provided in the following subsections.

3.1 Proposed ACUSUM?) Control Chart

The proposed ACUSUMgl) control chart design structure
is based on the classical CUSUM statistic and Huber func-
tion. The upper one-sided plotting statistic of the proposed

ACUSUMél) control chart can be defined as follows:

AcusumMM
= max [0, ACUSUM{™} + 8" (i =8 12) ], (13)

where 31.(1)+ Sr(nli):,

the ACUSUM Y is one lag value of ACUSUM"™, the 5{1)*

min

= max( wi (ei)) is time-varying weight,

is a specific value and should be positive (i.e., Sl(r}i); > 0),
and wi(e;) = Pp(e;i)/e; is the ratio of P (e;) and ¢; (e.g.,
e = Xx; — C;r_l) error. Similarly, the analogously lower one-
sided plotting statistic of the proposed ACUSUMél) control

chart can be presented as follows:

acusuMP~
= min [0, ACUSUM{"T = 8" (x; = 8" 12)]. (14
S0 _ i (5O~ irtent) i i i
where §; = mln((Smin , |w1(e,)|> is also time-varying
M=

min

< 0)ande; = x; —C,;_ iserror. The control limits

weight and the &
sh—

> “min
of the proposed ACUSUMgl) control chart are designed as
below:

is a specific value and should be negative

(i.e.

H,cusum® = T acusum® 90> (15)
where h Acusum(D 1S a control limit coefficient (see

Table 1) which aepends on pre-defined value of ARLj.
(H+ H—

If ACUSUM; > H AcUSUM(Y or ACUSUMZ.. .<

—H AcusUML» the process is out-of-control; otherwise, in-

control.

3.2 Proposed ACUSUMEZ) control chart

The proposed ACUSUMéZ) control chart methodology is
based on the classical CUSUM statistic and Bi-square func-
tion. The upper one-sided plotting statistic of the proposed
ACUSUM?) control chart is given as follows:

ACUSUM@*
= max [0, ACUSUMP* 4 5@ (xi — 5 /2)] . (16)

min °

where Si(ZH = max(é @+ wy (e,-)) is time-varying weight
and the 51(1?1); is a specific value and should be positive (i.e.,
8@ = 0), and wa(e;) = By (e;) /e is the ratio of @y (e;) (Bi-
square function) and error e;. The Bi-square function can be

@ Springer
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Table 1 Control limits coefficient &

v values at §1. = 0.50 when ARL( = 400

ACUSU min
k A 4 hacusum® ¥ hacusum® ¥ hacusum® ¥ hacusum ¥ hacusum ¥ h acusum?
0.10 0.10 1.00 3.33 1.50 3.19 2.00 3.18 2.50 3.16 3.00 3.20 4.00 3.30
0.20 0.10 1.00 3.11 1.50 3.04 2.00 3.05 2.50 3.17 3.00 3.26 4.00 3.40
0.25 0.10 1.00 3.06 1.50 3.02 2.00 3.05 2.50 3.21 3.00 3.30 4.00 3.43
0.30 0.10 1.00 3.06 1.50 3.03 2.00 3.10 2.50 3.26 3.00 3.38 4.00 342
0.40 0.10 1.00 3.05 1.50 3.12 2.00 3.20 2.50 3.38 3.00 3.42 4.00 3.43
0.50 0.10 1.00 3.14 1.50 3.23 2.00 3.30 2.50 3.40 3.00 3.40 4.00 3.43
0.10 0.20 1.00 3.35 1.50 3.23 2.00 3.18 2.50 3.15 3.00 3.20 4.00 3.25
0.20 020 1.00 3.14 1.50 3.07 2.00 3.05 2.50 3.12 3.00 3.18 4.00 3.34
0.25 020 1.00 3.12 1.50 3.00 2.00 3.05 2.50 3.15 3.00 3.24 4.00 3.40
030 0.20 1.00 3.08 1.50 3.00 2.00 3.10 2.50 3.20 3.00 3.31 4.00 342
040 0.20 1.00 3.08 1.50 3.08 2.00 3.20 2.50 332 3.00 3.38 4.00 343
0.50 0.20 1.00 3.14 1.50 3.18 2.00 3.30 2.50 3.38 3.00 3.41 4.00 3.43
0.10 0.30 1.00 3.40 1.50 3.27 2.00 3.18 2.50 3.16 3.00 3.15 4.00 3.20
0.20 0.30 1.00 3.23 1.50 3.07 2.00 3.05 2.50 3.07 3.00 3.13 4.00 3.27
0.25 030 1.00 3.16 1.50 3.02 2.00 3.02 2.50 3.09 3.00 3.17 4.00 3.32
030 030 1.00 3.12 1.50 3.00 2.00 3.05 2.50 3.13 3.00 3.22 4.00 3.40
040 030 1.00 3.10 1.50 3.04 2.00 3.13 2.50 3.23 3.00 3.34 4.00 342
0.50 0.30 1.00 3.14 1.50 3.16 2.00 3.30 2.50 333 3.00 3.38 4.00 343
0.10 040 1.00 3.46 1.50 3.31 2.00 3.23 2.50 3.19 3.00 3.15 4.00 3.18
0.20 040 1.00 3.28 1.50 3.11 2.00 3.04 2.50 3.05 3.00 3.09 4.00 3.20
0.25 040 1.00 3.23 1.50 3.07 2.00 3.00 2.50 3.03 3.00 3.09 4.00 3.25
030 040 1.00 3.19 1.50 3.03 2.00 3.01 2.50 3.06 3.00 3.14 4.00 3.31
040 040 1.00 3.16 1.50 3.04 2.00 3.07 2.50 3.16 3.00 3.26 4.00 3.38
0.50 040 1.00 3.22 1.50 3.14 2.00 3.19 2.50 3.28 3.00 3.36 4.00 342
0.10 0.50 1.00 3.52 1.50 3.39 2.00 3.28 2.50 322 3.00 3.19 4.00 3.15
0.20 0.50 1.00 3.36 1.50 3.17 2.00 3.07 2.50 3.05 3.00 3.06 4.00 3.12
0.25 0.50 1.00 3.30 1.50 3.12 2.00 3.04 2.50 3.03 3.00 3.03 4.00 3.14
0.30 0.50 1.00 3.27 1.50 3.10 2.00 3.02 2.50 3.02 3.00 3.06 4.00 3.20
0.40 050 1.00 3.25 1.50 3.08 2.00 3.00 2.50 3.09 3.00 3.16 4.00 3.32
0.50 0.50 1.00 3.20 1.50 3.16 2.00 3.15 2.50 3.18 3.00 3.36 4.00 3.38
defined as: where Sl.(z)_ min (81(31)1]_, —|wy (e,-)|> is time-varying
weight and the Sr(fi)n_ is a specific value and should be nega-
{&‘(1 — (- )\)[1 _ (ei/y)z]Z) if lei] <y tive (i.e., Br(nzi)n_ < 0), and ¢; = x; — C;_. The control limits
Dy (ei) = Lo of the proposed ACUSUMg) control chart are designed as
e, otherwise
a7 follows:

Similarly, the lower one-sided plotting statistic of the pro-
posed ACUSUMéz) control chart is given as:

ACUSUM?™

= min [0, ACUSUM?™ =87 (x; — 8 12) ] (1®)

S @ Springer

H,cysum®@ = T acusum® 90- (19)
where h ACUSUM® 18 known as control limit coefficient

(see Table 2) that depends on pre-defined value ARLy.
If ACUSUM™* > H, or ACUSUM*

cusumM? o
—H ACUSUM®> the process is out-of-control; otherwise, in-
control.
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Table 2 Control limits coefficient hACUSUM@ values at BI;in = 0.50 when ARL(y = 400

k A 4 hacusum® ¥ hacusum® 7 hacusum® VY hacusum® ¥ hacusum® ¥ R scusum®
0.10 0.10 1.00 4.16 1.50 4.12 2.00 4.06 2.50 3.99 3.00 3.94 4.00 3.86
0.20 0.10 1.00 4.49 1.50 4.38 2.00 4.26 2.50 4.09 3.00 3.92 4.00 3.60
0.25 0.10 1.00 4.64 1.50 4.48 2.00 4.26 2.50 4.05 3.00 3.81 4.00 3.39
030 0.10 1.00 4.79 1.50 4.52 2.00 4.22 2.50 3.96 3.00 3.69 4.00 3.19
040 0.10 1.00 4.99 1.50 4.56 2.00 4.15 2.50 3.76 3.00 3.44 4.00 3.02
0.50 0.10 1.00 5.13 1.50 5.13 2.00 4.10 2.50 3.68 3.00 3.38 4.00 3.08
0.10 020 1.00 4.18 1.50 4.15 2.00 4.09 2.50 4.12 3.00 3.98 4.00 3.90
020 020 1.00 4.52 1.50 4.40 2.00 4.27 2.50 4.08 3.00 3.98 4.00 3.63
0.25 020 1.00 4.69 1.50 4.50 2.00 4.26 2.50 4.01 3.00 3.39 4.00 3.39
030 020 1.00 4.82 1.50 4.54 2.00 4.27 2.50 3.80 3.00 3.22 4.00 3.22
040 020 1.00 5.02 1.50 4.58 2.00 4.17 2.50 3.80 3.00 3.48 4.00 3.03
0.50 020 1.00 5.15 1.50 4.60 2.00 4.13 2.50 4.09 3.00 3.39 4.00 3.10
0.10 0.30 1.00 4.23 1.50 4.19 2.00 4.14 250 4.19 3.00 4.02 4.00 3.92
0.20 0.30 1.00 4.54 1.50 4.44 2.00 4.33 2.50 4.08 3.00 4.02 4.00 3.66
0.25 030 1.00 4.73 1.50 4.55 2.00 4.36 2.50 4.05 3.00 3.92 4.00 345
0.30 0.30 1.00 4.83 1.50 4.59 2.00 4.33 2.50 3.83 3.00 3.76 4.00 3.26
0.40 030 1.00 5.03 1.50 4.62 2.00 4.23 2.50 3.74 3.00 3.51 4.00 3.08
0.50 030 1.00 5.13 1.50 4.64 2.00 4.15 2.50 4.15 3.00 3.45 4.00 3.10
0.10 040 1.00 4.25 1.50 4.24 2.00 4.18 2.50 4.28 3.00 4.10 4.00 4.02
0.20 040 1.00 4.61 1.50 4.50 2.00 443 250 4.22 3.00 4.13 4.00 3.76
0.25 040 1.00 4.75 1.50 4.62 2.00 4.36 2.50 4.12 3.00 4.00 4.00 349
030 040 1.00 4.89 1.50 4.65 2.00 4.40 2.50 3.92 3.00 3.86 4.00 3.32
040 040 1.00 5.05 1.50 4.65 2.00 4.25 2.50 3.74 3.00 3.59 4.00 3.15
0.50 040 1.00 5.115 1.50 4.64 2.00 4.20 2.50 4.25 3.00 3.49 4.00 3.17
0.10 0.50 1.00 4.30 1.50 4.30 2.00 4.29 2.50 4.40 3.00 4.22 4.00 4.15
0.20 0.50 1.00 4.65 1.50 4.59 2.00 4.49 250 4.22 3.00 4.25 4.00 3.88
0.25 0.50 1.00 4.82 1.50 4.70 2.00 4.53 2.50 4.25 3.00 4.13 4.00 3.68
0.30 0.50 1.00 4.95 1.50 4.73 2.00 4.50 2.50 4.01 3.00 3.99 4.00 3.46
040 0.50 1.00 5.10 1.50 4.76 2.00 4.37 250 3.74 3.00 3.69 4.00 3.26
0.50 0.50 1.00 5.16 1.50 4.69 2.00 4.25 2.50 3.87 3.00 3.59 4.00 3.30

3.3 Monte Carlo Simulations Technique

Based on Monte Carlo simulation [19] procedure, an algo-
rithm is developed in MATLAB for the numerical results
and to compute ARL values. Monte Carlo simulation proce-
dures with 10° repetitions are carried out for each change in
8. The shift § is set between 1 and 4. The h Acusum and
h ACUSUM? at 5;11n = 0.50 with possible combinations of k,
A, and y are presented in Tables 1 and 2, respectively, for a
given ARLy = 400. Only upper one-sided scenario is con-
sidered because the lower one-sided scenario provides the
same behavior as an upward by same absolute amount shift.
Besides, the EQL, RARL, and PCI are also calculated using
ARLs (see Sect. 4).

