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Abstract
An adaptive cumulative sum (CUSUM) control chart based on the classical exponential weighted moving average (EWMA)
statistic and Huber’s function, symbolized as an ACUSUME control chart, is an enhanced form of the classical CUSUM
control chart that can identify different sizes of shift. However, the classical EWMA statistic for the ACUSUME control
chart does not provide explicit rule for parameter choices to diagnose a specific shift. To overcome this issue, this study has
proposed two ACUSUM control charts, symbolized as ACUSUMc control charts to monitor a specific and a certain range
of shift. The novelty behind the proposed ACUSUMc (ACUSUM

(1)
c and ACUSUM(2)

c ) control charts is initially adaptively
updating the reference parameter using the classical CUSUM statistic, generalized likelihood ratio test, and score functions to
achieve superior performance. An algorithm in MATLAB using the Monte Carlo simulation technique is designed to obtain
numerical results. Furthermore, based on numerical results, performance evaluation measures such as average run length,
extra quadratic loss, relative average run length, and comparison index are calculated. The proposedACUSUMC control charts
based on performance evaluation measures and visual presentation are compared against other control charts. Findings reveal
the superiority of the proposed ACUSUMC control charts. Besides, for practical point of view, the proposed ACUSUM(1)

C
control chart is implemented with numerical data to show the significance over other control charts.
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Abbreviations

ACUSUM Adaptive CUSUM
ACUSUMc Proposed control charts
ACUSUM(1)

c ACUSUMc Based on ∅h(.)
ACUSUM(2)

c ACUSUMc Based on ∅b(.)
ACUSUME ACUSUM based on classical EWMA

statistic
AEWMA Adaptive EWMA
AEWMAE AEWMA based on classical EWMA

statistic
ARL Average run length
bmk Benchmark
CUSUM Cumulative sum
EQL Extra quadratic loss
EWMA Exponentially weighted moving average
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LCL Lower control limit
LR Log-likelihood ratio
OCUSUM Optimal CUSUM
RARL Relative average run length
RL Run length
PCI Performance comparison index
UCL Upper control limit
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c

ACUSUM(2)+
i

/ACUSUM(2)−
i

Plotting statistic of ACUSUM(2)
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Function of δ̂+i /δ̂−
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w1(ei ) Ratio of ∅h(ei ) and ei
w2(ei ) Ratio of Bi-square function and ei
xi A process characteristic
Z+
i /Z−

i Plotting statistics of ACUSUME

σ 2
0 Variance parameter

λ Constant
∅h() Huber function
∅b(ei ) Bi-square function

1 Introduction

Manufacturing and non-manufacturing process parameters
(location and/or dispersion) face two sources of variation.
These sources of variation are normally categorized as ran-
dom causes of variation and special causes of variation.
Furthermore, random causes of variation are inherited part of
every process and have a harmless nature for any process. A
process is called statistically in-control under random causes
of variation. In contrary, special causes of variation occur due
to some problems such as problem in raw material, improper
adjustment in machines, and human error. A process is called
statistically out-of-control with special causes of variation.
Statistically a special cause of variation is also known as a
shift in the process parameters. Timely action to detect or
eliminate a shift in the process parameters can bring it back
into normal position.

To detect or eliminate a shift in the process parameters,
the statistical process control (SPC) tools are famous. More
specifically control charts among SPC tools got special atten-
tion because of their effectiveness and ease implementation.
Normally control charts are categorized as memory-less and
memory control charts. Shewhart control chart suggested by
Shewhart [1] known as memory-less is used to monitor a
shift of large size in the process parameters, but less sensi-
tive to detect small-to-moderate sizes shift. To overcome the
problem of Shewhart control chart, Page [2] and Roberts [3]
offered the classical cumulative sum(CUSUM)andexponen-
tially weighted moving average (EWMA) control charts to
identify small-to-moderate shift, respectively; these control
charts also known as memory control charts. The classical
CUSUM control chart is only effective for a shift for which it
is designed [4] by considering a specific value of its reference
parameter (e.g., K ). Besides, it is hard to predict the actual
magnitude of the shift in real life. So, the CUSUM control
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chart may not perform well when future shift infrequently
known or changed over the time.

To solve the issue of the classical CUSUM control chart
[2], multiple classical CUSUM control charts at different
values of reference parameter that can be designed to detect
different sizes of shift are recommended, but multiple classi-
cal CUSUM control charts for the said purpose are difficult
to design and create complications in the implementation
procedures [5]. On the other hand, the classical CUSUM
control chart advanced forms such as an adaptive CUSUM,
denoted as ACUSUM control chart, became popular among
the research community [6] to distinguish different sizes of
unknown shift. There are few advantages of ACUSUM con-
trol chart over the classical CUSUM control chart. Firstly,
ACUSUM control charts are easy to implement because they
are comprised a single control charts as compared tomultiple
control charts [7]. Secondly, in the ACUSUM control charts,
reference parameters are adjusted dynamically to gain better
performance for a broad range of shift [8].

In this regard, an ACUSUM control chart recommended
by Sparks [9] to monitor a shift in the process location. The
ACUSUM control chart [9] methodology is based on the
classical EWMA statistic, and it has good detection abil-
ity in a range of unknown shifts. Likewise, Jiang et al. [7]
recommended an ACUSUM control chart based on classical
EWMA statistic, symbolized as anACUSUME control chart.
The reference parameter of the ACUSUME control chart
is first adaptively updated on the classical EWMA statis-
tic and then a weight is assigned to it using Huber function.
Recently, Abbasi and Haq [10] have extended ACUSUME

[7] control chart based on auxiliary information to identify
different sizes of a shift in the process location effectively.
More insights into adaptive memory control charts can be
seen in the studies of Capizzi and Masarotto [11], Shu and
Jiang [12], Wu et al. [8], Amiri et al. [13], Zaman et al.
[14], Abbasi and Haq [15], Zaman et al. [16], and references
therein.

Asmentioned before, anACUSUME [7] control chart uses
the classical EWMA statistic. This main issue with the clas-
sical EWMA statistic is: it does not provide clear instruction
for the parameter (i.e., λ) value selections to identify a spe-
cific shift [4]. Additionally, it may be interesting and vital for
researchers, quality engineers, practitioners, and experts to
use the classical CUSUM statistic for the ACUSUME con-
trol chart (symbolized as anACUSUMc) against the classical
EWMA statistic. May it help to further improve the detec-
tion ability for a specific as well as for a broad range of shift.
So, this point is taken as an inspiration to design this study.
And this study proposes two ACUSUMc (ACUSUM

(1)
c and

ACUSUM(2)
c ) control charts to identify a particular also a

certain range of shift. The rationality behind the proposed
ACUSUM(1)

c andACUSUM(1)
c control charts is to first adap-

tively update the reference parameter based on the classical

CUSUMstatistic and then assign it as aweight onobservation
(s) using weighting functions such as Huber and Bi-square,
respectively.

The performance evaluationmeasures such as average run
length (ARL) for a specific shift, extra quadratic loss (EQL),
relative average run length (RARL), and performance com-
parison index (PCI) to assess the overall performance of con-
trol charts are used. These performance evaluation measures
are computed using simulated data throughMonteCarlo sim-
ulation technique by designing an algorithm in MATLAB.
The proposed ACUSUM(1)

c andACUSUM(2)
c control charts

performance is investigated against the classicalCUSUM[2],
an ACUSUM [9], an adaptive EWMA (AEWMA) suggested
by Capizzi and Masarotto [11], denoted as AEWMAE, and
ACUSUME [7] control charts. The findings reveal that the
proposed ACUSUM(1)

C and ACUSUM(2)
C control charts, per-

form quite effective against counterparts for a specific shift
as well as for a certain range of shift. Finally, the proposed
control chart is also implemented on numerical data which
are taken from Montgomery [17] and analysis against other
control charts to show the significance.

The rest of the article is organized as follows: Sect. 2 rep-
resents the research methodologies of the classical CUSUM,
ACUSUM, and ACUSUME control charts. Likewise, the
proposed ACUSUM(1)

c and ACUSUM(2)
c control charts

methodologies are introduced in Sect. 3. The performance
evaluation measures, parameters effect on the properties of
run length (RL), Monte Carlo simulation technique, and
construction procedures of the proposed control charts are
presented in Sect. 4. Illustration of results and comparison of
the control charts based on performance evaluation measures
are explained in Sect. 5. Implementation procedure of control
chart with numerical data is provided in Sect. 6. Finally, sum-
mary, conclusions, and recommendations are part of Sect. 7.

2 ExistingMethods

This section contains the explanation of the variable of
interest and generalization Markovian of classical EWMA
statistic. Besides, the basic structures of some existing con-
trol charts such as the classical CUSUM, ACUSUM, and
ACUSUME control charts to monitor the process location
shift are also defined.

2.1 Variable of Interest

Let X (xi ∼ N
(
μ0, σ 2

0

)
, i � 1, 2, 3 . . . n) denote a process

characteristic of interest that follows a normal probabil-
ity distribution with known in-control location μ0 (location
parameter) and variance σ 2

0 .
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2.2 Classical CUSUM Control Chart

Page [2] designed the classical CUSUM control chart that is
famous to diagnose small-to-moderate size shift in the pro-
cess location. The design structure of the classical CUSUM
control chart for monitoring the i th observation can be pre-
sented as follows:

C+
i � max[0, C+

i−1 + xi − (μ0 + K )], (1)

C−
i � min[0, C−

i−1 + xi − μ0 + K ], (2)

where C±
0 � 0 are the initial values of the C+

i and C−
i statis-

tics. The K is considered as a reference parameter, and it
is defined as one-half of the magnitude of the shift (δ). It
can be expressed as: K � kσ0, where k ∈ [0.25, 1.5] is
a constant [17]. The C+

i and C−
i are one-sided upper and

one-sided lower plotting statistics of the classical CUSUM
control chart. The upper control limit (UCL) and lower con-
trol limit (LCL) of the classical CUSUM control chart are
defined as follows:

H � ±hσ0, (3)

where h is control limit coefficient that depends on the value
of k and pre-fixed value of ARL0 [17]. The ARL0 presents
in-control value of ARL. Generally, the ARL has been cat-
egorized as statistically in-control (i.e., H0 : μ � μ0),
symbolized as ARL0 and statistically out-of-control (i.e.,
H0 : μ � μ1), denoted as ARL1. The μ1 represents the
deviated value of μ0. If C+

i > H or C−
i < −H, the process

is considered out-of-control; otherwise, in-control.

2.3 GeneralizationMarkovian of Classical EWMA
Statistic

Sparks [9] suggested the following the classical EWMA
statistic to estimate an unknown shift in advance to moni-
tor the process location.

δ̂i � (1 − λ)δ̂i−1 + λxi , (4)

where δ̂i is a time-varying statistic and δ̂0 � 0, and the
λ ∈ (0, 1] is a constant. Further, to enhance the estimation
for a large shift, Yashchin [18] recommended generalization
Markovian of the EWMA statistic which is defined as fol-
lows:

δ̂i � δ̂i−1 + ∅h(ei ), (5)

where ei � xi − δ̂i−1 is known as an error and ∅h(ei ) is
Huber function which is given as:

∅h(ei ) �

⎧⎪⎨
⎪⎩

ei + (1 − λ)γ , if ei < −γ

λei , if |ei | ≤ γ

ei − (1 − λ)γ , if ei > γ ,

(6)

where γ ∈ (1, 4] is a constant. If ∅h(ei ) � λei , the gener-
alization Markovian Eq. (5) reduces to the classical EWMA
statistic Eq. (4).

2.4 ACUSUM Control Chart

Sparks [9] recommended an ACUSUM control chart to diag-
nose a certain range of shift in the process location. The
upper-sided plotting statistic of an ACUSUM control chart
is defined as:

S+i � max
[
0, S+i−1 +

(
xi − δ̂+i /2

)/
h
(
δ̂+i

)]
, (7)

where δ̂+i � max
(
δ+min, δ̂i

)
, δ+min > 0, and h

(
δ̂+i

)
is a func-

tion that defines the control limit for the high-side statistic
given by Eq. (1). Similarly, the lower-sided plotting statistic
of an ACUSUM control chart is designed as follows:

S−
i � max

[
0, S−

i−1 +
(
xi − δ̂−

i /2
)/

h
(
−δ̂−

i

)]
, (8)

where δ̂−
i � min

(
δ−
min, δ̂i

)
and δ−

min < 0. The h
(
δ̂−
i

)
has

the same interpretation as h
(
δ̂+i

)
has. More details on h

(
δ̂±
i

)

can be found in the study of Sparks [9]. The UCL and LCL
of the ACUSUM control chart are given below:

HACUSUM � ±hACUSUMσ0, (9)

where hACUSUM is control limit coefficient depends on
pre-defined value ARL0. If S+i > HACUSUM or S−

i <

−HACUSUM, the process is out-of control; otherwise, in-
control.

2.5 ACUSUMEControl Chart

The ACUSUME control chart proposed by Jiang et al. [7]
is effective to detect a certain range of shifts in the process
location. The upper-sided plotting statistic design structure
of the ACUSUME control chart is defined as follows:

Z+
i � max

[
0, Z+

i−1 + w
(
δ̂+i

)(
xi − δ̂+i /2

)]
, (10)

where δ̂+i � max
(
δ+min, δ̂i

)
, δ+min > 0, and w

(
δ̂+i

)
� δ̂+i

is a linear weight function. Analogously, the lower plotting
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statistic design structure of the ACUSUME control chart can
be presented as follows:

Z−
i � min

[
0, Z−

i−1 − w
(
δ̂−
i

)(
xi − δ̂−

i /2
)]

, (11)

where δ̂−
i � min

(
δ−
min, δ̂i

)
, δ−

min < 0, and w
(
δ̂−
i

)
� δ̂−

i .

The control limits (UCL and LCL) of the ACUSUME control
chart are defined as follows:

HACUSUME � ±hACUSUMEσ0 (12)

where hACUSUME is known as control limit coefficient that
depends on pre-defined value ARL0. If Z+

i > HACUSUME or
Z−
i < −HACUSUME, the process is out-of control; otherwise,

in-control.

2.6 ACUSUM as a Special Case of ACUSUME Control
Chart

Comparing the h
(
δ̂±
i

)
of ACUSUM and w

(
δ̂±
i

)
of

ACUSUME as a function of δ̂i , it can be observed that the

h
(
δ̂±
i

)
is the curvilinear function, while w

(
δ̂±
i

)
is a linear

function [7]. Therefore, it corresponds to the ACUSUME

control chart statistics in Eq. (3) using weight function

w
(
δ̂+i

)
� 1/h

(
δ̂+i

)
.

3 Proposed ACUSUMc Control Charts

This section comprises the methodologies of the proposed
ACUSUM(1)

c and ACUSUM(2)
c control charts. In more

details, the methodologies of the proposed ACUSUM(1)
c

and ACUSUM(2)
c control charts are based on the classical

CUSUM statistic and Huber and Bi-square, respectively.
The conceptual framework is to adjust the reference param-
eters dynamically by allocating weights on them for a broad
detection of shifts in the process location. Furthermore, it is
theoretically attractive because it is loosely built on the gener-
alized likelihood ratio test (see “Appendix”). More details on
the designing of the proposedACUSUM(1)

c andACUSUM(2)
c

control charts are provided in the following subsections.

3.1 Proposed ACUSUM(1)
c Control Chart

The proposed ACUSUM(1)
c control chart design structure

is based on the classical CUSUM statistic and Huber func-
tion. The upper one-sided plotting statistic of the proposed

ACUSUM(1)
c control chart can be defined as follows:

(13)

ACUSUM(1)+
i

� max
[
0, ACUSUM(1)+

i−1 + δ̂
(1)+
i

(
xi − δ̂

(1)+
i /2

)]
,

where δ̂
(1)+
i � max

(
δ
(1)+
min , w1(ei )

)
is time-varying weight,

the ACUSUM(1)+
i−1 is one lag value of ACUSUM(1)+

i , the δ
(1)+
min

is a specific value and should be positive (i.e., δ
(1)+
min > 0),

and w1(ei ) � ∅h(ei )/ei is the ratio of ∅h(ei ) and ei (e.g.,
ei � xi −C+

i−1) error. Similarly, the analogously lower one-

sided plotting statistic of the proposed ACUSUM(1)
c control

chart can be presented as follows:

(14)

ACUSUM(1)−
i

� min
[
0, ACUSUM(1)−

i−1 − δ̂
(1)−
i

(
xi − δ̂

(1)−
i /2

)]
,

where δ̂
(1)−
i � min

(
δ
(1)−
min , −|w1(ei )|

)
is also time-varying

weight and the δ
(1)−
min is a specific value and should be negative

(i.e., δ(1)−
min < 0) and ei � xi−C−

i−1 is error. The control limits

of the proposed ACUSUM(1)
c control chart are designed as

below:

H
ACUSUM(1)

c
� ±h

ACUSUM(1)
c

σ0, (15)

where h
ACUSUM(1)

c
is a control limit coefficient (see

Table 1) which depends on pre-defined value of ARL0.
If ACUSUM(1)+

i > H
ACUSUM(1)

c
or ACUSUM(1)−

i <

−H
ACUSUM(1)

c
, the process is out-of-control; otherwise, in-

control.

3.2 Proposed ACUSUM(2)
c control chart

The proposed ACUSUM(2)
c control chart methodology is

based on the classical CUSUM statistic and Bi-square func-
tion. The upper one-sided plotting statistic of the proposed
ACUSUM(2)

c control chart is given as follows:

(16)

ACUSUM(2)+
i

� max
[
0, ACUSUM(2)+

i + δ̂
(2)+
i

(
xi − δ̂

(2)+
i /2

)]
,

where δ̂
(2)+
i � max

(
δ
(2)+
min , w2(ei )

)
is time-varying weight

and the δ
(2)+
min is a specific value and should be positive (i.e.,

δ
(2)+
min > 0), andw2(ei ) � ∅b(ei )/ei is the ratio of ∅b(ei ) (Bi-
square function) and error ei . The Bi-square function can be
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Table 1 Control limits coefficient h
ACUSUM(1)

c
values at δ+min � 0.50 when ARL0 � 400

k λ γ h
ACUSUM(1)

c
γ h

ACUSUM(1)
c

γ h
ACUSUM(1)

c
γ h

ACUSUM(1)
c

γ h
ACUSUM(1)

c
γ h

ACUSUM(1)
c

0.10 0.10 1.00 3.33 1.50 3.19 2.00 3.18 2.50 3.16 3.00 3.20 4.00 3.30

0.20 0.10 1.00 3.11 1.50 3.04 2.00 3.05 2.50 3.17 3.00 3.26 4.00 3.40

0.25 0.10 1.00 3.06 1.50 3.02 2.00 3.05 2.50 3.21 3.00 3.30 4.00 3.43

0.30 0.10 1.00 3.06 1.50 3.03 2.00 3.10 2.50 3.26 3.00 3.38 4.00 3.42

0.40 0.10 1.00 3.05 1.50 3.12 2.00 3.20 2.50 3.38 3.00 3.42 4.00 3.43

0.50 0.10 1.00 3.14 1.50 3.23 2.00 3.30 2.50 3.40 3.00 3.40 4.00 3.43

0.10 0.20 1.00 3.35 1.50 3.23 2.00 3.18 2.50 3.15 3.00 3.20 4.00 3.25

0.20 0.20 1.00 3.14 1.50 3.07 2.00 3.05 2.50 3.12 3.00 3.18 4.00 3.34

0.25 0.20 1.00 3.12 1.50 3.00 2.00 3.05 2.50 3.15 3.00 3.24 4.00 3.40

0.30 0.20 1.00 3.08 1.50 3.00 2.00 3.10 2.50 3.20 3.00 3.31 4.00 3.42

0.40 0.20 1.00 3.08 1.50 3.08 2.00 3.20 2.50 3.32 3.00 3.38 4.00 3.43

0.50 0.20 1.00 3.14 1.50 3.18 2.00 3.30 2.50 3.38 3.00 3.41 4.00 3.43

0.10 0.30 1.00 3.40 1.50 3.27 2.00 3.18 2.50 3.16 3.00 3.15 4.00 3.20

0.20 0.30 1.00 3.23 1.50 3.07 2.00 3.05 2.50 3.07 3.00 3.13 4.00 3.27

0.25 0.30 1.00 3.16 1.50 3.02 2.00 3.02 2.50 3.09 3.00 3.17 4.00 3.32

0.30 0.30 1.00 3.12 1.50 3.00 2.00 3.05 2.50 3.13 3.00 3.22 4.00 3.40

0.40 0.30 1.00 3.10 1.50 3.04 2.00 3.13 2.50 3.23 3.00 3.34 4.00 3.42

0.50 0.30 1.00 3.14 1.50 3.16 2.00 3.30 2.50 3.33 3.00 3.38 4.00 3.43

0.10 0.40 1.00 3.46 1.50 3.31 2.00 3.23 2.50 3.19 3.00 3.15 4.00 3.18

0.20 0.40 1.00 3.28 1.50 3.11 2.00 3.04 2.50 3.05 3.00 3.09 4.00 3.20

0.25 0.40 1.00 3.23 1.50 3.07 2.00 3.00 2.50 3.03 3.00 3.09 4.00 3.25

0.30 0.40 1.00 3.19 1.50 3.03 2.00 3.01 2.50 3.06 3.00 3.14 4.00 3.31

0.40 0.40 1.00 3.16 1.50 3.04 2.00 3.07 2.50 3.16 3.00 3.26 4.00 3.38

0.50 0.40 1.00 3.22 1.50 3.14 2.00 3.19 2.50 3.28 3.00 3.36 4.00 3.42

0.10 0.50 1.00 3.52 1.50 3.39 2.00 3.28 2.50 3.22 3.00 3.19 4.00 3.15

0.20 0.50 1.00 3.36 1.50 3.17 2.00 3.07 2.50 3.05 3.00 3.06 4.00 3.12

0.25 0.50 1.00 3.30 1.50 3.12 2.00 3.04 2.50 3.03 3.00 3.03 4.00 3.14

0.30 0.50 1.00 3.27 1.50 3.10 2.00 3.02 2.50 3.02 3.00 3.06 4.00 3.20

0.40 0.50 1.00 3.25 1.50 3.08 2.00 3.00 2.50 3.09 3.00 3.16 4.00 3.32

0.50 0.50 1.00 3.20 1.50 3.16 2.00 3.15 2.50 3.18 3.00 3.36 4.00 3.38

defined as:

∅b(ei ) �
{
ei

(
1 − (1 − λ)

[
1 − (ei/γ )2

]2)
if |ei | ≤ γ

ei , otherwise
.