3.4 Construction Procedure of ACU SU M . Control
Charts

This subsection explains the construction procedures of
the proposed ACUSUMgl) and ACUSUMéz) control charts.
More details are given as follows:

3.4.1 ACUSUM'V Control Chart

Suppose that the ARLy is 400 for upper one-sided
ACUSUM?DJr statistic. So, the procedure to construct the
proposed ACUSUM&I) control chart is given in the follow-
ing steps:
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(i) An infinite loop is applied to generate x; ~
N(po, of) withi =1,2...

(i1) Calculate the Cl.+_ | statistic from Eq. (1) using x; and
K.

(iii) Computethee; = x; —C ;’71 statistic and select @y, (e;)
from Eq. (6) based on the relation of the e; statistic
and y(i.e., y € (1, 4)) constant.

: J(D+ (1)
(iv) Calculate the §; = max((Smm s
s < 0 and wy(e;) = n(er)/ei.

min

(v) Calculate the ACUSU Ml.(m statistic from Eq. (13)
based on x; and 31.(1)+ while ACUSUMéDJr =0.

w1 (e; )) where

(V'i.) Let us assume h ACUSUMY = 3.
(vii) Calculate the H ACUSUM) control limits from Eq. (15)
based oy.
D+
(viii) Plot the ACUSUM; " statistic against H AcusumMY’
overi.
(ix) If the ACUSUMI.(DJr > HACUSUME”’ note sample

numberof ACUSUM l.(l)+ statistic as a RL. For exam-
. . D+
ple, at i = 355, if ACUSUM355 > HACUSUM&“
record 355 is as a first RL.
(x) Repeat from (i)—(ix) steps for 10° times and record

RLs.

(xi) Compute the average of 10° noted RLs, which is
called ARLy.

(xii) If ARLy = 400; otherwise, adjust h ACUSUML”
(i.e. hACUSUM(l) < 3 or hACUSU o > 3) constant

accordingly in step (vi) and repeat from (i)-(xi) steps
to obtain ARLy = 400.

To compute the ARL; values, generate x; ~
N(/,L],O’O) (6 = w1 > po) withi =1, 2... and
repeat from (ii)-(xi) steps.

(xiii)

Similarly, the lower one-sided and two-sided proposed
ACUSUM&I) control charts can be constructed with similar
lines using respective statistics, parameters, and constants.

3.4.2 ACUSUM? Control Chart

Like ACUSUMQ) control chart, the proposed ACUSUM.EZ)
control chart can be constructed by following the given below
guidelines.

(i) An infinite loop is applied to generate x; ~
N(uo, 00) withi =1, 2.

(i) Calculate the Cit] statistic from Eq. (1) using the x;
statistic and K constant.

(iii) Computethee; = x; —C l.‘”_ | statistic and select ¥ (e;)
from Eq. (17) based on the relation of the e; statistic
and y (y € (1, 4)) constant.

@ Springer

(iv) Calculate the 31.(2)+ = max(8(2)+ wb(ei)) where

min °’

8(2)+ > 0 and wa(e;) = Dp(ei)/e;-

min

(v) Calculate the ACUSUM " statistic from Eq. (16)
based on x; statistic and Sl.(z) * while ACUSU M(gz) =

0.

(vi) Let us assume that i ACUSUM® = 3.

(vii) Calculate the H ACUSUM® control limit from Eq. (19)
based oy.

(viii) Plot the ACUSU M; D+ Statistic against H ACUSUMY
overi.

(ix) If the ACUSUM(2)+ > HACUSUMfz)’ note the sam-
ple number of the ACUSU M, @ tatistic as a RL.
For example, at i = 455, if ACUSUMg); >

H cusum® record 455 is as a first RL.

A
(x) Repeat from (i)—(ix) steps for 10° times and record
RLs.
(xi) Compute the average of 10° noted RLs, which is
called ARLy.
(xii) If ARLy = 400; otherwise, adjust h ACUSUM?
(i.e.h ACUSUM(Z) < 3orh AcUSUM? > 3) constant

accordingly in step (vi) and repeat from (1)-(xi) steps
to obtain ARLy = 400.

To compute the ARL; values, generate x; ~
N(/L], O’O) (6 = pmy > o, )withi =1, 2... and
repeat from (ii)-(xi) steps.

(xiii)

Similarly, the lower one-sided and two-sided proposed
ACUSUMgz) control charts can be constructed with similar
lines using respective statistics, parameters, and constants.
Additionally, a flow chart which describes the above steps
through Monte Carlo simulation to construct the proposed
ACUSUMgl) control chart is given in Fig. 1. Similar lines
can be used for the proposed ACUSUMg) control chart.

4 Performance Analysis

This section contains design structures of performance eval-
uation measures in Sect. 4.1. Likewise, Sect. 4.2 describes
the optimal choices of the parameter’s method.

4.1 Performance Evaluation Measures

This subsection illustrates different performance evaluation
measures methodologies along their interpretation. The most
commonly used such as ARL, EQL, RARL, and PCI mea-
sures are employed [20]. Their more details are offered in
subsequent subsections.
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Fig. 1 Flow chart of Monte Carlo
simulation
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4.1.1 Average Run Length Measure (ARL)

The ARL is a most generally used to judge a control chart
assessment at a specific shift against other control charts.
Usually, it has been categorized as statistically in-control
(i.e., Hy : u = po), symbolized as ARLy and statistically
out-of-control (i.e., Hy : @ = 1), denoted as ARL;. The
(1 represents the deviated value of o. The ARLg value of
a control chart should be at least same or greater than other
control charts ARLg value. If the ARL; value is smaller at
a specific 6 as compared to other control chart, that control
chart is considered superior.

4.1.2 Extra Quadratic Loss Measure (EQL)

The EQL provides overall performance of a control chart for
a certain range of shifts. It is based on the loss function and
mathematically can be defined as follows:

Smax
J 8>ARL(8)dS,

min Spmin

EQL =

Smax -

where 6 presents shift, the ARL(8) is the average run length
of control chart at a §, and §,jp and §pax are minimum and
maximum values of §, respectively. The EQL integrates the
overall performance of a control chart based on ARL values
for all shift’s domain dpin < 6 < Jdmax, using the 52 asa
weight.

4.1.3 Relative Average Run Length (RARL)

Like EQL, the RARL also presents the overall effectiveness
of a control chart against others. Mathematically, the RARL
is defined as follows:

1 Sma ARL(S)
RARL = i ds,
8max - amin Smin ARmek(g)

where ARLpmk (8) presents ARL value of a benchmark (i.e.,
bmk) control chart. The control chart with minimum ARL;
value is considered as a benchmark control chart. The RARL
shows how a particular control chart performs closely relative
to a benchmark control chart.

4.1.4 Performance Comparison Index (PCl)

Generally, the PCI is defined as the ratio of the RARL of
a control chart and a control chart having smaller RARL
(RARLpenchmark)- It is given as below:

RARL,

PCl= ———.
RARLpmk

@ Springer

If the PCI is equal to one, it is meant that control chart
‘C’ has minimum RARL, and it is considered as the most
effective against other control charts.

4.2 Parameter Effect on Properties of RL

The optimum choices of k, A, andy parameters along

h ACUSUML” and h ACUSUM? control limit coefficients may

will serve the vital role to perform the proposed ACUSUMél)
and ACUSUM?) control charts more efficiently. Therefore,
first the sole effect of k, A, and y parameters on the clas-
sical memory control charts is explained to find out the
optimum choices of k, A, andy parameters with & ACUSUML”
and h ACUSUM®* For instance, the classical CUSUM control
chart k parameter helps to find out a specific shift. Like-
wise, the ranges of A and y parameters are | < y < 4
and 0 < A < 1, respectively [7, 11]. The main purpose
to define the ranges of parameters is to balance the sensi-
tivity of the shift. Even though this, it is very hard to find
out the joint optimal combinations of k, A, andy parameters
along h ACUSUMY” and h ACUSUM? for sole control chart per-
formance. However, some researchers such as Capizzi and
Masarotto [11], Abbas et al. [21], and Zaman et al. [22] have
explained the methodologies for it. So, to find out the optimal
combination of parameters firstly it needs to find out the pos-
sible combinations of parameters based on their given ranges.
More details are given in the following subsection. Addi-
tionally, the performance of the proposed ACUSUMS) and
ACUSUMEZ) control charts also varying if there are changes
in their parameter’s values (see Tables 1 and 2) because the
objective is to detect out-of-control signals early as compared
to other control charts by utilizing different combinations of
parameters values.

5 lllustration of Results and Performance
Comparison

The comparison between the proposed ACUSUMQ) and
ACUSUMéz) control charts gives an idea when the
researchers, experts, and practitioners can use the proposed
control charts and it is provided in Sect. 5.1. Likewise, perfor-
mance evaluation comparison of the proposed ACUSUMgl)
and ACUSUM&Z) control charts against other control charts
is offered in Sect. 5.2.

5.1 Comparison Between Proposed ACUSUMQ)

and ACUSUMf,z) Control Charts

This subsection contains the performance evaluation compar-
ison between the proposed ACUSUMQ) and ACUSUMgz)
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Table 3 ARLs properties of proposed ACUSUMél) control chart at different values of k, A, and y when ARLo = 400 and 5}, = 0.50
0.10 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 0.50
0.10 0.10 0.10 0.10 0.10 0.10 020 020 020 020 0.20 020 030 030 030 030 030 0.30
y 1.00 1.00 1.00 100 1.00 100 1.00 1.00 100 1.00 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.00 407 399 402 408 407 402 397 397 402 407 407 400 398 407 407 402 400 407
025 708 733 758 807 794 731 708 729 774 79.6 81.1 740 720 741 777 797 826 779
050 270 263 263 270 27.1 261 268 260 265 269 273 262 267 265 267 268 276 26.6
075 144 138 139 140 140 140 143 138 138 140 140 139 143 140 138 139 139 140
1.00 948 9.09 9.06 9.04 9.11 925 936 906 899 901 9.08 9.18 930 9.12 898 893 9.02 9.15
125 7.04 681 671 672 670 691 695 667 6.63 668 668 684 690 674 665 657 6.60 6.75
1.50 5.65 537 534 535 535 553 556 531 523 529 529 537 551 536 526 523 521 535
1.75 474 448 444 445 445 457 4.64 443 438 438 442 447 461 445 437 433 432 441
200 4.07 3.8 381 382 379 390 399 380 373 374 376 380 393 379 374 372 3.69 377
225 354 336 333 331 331 340 349 332 325 326 327 332 344 330 326 322 320 3.27
250 3.16 299 296 294 293 3.01 310 294 288 289 289 294 307 292 288 284 2.84 288
275 283 267 264 263 262 269 279 263 257 258 257 261 275 262 257 254 251 257
3.00 256 240 237 238 236 242 251 237 232 233 232 236 248 237 231 229 227 232
325 234 217 215 216 214 221 228 215 211 211 210 215 225 215 210 208 206 2.11
350 213 200 196 196 196 201 210 196 192 193 193 195 206 197 192 190 1.89 192
375 19 1.8 180 181 180 184 192 181 176 177 177 180 190 180 1.77 174 174 1.76
400 180 1.69 166 166 165 170 176 166 163 163 163 166 175 166 163 161 159 1.64
0.10 020 0.25 030 040 050 0.10 020 0.25 030 040 050 0.10 0.20 0.25 0.30 0.40 0.50
040 040 040 040 040 040 050 0.50 050 050 050 050 0.10 0.10 0.10 0.10 0.10 0.10
y 1.00 1.00 1.00 1.00 1.00 100 1.00 1.00 1.00 1.00 1.00 1.00 150 1.50 1.50 1.50 1.50 1.50
0.00 401 406 4050 399 399 400 397 400 399 398 402 397 404 397 3959 401.0 406 405
025 71.8 746 78.1 80.7 842 779 727 750 783 804 844 815 688 723 744 76.3 70.3  66.6
0.50 26.8 264 268 27.1 28.0 269 268 267 270 274 283 277 264 255 260 26.0 253 245
075 142 140 1390 138 14.0 14.1 142 140 138 139 141 142 142 136 1378 1376 13.8 14.0
1.00 930 9.06 894 898 894 9.11 925 897 891 895 895 9.04 946 9.14 9.07 9.16 9.39 9.56
1.25 6.81 6.63 657 654 661 6.64 679 660 655 652 653 6.61 7.14 685 6.83 6.89 7.04 7.27
1.50 543 528 524 518 515 527 539 523 516 514 516 521 573 553 551 5.57 5.67 5.86
1.75 456 439 433 426 426 433 448 432 427 425 424 428 485 4.65 4.65 4.65 4.78 4.92
200 390 375 370 3.68 3.62 368 3.82 370 3.64 3.62 359 365 4.18 4.01 4.01 4.02 4.13 424
225 341 325 323 319 317 321 336 323 319 315 314 3.16 3.70 3.54 3.53 3.54 3.62 373
250 3.03 289 286 281 278 284 298 285 281 279 276 281 329 3.16 3.15 3.16 323 334
275 271 259 255 252 249 253 267 255 252 249 248 249 297 286 2.83 2.85 290 3.00
3.00 245 232 230 227 224 228 242 231 228 225 224 226 2.69 259 259 2.59 265 273
325 223 212 209 206 204 208 221 212 206 205 204 207 248 236 235 2.37 242 250
350 205 193 191 1.89 187 190 203 194 189 188 187 1.89 227 217 2.16 2.16 222 228
375 188 1.79 1.75 1.74 171 174 186 1.78 1.75 1.73 172 174 2.09 201 198 1.98 2.05 2.11
400 174 165 162 160 158 1.62 172 164 161 159 159 1.61 193 185 1.8291 1.8403 1.88 1.95
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Table 3 (continued)

0.10 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 0.50
020 020 020 020 020 020 030 030 030 030 030 030 040 040 040 040 040 040
y .50 150 150 150 150 150 150 150 150 150 1.50 150 1.50 1.50 1.50 1.50 1.50 1.50

0.00 406 408 396 397 406 399 404 398 398 408 401 407 397 404 4033 399 401 398
025 694 733 746 766 740 685 706 728 758 79.1 751 711 70.6 735 76.1 785 783 734
0.50 26.0 26.1 259 262 257 248 265 258 259 265 261 255 265 260 265 26.6 269 258
075 142 138 13.6 13.6 139 139 143 139 137 137 138 140 142 137 1379 138 138 140
1.00 943 915 9.04 9.04 928 954 945 918 9.04 9.07 9.09 939 942 907 899 899 9.05 9.26
125 7.08 690 677 680 695 7.15 7.09 677 674 671 679 703 7.02 673 6.73 6.66 6.70 691
1.50 571 550 541 544 559 574 569 542 537 543 542 563 559 538 537 529 533 552
1.75 480 466 456 455 468 479 477 456 450 451 455 472 470 448 445 443 444 457
200 415 399 392 393 403 412 410 392 386 388 3.89 4.01 405 385 382 378 3.78 3.89
225 3.64 352 345 344 353 361 360 344 337 340 341 351 355 337 332 328 331 341
250 325 312 3.07 307 314 322 320 3.03 300 301 3.02 312 314 299 295 291 292 3.00
275 293 282 275 276 282 290 288 273 269 268 271 280 282 267 264 261 262 2.69
300 265 255 250 250 256 262 260 247 243 244 245 252 254 241 238 236 236 243
325 243 233 227 228 233 239 238 224 221 222 222 229 232 218 215 2,13 214 221
350 222 213 208 208 213 217 217 205 201 202 204 209 212 199 198 1.94 194 2.01
375 204 195 191 191 196 201 199 188 185 185 186 192 194 183 181 1.79 1.80 1.85
400 188 18 176 176 180 1.84 183 173 171 170 172 1.77 179 1.69 1.66 1.65 1.65 1.70

k 0.10 020 0.25 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 0.50
A 050 050 050 050 050 050 0.10 010 0.10 0.10 0.10 0.10 020 020 020 020 020 0.20
y 1.50 1.50 1.50 1.50 150 150 200 200 200 200 200 200 200 200 200 200 200 2.00

0.00 401 401 401 405 404 401 402 397 399 405 400 404 408 397 398 407 399 401
025 716 736 7631 802 813 688 694 722 725 745 683 66.6 700 71.8 750 738 664 652
0.50 267 262 2656 27.0 275 253 260 256 259 258 249 244 261 257 258 255 247 242
075 143 137 1377 138 139 138 141 137 138 139 139 139 141 137 13.6 138 140 140
1.00 939 899 8098 9.00 899 939 939 918 9.09 929 955 977 953 9.19 910 936 9.57 9.68
125 699 673 6.64 661 666 7.7 711 693 695 707 722 741 713 695 697 7.02 724 741
1.50 556 533 526 526 523 580 576 560 563 567 585 599 577 559 559 570 585 6.02
1.75 4.64 444 437 436 432 489 489 475 473 481 492 507 486 476 471 481 495 5.04
200 398 378 3.73 372 372 424 422 411 4.09 413 427 437 424 409 410 416 425 439
225 350 330 3.27 326 322 378 374 363 364 369 377 386 375 3.63 362 366 376 387
250 3.08 293 287 287 285 340 336 323 326 330 338 347 335 324 325 328 339 346
275 278 2.61 258 257 255 310 3.04 294 294 300 3.06 313 304 294 295 298 3.06 3.15
3.00 250 236 232 230 230 286 279 269 268 273 280 287 279 269 268 273 280 287
325 227 214 210 209 208 264 254 247 246 250 259 263 255 245 246 250 256 2.63
350 2.09 196 192 191 190 245 234 227 226 230 236 243 235 227 227 230 236 242
375 192 180 1.76 .75 174 230 218 2.09 209 212 218 224 217 210 211 213 218 225
400 176 1.66 1.62 1.62 1.61 215 201 194 195 196 202 208 200 194 195 197 202 2.08
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Table 3 (continued)

0.10 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 0.50
030 030 030 030 030 030 040 040 040 040 040 040 050 050 050 050 050 0.50
y 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200 2.00

0.00 398 406 403 403 403 404 405 397 398 403 403 405 400 400 404 401 407 405
025 687 719 760 781 702 670 696 715 748 759 73.0 693 702 720 764 794 758 708
0.50 26.1 259 257 260 253 244 264 256 259 263 259 249 263 258 263 263 267 253
075 142 138 137 138 139 141 142 137 136 138 138 140 143 138 137 138 140 140
1.00 948 919 912 921 937 960 950 915 9.02 9.08 923 948 943 9.08 897 9.08 9.17 937
125 7.07 691 685 693 709 734 713 679 676 684 690 7.19 703 6.79 675 6.69 685 698
1.50 574 555 555 557 569 593 571 549 543 546 556 580 566 542 539 537 539 559
1.75 481 4.68 4.65 470 482 499 482 461 456 456 467 480 472 451 448 445 452 465
200 4.18 4.04 4.02 4.04 413 429 414 395 393 393 400 415 406 389 386 385 3.87 399
225 3.69 359 354 358 367 377 368 348 344 347 350 3.62 357 338 336 335 338 349
250 328 320 3.17 3.19 326 338 326 310 3.07 3.09 312 324 322 300 299 298 299 3.10
275 298 289 287 289 294 3.04 293 279 276 275 281 289 287 2.69 268 267 268 276
3.00 271 262 260 262 267 276 266 251 249 252 253 261 258 245 241 240 241 249
325 248 240 238 238 246 253 242 230 228 227 232 240 235 222 220 218 219 226
350 228 221 218 221 223 232 222 209 208 210 212 218 215 2.02 202 199 200 2.06
375 209 202 200 201 207 213 203 192 191 192 195 201 197 187 184 183 184 1.89
400 194 187 18 187 191 197 18 177 176 176 179 186 182 171 170 1.69 170 175

k 0.10 020 025 030 040 050 010 020 025 030 040 050 0.10 020 025 030 040 050
A 0.10 0.10 0.10 0.10 0.10 0.10 020 020 020 020 020 020 030 030 030 030 030 030
y 250 250 250 250 250 250 250 250 250 250 250 250 250 250 250 250 250 250

0.00 401 400 404 396 407 3975 396 4024 402 407 403 403 398 398 404 399 396 401
025 692 719 714 668 650 642 678 727 722 698 655 650 689 71.8 743 721 652 649
050 253 25.1 250 244 243 241 256 253 253 249 245 242 259 254 256 253 244 244
075 138 13.6 138 13.8 142 14.00 138 13.68 137 138 141 140 140 137 138 137 139 140
1.00 936 931 948 956 9.85 979 935 926 934 951 974 981 942 922 927 934 954 974
125 7.13 713 724 734 757 754 713 705 710 723 746 754 714 698 7.02 7.08 727 746
1.50 577 578 588 596 6.14 6.17 577 573 576 588 605 614 578 566 567 572 591 6.05
1.75 489 488 496 504 518 519 489 485 488 494 511 517 487 476 480 487 497 5.10
200 426 427 432 436 450 452 422 421 423 430 444 450 424 413 415 420 433 444
225 378 376 3.83 387 4.00 4.01 376 3.73 375 381 393 400 373 365 3.69 371 381 392
250 340 340 345 349 359 362 338 336 339 343 354 3.60 337 329 331 335 344 352
275 310 3.11 3.14 3.17 328 328 3.09 3.06 308 312 322 326 3.07 298 301 304 311 3.19
300 285 285 289 293 301 304 282 280 283 287 296 3.01 280 273 275 278 285 292
325 264 264 268 271 280 281 261 259 261 264 273 277 257 252 253 256 262 2.69
350 245 246 249 252 260 261 243 241 242 246 253 258 238 232 233 237 242 249
375 229 228 232 235 242 243 225 223 225 228 236 239 221 216 216 218 225 231
400 214 215 217 220 226 227 210 208 210 213 219 223 204 200 202 203 208 214
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Table 3 (continued)