(17)

Similarly, the lower one-sided plotting statistic of the pro-
posed ACUSUM(2)

c control chart is given as:

(18)

ACUSUM(2)−
i

� min
[
[0, ACUSUM(2)−

i − δ̂
(2)−
i

(
xi − δ̂

(2)−
i /2

)]
,

where δ̂
(2)−
i � min

(
δ
(2)−
min , −|w2(ei )|

)
is time-varying

weight and the δ
(2)−
min is a specific value and should be nega-

tive (i.e., δ(2)−
min < 0), and ei � xi −C−

i−1. The control limits

of the proposed ACUSUM(2)
c control chart are designed as

follows:

H
ACUSUM(2)

c
� ±h

ACUSUM(2)
c

σ0, (19)

where h
ACUSUM(2)

c
is known as control limit coefficient

(see Table 2) that depends on pre-defined value ARL0.
If ACUSUM(2)+

i > H
ACUSUM(2)

c
or ACUSUM(2)+

i <

−H
ACUSUM(2)

c
, the process is out-of-control; otherwise, in-

control.
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Table 2 Control limits coefficient h
ACUSUM(2)

c
values at δ+min � 0.50 when ARL0 � 400

k λ γ h
ACUSUM(2)

c
γ h

ACUSUM(2)
c

γ h
ACUSUM(2)

c
γ h

ACUSUM(2)
c

γ h
ACUSUM(2)

c
γ h

ACUSUM(2)
c

0.10 0.10 1.00 4.16 1.50 4.12 2.00 4.06 2.50 3.99 3.00 3.94 4.00 3.86

0.20 0.10 1.00 4.49 1.50 4.38 2.00 4.26 2.50 4.09 3.00 3.92 4.00 3.60

0.25 0.10 1.00 4.64 1.50 4.48 2.00 4.26 2.50 4.05 3.00 3.81 4.00 3.39

0.30 0.10 1.00 4.79 1.50 4.52 2.00 4.22 2.50 3.96 3.00 3.69 4.00 3.19

0.40 0.10 1.00 4.99 1.50 4.56 2.00 4.15 2.50 3.76 3.00 3.44 4.00 3.02

0.50 0.10 1.00 5.13 1.50 5.13 2.00 4.10 2.50 3.68 3.00 3.38 4.00 3.08

0.10 0.20 1.00 4.18 1.50 4.15 2.00 4.09 2.50 4.12 3.00 3.98 4.00 3.90

0.20 0.20 1.00 4.52 1.50 4.40 2.00 4.27 2.50 4.08 3.00 3.98 4.00 3.63

0.25 0.20 1.00 4.69 1.50 4.50 2.00 4.26 2.50 4.01 3.00 3.39 4.00 3.39

0.30 0.20 1.00 4.82 1.50 4.54 2.00 4.27 2.50 3.80 3.00 3.22 4.00 3.22

0.40 0.20 1.00 5.02 1.50 4.58 2.00 4.17 2.50 3.80 3.00 3.48 4.00 3.03

0.50 0.20 1.00 5.15 1.50 4.60 2.00 4.13 2.50 4.09 3.00 3.39 4.00 3.10

0.10 0.30 1.00 4.23 1.50 4.19 2.00 4.14 2.50 4.19 3.00 4.02 4.00 3.92

0.20 0.30 1.00 4.54 1.50 4.44 2.00 4.33 2.50 4.08 3.00 4.02 4.00 3.66

0.25 0.30 1.00 4.73 1.50 4.55 2.00 4.36 2.50 4.05 3.00 3.92 4.00 3.45

0.30 0.30 1.00 4.83 1.50 4.59 2.00 4.33 2.50 3.83 3.00 3.76 4.00 3.26

0.40 0.30 1.00 5.03 1.50 4.62 2.00 4.23 2.50 3.74 3.00 3.51 4.00 3.08

0.50 0.30 1.00 5.13 1.50 4.64 2.00 4.15 2.50 4.15 3.00 3.45 4.00 3.10

0.10 0.40 1.00 4.25 1.50 4.24 2.00 4.18 2.50 4.28 3.00 4.10 4.00 4.02

0.20 0.40 1.00 4.61 1.50 4.50 2.00 4.43 2.50 4.22 3.00 4.13 4.00 3.76

0.25 0.40 1.00 4.75 1.50 4.62 2.00 4.36 2.50 4.12 3.00 4.00 4.00 3.49

0.30 0.40 1.00 4.89 1.50 4.65 2.00 4.40 2.50 3.92 3.00 3.86 4.00 3.32

0.40 0.40 1.00 5.05 1.50 4.65 2.00 4.25 2.50 3.74 3.00 3.59 4.00 3.15

0.50 0.40 1.00 5.115 1.50 4.64 2.00 4.20 2.50 4.25 3.00 3.49 4.00 3.17

0.10 0.50 1.00 4.30 1.50 4.30 2.00 4.29 2.50 4.40 3.00 4.22 4.00 4.15

0.20 0.50 1.00 4.65 1.50 4.59 2.00 4.49 2.50 4.22 3.00 4.25 4.00 3.88

0.25 0.50 1.00 4.82 1.50 4.70 2.00 4.53 2.50 4.25 3.00 4.13 4.00 3.68

0.30 0.50 1.00 4.95 1.50 4.73 2.00 4.50 2.50 4.01 3.00 3.99 4.00 3.46

0.40 0.50 1.00 5.10 1.50 4.76 2.00 4.37 2.50 3.74 3.00 3.69 4.00 3.26

0.50 0.50 1.00 5.16 1.50 4.69 2.00 4.25 2.50 3.87 3.00 3.59 4.00 3.30

3.3 Monte Carlo Simulations Technique

Based on Monte Carlo simulation [19] procedure, an algo-
rithm is developed in MATLAB for the numerical results
and to compute ARL values. Monte Carlo simulation proce-
dures with 105 repetitions are carried out for each change in
δ. The shift δ is set between 1 and 4. The h

ACUSUM(1)
c

and

h
ACUSUM(2)

c
at δ+min � 0.50 with possible combinations of k,

λ, and γ are presented in Tables 1 and 2, respectively, for a
given ARL0 � 400. Only upper one-sided scenario is con-
sidered because the lower one-sided scenario provides the
same behavior as an upward by same absolute amount shift.
Besides, the EQL, RARL, and PCI are also calculated using
ARLs (see Sect. 4).

3.4 Construction Procedure of ACUSUMc Control
Charts

This subsection explains the construction procedures of
the proposed ACUSUM(1)

c and ACUSUM(2)
c control charts.

More details are given as follows:

3.4.1 ACUSUM(1)
c Control Chart

Suppose that the ARL0 is 400 for upper one-sided
ACUSUM(1)+

i statistic. So, the procedure to construct the

proposed ACUSUM(1)
c control chart is given in the follow-

ing steps:
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(i) An infinite loop is applied to generate xi ∼
N

(
μ0, σ 2

0

)
with i � 1, 2 . . .

(ii) Calculate the C+
i−1 statistic from Eq. (1) using xi and

K .
(iii) Compute the ei � xi −C+

i−1 statistic and select ∅h(ei )
from Eq. (6) based on the relation of the ei statistic
and γ (i.e., γ ∈ (1, 4)) constant.

(iv) Calculate the δ̂
(1)+
i � max

(
δ
(1)+
min , w1(ei )

)
where

δ
(1)+
min > 0 and w1(ei ) � ∅h(ei )/ei .

(v) Calculate the ACUSUM (1)+
i statistic from Eq. (13)

based on xi and δ̂
(1)+
i while ACUSUM (1)+

0 � 0.
(vi) Let us assume h

ACUSUM(1)
c

� 3.
(vii) Calculate the H

ACUSUM(1)
c

control limits fromEq. (15)
based σ0.

(viii) Plot the ACUSUM (1)+
i statistic against H

ACUSUM(1)
C

over i .
(ix) If the ACUSUM (1)+

i > H
ACUSUM(1)

c
, note sample

number of ACUSUM (1)+
i statistic as a RL. For exam-

ple, at i � 355, if ACUSUM (1)+
355 > H

ACUSUM(1)
c

record 355 is as a first RL.
(x) Repeat from (i)–(ix) steps for 105 times and record

RLs.
(xi) Compute the average of 105 noted RLs, which is

called ARL0.
(xii) If ARL0 � 400; otherwise, adjust h

ACUSUM(1)
c

(i.e.h
ACUSUM(1)

c
< 3 or h

ACUSUM(1)
c

> 3) constant
accordingly in step (vi) and repeat from (i)-(xi) steps
to obtain ARL0 � 400.

(xiii) To compute the ARL1 values, generate xi ∼
N

(
μ1, σ 2

0

)
(δ � μ1 > μ0) with i � 1, 2 . . . and

repeat from (ii)-(xi) steps.

Similarly, the lower one-sided and two-sided proposed
ACUSUM(1)

c control charts can be constructed with similar
lines using respective statistics, parameters, and constants.

3.4.2 ACUSUM(2)
c Control Chart

Like ACUSUM(1)
c control chart, the proposed ACUSUM(2)

c

control chart can be constructed by following the given below
guidelines.

(i) An infinite loop is applied to generate xi ∼
N

(
μ0, σ 2

0

)
with i � 1, 2 . . .

(ii) Calculate the C+
i−1 statistic from Eq. (1) using the xi

statistic and K constant.
(iii) Compute the ei � xi −C+

i−1 statistic and select ∅b(ei )
from Eq. (17) based on the relation of the ei statistic
and γ (γ ∈ (1, 4)) constant.

(iv) Calculate the δ̂
(2)+
i � max

(
δ
(2)+
min , wb(ei )

)
where

δ
(2)+
min > 0 and w2(ei ) � ∅b(ei )/ei .

(v) Calculate the ACUSUM (2)+
i statistic from Eq. (16)

based on xi statistic and δ̂
(2)+
i while ACUSUM (2)+

0 �
0.

(vi) Let us assume that h
ACUSUM(2)

c
� 3.

(vii) Calculate the H
ACUSUM(2)

c
control limit from Eq. (19)

based σ0.
(viii) Plot the ACUSUM (1)+

i statistic against H
ACUSUM(2)

c
over i .

(ix) If the ACUSUM (2)+
i > H

ACUSUM(2)
c
, note the sam-

ple number of the ACUSUM (2)
i statistic as a RL.

For example, at i � 455, if ACUSUM (2)+
455 >

H
ACUSUM(2)

c
record 455 is as a first RL.

(x) Repeat from (i)–(ix) steps for 105 times and record
RLs.

(xi) Compute the average of 105 noted RLs, which is
called ARL0.

(xii) If ARL0 � 400; otherwise, adjust h
ACUSUM(2)

c
(i.e.h

ACUSUM(2)
c

< 3 or h
ACUSUM(2)

c
> 3) constant

accordingly in step (vi) and repeat from (i)-(xi) steps
to obtain ARL0 � 400.

(xiii) To compute the ARL1 values, generate xi ∼
N

(
μ1, σ 2

0

)
(δ � μ1 > μ0, ) with i � 1, 2 . . . and

repeat from (ii)-(xi) steps.

Similarly, the lower one-sided and two-sided proposed
ACUSUM(2)

c control charts can be constructed with similar
lines using respective statistics, parameters, and constants.
Additionally, a flow chart which describes the above steps
through Monte Carlo simulation to construct the proposed
ACUSUM(1)

c control chart is given in Fig. 1. Similar lines
can be used for the proposed ACUSUM(2)

c control chart.

4 Performance Analysis

This section contains design structures of performance eval-
uation measures in Sect. 4.1. Likewise, Sect. 4.2 describes
the optimal choices of the parameter’s method.

4.1 Performance EvaluationMeasures

This subsection illustrates different performance evaluation
measures methodologies along their interpretation. Themost
commonly used such as ARL, EQL, RARL, and PCI mea-
sures are employed [20]. Their more details are offered in
subsequent subsections.
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Fig. 1 Flow chart of Monte Carlo
simulation
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4.1.1 Average Run Length Measure (ARL)

The ARL is a most generally used to judge a control chart
assessment at a specific shift against other control charts.
Usually, it has been categorized as statistically in-control
(i.e., H0 : μ � μ0), symbolized as ARL0 and statistically
out-of-control (i.e., H0 : μ � μ1), denoted as ARL1. The
μ1 represents the deviated value of μ0. The ARL0 value of
a control chart should be at least same or greater than other
control charts ARL0 value. If the ARL1 value is smaller at
a specific δ as compared to other control chart, that control
chart is considered superior.

4.1.2 Extra Quadratic Loss Measure (EQL)

The EQL provides overall performance of a control chart for
a certain range of shifts. It is based on the loss function and
mathematically can be defined as follows:

EQL � 1

δmax − δmin

δmax∫
δmin

δ2ARL(δ)dδ,

where δ presents shift, the ARL(δ) is the average run length
of control chart at a δ, and δmin and δmax are minimum and
maximum values of δ, respectively. The EQL integrates the
overall performance of a control chart based on ARL values
for all shift’s domain δmin < δ < δmax, using the δ2 as a
weight.