0.10 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 0.50
040 040 040 040 040 040 050 050 050 050 050 050 010 0.10 010 0.10 0.10 0.10
y 250 250 250 250 250 250 250 250 250 250 250 250 3.00 3.00 3.00 3.00 3.00 3.00

0.00 406 403 397 396 398 407 406 403 406 405 404 395 402 404 396 403 406 399
025 694 720 737 746 685 656 69.1 733 758 773 727 675 694 715 673 654 653 6438
0.50 262 256 257 257 249 245 265 258 260 263 257 247 253 250 245 246 243 242
075 140 137 137 137 139 141 141 138 138 13.7 138 138 138 138 138 141 142 141
1.00 948 9.19 9.12 925 942 965 948 9.14 9.14 908 929 952 939 950 9.64 980 9.85 991
125 712 691 692 693 7.16 739 712 685 681 680 698 715 717 729 740 752 7.61 756
1.50 577 561 556 560 580 597 570 551 549 549 564 576 585 596 601 6.15 621 6.20
1.75 487 471 470 472 486 503 481 463 462 461 469 483 495 504 507 519 524 526
200 422 408 4.06 4.09 420 434 416 401 398 395 405 415 430 437 442 451 457 455
225 372 361 358 361 370 383 366 351 350 348 356 3.65 381 388 393 400 403 4.03
250 333 322 321 322 333 343 327 312 312 311 316 323 344 349 352 359 3.64 3.64
275 3.02 291 290 292 300 3.09 295 282 281 280 284 291 314 3.18 322 328 332 332
3.00 275 266 264 266 273 282 268 255 254 253 257 264 289 294 297 3.02 3.06 3.06
325 253 242 242 245 250 258 243 233 232 231 236 241 268 271 276 280 2.83 2383
350 233 224 222 224 231 237 224 214 212 212 216 221 250 254 256 261 2.64 264
375 214 207 205 206 212 219 206 196 194 194 198 203 234 237 239 244 246 247
400 198 190 190 191 197 203 19 180 180 179 183 188 220 224 225 230 232 232

k 0.10 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 0.50
A 020 020 020 020 020 020 030 030 030 030 030 030 040 040 040 040 040 040
y 3.00 3.00 3.00 300 3.00 300 300 300 300 300 300 300 300 3.00 300 300 3.00 3.00

0.00 395 397.1 397 401 396 400 399 397 402 396 401 402 400 404 401 398 399 408
025 690 713 69.1 662 643 640 682 715 712 682 650 636 677 722 721 712 662 656
0.50 255 249 248 244 244 244 256 250 254 246 245 243 258 254 253 253 244 245
075 138 1368 13.7 140 140 140 139 136 13.7 138 140 140 139 137 13,6 138 140 141
1.00  9.39 9.38 949 9.69 979 982 937 932 938 945 978 979 936 923 919 940 9.60 9.85
1.25 7.19 7.18 727 741 1753 7.60 7.3 7.09 7.4 726 742 1754 712 702 701 7.2 735 755
1.50 5.82 5383 593 6.01 614 620 578 576 579 587 6.0 613 576 568 568 578 595 6.09
1.75 493 492 501 508 518 520 488 486 490 497 513 519 488 477 478 487 503 5.14
200 427 428 435 443 451 454 424 422 427 431 447 450 422 416 415 422 437 447
225 378 3.79 386 393 400 4.02 375 375 378 383 397 400 375 368 3.67 374 384 396
250 342 343 348 354 3.61 3.63 338 337 341 345 356 359 336 331 332 336 348 3.55
275 3.2 313 317 323 328 331 309 3.07 310 3.15 324 327 305 301 3.01 305 315 323
3.00 2.87 286 292 297 3.02 3.04 284 283 285 289 299 301 280 277 275 280 288 296
325 2.65 2.66 271 275 279 282 263 261 264 267 276 279 259 254 255 257 266 273
350 246 248 251 256 260 263 244 241 246 247 257 259 239 235 234 238 246 252
375 230 231 234 239 243 245 227 225 228 231 238 241 221 218 218 221 228 233
4.00 217 217 220 224 228 230 212 211 213 215 223 224 205 202 202 205 211 217
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Table 3 (continued)

0.10
0.50
3.00

0.20
0.50
3.00

0.25
0.50
3.00

0.30
0.50
3.00

0.40
0.50
3.00

0.50
0.50
3.00

0.10
0.10
4.00

0.20
0.10
4.00

0.25
0.10
4.00

0.30
0.10
4.00

0.40
0.10
4.00

0.50
0.10
4.00

0.10
0.20
4.00

0.20
0.20
4.00

0.25
0.20
4.00

0.30
0.20
4.00

0.40
0.20
4.00

0.50
0.20
4.00

0.00
0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
2.25
2.50
275
3.00
3.25
3.50
3.75
4.00

405

69.9
26.0
14.1
9.47
7.14
5.76
4.86
4.22
3.71
3.34
3.02
2.75
2.53
2.33
2.14
1.98

400

73.0
25.6
13.7
9.23
6.94
5.62
4.72
4.07
3.61
3.23
293
2.66
2.44
2.24
2.07
1.92

399

73.4
25.6
13.7
9.14
6.90
5.58
4.67
4.05
3.59
3.20
2.90
2.64
2.41
223
2.05
1.90

399

74.1
25.8
13.7
9.21
6.95
5.62
4.73
4.09
3.61
3.22
293
2.66
2.44
2.24
2.07
1.91

397

68.7
249
13.8
9.44
7.12
5.76
4.86
4.20
3.72
3.32
2.99
2.75
2.50
2.30
2.13
1.97

402

66.1
24.5
14.0
9.69
7.34
5.94
5.00
4.33
3.82
3.42
3.09
2.82
2.57
2.37
2.19
2.03

399

69.4
24.6
13.8
9.55
7.33
6.00
5.07
443
391
3.54
3.21
2.98
2.75
2.55
2.40
2.28

406

66.7
24.7
13.9
9.81
7.53
6.17
5.23
4.52
4.03
3.61
3.30
3.04
2.82
2.63
2.46
2.31

405

64.7
24.5
14.2
9.81
7.61
6.22
5.25
4.58
4.03
3.64
332
3.06
2.84
2.65
2.48
2.33

400
64.3
242
14.0
9.86
7.61
6.19
5.26
4.55
4.04
3.64
3.30
3.06
2.84
2.65
2.47
2.32

397

64.8
242
14.0
9.87
7.61
6.21
5.25
4.57
4.06
3.64
332
3.06
2.84
2.65
2.47
2.33

405

65.1
243
14.1
9.82
7.65
6.19
5.24
4.57
4.03
3.64
3.31
3.07
2.84
2.64
2.49
2.33

402

68.8
24.5
13.7
9.41
7.25
5.96
5.01
4.36
3.87
3.50
3.17
2.93
2.71
2.53
2.37
2.23

398

67.9
24.7
13.8
9.64
7.43
6.08
5.14
4.46
3.96
3.56
3.26
2.99
2.78
2.58
2.42
2.28

400

65.3
24.4
14.1
9.84
7.60
6.16
5.20
4.51
4.01
3.62
3.31
3.03
2.82
2.64
245
232

401

66.0
24.1
14.0
9.86
7.57
6.20
5.21
4.56
4.04
3.64
332
3.06
2.83
2.65
2.46
2.33

396

63.8
24.4
14.1
9.86
7.60
6.20
5.24
4.56
4.05
3.66
3.31
3.06
2.85
2.65
2.47
2.33

401

65.2
24.2
14.2
9.83
7.52
6.21
5.24
4.57
4.04
3.65
3.31
3.07
2.84
2.64
2.47
233

0.10
0.30
4.00

0.20
0.30
4.00

0.25
0.30
4.00

0.30
0.30
4.00

0.40
0.30
4.00

0.50
0.30
4.00

0.10
0.40
4.00

0.20
0.40
4.00

0.25
0.40
4.00

0.30
0.40
4.00

0.40
0.40
4.00

0.50
0.40
4.00

0.10
0.50
4.00

0.20
0.50
4.00

0.25
0.50
4.00

0.30
0.50
4.00

0.40
0.50
4.00

0.50
0.50
4.00

0.00
0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
225
2.50
2.75
3.00
3.25
3.50
3.75
4.00

399

68.2
24.6
13.6
9.41
7.17
5.83
4.94
4.31
3.81
3.43
3.13
2.87
2.69
2.50
2.34
2.20

397

70.1
244
13.8
9.50
7.31
598
5.04
4.37
3.88
3.50
3.20
2.94
2.74
2.55
2.37
2.24

404
66.4
24.1
13.8
9.61
7.40
6.05
5.09
4.44
3.93
3.54
3.24
2.97
275
2.57
241
2.26

406

65.6
24.8
14.1
9.86
7.57
6.17
5.24
4.52
4.03
3.61
3.30
3.04
2.83
2.63
2.45
2.31

405
65.2
243
13.9
9.88
7.57
6.21
5.28
4.54
4.04
3.63
3.31
3.07
2.84
2.64
247
2.32

399

64.6
243
14.0
9.86
7.58
6.19
5.24
4.55
4.03
3.63
3.32
3.07
2.85
2.64
2.46
2.32

406

69.6
25.0
13.9
9.39
7.19
5.78
4.92
4.27
3.80
3.42
3.11
2.88
2.66
2.47
2.31
2.18

408

72.6
25.0
13.7
9.45
7.15
5.85
4.94
4.29
3.82
3.44
3.13
2.90
2.66
2.49
2.32
2.20

408
70.7
252
13.8
9.55
7.28
5.95
5.01
4.34
3.87
3.49
3.17
2.93
2.69
2.52
2.36
221

403
65.9
24.6
13.9
9.66
743
6.03
5.10
443
3.94
3.55
321
2.97
275
2.55
2.39
2.24

398

64.8
244
13.9
9.78
7.52
6.14
5.18
4.52
4.00
3.59
3.30
3.02
2.80
2.61
243
2.27

402

64.5
244
14.0
9.89
7.57
6.22
5.23
4.52
4.05
3.62
3.32
3.05
2.82
2.63
2.46
2.31

401

68.6
25.3
13.9
9.35
7.14
5.79
4.90
4.23
3.76
3.38
3.08
2.84
2.62
2.42
2.25
2.10

406

73.5
25.1
13.7
9.30
7.03
5.71
4.85
4.23
3.72
3.35
3.06
2.80
2.60
2.40
223
2.08

407

71.1
25.1
13.6
9.34
7.11
571
4.87
4.23
3.75
3.37
3.08
2.83
2.61
241
2.24
2.10

405

69.4
25.0
13.8
9.48
7.20
5.89
4.93
4.33
3.82
3.44
3.12
2.87
2.65
2.44
229
2.13

407
65.9
24.4
13.9
9.63
742
6.06
5.12
4.44
3.93
3.55
3.23
2.95
273
2.53
2.36
221

407
65.0
242
14.0
9.90
7.59
6.14
5.20
4.49
3.99
3.60
3.27
3.01
2.77
2.58
2.39
223

@ Springer



15064 Arabian Journal for Science and Engineering (2022) 47:15049-15081

Table 4 ARLs properties of proposed ACUSUMgz) control chart at different values of k, A, and y when ARL( = 400 and §*. = 0.50

min

0.10 0.20 0.25 030 040 050 0.10 020 025 030 040 050 010 020 025 030 040 0.50
0.10 0.10 0.10 0.10 0.10 0.10 020 020 020 020 020 020 030 030 030 030 030 0.30
y 1.00 1.00 1.00 1.00 1.00 1.00 100 1.00 100 1.00 100 1.00 100 1.00 100 1.00 1.00 1.00