4.1.3 Relative Average Run Length (RARL)

Like EQL, the RARL also presents the overall effectiveness
of a control chart against others. Mathematically, the RARL
is defined as follows:

RARL � 1

δmax − δmin

δmax∫
δmin

ARL(δ)

ARLbmk(δ)
dδ,

where ARLbmk(δ) presents ARL value of a benchmark (i.e.,
bmk) control chart. The control chart with minimum ARL1

value is considered as a benchmark control chart. The RARL
shows howaparticular control chart performs closely relative
to a benchmark control chart.

4.1.4 Performance Comparison Index (PCI)

Generally, the PCI is defined as the ratio of the RARL of
a control chart and a control chart having smaller RARL
(RARLbenchmark). It is given as below:

PCI � RARLc

RARLbmk
.

If the PCI is equal to one, it is meant that control chart
‘C’ has minimum RARL, and it is considered as the most
effective against other control charts.

4.2 Parameter Effect on Properties of RL

The optimum choices of k, λ, andγ parameters along
h
ACUSUM(1)

c
and h

ACUSUM(2)
c

control limit coefficients may

will serve the vital role to perform the proposedACUSUM(1)
c

and ACUSUM(2)
c control charts more efficiently. Therefore,

first the sole effect of k, λ, and γ parameters on the clas-
sical memory control charts is explained to find out the
optimum choices of k, λ, andγ parameters with h

ACUSUM(1)
c

and h
ACUSUM(2)

c
. For instance, the classical CUSUM control

chart k parameter helps to find out a specific shift. Like-
wise, the ranges of λ and γ parameters are 1 ≤ γ ≤ 4
and 0 < λ ≤ 1, respectively [7, 11]. The main purpose
to define the ranges of parameters is to balance the sensi-
tivity of the shift. Even though this, it is very hard to find
out the joint optimal combinations of k, λ, andγ parameters
along h

ACUSUM(1)
c

and h
ACUSUM(2)

c
for sole control chart per-

formance. However, some researchers such as Capizzi and
Masarotto [11], Abbas et al. [21], and Zaman et al. [22] have
explained themethodologies for it. So, to find out the optimal
combination of parameters firstly it needs to find out the pos-
sible combinations of parameters based on their given ranges.
More details are given in the following subsection. Addi-
tionally, the performance of the proposed ACUSUM(1)

c and
ACUSUM(2)

c control charts also varying if there are changes
in their parameter’s values (see Tables 1 and 2) because the
objective is to detect out-of-control signals early as compared
to other control charts by utilizing different combinations of
parameters values.

5 Illustration of Results and Performance
Comparison

The comparison between the proposed ACUSUM(1)
c and

ACUSUM(2)
c control charts gives an idea when the

researchers, experts, and practitioners can use the proposed
control charts and it is provided in Sect. 5.1. Likewise, perfor-
mance evaluation comparison of the proposed ACUSUM(1)

c

and ACUSUM(2)
c control charts against other control charts

is offered in Sect. 5.2.

5.1 Comparison Between Proposed ACUSUM(1)
c

and ACUSUM(2)
c Control Charts

This subsection contains the performance evaluation compar-
ison between the proposed ACUSUM(1)

c and ACUSUM(2)
c
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Table 3 ARLs properties of proposed ACUSUM(1)
c control chart at different values of k, λ, and γ when ARL0 � 400 and δ+min � 0.50

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30

γ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.00 407 399 402 408 407 402 397 397 402 407 407 400 398 407 407 402 400 407

0.25 70.8 73.3 75.8 80.7 79.4 73.1 70.8 72.9 77.4 79.6 81.1 74.0 72.0 74.1 77.7 79.7 82.6 77.9

0.50 27.0 26.3 26.3 27.0 27.1 26.1 26.8 26.0 26.5 26.9 27.3 26.2 26.7 26.5 26.7 26.8 27.6 26.6

0.75 14.4 13.8 13.9 14.0 14.0 14.0 14.3 13.8 13.8 14.0 14.0 13.9 14.3 14.0 13.8 13.9 13.9 14.0

1.00 9.48 9.09 9.06 9.04 9.11 9.25 9.36 9.06 8.99 9.01 9.08 9.18 9.30 9.12 8.98 8.93 9.02 9.15

1.25 7.04 6.81 6.71 6.72 6.70 6.91 6.95 6.67 6.63 6.68 6.68 6.84 6.90 6.74 6.65 6.57 6.60 6.75

1.50 5.65 5.37 5.34 5.35 5.35 5.53 5.56 5.31 5.23 5.29 5.29 5.37 5.51 5.36 5.26 5.23 5.21 5.35

1.75 4.74 4.48 4.44 4.45 4.45 4.57 4.64 4.43 4.38 4.38 4.42 4.47 4.61 4.45 4.37 4.33 4.32 4.41

2.00 4.07 3.85 3.81 3.82 3.79 3.90 3.99 3.80 3.73 3.74 3.76 3.80 3.93 3.79 3.74 3.72 3.69 3.77

2.25 3.54 3.36 3.33 3.31 3.31 3.40 3.49 3.32 3.25 3.26 3.27 3.32 3.44 3.30 3.26 3.22 3.20 3.27

2.50 3.16 2.99 2.96 2.94 2.93 3.01 3.10 2.94 2.88 2.89 2.89 2.94 3.07 2.92 2.88 2.84 2.84 2.88

2.75 2.83 2.67 2.64 2.63 2.62 2.69 2.79 2.63 2.57 2.58 2.57 2.61 2.75 2.62 2.57 2.54 2.51 2.57

3.00 2.56 2.40 2.37 2.38 2.36 2.42 2.51 2.37 2.32 2.33 2.32 2.36 2.48 2.37 2.31 2.29 2.27 2.32

3.25 2.34 2.17 2.15 2.16 2.14 2.21 2.28 2.15 2.11 2.11 2.10 2.15 2.25 2.15 2.10 2.08 2.06 2.11

3.50 2.13 2.00 1.96 1.96 1.96 2.01 2.10 1.96 1.92 1.93 1.93 1.95 2.06 1.97 1.92 1.90 1.89 1.92

3.75 1.96 1.83 1.80 1.81 1.80 1.84 1.92 1.81 1.76 1.77 1.77 1.80 1.90 1.80 1.77 1.74 1.74 1.76

4.00 1.80 1.69 1.66 1.66 1.65 1.70 1.76 1.66 1.63 1.63 1.63 1.66 1.75 1.66 1.63 1.61 1.59 1.64

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10

γ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.50 1.50 1.50 1.50 1.50 1.50

0.00 401 406 405.0 399 399 400 397 400 399 398 402 397 404 397 395.9 401.0 406 405

0.25 71.8 74.6 78.1 80.7 84.2 77.9 72.7 75.0 78.3 80.4 84.4 81.5 68.8 72.3 74.4 76.3 70.3 66.6

0.50 26.8 26.4 26.8 27.1 28.0 26.9 26.8 26.7 27.0 27.4 28.3 27.7 26.4 25.5 26.0 26.0 25.3 24.5

0.75 14.2 14.0 13.90 13.8 14.0 14.1 14.2 14.0 13.8 13.9 14.1 14.2 14.2 13.6 13.78 13.76 13.8 14.0

1.00 9.30 9.06 8.94 8.98 8.94 9.11 9.25 8.97 8.91 8.95 8.95 9.04 9.46 9.14 9.07 9.16 9.39 9.56

1.25 6.81 6.63 6.57 6.54 6.61 6.64 6.79 6.60 6.55 6.52 6.53 6.61 7.14 6.85 6.83 6.89 7.04 7.27

1.50 5.43 5.28 5.24 5.18 5.15 5.27 5.39 5.23 5.16 5.14 5.16 5.21 5.73 5.53 5.51 5.57 5.67 5.86

1.75 4.56 4.39 4.33 4.26 4.26 4.33 4.48 4.32 4.27 4.25 4.24 4.28 4.85 4.65 4.65 4.65 4.78 4.92

2.00 3.90 3.75 3.70 3.68 3.62 3.68 3.82 3.70 3.64 3.62 3.59 3.65 4.18 4.01 4.01 4.02 4.13 4.24

2.25 3.41 3.25 3.23 3.19 3.17 3.21 3.36 3.23 3.19 3.15 3.14 3.16 3.70 3.54 3.53 3.54 3.62 3.73

2.50 3.03 2.89 2.86 2.81 2.78 2.84 2.98 2.85 2.81 2.79 2.76 2.81 3.29 3.16 3.15 3.16 3.23 3.34

2.75 2.71 2.59 2.55 2.52 2.49 2.53 2.67 2.55 2.52 2.49 2.48 2.49 2.97 2.86 2.83 2.85 2.90 3.00

3.00 2.45 2.32 2.30 2.27 2.24 2.28 2.42 2.31 2.28 2.25 2.24 2.26 2.69 2.59 2.59 2.59 2.65 2.73

3.25 2.23 2.12 2.09 2.06 2.04 2.08 2.21 2.12 2.06 2.05 2.04 2.07 2.48 2.36 2.35 2.37 2.42 2.50

3.50 2.05 1.93 1.91 1.89 1.87 1.90 2.03 1.94 1.89 1.88 1.87 1.89 2.27 2.17 2.16 2.16 2.22 2.28

3.75 1.88 1.79 1.75 1.74 1.71 1.74 1.86 1.78 1.75 1.73 1.72 1.74 2.09 2.01 1.98 1.98 2.05 2.11

4.00 1.74 1.65 1.62 1.60 1.58 1.62 1.72 1.64 1.61 1.59 1.59 1.61 1.93 1.85 1.8291 1.8403 1.88 1.95
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Table 3 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40

γ 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50

0.00 406 408 396 397 406 399 404 398 398 408 401 407 397 404 403.3 399 401 398

0.25 69.4 73.3 74.6 76.6 74.0 68.5 70.6 72.8 75.8 79.1 75.1 71.1 70.6 73.5 76.1 78.5 78.3 73.4

0.50 26.0 26.1 25.9 26.2 25.7 24.8 26.5 25.8 25.9 26.5 26.1 25.5 26.5 26.0 26.5 26.6 26.9 25.8

0.75 14.2 13.8 13.6 13.6 13.9 13.9 14.3 13.9 13.7 13.7 13.8 14.0 14.2 13.7 13.79 13.8 13.8 14.0

1.00 9.43 9.15 9.04 9.04 9.28 9.54 9.45 9.18 9.04 9.07 9.09 9.39 9.42 9.07 8.99 8.99 9.05 9.26

1.25 7.08 6.90 6.77 6.80 6.95 7.15 7.09 6.77 6.74 6.71 6.79 7.03 7.02 6.73 6.73 6.66 6.70 6.91

1.50 5.71 5.50 5.41 5.44 5.59 5.74 5.69 5.42 5.37 5.43 5.42 5.63 5.59 5.38 5.37 5.29 5.33 5.52

1.75 4.80 4.66 4.56 4.55 4.68 4.79 4.77 4.56 4.50 4.51 4.55 4.72 4.70 4.48 4.45 4.43 4.44 4.57

2.00 4.15 3.99 3.92 3.93 4.03 4.12 4.10 3.92 3.86 3.88 3.89 4.01 4.05 3.85 3.82 3.78 3.78 3.89

2.25 3.64 3.52 3.45 3.44 3.53 3.61 3.60 3.44 3.37 3.40 3.41 3.51 3.55 3.37 3.32 3.28 3.31 3.41

2.50 3.25 3.12 3.07 3.07 3.14 3.22 3.20 3.03 3.00 3.01 3.02 3.12 3.14 2.99 2.95 2.91 2.92 3.00

2.75 2.93 2.82 2.75 2.76 2.82 2.90 2.88 2.73 2.69 2.68 2.71 2.80 2.82 2.67 2.64 2.61 2.62 2.69

3.00 2.65 2.55 2.50 2.50 2.56 2.62 2.60 2.47 2.43 2.44 2.45 2.52 2.54 2.41 2.38 2.36 2.36 2.43

3.25 2.43 2.33 2.27 2.28 2.33 2.39 2.38 2.24 2.21 2.22 2.22 2.29 2.32 2.18 2.15 2.13 2.14 2.21

3.50 2.22 2.13 2.08 2.08 2.13 2.17 2.17 2.05 2.01 2.02 2.04 2.09 2.12 1.99 1.98 1.94 1.94 2.01

3.75 2.04 1.95 1.91 1.91 1.96 2.01 1.99 1.88 1.85 1.85 1.86 1.92 1.94 1.83 1.81 1.79 1.80 1.85

4.00 1.88 1.80 1.76 1.76 1.80 1.84 1.83 1.73 1.71 1.70 1.72 1.77 1.79 1.69 1.66 1.65 1.65 1.70

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20

γ 1.50 1.50 1.50 1.50 1.50 1.50 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

0.00 401 401 401 405 404 401 402 397 399 405 400 404 408 397 398 407 399 401

0.25 71.6 73.6 76.31 80.2 81.3 68.8 69.4 72.2 72.5 74.5 68.3 66.6 70.0 71.8 75.0 73.8 66.4 65.2

0.50 26.7 26.2 26.56 27.0 27.5 25.3 26.0 25.6 25.9 25.8 24.9 24.4 26.1 25.7 25.8 25.5 24.7 24.2

0.75 14.3 13.7 13.77 13.8 13.9 13.8 14.1 13.7 13.8 13.9 13.9 13.9 14.1 13.7 13.6 13.8 14.0 14.0

1.00 9.39 8.99 8.98 9.00 8.99 9.39 9.39 9.18 9.09 9.29 9.55 9.77 9.53 9.19 9.10 9.36 9.57 9.68

1.25 6.99 6.73 6.64 6.61 6.66 7.17 7.11 6.93 6.95 7.07 7.22 7.41 7.13 6.95 6.97 7.02 7.24 7.41

1.50 5.56 5.33 5.26 5.26 5.23 5.80 5.76 5.60 5.63 5.67 5.85 5.99 5.77 5.59 5.59 5.70 5.85 6.02

1.75 4.64 4.44 4.37 4.36 4.32 4.89 4.89 4.75 4.73 4.81 4.92 5.07 4.86 4.76 4.71 4.81 4.95 5.04

2.00 3.98 3.78 3.73 3.72 3.72 4.24 4.22 4.11 4.09 4.13 4.27 4.37 4.24 4.09 4.10 4.16 4.25 4.39

2.25 3.50 3.30 3.27 3.26 3.22 3.78 3.74 3.63 3.64 3.69 3.77 3.86 3.75 3.63 3.62 3.66 3.76 3.87

2.50 3.08 2.93 2.87 2.87 2.85 3.40 3.36 3.23 3.26 3.30 3.38 3.47 3.35 3.24 3.25 3.28 3.39 3.46

2.75 2.78 2.61 2.58 2.57 2.55 3.10 3.04 2.94 2.94 3.00 3.06 3.13 3.04 2.94 2.95 2.98 3.06 3.15

3.00 2.50 2.36 2.32 2.30 2.30 2.86 2.79 2.69 2.68 2.73 2.80 2.87 2.79 2.69 2.68 2.73 2.80 2.87

3.25 2.27 2.14 2.10 2.09 2.08 2.64 2.54 2.47 2.46 2.50 2.59 2.63 2.55 2.45 2.46 2.50 2.56 2.63

3.50 2.09 1.96 1.92 1.91 1.90 2.45 2.34 2.27 2.26 2.30 2.36 2.43 2.35 2.27 2.27 2.30 2.36 2.42

3.75 1.92 1.80 1.76 1.75 1.74 2.30 2.18 2.09 2.09 2.12 2.18 2.24 2.17 2.10 2.11 2.13 2.18 2.25

4.00 1.76 1.66 1.62 1.62 1.61 2.15 2.01 1.94 1.95 1.96 2.02 2.08 2.00 1.94 1.95 1.97 2.02 2.08
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Table 3 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50

γ 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

0.00 398 406 403 403 403 404 405 397 398 403 403 405 400 400 404 401 407 405

0.25 68.7 71.9 76.0 78.1 70.2 67.0 69.6 71.5 74.8 75.9 73.0 69.3 70.2 72.0 76.4 79.4 75.8 70.8

0.50 26.1 25.9 25.7 26.0 25.3 24.4 26.4 25.6 25.9 26.3 25.9 24.9 26.3 25.8 26.3 26.3 26.7 25.3

0.75 14.2 13.8 13.7 13.8 13.9 14.1 14.2 13.7 13.6 13.8 13.8 14.0 14.3 13.8 13.7 13.8 14.0 14.0

1.00 9.48 9.19 9.12 9.21 9.37 9.60 9.50 9.15 9.02 9.08 9.23 9.48 9.43 9.08 8.97 9.08 9.17 9.37

1.25 7.07 6.91 6.85 6.93 7.09 7.34 7.13 6.79 6.76 6.84 6.90 7.19 7.03 6.79 6.75 6.69 6.85 6.98

1.50 5.74 5.55 5.55 5.57 5.69 5.93 5.71 5.49 5.43 5.46 5.56 5.80 5.66 5.42 5.39 5.37 5.39 5.59

1.75 4.81 4.68 4.65 4.70 4.82 4.99 4.82 4.61 4.56 4.56 4.67 4.80 4.72 4.51 4.48 4.45 4.52 4.65

2.00 4.18 4.04 4.02 4.04 4.13 4.29 4.14 3.95 3.93 3.93 4.00 4.15 4.06 3.89 3.86 3.85 3.87 3.99

2.25 3.69 3.59 3.54 3.58 3.67 3.77 3.68 3.48 3.44 3.47 3.50 3.62 3.57 3.38 3.36 3.35 3.38 3.49

2.50 3.28 3.20 3.17 3.19 3.26 3.38 3.26 3.10 3.07 3.09 3.12 3.24 3.22 3.00 2.99 2.98 2.99 3.10

2.75 2.98 2.89 2.87 2.89 2.94 3.04 2.93 2.79 2.76 2.75 2.81 2.89 2.87 2.69 2.68 2.67 2.68 2.76

3.00 2.71 2.62 2.60 2.62 2.67 2.76 2.66 2.51 2.49 2.52 2.53 2.61 2.58 2.45 2.41 2.40 2.41 2.49

3.25 2.48 2.40 2.38 2.38 2.46 2.53 2.42 2.30 2.28 2.27 2.32 2.40 2.35 2.22 2.20 2.18 2.19 2.26

3.50 2.28 2.21 2.18 2.21 2.23 2.32 2.22 2.09 2.08 2.10 2.12 2.18 2.15 2.02 2.02 1.99 2.00 2.06

3.75 2.09 2.02 2.00 2.01 2.07 2.13 2.03 1.92 1.91 1.92 1.95 2.01 1.97 1.87 1.84 1.83 1.84 1.89

4.00 1.94 1.87 1.85 1.87 1.91 1.97 1.88 1.77 1.76 1.76 1.79 1.86 1.82 1.71 1.70 1.69 1.70 1.75

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30

γ 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50

0.00 401 400 404 396 407 397.5 396 402.4 402 407 403 403 398 398 404 399 396 401

0.25 69.2 71.9 71.4 66.8 65.0 64.2 67.8 72.7 72.2 69.8 65.5 65.0 68.9 71.8 74.3 72.1 65.2 64.9

0.50 25.3 25.1 25.0 24.4 24.3 24.1 25.6 25.3 25.3 24.9 24.5 24.2 25.9 25.4 25.6 25.3 24.4 24.4

0.75 13.8 13.6 13.8 13.8 14.2 14.00 13.8 13.68 13.7 13.8 14.1 14.0 14.0 13.7 13.8 13.7 13.9 14.0

1.00 9.36 9.31 9.48 9.56 9.85 9.79 9.35 9.26 9.34 9.51 9.74 9.81 9.42 9.22 9.27 9.34 9.54 9.74

1.25 7.13 7.13 7.24 7.34 7.57 7.54 7.13 7.05 7.10 7.23 7.46 7.54 7.14 6.98 7.02 7.08 7.27 7.46

1.50 5.77 5.78 5.88 5.96 6.14 6.17 5.77 5.73 5.76 5.88 6.05 6.14 5.78 5.66 5.67 5.72 5.91 6.05

1.75 4.89 4.88 4.96 5.04 5.18 5.19 4.89 4.85 4.88 4.94 5.11 5.17 4.87 4.76 4.80 4.87 4.97 5.10

2.00 4.26 4.27 4.32 4.36 4.50 4.52 4.22 4.21 4.23 4.30 4.44 4.50 4.24 4.13 4.15 4.20 4.33 4.44

2.25 3.78 3.76 3.83 3.87 4.00 4.01 3.76 3.73 3.75 3.81 3.93 4.00 3.73 3.65 3.69 3.71 3.81 3.92

2.50 3.40 3.40 3.45 3.49 3.59 3.62 3.38 3.36 3.39 3.43 3.54 3.60 3.37 3.29 3.31 3.35 3.44 3.52

2.75 3.10 3.11 3.14 3.17 3.28 3.28 3.09 3.06 3.08 3.12 3.22 3.26 3.07 2.98 3.01 3.04 3.11 3.19

3.00 2.85 2.85 2.89 2.93 3.01 3.04 2.82 2.80 2.83 2.87 2.96 3.01 2.80 2.73 2.75 2.78 2.85 2.92

3.25 2.64 2.64 2.68 2.71 2.80 2.81 2.61 2.59 2.61 2.64 2.73 2.77 2.57 2.52 2.53 2.56 2.62 2.69

3.50 2.45 2.46 2.49 2.52 2.60 2.61 2.43 2.41 2.42 2.46 2.53 2.58 2.38 2.32 2.33 2.37 2.42 2.49

3.75 2.29 2.28 2.32 2.35 2.42 2.43 2.25 2.23 2.25 2.28 2.36 2.39 2.21 2.16 2.16 2.18 2.25 2.31

4.00 2.14 2.15 2.17 2.20 2.26 2.27 2.10 2.08 2.10 2.13 2.19 2.23 2.04 2.00 2.02 2.03 2.08 2.14
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Table 3 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10

γ 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 3.00 3.00 3.00 3.00 3.00 3.00

0.00 406 403 397 396 398 407 406 403 406 405 404 395 402 404 396 403 406 399

0.25 69.4 72.0 73.7 74.6 68.5 65.6 69.1 73.3 75.8 77.3 72.7 67.5 69.4 71.5 67.3 65.4 65.3 64.8

0.50 26.2 25.6 25.7 25.7 24.9 24.5 26.5 25.8 26.0 26.3 25.7 24.7 25.3 25.0 24.5 24.6 24.3 24.2

0.75 14.0 13.7 13.7 13.7 13.9 14.1 14.1 13.8 13.8 13.7 13.8 13.8 13.8 13.8 13.8 14.1 14.2 14.1

1.00 9.48 9.19 9.12 9.25 9.42 9.65 9.48 9.14 9.14 9.08 9.29 9.52 9.39 9.50 9.64 9.80 9.85 9.91

1.25 7.12 6.91 6.92 6.93 7.16 7.39 7.12 6.85 6.81 6.80 6.98 7.15 7.17 7.29 7.40 7.52 7.61 7.56

1.50 5.77 5.61 5.56 5.60 5.80 5.97 5.70 5.51 5.49 5.49 5.64 5.76 5.85 5.96 6.01 6.15 6.21 6.20

1.75 4.87 4.71 4.70 4.72 4.86 5.03 4.81 4.63 4.62 4.61 4.69 4.83 4.95 5.04 5.07 5.19 5.24 5.26