0.00 395 399 398 399 399 403 398 3982 4025 4052 406 406 407 397 406 402  406.1 399
025 70.7 67.1 658 647 643 656 706 673 658 652 655 659 707 669 66.1 644 651 66.1
0.50 247 257 259 262 259 258 245 256 261 260 260 260 247 256 261 259 259 257
075 141 149 152 156 156 155 141 1504 1531 1557 156 155 142 150 154 154 1554 154
1.00 9.69 103 10.6 108 11.03 11.08 9.67 1034 10.62 10.86 11.07 11.03 9.71 10.38 10.74 10.80 10.98 10.98
125 726 780 7.99 821 841 853 733 782 807 826 842 846 735 7.85 809 824 844 835
1.50 5.80 6.20 641 657 675 683 580 620 644 658 678 684 586 625 647 654 673 6.77
1.75 477 5.12 528 547 560 569 479 514 533 542 561 567 482 512 534 542 558 5.60
2.00 4.06 432 446 459 475 484 403 433 450 459 475 482 406 434 448 459 473 477
225 350 374 385 397 410 419 348 376 388 397 411 416 351 374 390 396 4.09 4.13
250 3.06 3.29 337 347 359 366 3.07 328 339 349 359 3.67 3.08 327 342 348 3.60 3.63
275 272 292 3.00 3.10 320 325 273 292 303 310 320 326 275 293 3.04 309 319 323
3.00 246 2.64 272 277 287 294 247 264 272 278 289 295 248 265 274 279 288 291
325 226 240 248 254 264 268 225 241 249 254 263 268 227 242 251 253 263 266
350 208 223 228 236 242 246 2.09 222 229 235 243 246 211 223 231 235 241 246
375 194 207 213 218 225 229 195 207 214 219 226 229 196 208 215 218 225 228
400 1.81 194 199 205 212 215 182 194 200 206 212 216 184 195 202 206 212 214

0.10 020 025 030 040 050 0.10 020 025 030 040 050 010 020 025 030 040 0.50
040 040 040 040 040 040 050 050 050 050 050 050 010 010 0.10 0.10 0.0 0.10
y 1.00 1.00 1.00 1.00 1.00 1.00 100 1.00 1.00 1.00 1.00 1.00 150 150 150 150 150 150

0.00 404 402 398 401 401 397 404 397.6 399.2 397 405 403 398 399 404 407 397 402
025 712 678 650 647 650 655 724 665 650 640 650 667 70.12 6798 6790 66.55 67.87 68.70
0.50 249 260 259 261 258 254 248 256 261 258 258 256 24.66 2528 25775 2558 25.58 25.52
075 142 152 152 155 155 153 141 1498 1530 155 155 152 14.14 1478 1496 1494 1476 14.77
1.00 9.78 10.43 10.63 10.88 10.97 10.80 9.74 1043 10.68 10.84 1092 10.71 9.68 10.22 10.40 10.38 10.27 10.17
125 735 7.89 807 824 838 833 736 786 8.11 826 834 827 730 771 785 783 778 774
1.50 5.85 628 646 658 671 6.65 583 626 644 661 670 667 580 612 624 626 623 623
1.75 481 516 532 543 558 554 478 515 532 545 553 555 479 505 514 517 516 516
200 4.05 437 449 460 472 472 404 436 452 461 4.69 469 406 425 437 439 439 436
225 350 376 3.87 396 408 407 349 376 389 399 406 407 350 370 377 379 381 3.80
250 3.09 331 341 348 358 360 3.07 330 341 350 356 358 3.09 326 332 333 334 334
275 274 295 303 310 318 320 274 295 303 311 316 319 275 28 295 298 298 3.00
3.00 248 265 273 280 288 288 248 266 274 280 286 289 248 261 268 270 269 270
325 227 243 249 255 262 264 227 243 250 256 261 262 227 240 244 244 247 248
350 2.10 225 231 236 241 243 211 225 232 235 241 242 209 221 225 226 228 228
375 196 210 215 220 225 226 197 210 216 220 225 226 194 205 209 210 211 212
400 1.84 198 2.02 206 211 213 1.8 197 203 208 212 213 180 191 195 19 198 199
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Table 4 (continued)

0.10 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 050
020 020 020 020 020 020 030 030 030 030 030 030 040 040 040 040 040 040
y 1.50 150 150 150 150 150 150 1.50 150 150 150 150 150 1.50 150 150 1.50 1.50

0.00 401 400.6 402.0 403 401 403 400 397 403 395 404.0 399 407 400 407 398 396 397
025 709 671 672 669 676 685 713 683 667 664 679 696 717 6758 66.8 679 687 693
0.50 246 254 255 256 254 253 247 255 256 255 254 257 250 2534 257 255 256 25.6
075 142 1479 1494 149 147 146 141 148 150 150 1475 147 141 1474 151 147 147 146
1.00 9.72 10.21 10.33 1031 10.24 10.14 9.75 10.18 1042 1036 10.26 10.14 9.81 10.28 10.40 10.20 10.22 9.95
125 730 7.65 786 784 777 771 734 7.66 784 784 778 7.69 137 774 789 769 773 7.61
1.50 583 6.10 623 625 622 617 580 612 623 624 621 617 581 615 630 615 6.16 6.10
1.75 479 506 514 516 515 512 480 505 516 515 514 512 480 506 514 512 512 5.06
200 4.06 428 435 437 437 433 408 426 436 438 437 435 407 428 437 435 435 431
225 350 369 375 379 378 375 353 372 378 381 378 379 352 371 380 377 378 3.5
250 3.08 326 331 333 335 334 3.08 326 332 333 334 332 3.09 326 334 332 332 330
275 276 292 296 298 298 297 276 290 297 299 299 298 277 293 298 297 297 296
3.00 250 262 267 269 269 269 250 263 268 270 270 270 251 265 270 270 270 2.68
325 228 239 244 246 246 247 228 240 245 247 247 247 229 240 246 248 246 246
350 2.10 221 226 228 228 227 211 222 227 228 228 228 212 223 228 228 228 226
375 194 205 209 210 212 212 196 2.08 211 212 212 213 198 209 213 213 213 211
400 182 191 19 198 198 199 1.8 193 197 199 1998 200 185 195 199 199 199 199

k 0.10 020 025 030 040 050 0.10 020 025 030 040 0.50 0.10 0.20 0.25 0.30 0.40 0.50
A 050 050 050 050 050 050 010 0.10 0.10 0.10 0.10 0.10 020 0.20 0.20 020 0.20 0.20
y 1.50 150 150 150 150  1.50 2.00 2.00 2.00 2.00 200 2.00 2.00 2.00 2.00 2.00 2.00 2.00

0.00 402 3972 399.2 401 408 402 399 406 403 397 399 396 403 4002 3957 396 397 402
025 71.1 665 669 660 694 693 69.6 681 672 684 723 728 69.6 67.6 65.9 69.7 71.7 729
050 248 256 259 254 258 256 248 255 255 253 260 260 250 254 253 254 256 262
075 142 1491 15.07 149 147 144 143 148 147 146 144 143 142 14.67 1461 145 142 144
1.00 9.74 1026 10.39 1036 1023 992 976 10.1 101 99 973 9.63 981 10.07 1001 991 9.68 9.66
125 734 773 786 784 777 750 738 7.64 757 748 732 721 731 7.56 7.55 753 729 721
1.50 578 6.17 626 627 624 6.04 583 6.06 6.08 597 584 575 582 6.05 6.00 6.01 5.84 578
1.75 478 509 521 520 516 502 482 502 500 494 483 475 480 499 4.98 494 482 475
200 4.06 429 440 439 438 426 4.07 424 424 421 412 403 4.09 4.23 4.21 421 4.09 4.03
225 350 370 379 382 381 371 355 3.69 3.68 363 356 350 354 3.66 3.66 3.64 3.54 349
250 3.10 327 334 335 336 328 3.11 325 324 320 3.14 3.09 3.10 3.22 3.23 321 3.13 3.10
275 276 293 299 299 300 294 276 290 2.89 287 280 275 278 2388 2.87 287 279 276
3.00 251 265 270 269 271 266 251 261 259 259 252 249 252 261 2.61 260 253 250
325 230 243 247 248 248 245 228 239 238 235 231 226 229 237 2.37 237 231 227
350 213 225 229 230 230 226 209 219 218 216 212 2.09 210 2.18 2.18 2.18 2.13 2.10
375 199 209 213 214 214 212 193 202 2.02 200 196 193 194 202 2.01 202 195 194
400 186 197 200 202 203 200 179 188 188 186 1.82 1.79 180 1.8807 1.8827 1.87 1.82 1.81
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Table 4 (continued)

0.10 020 025 030 040 050 010 020 025 030 040 050 0.10 020 0.25 030 040 0.50
030 030 030 030 030 030 040 040 040 040 040 040 050 050 0.50 0.50 0.50 0.50
y 200 200 200 2.00 200 200 200 200 200 200 200 200 2.00 2.00 2.00 2.00 2.00 2.00

0.00 402 404 402 401 405.8 398 396 407 407 403 399 404 399 398.6 401.4 403 405 400
025 69.7 674 670 69.0 728 740 69.6 680 675 69.1 718 740 70.6 664 66.5 679 715 73.6
0.50 25.0 256 255 255 259 260 247 258 254 254 256 262 250 254 254 254 2577 258
075 143 147 148 146 1424 142 142 149 147 146 141 142 143 1471 1474 146 142 139
1.00 9.85 10.09 10.18 997 9.70 954 9.70 10.18 10.16 996 9.64 9.53 9.84 10.11 10.12 997 9.65 9.42
125 733 764 764 754 732 716 732 766 764 752 723 7.13 736 7.64 7.59 756 7.25 17.02
150 5.84 605 6.08 599 581 572 580 6.10 6.10 6.00 576 567 580 6.06 6.05 6.00 5.80 5.62
1.75 480 5.00 502 497 483 471 479 505 499 497 477 469 483 499 5.01 497 480 4.64
200 4.10 424 425 423 411 401 4.05 429 426 423 407 400 408 423 4.26 423 4.08 3.96
225 354 369 369 366 356 350 351 371 370 3.65 354 348 354 3.69 3.70 3.67 3.55 345
250 312 324 325 323 315 3.08 3.11 327 326 323 313 3.08 312 324 3.26 325 3.5 3.05
275 279 290 290 288 281 275 278 293 292 289 280 276 281 292 2.92 290 2.82 275
3.00 252 262 263 261 256 249 252 265 264 263 253 250 253 2.64 2.65 263 256 249
325 230 239 240 238 232 227 231 243 242 240 232 228 232 241 243 241 234 228
350 211 220 221 219 214 210 213 224 223 221 214 212 215 224 2.26 223 217 211
375 196 204 205 203 199 194 195 208 207 206 199 195 200 2.07 2.09 208 202 197
400 1.82 190 191 19 184 182 183 194 193 193 185 1.83 1.87 19412 19546 194 1.89 1.84

k 0.10 020 025 030 040 050 0.10 0.20 025 030 0.40 050 0.10 020 0.25 030 040 0.50
A 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 020 020 0.20 020 030 030 030 030 030 030
y 250 250 250 250 250 250 250 2.50 250 250 250 250 250 250 250 250 250 250