2.00 4.22 4.08 4.06 4.09 4.20 4.34 4.16 4.01 3.98 3.95 4.05 4.15 4.30 4.37 4.42 4.51 4.57 4.55

2.25 3.72 3.61 3.58 3.61 3.70 3.83 3.66 3.51 3.50 3.48 3.56 3.65 3.81 3.88 3.93 4.00 4.03 4.03

2.50 3.33 3.22 3.21 3.22 3.33 3.43 3.27 3.12 3.12 3.11 3.16 3.23 3.44 3.49 3.52 3.59 3.64 3.64

2.75 3.02 2.91 2.90 2.92 3.00 3.09 2.95 2.82 2.81 2.80 2.84 2.91 3.14 3.18 3.22 3.28 3.32 3.32

3.00 2.75 2.66 2.64 2.66 2.73 2.82 2.68 2.55 2.54 2.53 2.57 2.64 2.89 2.94 2.97 3.02 3.06 3.06

3.25 2.53 2.42 2.42 2.45 2.50 2.58 2.43 2.33 2.32 2.31 2.36 2.41 2.68 2.71 2.76 2.80 2.83 2.83

3.50 2.33 2.24 2.22 2.24 2.31 2.37 2.24 2.14 2.12 2.12 2.16 2.21 2.50 2.54 2.56 2.61 2.64 2.64

3.75 2.14 2.07 2.05 2.06 2.12 2.19 2.06 1.96 1.94 1.94 1.98 2.03 2.34 2.37 2.39 2.44 2.46 2.47

4.00 1.98 1.90 1.90 1.91 1.97 2.03 1.90 1.80 1.80 1.79 1.83 1.88 2.20 2.24 2.25 2.30 2.32 2.32

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40

γ 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00

0.00 395 397.1 397 401 396 400 399 397 402 396 401 402 400 404 401 398 399 408

0.25 69.0 71.3 69.1 66.2 64.3 64.0 68.2 71.5 71.2 68.2 65.0 63.6 67.7 72.2 72.1 71.2 66.2 65.6

0.50 25.5 24.9 24.8 24.4 24.4 24.4 25.6 25.0 25.4 24.6 24.5 24.3 25.8 25.4 25.3 25.3 24.4 24.5

0.75 13.8 13.68 13.7 14.0 14.0 14.0 13.9 13.6 13.7 13.8 14.0 14.0 13.9 13.7 13.6 13.8 14.0 14.1

1.00 9.39 9.38 9.49 9.69 9.79 9.82 9.37 9.32 9.38 9.45 9.78 9.79 9.36 9.23 9.19 9.40 9.60 9.85

1.25 7.19 7.18 7.27 7.41 7.53 7.60 7.13 7.09 7.14 7.26 7.42 7.54 7.12 7.02 7.01 7.12 7.35 7.55

1.50 5.82 5.83 5.93 6.01 6.14 6.20 5.78 5.76 5.79 5.87 6.10 6.13 5.76 5.68 5.68 5.78 5.95 6.09

1.75 4.93 4.92 5.01 5.08 5.18 5.20 4.88 4.86 4.90 4.97 5.13 5.19 4.88 4.77 4.78 4.87 5.03 5.14

2.00 4.27 4.28 4.35 4.43 4.51 4.54 4.24 4.22 4.27 4.31 4.47 4.50 4.22 4.16 4.15 4.22 4.37 4.47

2.25 3.78 3.79 3.86 3.93 4.00 4.02 3.75 3.75 3.78 3.83 3.97 4.00 3.75 3.68 3.67 3.74 3.84 3.96

2.50 3.42 3.43 3.48 3.54 3.61 3.63 3.38 3.37 3.41 3.45 3.56 3.59 3.36 3.31 3.32 3.36 3.48 3.55

2.75 3.12 3.13 3.17 3.23 3.28 3.31 3.09 3.07 3.10 3.15 3.24 3.27 3.05 3.01 3.01 3.05 3.15 3.23

3.00 2.87 2.86 2.92 2.97 3.02 3.04 2.84 2.83 2.85 2.89 2.99 3.01 2.80 2.77 2.75 2.80 2.88 2.96

3.25 2.65 2.66 2.71 2.75 2.79 2.82 2.63 2.61 2.64 2.67 2.76 2.79 2.59 2.54 2.55 2.57 2.66 2.73

3.50 2.46 2.48 2.51 2.56 2.60 2.63 2.44 2.41 2.46 2.47 2.57 2.59 2.39 2.35 2.34 2.38 2.46 2.52

3.75 2.30 2.31 2.34 2.39 2.43 2.45 2.27 2.25 2.28 2.31 2.38 2.41 2.21 2.18 2.18 2.21 2.28 2.33

4.00 2.17 2.17 2.20 2.24 2.28 2.30 2.12 2.11 2.13 2.15 2.23 2.24 2.05 2.02 2.02 2.05 2.11 2.17
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Table 3 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20

γ 3.00 3.00 3.00 3.00 3.00 3.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00

0.00 405 400 399 399 397 402 399 406 405 400 397 405 402 398 400 401 396 401

0.25 69.9 73.0 73.4 74.1 68.7 66.1 69.4 66.7 64.7 64.3 64.8 65.1 68.8 67.9 65.3 66.0 63.8 65.2

0.50 26.0 25.6 25.6 25.8 24.9 24.5 24.6 24.7 24.5 24.2 24.2 24.3 24.5 24.7 24.4 24.1 24.4 24.2

0.75 14.1 13.7 13.7 13.7 13.8 14.0 13.8 13.9 14.2 14.0 14.0 14.1 13.7 13.8 14.1 14.0 14.1 14.2

1.00 9.47 9.23 9.14 9.21 9.44 9.69 9.55 9.81 9.81 9.86 9.87 9.82 9.41 9.64 9.84 9.86 9.86 9.83

1.25 7.14 6.94 6.90 6.95 7.12 7.34 7.33 7.53 7.61 7.61 7.61 7.65 7.25 7.43 7.60 7.57 7.60 7.52

1.50 5.76 5.62 5.58 5.62 5.76 5.94 6.00 6.17 6.22 6.19 6.21 6.19 5.96 6.08 6.16 6.20 6.20 6.21

1.75 4.86 4.72 4.67 4.73 4.86 5.00 5.07 5.23 5.25 5.26 5.25 5.24 5.01 5.14 5.20 5.21 5.24 5.24

2.00 4.22 4.07 4.05 4.09 4.20 4.33 4.43 4.52 4.58 4.55 4.57 4.57 4.36 4.46 4.51 4.56 4.56 4.57

2.25 3.71 3.61 3.59 3.61 3.72 3.82 3.91 4.03 4.03 4.04 4.06 4.03 3.87 3.96 4.01 4.04 4.05 4.04

2.50 3.34 3.23 3.20 3.22 3.32 3.42 3.54 3.61 3.64 3.64 3.64 3.64 3.50 3.56 3.62 3.64 3.66 3.65

2.75 3.02 2.93 2.90 2.93 2.99 3.09 3.21 3.30 3.32 3.30 3.32 3.31 3.17 3.26 3.31 3.32 3.31 3.31

3.00 2.75 2.66 2.64 2.66 2.75 2.82 2.98 3.04 3.06 3.06 3.06 3.07 2.93 2.99 3.03 3.06 3.06 3.07

3.25 2.53 2.44 2.41 2.44 2.50 2.57 2.75 2.82 2.84 2.84 2.84 2.84 2.71 2.78 2.82 2.83 2.85 2.84

3.50 2.33 2.24 2.23 2.24 2.30 2.37 2.55 2.63 2.65 2.65 2.65 2.64 2.53 2.58 2.64 2.65 2.65 2.64

3.75 2.14 2.07 2.05 2.07 2.13 2.19 2.40 2.46 2.48 2.47 2.47 2.49 2.37 2.42 2.45 2.46 2.47 2.47

4.00 1.98 1.92 1.90 1.91 1.97 2.03 2.28 2.31 2.33 2.32 2.33 2.33 2.23 2.28 2.32 2.33 2.33 2.33

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50

γ 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00

0.00 399 397 404 406 405 399 406 408 408 403 398 402 401 406 407 405 407 407

0.25 68.2 70.1 66.4 65.6 65.2 64.6 69.6 72.6 70.7 65.9 64.8 64.5 68.6 73.5 71.1 69.4 65.9 65.0

0.50 24.6 24.4 24.1 24.8 24.3 24.3 25.0 25.0 25.2 24.6 24.4 24.4 25.3 25.1 25.1 25.0 24.4 24.2

0.75 13.6 13.8 13.8 14.1 13.9 14.0 13.9 13.7 13.8 13.9 13.9 14.0 13.9 13.7 13.6 13.8 13.9 14.0

1.00 9.41 9.50 9.61 9.86 9.88 9.86 9.39 9.45 9.55 9.66 9.78 9.89 9.35 9.30 9.34 9.48 9.63 9.90

1.25 7.17 7.31 7.40 7.57 7.57 7.58 7.19 7.15 7.28 7.43 7.52 7.57 7.14 7.03 7.11 7.20 7.42 7.59

1.50 5.83 5.98 6.05 6.17 6.21 6.19 5.78 5.85 5.95 6.03 6.14 6.22 5.79 5.71 5.77 5.89 6.06 6.14

1.75 4.94 5.04 5.09 5.24 5.28 5.24 4.92 4.94 5.01 5.10 5.18 5.23 4.90 4.85 4.87 4.93 5.12 5.20

2.00 4.31 4.37 4.44 4.52 4.54 4.55 4.27 4.29 4.34 4.43 4.52 4.52 4.23 4.23 4.23 4.33 4.44 4.49

2.25 3.81 3.88 3.93 4.03 4.04 4.03 3.80 3.82 3.87 3.94 4.00 4.05 3.76 3.72 3.75 3.82 3.93 3.99

2.50 3.43 3.50 3.54 3.61 3.63 3.63 3.42 3.44 3.49 3.55 3.59 3.62 3.38 3.35 3.37 3.44 3.55 3.60

2.75 3.13 3.20 3.24 3.30 3.31 3.32 3.11 3.13 3.17 3.21 3.30 3.32 3.08 3.06 3.08 3.12 3.23 3.27

3.00 2.87 2.94 2.97 3.04 3.07 3.07 2.88 2.90 2.93 2.97 3.02 3.05 2.84 2.80 2.83 2.87 2.95 3.01

3.25 2.69 2.74 2.75 2.83 2.84 2.85 2.66 2.66 2.69 2.75 2.80 2.82 2.62 2.60 2.61 2.65 2.73 2.77

3.50 2.50 2.55 2.57 2.63 2.64 2.64 2.47 2.49 2.52 2.55 2.61 2.63 2.42 2.40 2.41 2.44 2.53 2.58

3.75 2.34 2.37 2.41 2.45 2.47 2.46 2.31 2.32 2.36 2.39 2.43 2.46 2.25 2.23 2.24 2.29 2.36 2.39

4.00 2.20 2.24 2.26 2.31 2.32 2.32 2.18 2.20 2.21 2.24 2.27 2.31 2.10 2.08 2.10 2.13 2.21 2.23
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Table 4 ARLs properties of proposed ACUSUM(2)
c control chart at different values of k, λ, and γ when ARL0 � 400 and δ+min � 0.50

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30

γ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.00 395 399 398 399 399 403 398 398.2 402.5 405.2 406 406 407 397 406 402 406.1 399

0.25 70.7 67.1 65.8 64.7 64.3 65.6 70.6 67.3 65.8 65.2 65.5 65.9 70.7 66.9 66.1 64.4 65.1 66.1

0.50 24.7 25.7 25.9 26.2 25.9 25.8 24.5 25.6 26.1 26.0 26.0 26.0 24.7 25.6 26.1 25.9 25.9 25.7

0.75 14.1 14.9 15.2 15.6 15.6 15.5 14.1 15.04 15.31 15.57 15.6 15.5 14.2 15.0 15.4 15.4 15.54 15.4