0.00 399 405 401 402 399 396 398 3968 399.6 403 4039 404 403 406 406 403 3984 399
025 68.1 68.1 684 705 747 765 69.0 66.3 67.1 704 759 759 694 67.1 702 702 756 779
0.50 253 254 254 255 260 267 249 254 252 258 263 263 252 256 255 256 264 273
075 143 146 145 143 141 143 144 1467 1450 142 1394 139 145 146 142 143 14.04 142
1.00 983 100 99 97 942 935 9.82 10.00 9.89 9.69 941 941 983 999 970 9.69 932 927
125 736 755 742 730 697 692 740 747 745 729 6.99 699 741 755 723 728 695 6.85
1.50 587 599 594 581 556 546 589 599 590 580 5.55 555 589 597 581 582 553 543
1.75 486 495 492 482 459 451 485 494 4.88 479 4.60 4.60 488 495 480 480 456 4.46
200 412 420 415 4.09 3.87 3.81 413 420 4.15 4.09 3.90 390 411 421 4.09 4.06 3.88 3.79
225 357 365 3.62 354 336 328 357 3.62 361 355 3.37 337 357 365 355 354 337 329
250 3.14 322 319 311 295 288 3.13 321 3.17  3.13 296 296 3.15 323 311 311 296 287
275 279 285 284 277 2.63 256 280 2.86 283 278 263 263 281 288 277 278 264 256
3.00 252 257 254 248 235 229 253 258 255 250 236 236 255 260 250 251 237 231
325 228 233 231 225 214 209 229 234 231 228 214 2,14 231 237 229 228 215 210
350 208 213 211 206 195 190 210 2.15 2.11 207 196 196 212 216 208 208 198 192
375 192 19 195 190 179 1.75 193 197 195 191 1.80 1.80 194 200 193 193 182 1.76
400 177 181 179 1775 1.65 1.61 179 1.8213 1798 1.77 1.6685 1.67 181 185 179 178 1.67 1.63
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Table 4 (continued)

0.10 020 025 030 040 0.50 0.10 0.20 0.25 0.30 040 0.50 0.10 020 025 030 040 0.50
0.40 040 040 040 040 040 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10
y 2.50 250 250 250 250 250 250 250 2.50 250 250 250 3.00 3.00 3.00 3.00 3.00 3.00

0.00 399.7 405 403 395 405 401 404 4050 4019 405 401 395 397 399 397 404 398.2 400
025 69.7 67.1 70.1 703 759 792 70.5 66.8 67.6 68.6 758 780 678 660 67.7 718 783 80.3
0.50 25.1 255 255 254 264 273 250 254 25.3 255 262 27.1 252 255 252 257 268 27.6
075 1442 147 143 142 141 142 144 1464 1446 142 140 141 145 145 142 141 1398 142
1.00 9.81 10.06 9.68 9.69 936 927 9.74 10.07 9.93 9.68 930 9.19 10.01 992 973 953 924 9.23
1.25 7.40 755 729 724 7.00 6.85 7.33 7.55 7.42 723 692 673 747 745 733 712 6.80 6.77
1.50 5.87 599 579 579 553 540 5.84 6.01 591 583 551 534 596 592 581 567 539 533
1.75 4.84 494 479 480 459 445 481 494 491 478 4.56 441 494 491 481 468 442 437
2.00 4.11 422 408 4.06 390 379 410 421 4.17 408 3.86 376 421 420 411 397 376 3.71
225 3.58 365 353 354 338 327 356 3.68 3.63 355 336 326 3.65 3.63 353 344 325 3.17
250 3.16 323 311 3.11 297 289 3.16 3.25 3.21 314 298 286 321 319 311 3.01 282 276
275 2.82 290 280 279 265 258 2.83 2091 2.87 282 267 256 285 283 275 268 249 243
3.00 2.56 263 252 252 241 232 256 2.64 2.60 255 242 232 253 252 246 238 221 217
325 232 239 229 231 219 212 234 241 2.38 233 220 212 230 228 221 215 199 1.95
350 2.14 220 211 211 201 195 216 222 2.20 215 204 196 209 207 201 195 180 1.77
375 1.98 203 195 195 185 1.79 2.00 2.06 2.04 199 188 1.82 191 190 1.84 178 1.64 1.62
400 1.8262 1.89 1.81 181 1.72 1.66 186 19229 1.8997 185 174 168 175 175 1.69 1.63 1505 149

k 0.10 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 0.25 030 040 0.50
A 020 020 020 020 020 020 030 030 030 030 030 030 040 040 040 040 040 040
y 3.00 3.00 3.00 3.00 300 300 300 300 3.00 300 300 300 300 300 300 300 3.00 3.00

0.00 401 399 4058 401 406 398 3954 399 398 397 400 405 399.6 407 396 402 408 400
025 672 675 655 722 795 805 674 660 69.1 71.1 787 822 684 669 676 713 792 819
0.50 250 252 252 254 268 276 25.1 251 253 254 265 281 252 254 251 255 271 279
075 144 144 1450 141 140 142 1442 144 142 139 139 143 1448 145 143 140 140 142
1.00 991 993 993 949 921 927 988 989 973 942 920 927 984 998 9.64 945 9.19 09.14
125 748 747 746 711 679 672 742 745 732 706 678 678 743 744 726 7.13 674 6.71
1.50 595 596 596 567 540 529 59 595 581 561 535 529 593 594 576 562 537 526
1.75 493 490 493 466 443 432 490 490 482 4.67 443 436 491 494 480 4.65 440 433
200 4.18 420 421 399 375 3.67 416 419 408 395 373 368 416 419 4.08 395 373 3.63
225 3.64 3.63 365 344 323 315 3.63 3.62 354 342 321 317 362 365 355 344 323 314
250 320 321 320 301 282 274 320 320 3.13 3.02 282 274 318 322 313 3.03 284 275
275 285 285 285 267 249 242 285 285 277 267 250 244 286 287 280 270 251 243
3.00 255 256 255 238 223 216 256 256 250 239 223 218 257 259 251 242 226 2.19
325 231 230 231 215 201 195 232 232 225 216 200 197 235 235 227 220 203 198
350 210 211 210 195 182 176 2.11 211 205 198 183 179 214 216 209 201 185 1.80
375 192 192 192 1.78 1.66 1.62 194 193 188 1.79 1.67 1.64 198 198 191 184 171 1.65
4.00 177 177 1.77 1.64 152 149 1.78 1.79 174 1.66 154 151 1.81 1.83 1.76 170 157 152
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Table 4 (continued)

0.10 020 025 030 040 050 010 020 025 030 040 050 010 020 025 030 040 0.50
050 050 050 050 050 050 010 010 0.10 0.10 0.10 0.10 020 020 020 020 020 020
y 3.00 3.00 300 3.00 300 3.00 400 400 400 4.00 400 400 400 400 400 4.00 4.00 4.00

0.00 402 398.6 403 406 404 400 405 402 403 400 398 401 400 402 396.1 401 396 405
025 681 667 679 717 789 83.0 663 654 688 735 802 774 664 660 690 737 818 798
0.50 251 253 252 256 268 27.7 253 250 252 258 275 277 255 251 251 257 272 280
075 145 1453 142 141 138 142 147 143 141 139 141 144 147 143 1394 139 141 144
1.00 983 993 965 945 9.12 9.13 1007 976 948 924 9.10 931 1008 9.75 935 9.19 9.09 931
125 740 739 721 709 672 661 7.64 735 711 685 6.68 684 7.63 731 7.02 684 6.66 6.80
1.50 588 591 573 561 533 522 615 592 566 544 526 539 6.09 588 560 544 519 536
1.75 487 490 479 464 437 429 512 490 4.69 450 434 441 508 486 465 447 430 439
200 4.14 417 408 394 371 361 438 421 4.02 382 3.64 371 438 416 397 380 3.63 3.69
225 361 363 355 345 320 313 383 366 347 329 313 320 3.81 3.64 343 328 3.12 3.16
250 320 322 313 304 282 275 338 319 3.04 288 274 278 339 318 299 286 271 275
275 2.86 288 280 272 251 245 301 282 2.67 253 240 244 301 281 2.63 252 237 241
3.00 259 260 254 245 227 221 269 251 235 223 212 216 268 251 234 223 210 214
325 236 237 231 223 207 201 239 224 209 198 188 192 241 223 2.08 1.98 1.87 1.90
350 216 218 212 205 190 184 217 200 188 1.78 1.68 1.71 2.17 1.99 1.87 1.78 1.68 1.71
375 2.01 201 196 189 1.75 170 1.96 1.81 1.68 159 152 154 1.96 1.81 1.68 1.59 152 154
4.00 186 1.86 1.82 175 1.61 156 1.77 1.64 153 144 138 140 1.78 1.64 1.51 1.45 138 1.40

k 010 020 025 030 040 050 0.10 020 025 030 040 050 0.10 020 025 030 040 0.0
A 030 030 030 030 030 030 040 040 040 040 040 040 050 050 050 050 050 0.50
y 400 400 400 4.00 4.00 400 400 400 4.00 4.00 400 4.00 4.00 400 400 4.00 4.00 4.00

0.00 396 395 403 397 400 400 403 397 396 400 403 399 404 403 405 406 3969 405
025 654 652 697 73.6 838 822 669 653 687 739 835 828 674 654 703 744 817 83.7
050 253 251 251 259 279 280 254 250 248 257 281 287 253 249 252 259 27.6 287
0.75 14.6 143 140 140 141 144 147 142 139 138 141 143 146 141 140 138 1392 143
1.00 10.01 9.69 933 926 906 927 10.02 9.67 929 917 9.04 9.15 992 9.68 938 9.09 895 9.12
125 757 729 1707 678 662 675 754 726 693 678 659 667 745 719 699 671 652 6.62
1.50 6.07 583 561 543 520 528 6.05 582 553 536 517 523 597 576 557 530 5.11 5.12
1.75 506 483 4.62 445 428 433 503 483 457 442 425 426 495 478 461 439 419 424
200 433 413 395 378 3.62 3.64 433 413 389 375 358 361 424 409 391 374 353 359
225 377 360 342 326 308 313 377 359 337 325 309 311 370 355 339 323 306 3.10
250 333 314 299 285 270 271 334 314 295 284 269 269 330 314 299 282 268 271
275 297 279 264 249 237 239 298 280 263 249 237 238 295 279 266 251 236 238
3.00 266 249 234 221 210 212 268 250 233 222 210 211 265 251 240 224 212 212
325 239 223 210 198 186 1.88 241 225 209 198 1.88 1.890 240 227 214 202 191 1.91
350 216 200 188 1.77 167 170 218 204 18 179 1.69 171 219 206 196 1.83 1.72 1.74
375 1.96 1.81 170 1.61 1.52 153 2.00 185 1.70 1.62 154 155 201 188 1.78 1.66 1.57 1.58
4.00 1.79 1.65 154 145 139 140 1.82 1.68 155 147 141 141 184 173 1.63 152 1437 1.46
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control charts. The comparison is based on numerical results
and visual presentations. More details are given as follows:

(a) Atsmall valuesof y =1 and A = 0.10 along k = 0.5,
the proposed ACUSUM?) control chart outperforms for
small shifts (i.e., § < 0.5) as compared to the proposed
ACUSUMgl) control chart (see Tables 3, 4 and Fig. 2a).
It means, the proposed ACUSUMgl) control chart works
better for moderate-to-large shift (i.e., § > 0.5).

As A > 0.10 (e.g., 2 0.50), the proposed
ACUSUMéZ) control chart identify earlier signal rela-
tive to the proposed ACUSUMQ) control chart which
can be seen in Tables 3, 4 and Fig. 2b as well.

At large values of y and k such that y = 5 and k =
0.5 along A = 0.10, the proposed ACUSUM&I) con-
trol chart shows good diagnose ability for small shifts
(i.e., § < 0.75) against the proposed ACUSUM§2) con-
trol chart (see Tables 3, 4 and Fig. 2c). It implies that
proposed ACUSUMgz) control chart works well for
moderate-to-large shift (i.e., § > 0.75).

Like proposed ACUSUMéZ) control chart in point (b), as
A > 0.10 (e.g., A = 0.50), the proposed ACUSUM."
control chart continues with superiority as mentioned
in point (c) and this point can be seen in Fig. 2d and
Tables 3, 4.

It can be concluded from points (a)-(d), at the different
parameters’ combinations, the proposed ACUSUMgl)
and ACUSUMéz) control charts offer better detection
ability for different sizes of shift.

(b)

()

(d)

(e)

Springer

5.2 Proposed and Other Control Charts

The proposed ACUSUM&I) and ACUSUM?) control charts
performance are compared against some existing control
charts. The performance of the control charts is assessed at a
single shift and at a certain range of shifts as well to convey
adaptive idea. For the said objective, the classical CUSUM
[2], ACUSUM [9, 11], and ACUSUME [7] control charts are
considered.

5.2.1 Proposed Versus Classical CUSUM Control Chart

The proposed ACUSUMgl) and ACUSUMgz) control charts
keep smaller ARL; values against the classical CUSUM
control chart when different values of parameters are con-
sidered. For instance, at k = 0.5, the ARL; values of the
classical CUSUM control chart are 85.87 and 28.49 for § =
0.25and0.5, respectively, while the proposed ACUSUMgl)
control chart at any combination of k, X, and y values has
smaller ARL; values for the same shifts (see Table 5 and
Fig. 3a). Likewise, the proposed ACUSUM((?) control chart
also shows dominance as compared to the classical CUSUM
control chart (see Table 5 and Fig. 3a). It can be concluded
that the proposed ACUSUMQ) and ACUSUMgz) control
charts outperform versus the classical CUSUM control chart
when shift lies between 0.25 < § < 0.75 intervals. Simi-
larly, as k > 0.5 increases, the proposed ACUSUMgl) and
ACUSUM((;Z) control charts persist with outstanding detec-
tion ability relative to the classical CUSUM control chart (see
Table 5 and Fig. 3b).

The proposed ACUSUMél) and ACUSUM(@ control
charts also show edge in terms of overall performance against
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the classical CUSUM control chart. For example, the classi-
cal CUSUM control chart has lower EQL, PCI, and RARL
values as compared to the proposed ACUSUMQ) control
chart, but the proposed ACUSUMgZ) control chart shows
superiority. For instance, the EQL, PCI, and RARL values
of the ACUSUM control chart are 8.77, 1.00, and 1.00
(see Table 6). From the findings, it can be concluded that the
proposed control charts somehow perform better for a single
shift and in terms of overall assessment as well.

5.2.2 Proposed Versus ACUSUM Control Chart

The ACUSUM control chart is proposed by Sparks [9]. The
ACUSUM control chart is effective to detect different sizes
of shift. In the comparison of the proposed ACUSUM&Z)
control chart, the ACUSUM control chart is less efficient at

6 > 0.75 to diagnose earlier shifts. For example, at § = 0.75

(8+:, = 0.50, A = 0.20, and y = 1.00), the ARL; 11.08
value is smaller than the ARL; value of the ACUSUM con-
trol chart. Similarly, at § = 2.5 0, the ARL 4.12 value which
belongs to the ACUSUM control char is larger relative to the
proposed ACUSUMéz) control chart ARL value (see Table
5 and Fig. 3a). In contrary, the proposed ACUSUM&I) con-
trol chart performs better against the ACUSUM control chart
only at § = 0.50 (see Table 5 and Fig. 3a); otherwise, it has

inferior performance. Furthermore, when Sr-'x-lin = 1.00, the

proposed ACUSUMgl) and ACUSUM control charts perform
almost equally. It means that the ACUSUMgz) control chart
shows outstanding performance against the ACUSUM con-
trol chart at the specific values of parameters.

In terms of comprehensive performance, the ACUSUM
control chart keeps large values of the EQL, PCI, and RARL
against the proposed ACUSUM((;I) and ACUSUM((;Z) control
charts. For instance, at 5:1-1in = 1.00,the EQL, PCI, and RARL

Springer
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Table 6 EQL, PCI, and RARL

values of control charts S min A v EQL PCI RARL

AEWMAE 0.0398 2.899 14.17 133 1.33
ACUSUMEg 0.50 0.0398 2.899 13.28 1.25 1.23
AcusumV 0.50 0.0398 2.899 3.62 11.56 1.09 1.05
ACUSUMY 0.50 0.0398 2.899 3.63 10.62 1.00 1.00
AEWMAE 0.20 2.50 15.84 1.48 1.66
ACUSUMEg 0.50 0.20 2.50 12.56 1.18 1.17
AcusumV 0.50 0.20 2.50 3.57 11.48 1.08 1.04
ACUSUMY 0.50 0.20 2.50 3.93 10.68 1.00 1.00
AEWMAE 0.1253 2.7765 12.70 1.26 1.29
ACUSUMg 1.00 0.1253 2.7765 11.74 1.17 1.18
Acusum{ 1.00 0.1253 2.7765 10.07 1.00 1.00
ACUSUMY 1.00 0.1253 2.7765 4.40 10.08 1.00 1.00
AEWMAE 0.30 2.50 17.32 1.72 1.88
ACUSUME 1.00 0.30 2.50 11.72 1.16 1.19
Acusum? 1.00 0.30 2.50 10.07 1.00 1.00
ACUSUMYP 1.00 0.30 2.50 10.09 1.00 1.00
Classical CUSUM 9.53 1.09 1.13
ACUSUM 0.50 10.37 118 1.18
AcusumV 0.50 0.20 4.00 11.01 1.25 1.24
ACUSUMY 0.50 0.10 1.00 8.77 1.00 1.00
ACUSUM 1.00 15.73 1.67 1.78
Acusum{ 1.00 0.100 4.00 9.40 1.00 1.00
ACUSUMY 1.00 0.100 1.00 9.54 1.01 1.01
OCUSUM

AcUsuMY

ACUSUMY

values of the ACUSUM control charts are 15.73, 1.67, and
1.78, respectively (see Table 5). The same analysis is also
true at 7. = 0.50 but only for the proposed ACUSUM?)
control chart (see Table 6). In brief, the ACUSUMéz) control
chart is a better choice in terms of overall performance as
compared to the proposed ACUSUMgl) control chart against

the ACUSUM control chart.
5.2.3 Proposed Versus AEWMAE Control Chart

The analysis at range of § € [0.5, 4] reveals the ARL; val-
ues of the proposed ACUSUMﬁl) and ACUSUM?) control
charts are smaller as compared to the AEWMAE control chart
at 87 = 0.5and1.00 along different values of A and y for
the specific range of shift (i.e.,0 < § < 1.5). For instance, at
§=025(", =0.5,1=0.0398, and y = 2.889), the 71.20

and 89.84 are ARL; values of the proposed ACUSUMQ)

@ Springer

and ACUSUM&Z) control charts, respectively, whereas the
AEWMAE control chart ARL; value is 115.30. It shows
that the AEWMAE control chart has less detection ability
against the proposed ACUSUMEI) and ACUSUMgz) control
charts (see Table 7 and Fig. 4a). Similarly, at § = 1.5, the
proposed ACUSUM&I) and ACUSUMéz) control charts also
show superiority versus the AEWMAE control chart. Fur-
thermore, as A increases, the AEWMAGE control chart ARL
increases as well relative to the proposed ACUSUMQ) and
ACUSUM?) control charts. For example, at A = 0.20 and §
=0.25 (8}, = 0.50 and y = 2.50), the 72.46 and 87.39 are
ARL, values of the proposed ACUSUM" and ACUSUMY?
control charts, respectively, although the AEWMAGE control
chart ARL; value is larger (see Table 3 and Fig. 4b). Cor-
respondingly, at § = 0.50, the proposed ACUSUMS) and

ACUSUMéz) control charts perform better, too. Likewise,
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Table 7 Comparison of zero-state ARL values among ACUSUM., ACUSUMg, and AEWMAE control charts when ARLy = 500

Parameters 8

S A y 0.25 0.50 0.75 1.00 1.50 2.00 250 3.00 350 4.00 5.00
Range [0.5,

4]

AEWMAE 0.0398  2.899 115.30 3671 20.08 1353 7.77 496 325 219 158 126 1.04
ACUSUME 0.50 0.0398 2.899 9634 3147 17.66 12.18 740 515 375 279 212 1.67 1.19
ACUSUMY" 050 0.0398 2.899 3.62 7120 2581 14.86 1038 649 478 381 320 277 243 2.00
ACUSUMY 050 0.0398 2.899 3.63 89.48 2936 15.03 977 5.65 391 295 232 190 159 1.13
AEWMAE 0.20 2.50 260.79  79.05 29.31 1468 644 387 263 191 147 123 1.03
ACUSUME 0.50 0.20 2.50 95.54 3198 17.76 1190 6.84 458 330 249 195 159 1.17

0.50 0.20 2.50 3.57 7246 2579 1480 1036 643 472 375 313 269 234 183
ACUSUMQZ) 0.50 0.20 2.50 3.93 87.39 29.02 1498 975 572 400 3.04 245 203 173 129
Range [1, 4]
AEWMAE 0.1253  2.7765 168.55 45.02 19.64 11.69 6.17 400 279 203 155 126 1.04
ACUSUME 1.00 0.1253  2.7765 14749 3925 1742 1057 581 399 3.00 237 191 157 117
ACUSUMQ) 1.00  0.1253 2.7765 4.40 99.06 30.76  14.82 9.12 516 361 282 234 206 185 1.46
ACUSUM?) 1.00 0.1253 2.7765 440 100.23 31.19 14.81 923 512 360 282 234 205 185 146
AEWMAE 0.30 2.50 276.61 93.60 3527 1666 6.52 375 254 187 146 123 1.03
ACUSUME 1.00 0.30 2.50 153.52 4058 17.87 1070 572 382 280 217 175 145 1.11
AcusuM  1.00 030 2.50 4.40 99.03 30.79 14.64 921 515 361 281 234 205 185 147
ACUSUME  1.00 0.30 2.50 4.40 98.93 31.00 14.89 9.16 5.16 361 281 234 205 185 146

at A = 0.30, the proposed ACUSUMgl) and ACUSUMéz)
control charts persist excellent performance. Besides, when

.= 1.00 the proposed ACUSUM{" and ACUSUM!”
control charts give outstanding performance against the con-
trol chart (see Table 7). At the similar lines, the proposed
ACUSUMEI) and ACUSUM?) control charts have outper-
formed against the AEWMAE control chart when range of
8 € [0.5, 4] is considered (see Fig. 4a, b).