1.00 9.69 10.3 10.6 10.8 11.03 11.08 9.67 10.34 10.62 10.86 11.07 11.03 9.71 10.38 10.74 10.80 10.98 10.98

1.25 7.26 7.80 7.99 8.21 8.41 8.53 7.33 7.82 8.07 8.26 8.42 8.46 7.35 7.85 8.09 8.24 8.44 8.35

1.50 5.80 6.20 6.41 6.57 6.75 6.83 5.80 6.20 6.44 6.58 6.78 6.84 5.86 6.25 6.47 6.54 6.73 6.77

1.75 4.77 5.12 5.28 5.47 5.60 5.69 4.79 5.14 5.33 5.42 5.61 5.67 4.82 5.12 5.34 5.42 5.58 5.60

2.00 4.06 4.32 4.46 4.59 4.75 4.84 4.03 4.33 4.50 4.59 4.75 4.82 4.06 4.34 4.48 4.59 4.73 4.77

2.25 3.50 3.74 3.85 3.97 4.10 4.19 3.48 3.76 3.88 3.97 4.11 4.16 3.51 3.74 3.90 3.96 4.09 4.13

2.50 3.06 3.29 3.37 3.47 3.59 3.66 3.07 3.28 3.39 3.49 3.59 3.67 3.08 3.27 3.42 3.48 3.60 3.63

2.75 2.72 2.92 3.00 3.10 3.20 3.25 2.73 2.92 3.03 3.10 3.20 3.26 2.75 2.93 3.04 3.09 3.19 3.23

3.00 2.46 2.64 2.72 2.77 2.87 2.94 2.47 2.64 2.72 2.78 2.89 2.95 2.48 2.65 2.74 2.79 2.88 2.91

3.25 2.26 2.40 2.48 2.54 2.64 2.68 2.25 2.41 2.49 2.54 2.63 2.68 2.27 2.42 2.51 2.53 2.63 2.66

3.50 2.08 2.23 2.28 2.36 2.42 2.46 2.09 2.22 2.29 2.35 2.43 2.46 2.11 2.23 2.31 2.35 2.41 2.46

3.75 1.94 2.07 2.13 2.18 2.25 2.29 1.95 2.07 2.14 2.19 2.26 2.29 1.96 2.08 2.15 2.18 2.25 2.28

4.00 1.81 1.94 1.99 2.05 2.12 2.15 1.82 1.94 2.00 2.06 2.12 2.16 1.84 1.95 2.02 2.06 2.12 2.14

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10

γ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.50 1.50 1.50 1.50 1.50 1.50

0.00 404 402 398 401 401 397 404 397.6 399.2 397 405 403 398 399 404 407 397 402

0.25 71.2 67.8 65.0 64.7 65.0 65.5 72.4 66.5 65.0 64.0 65.0 66.7 70.12 67.98 67.90 66.55 67.87 68.70

0.50 24.9 26.0 25.9 26.1 25.8 25.4 24.8 25.6 26.1 25.8 25.8 25.6 24.66 25.28 25.75 25.58 25.58 25.52

0.75 14.2 15.2 15.2 15.5 15.5 15.3 14.1 14.98 15.30 15.5 15.5 15.2 14.14 14.78 14.96 14.94 14.76 14.77

1.00 9.78 10.43 10.63 10.88 10.97 10.80 9.74 10.43 10.68 10.84 10.92 10.71 9.68 10.22 10.40 10.38 10.27 10.17

1.25 7.35 7.89 8.07 8.24 8.38 8.33 7.36 7.86 8.11 8.26 8.34 8.27 7.30 7.71 7.85 7.83 7.78 7.74

1.50 5.85 6.28 6.46 6.58 6.71 6.65 5.83 6.26 6.44 6.61 6.70 6.67 5.80 6.12 6.24 6.26 6.23 6.23

1.75 4.81 5.16 5.32 5.43 5.58 5.54 4.78 5.15 5.32 5.45 5.53 5.55 4.79 5.05 5.14 5.17 5.16 5.16

2.00 4.05 4.37 4.49 4.60 4.72 4.72 4.04 4.36 4.52 4.61 4.69 4.69 4.06 4.25 4.37 4.39 4.39 4.36

2.25 3.50 3.76 3.87 3.96 4.08 4.07 3.49 3.76 3.89 3.99 4.06 4.07 3.50 3.70 3.77 3.79 3.81 3.80

2.50 3.09 3.31 3.41 3.48 3.58 3.60 3.07 3.30 3.41 3.50 3.56 3.58 3.09 3.26 3.32 3.33 3.34 3.34

2.75 2.74 2.95 3.03 3.10 3.18 3.20 2.74 2.95 3.03 3.11 3.16 3.19 2.75 2.89 2.95 2.98 2.98 3.00

3.00 2.48 2.65 2.73 2.80 2.88 2.88 2.48 2.66 2.74 2.80 2.86 2.89 2.48 2.61 2.68 2.70 2.69 2.70

3.25 2.27 2.43 2.49 2.55 2.62 2.64 2.27 2.43 2.50 2.56 2.61 2.62 2.27 2.40 2.44 2.44 2.47 2.48

3.50 2.10 2.25 2.31 2.36 2.41 2.43 2.11 2.25 2.32 2.35 2.41 2.42 2.09 2.21 2.25 2.26 2.28 2.28

3.75 1.96 2.10 2.15 2.20 2.25 2.26 1.97 2.10 2.16 2.20 2.25 2.26 1.94 2.05 2.09 2.10 2.11 2.12

4.00 1.84 1.98 2.02 2.06 2.11 2.13 1.85 1.97 2.03 2.08 2.12 2.13 1.80 1.91 1.95 1.96 1.98 1.99
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Table 4 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40

γ 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50

0.00 401 400.6 402.0 403 401 403 400 397 403 395 404.0 399 407 400 407 398 396 397

0.25 70.9 67.1 67.2 66.9 67.6 68.5 71.3 68.3 66.7 66.4 67.9 69.6 71.7 67.58 66.8 67.9 68.7 69.3

0.50 24.6 25.4 25.5 25.6 25.4 25.3 24.7 25.5 25.6 25.5 25.4 25.7 25.0 25.34 25.7 25.5 25.6 25.6

0.75 14.2 14.79 14.94 14.9 14.7 14.6 14.1 14.8 15.0 15.0 14.75 14.7 14.1 14.74 15.1 14.7 14.7 14.6

1.00 9.72 10.21 10.33 10.31 10.24 10.14 9.75 10.18 10.42 10.36 10.26 10.14 9.81 10.28 10.40 10.20 10.22 9.95

1.25 7.30 7.65 7.86 7.84 7.77 7.71 7.34 7.66 7.84 7.84 7.78 7.69 7.37 7.74 7.89 7.69 7.73 7.61

1.50 5.83 6.10 6.23 6.25 6.22 6.17 5.80 6.12 6.23 6.24 6.21 6.17 5.81 6.15 6.30 6.15 6.16 6.10

1.75 4.79 5.06 5.14 5.16 5.15 5.12 4.80 5.05 5.16 5.15 5.14 5.12 4.80 5.06 5.14 5.12 5.12 5.06

2.00 4.06 4.28 4.35 4.37 4.37 4.33 4.08 4.26 4.36 4.38 4.37 4.35 4.07 4.28 4.37 4.35 4.35 4.31

2.25 3.50 3.69 3.75 3.79 3.78 3.75 3.53 3.72 3.78 3.81 3.78 3.79 3.52 3.71 3.80 3.77 3.78 3.75

2.50 3.08 3.26 3.31 3.33 3.35 3.34 3.08 3.26 3.32 3.33 3.34 3.32 3.09 3.26 3.34 3.32 3.32 3.30

2.75 2.76 2.92 2.96 2.98 2.98 2.97 2.76 2.90 2.97 2.99 2.99 2.98 2.77 2.93 2.98 2.97 2.97 2.96

3.00 2.50 2.62 2.67 2.69 2.69 2.69 2.50 2.63 2.68 2.70 2.70 2.70 2.51 2.65 2.70 2.70 2.70 2.68

3.25 2.28 2.39 2.44 2.46 2.46 2.47 2.28 2.40 2.45 2.47 2.47 2.47 2.29 2.40 2.46 2.48 2.46 2.46

3.50 2.10 2.21 2.26 2.28 2.28 2.27 2.11 2.22 2.27 2.28 2.28 2.28 2.12 2.23 2.28 2.28 2.28 2.26

3.75 1.94 2.05 2.09 2.10 2.12 2.12 1.96 2.08 2.11 2.12 2.12 2.13 1.98 2.09 2.13 2.13 2.13 2.11

4.00 1.82 1.91 1.96 1.98 1.98 1.99 1.83 1.93 1.97 1.99 1.998 2.00 1.85 1.95 1.99 1.99 1.99 1.99

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20

γ 1.50 1.50 1.50 1.50 1.50 1.50 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

0.00 402 397.2 399.2 401 408 402 399 406 403 397 399 396 403 400.2 395.7 396 397 402

0.25 71.1 66.5 66.9 66.0 69.4 69.3 69.6 68.1 67.2 68.4 72.3 72.8 69.6 67.6 65.9 69.7 71.7 72.9

0.50 24.8 25.6 25.9 25.4 25.8 25.6 24.8 25.5 25.5 25.3 26.0 26.0 25.0 25.4 25.3 25.4 25.6 26.2

0.75 14.2 14.91 15.07 14.9 14.7 14.4 14.3 14.8 14.7 14.6 14.4 14.3 14.2 14.67 14.61 14.5 14.2 14.4

1.00 9.74 10.26 10.39 10.36 10.23 9.92 9.76 10.1 10.1 9.9 9.73 9.63 9.81 10.07 10.01 9.91 9.68 9.66

1.25 7.34 7.73 7.86 7.84 7.77 7.50 7.38 7.64 7.57 7.48 7.32 7.21 7.31 7.56 7.55 7.53 7.29 7.21

1.50 5.78 6.17 6.26 6.27 6.24 6.04 5.83 6.06 6.08 5.97 5.84 5.75 5.82 6.05 6.00 6.01 5.84 5.78

1.75 4.78 5.09 5.21 5.20 5.16 5.02 4.82 5.02 5.00 4.94 4.83 4.75 4.80 4.99 4.98 4.94 4.82 4.75

2.00 4.06 4.29 4.40 4.39 4.38 4.26 4.07 4.24 4.24 4.21 4.12 4.03 4.09 4.23 4.21 4.21 4.09 4.03

2.25 3.50 3.70 3.79 3.82 3.81 3.71 3.55 3.69 3.68 3.63 3.56 3.50 3.54 3.66 3.66 3.64 3.54 3.49

2.50 3.10 3.27 3.34 3.35 3.36 3.28 3.11 3.25 3.24 3.20 3.14 3.09 3.10 3.22 3.23 3.21 3.13 3.10

2.75 2.76 2.93 2.99 2.99 3.00 2.94 2.76 2.90 2.89 2.87 2.80 2.75 2.78 2.88 2.87 2.87 2.79 2.76

3.00 2.51 2.65 2.70 2.69 2.71 2.66 2.51 2.61 2.59 2.59 2.52 2.49 2.52 2.61 2.61 2.60 2.53 2.50

3.25 2.30 2.43 2.47 2.48 2.48 2.45 2.28 2.39 2.38 2.35 2.31 2.26 2.29 2.37 2.37 2.37 2.31 2.27

3.50 2.13 2.25 2.29 2.30 2.30 2.26 2.09 2.19 2.18 2.16 2.12 2.09 2.10 2.18 2.18 2.18 2.13 2.10

3.75 1.99 2.09 2.13 2.14 2.14 2.12 1.93 2.02 2.02 2.00 1.96 1.93 1.94 2.02 2.01 2.02 1.95 1.94

4.00 1.86 1.97 2.00 2.02 2.03 2.00 1.79 1.88 1.88 1.86 1.82 1.79 1.80 1.8807 1.8827 1.87 1.82 1.81