In terms of overall performance evaluation, the proposed
ACUSUMQ) and ACUSUMéz) control charts keep lower
EQL, PCI, and RARL values against the AEWMAE control
chart when a certain range of shift (i.e., 0 < § < 2) is used.
For example, at 8r+nin = (0.50and A = 0.0398, the 11.56 and
10.62 are EQL values of the ACUSUM'" and ACUSUM?
control charts, respectively, which are smaller as compared
to the AEWMAGE control chart (see Table 6). Likewise, at
8+, = 1.00and A = 0.30, the AEWMAGE control chart PCI
and RARL values are larger in the comparison of proposed
ACUSUMY" and ACUSUM” control charts PCT and RARL
values (see Table 7). Besides, at S;;in, A, and y parameters
values as mentioned in Table 5, the AEWMAE control chart
depicts the inferior performance, too.

5.2.4 Proposed Versus ACUSUMg Control Charts

The proposed ACUSUMgl) and ACUSUM.EZ) control charts
have superior performance against the ACUSUME control
chart when 8f. = 0.50and1.00 along different values of
A and y at the specific range of shift i.e., 0 < § < 1.5).
For instance, at § = 0.25 (6;;]1“ = 0.5, » = 0.0398, and
y = 2.889), the 96.34 is the ARL; values of the ACUSUMEg
control chart which is larger as compared to the proposed
ACUSUMQ) and ACUSUMéZ) control charts (see Table 7
and Fig. 4a). It shows that the ACUSUME control chart

has less detection ability against the proposed ACUSUMS )
and ACUSUME2 ) control charts. Similarly, at § = 1.50,
the proposed ACUSUM&I) and ACUSUMEZ) control charts
demonstration supremacy over the ACUSUME control chart
(see Tables 7 and Fig. 4a). Additionally, as A increases, the
ACUSUME control chart ARL; increases as well over the
proposed ACUSUMgl) and ACUSUM(@ control charts. For
example, at A = 0.20 and § = 0.25 (8}, = 0.50 and y =
2.50), the 72.46 and 87.39 are ARL values of the proposed
ACUSUMgl) and ACUSUMéZ) control charts, respectively,
while the ACUSUME control chart ARL (i.e., ARL; =
95.54) value is larger (Table 7 and Fig. 4b). Similarly, at
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6 = 0.50, the proposed ACUSUMél) and ACUSUMgZ) con-
trol charts perform better, too. Likewise, at A = 0.30, the
proposed ACUSUMQ) and ACUSUM?) control charts per-
sist superior performance. Besides, when §F. = 1.00,
the proposed ACUSUMED and ACUSUMEZ) control charts
give outstanding performance against the ACUSUME con-
trol chart, too (see Table 7 and Fig. 5a, b).

In terms of comprehensive assessment, the ACUSUMEg
control chart shows inferior performance against the pro-
posed ACUSUMS) and ACUSUMgZ) control charts at a
specific interval of shift (i.e., 0 < § < 2). For example,
at 6;1111 = 0.50and A = 0.20, the 11.48, 10.68, and 12.56 are
EQL values of the ACUSUMY", ACUSUM?, ACUSUMg
control charts, respectively. This analysis reveals that the

ACUSUME control chart has inferior performance (see Table

Springer

6). Furthermore, the analysis at 5;;1111’ A, and y parameters val-

ues as mentioned in Table 6 also shows the superiority of the
proposed ACUSUMgl) and ACUSUM?) control charts.

5.2.5 Proposed Versus OCUSUM and IACUSUM Control
Charts

The ARL values of the optimal CUSUM (OCUSUM) and
TACUSUM control charts are taken from the study of
Abbasi and Haq (2020) and provided in Table 5. The
80.55 and 26.49 are ARL; values of the OCUSUM con-
trol chart for § = 0.25and0.50, respectively, at k = 0.50,
while the proposed ACUSUMLS"”(ARL, = 73.1and 26.1)
and ACUSUM (ARL, = 65.6and 25.8) control charts
have smaller ARL; for same shifts (see Tables 3, 4 ver-
sus 5). It shows that the proposed ACUSUMéz) performs
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better as compared to the proposed ACUSUMEI) against
the OCUSUM control chart for small shifts. In contrary, §
increases (i.e., § > 0.50), the OCUSUM has dominance over
the proposed control charts. Similarly, the IACUSUM con-
trol chart also shows efficient performance, too (see Table
5).

5.3 Recommendations When to Use ACUSUM£1)
and ACUSUMgz) Control Charts

As mentioned in Sect. 4.2, the performance of the pro-
posed control charts truly depends on the combinations of
parameters (i.e., k, A, and y) and their values, but the above-
mentioned points (a)—(e) in Sect. 5.1 will be helpful for
practitioners, quality experts, researchers, and engineers to
correctly identify the situation in real-life when to use the
proposed ACUSUMél) and ACUSUM?) control charts to
monitor the process location shift precisely. Furthermore,

)

b

the comparative analysis of the proposed ACUSUM((;I) and
ACUSUM‘(;Z) control charts for a single shift and a broad
range of shift given in Sect. 5.2 can be used as a benchmark
to properly recognize the use of the proposed ACUSUMEI)
and ACUSUMé ) control charts to solve real-life process
problems for many situations at different choices of parame-
ters against other (classical CUSUM, ACUSUM, AEWMAE,
ACUSUME, OCUSUM, and IACUSUM) control charts.

6 An lllustrate Example

This section demonstrates how the ACUSUMgl),
ACUSUME, AEWMA.” (AEWMAGg based on Huber func-
tion) and the classical CUSUM control charts can employ
with numerical data to show the implementation procedure
for practical point of view. Also, a comparison is provided
to show the efficiency of the proposed ACUSUMQ) control

@ Springer
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Table 9 Control charts diagnostic abilities to detect out-of-control signals
Parameters Aacusum” ACUSUME AEWMAY’ Classical
CUSUM
1) 1)
8o = 1.00, 8o = 1.00, y = 3.00, k=1
y =3.00,A =0.30 y =3.00,A = 0.30 A =0.30,L =2.954
At 8 = 0.00 first 17th 17th Oth Oth
out-of-control signal order
Total out-of-control points or 4 out of 20 4 out of 20 0 out of 20 0 out of 20
signals
At § = 1.50 first 12th 12th 12th 12th
out-of-control signal order
Total out-of-control points or 9 out of 20 9 out of 20 9 out of 20 9 out of 20

signals

chart against other control charts. To serve this objective, a
numerical data of an example from Montgomery [17] are
considered. The following parameter combinations which
provide the same ARL for control charts are considered:
(i) the 8" is set equal to 1.00 (e.g., 8% = 1.00), (ii) the
A parameter is considered as 0.30 value, and (ii) y is chosen
between [1.50, 3.00] which is y = 3.00. To show how the
control charts detect different sizes of shift effectively, two
different scenarios such as 0 and 1.5 shifts are chosen. There
are not any changes (shift) in the first 10 observations and in
the last 10 (11th to 20th) observations 1.5 shift is introduced.
The numerical results which are given in Table 8 show that the
proposed ACUSUM((;I) control chart depicts earlier detection
ability against the classical CUSUM control at both 0.00 and
1.50 shifts (see Table 9 and Fig. 6a). For example, at 5 = 0.00,
the proposed ACUSUMél) control chart detects first signal
at 17th order of the observations, while the AEWMAS) and
classical CUSUM control chart is unsuccessful to identify
any signal (see Table 9 and Fig. 6b, c). However, at § = 1.50,
the ACUSUM"”, ACUSUME, AEWMA", and the classi-
cal CUSUM control charts can diagnose signal at 12th order
of the observations. Additionally, it can be projected that
the proposed ACUSUMéz) control chart also will perform
better against the ACUSUME, AEWMAS ) and the classical
CUSUM control charts because both proposed ACUSUMgl)
and ACUSUMéz) performed equally (see Sect. 4).

The findings reveal that the classical CUSUM control
chart is normally developed using pre-specific shift; there-
fore, it may give poor performance when the actual shift is
different from the targeted. So, the classical CUSUM control
chart cannot provide an overall good detection performance
over a range of shifts. In contrast, the proposed ACUSUMé])
control chart procedure uses a location estimator to dynam-
ically change its reference value retains earlier detection
ability.

7 Summary, Conclusions,
and Recommendations

An adaptive CUSUM (ACUSUME) control chart [7] is an
advanced form of the classical CUSUM control chart [2].
Its structure is based on the classical EWMA statistic and
Huber’s function. The ACUSUME control chart detects a
broad range of shifts in the process location, but the clas-
sical EWMA statistic in the ACUSUME does not provide
explicit rule for parameter choices to diagnose a specific shift
as well [4]. To overcome this issue, this study has proposed
two ACUSUM control charts, symbolized as ACUSUM,
(ACUSUMgl) and ACUSUMgz)) control charts to monitor
a specific and a certain range of shift in the process location.
The proposed ACUSUMél) and ACUSUM.Ez) control charts
methodologies are based on the classical CUSUM statistic,
generalized likelihood ratio test, and score functions. These
techniques help to adjust the reference parameter as a time
varying to diagnose shifts effectively. Monte Carlo simula-
tion technique [19] as an algorithm is developed in MATLAB
to produce numerical results to obtain performance evalua-
tion measures. Findings based on performance evaluation
measures and visual presentation reveal the superiority of
the proposed ACUSUMS) and ACUSUMéz) control charts
against other control charts (classical CUSUM, ACUSUM,
AEWMAE, and ACUSUME). Besides, to show the imple-
mentation procedure for practical point of view, the proposed
ACUSUMCc control charts are applied with numerical data
to show the significance over other control charts. This study
is carried out when process characteristic follows a normal
distribution through the simple random sampling scheme. It
would be interesting to extend this study for multivariate and
for other sampling schemes as well.
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Fig.6 a The graph of
ACUSUMYY control chart at

8 = 0.00and1.50. b The graph of
ACUSUMél) and classical
CUSUM control charts at

8 = 0.00and1.50. ¢ The graph of
AEWMAQ) control charts at

8 =0.00 and 1.50
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Appendix
Generalized Likelihood Ratio Test

Let X (x; ~ N(po,og), i = 1,2,3, ..., n) denote
a process characteristic of interest that follows a normal
probability distribution with known in-control location g
(location parameter) and variance 002. Assume the process
location is in-control and out-of-control is presented as:
Hy : o = 0and Hy : po > 8o or g < do, respectively.
The 8¢ presents the process location has been shift at a certain
time ip (i < ip). Suppouse f is is the joint density function
of x;. Then, the log-likelihood ratio (LR) of Hy and Hj is
given as follows:

LR; zln(f(xuxz,-u,xl'IHl))
o Sf(x1, x2, ..., xi|Ho)
LR;, =1 Hfuﬂ o=/ x [Tii, e((xi=30/2)
C—In
iy H?:] e(—xiz/Z)
n 1 2
~ 3 (=802 -47))
LR, =In| J] o4
i=iy+1
n (SO

Equation (1) can be used to detect the changes on the
process location and the CUSUM control chart increasement
at time n would be

)
I; = o (xi - EO) @)

So, to detect upward and downward shifts in the process
location, the one-sided upper and lower CUSUM statistics
can be defined as follows:

8
g = max[O, g1+ (x,- — 50)], 3)

_ . - do
gi = mln|:07 gt_] - 60 (-xi - ?)il’ (4)

respectively. The term &y in Eqs. (3) and (4) is constant and
can be absorbed in decision interval. So, the statistics g;r and
g; reduce to the statistics of the classical CUSUM control
chart. In practice, the future location shift 8 is often unknown

and needs to be estimated. In this case, it is intuitive to replace
8o by its estimate in the increment /;. This motivates the use

of the linear weight function w (3;' ) = SA;’ .
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