123



15066 Arabian Journal for Science and Engineering (2022) 47:15049–15081

Table 4 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50

γ 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00

0.00 402 404 402 401 405.8 398 396 407 407 403 399 404 399 398.6 401.4 403 405 400

0.25 69.7 67.4 67.0 69.0 72.8 74.0 69.6 68.0 67.5 69.1 71.8 74.0 70.6 66.4 66.5 67.9 71.5 73.6

0.50 25.0 25.6 25.5 25.5 25.9 26.0 24.7 25.8 25.4 25.4 25.6 26.2 25.0 25.4 25.4 25.4 25.7 25.8

0.75 14.3 14.7 14.8 14.6 14.24 14.2 14.2 14.9 14.7 14.6 14.1 14.2 14.3 14.71 14.74 14.6 14.2 13.9

1.00 9.85 10.09 10.18 9.97 9.70 9.54 9.70 10.18 10.16 9.96 9.64 9.53 9.84 10.11 10.12 9.97 9.65 9.42

1.25 7.33 7.64 7.64 7.54 7.32 7.16 7.32 7.66 7.64 7.52 7.23 7.13 7.36 7.64 7.59 7.56 7.25 7.02

1.50 5.84 6.05 6.08 5.99 5.81 5.72 5.80 6.10 6.10 6.00 5.76 5.67 5.80 6.06 6.05 6.00 5.80 5.62

1.75 4.80 5.00 5.02 4.97 4.83 4.71 4.79 5.05 4.99 4.97 4.77 4.69 4.83 4.99 5.01 4.97 4.80 4.64

2.00 4.10 4.24 4.25 4.23 4.11 4.01 4.05 4.29 4.26 4.23 4.07 4.00 4.08 4.23 4.26 4.23 4.08 3.96

2.25 3.54 3.69 3.69 3.66 3.56 3.50 3.51 3.71 3.70 3.65 3.54 3.48 3.54 3.69 3.70 3.67 3.55 3.45

2.50 3.12 3.24 3.25 3.23 3.15 3.08 3.11 3.27 3.26 3.23 3.13 3.08 3.12 3.24 3.26 3.25 3.15 3.05

2.75 2.79 2.90 2.90 2.88 2.81 2.75 2.78 2.93 2.92 2.89 2.80 2.76 2.81 2.92 2.92 2.90 2.82 2.75

3.00 2.52 2.62 2.63 2.61 2.56 2.49 2.52 2.65 2.64 2.63 2.53 2.50 2.53 2.64 2.65 2.63 2.56 2.49

3.25 2.30 2.39 2.40 2.38 2.32 2.27 2.31 2.43 2.42 2.40 2.32 2.28 2.32 2.41 2.43 2.41 2.34 2.28

3.50 2.11 2.20 2.21 2.19 2.14 2.10 2.13 2.24 2.23 2.21 2.14 2.12 2.15 2.24 2.26 2.23 2.17 2.11

3.75 1.96 2.04 2.05 2.03 1.99 1.94 1.95 2.08 2.07 2.06 1.99 1.95 2.00 2.07 2.09 2.08 2.02 1.97

4.00 1.82 1.90 1.91 1.90 1.84 1.82 1.83 1.94 1.93 1.93 1.85 1.83 1.87 1.9412 1.9546 1.94 1.89 1.84

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30

γ 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50

0.00 399 405 401 402 399 396 398 396.8 399.6 403 403.9 404 403 406 406 403 398.4 399

0.25 68.1 68.1 68.4 70.5 74.7 76.5 69.0 66.3 67.1 70.4 75.9 75.9 69.4 67.1 70.2 70.2 75.6 77.9

0.50 25.3 25.4 25.4 25.5 26.0 26.7 24.9 25.4 25.2 25.8 26.3 26.3 25.2 25.6 25.5 25.6 26.4 27.3

0.75 14.3 14.6 14.5 14.3 14.1 14.3 14.4 14.67 14.50 14.2 13.94 13.9 14.5 14.6 14.2 14.3 14.04 14.2

1.00 9.83 10.0 9.9 9.7 9.42 9.35 9.82 10.00 9.89 9.69 9.41 9.41 9.83 9.99 9.70 9.69 9.32 9.27

1.25 7.36 7.55 7.42 7.30 6.97 6.92 7.40 7.47 7.45 7.29 6.99 6.99 7.41 7.55 7.23 7.28 6.95 6.85

1.50 5.87 5.99 5.94 5.81 5.56 5.46 5.89 5.99 5.90 5.80 5.55 5.55 5.89 5.97 5.81 5.82 5.53 5.43

1.75 4.86 4.95 4.92 4.82 4.59 4.51 4.85 4.94 4.88 4.79 4.60 4.60 4.88 4.95 4.80 4.80 4.56 4.46

2.00 4.12 4.20 4.15 4.09 3.87 3.81 4.13 4.20 4.15 4.09 3.90 3.90 4.11 4.21 4.09 4.06 3.88 3.79

2.25 3.57 3.65 3.62 3.54 3.36 3.28 3.57 3.62 3.61 3.55 3.37 3.37 3.57 3.65 3.55 3.54 3.37 3.29

2.50 3.14 3.22 3.19 3.11 2.95 2.88 3.13 3.21 3.17 3.13 2.96 2.96 3.15 3.23 3.11 3.11 2.96 2.87

2.75 2.79 2.85 2.84 2.77 2.63 2.56 2.80 2.86 2.83 2.78 2.63 2.63 2.81 2.88 2.77 2.78 2.64 2.56

3.00 2.52 2.57 2.54 2.48 2.35 2.29 2.53 2.58 2.55 2.50 2.36 2.36 2.55 2.60 2.50 2.51 2.37 2.31

3.25 2.28 2.33 2.31 2.25 2.14 2.09 2.29 2.34 2.31 2.28 2.14 2.14 2.31 2.37 2.29 2.28 2.15 2.10

3.50 2.08 2.13 2.11 2.06 1.95 1.90 2.10 2.15 2.11 2.07 1.96 1.96 2.12 2.16 2.08 2.08 1.98 1.92

3.75 1.92 1.96 1.95 1.90 1.79 1.75 1.93 1.97 1.95 1.91 1.80 1.80 1.94 2.00 1.93 1.93 1.82 1.76

4.00 1.77 1.81 1.79 1.75 1.65 1.61 1.79 1.8213 1.798 1.77 1.6685 1.67 1.81 1.85 1.79 1.78 1.67 1.63
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Table 4 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10

γ 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 2.50 3.00 3.00 3.00 3.00 3.00 3.00

0.00 399.7 405 403 395 405 401 404 405.0 401.9 405 401 395 397 399 397 404 398.2 400

0.25 69.7 67.1 70.1 70.3 75.9 79.2 70.5 66.8 67.6 68.6 75.8 78.0 67.8 66.0 67.7 71.8 78.3 80.3

0.50 25.1 25.5 25.5 25.4 26.4 27.3 25.0 25.4 25.3 25.5 26.2 27.1 25.2 25.5 25.2 25.7 26.8 27.6

0.75 14.42 14.7 14.3 14.2 14.1 14.2 14.4 14.64 14.46 14.2 14.0 14.1 14.5 14.5 14.2 14.1 13.98 14.2

1.00 9.81 10.06 9.68 9.69 9.36 9.27 9.74 10.07 9.93 9.68 9.30 9.19 10.01 9.92 9.73 9.53 9.24 9.23

1.25 7.40 7.55 7.29 7.24 7.00 6.85 7.33 7.55 7.42 7.23 6.92 6.73 7.47 7.45 7.33 7.12 6.80 6.77

1.50 5.87 5.99 5.79 5.79 5.53 5.40 5.84 6.01 5.91 5.83 5.51 5.34 5.96 5.92 5.81 5.67 5.39 5.33

1.75 4.84 4.94 4.79 4.80 4.59 4.45 4.81 4.94 4.91 4.78 4.56 4.41 4.94 4.91 4.81 4.68 4.42 4.37

2.00 4.11 4.22 4.08 4.06 3.90 3.79 4.10 4.21 4.17 4.08 3.86 3.76 4.21 4.20 4.11 3.97 3.76 3.71

2.25 3.58 3.65 3.53 3.54 3.38 3.27 3.56 3.68 3.63 3.55 3.36 3.26 3.65 3.63 3.53 3.44 3.25 3.17

2.50 3.16 3.23 3.11 3.11 2.97 2.89 3.16 3.25 3.21 3.14 2.98 2.86 3.21 3.19 3.11 3.01 2.82 2.76

2.75 2.82 2.90 2.80 2.79 2.65 2.58 2.83 2.91 2.87 2.82 2.67 2.56 2.85 2.83 2.75 2.68 2.49 2.43

3.00 2.56 2.63 2.52 2.52 2.41 2.32 2.56 2.64 2.60 2.55 2.42 2.32 2.53 2.52 2.46 2.38 2.21 2.17

3.25 2.32 2.39 2.29 2.31 2.19 2.12 2.34 2.41 2.38 2.33 2.20 2.12 2.30 2.28 2.21 2.15 1.99 1.95

3.50 2.14 2.20 2.11 2.11 2.01 1.95 2.16 2.22 2.20 2.15 2.04 1.96 2.09 2.07 2.01 1.95 1.80 1.77

3.75 1.98 2.03 1.95 1.95 1.85 1.79 2.00 2.06 2.04 1.99 1.88 1.82 1.91 1.90 1.84 1.78 1.64 1.62

4.00 1.8262 1.89 1.81 1.81 1.72 1.66 1.86 1.9229 1.8997 1.85 1.74 1.68 1.75 1.75 1.69 1.63 1.505 1.49

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.20 0.20 0.20 0.20 0.20 0.20 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40

γ 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00 3.00

0.00 401 399 405.8 401 406 398 395.4 399 398 397 400 405 399.6 407 396 402 408 400

0.25 67.2 67.5 65.5 72.2 79.5 80.5 67.4 66.0 69.1 71.1 78.7 82.2 68.4 66.9 67.6 71.3 79.2 81.9

0.50 25.0 25.2 25.2 25.4 26.8 27.6 25.1 25.1 25.3 25.4 26.5 28.1 25.2 25.4 25.1 25.5 27.1 27.9

0.75 14.4 14.4 14.50 14.1 14.0 14.2 14.42 14.4 14.2 13.9 13.9 14.3 14.48 14.5 14.3 14.0 14.0 14.2

1.00 9.91 9.93 9.93 9.49 9.21 9.27 9.88 9.89 9.73 9.42 9.20 9.27 9.84 9.98 9.64 9.45 9.19 9.14

1.25 7.48 7.47 7.46 7.11 6.79 6.72 7.42 7.45 7.32 7.06 6.78 6.78 7.43 7.44 7.26 7.13 6.74 6.71

1.50 5.95 5.96 5.96 5.67 5.40 5.29 5.96 5.95 5.81 5.61 5.35 5.29 5.93 5.94 5.76 5.62 5.37 5.26

1.75 4.93 4.90 4.93 4.66 4.43 4.32 4.90 4.90 4.82 4.67 4.43 4.36 4.91 4.94 4.80 4.65 4.40 4.33

2.00 4.18 4.20 4.21 3.99 3.75 3.67 4.16 4.19 4.08 3.95 3.73 3.68 4.16 4.19 4.08 3.95 3.73 3.63

2.25 3.64 3.63 3.65 3.44 3.23 3.15 3.63 3.62 3.54 3.42 3.21 3.17 3.62 3.65 3.55 3.44 3.23 3.14

2.50 3.20 3.21 3.20 3.01 2.82 2.74 3.20 3.20 3.13 3.02 2.82 2.74 3.18 3.22 3.13 3.03 2.84 2.75

2.75 2.85 2.85 2.85 2.67 2.49 2.42 2.85 2.85 2.77 2.67 2.50 2.44 2.86 2.87 2.80 2.70 2.51 2.43

3.00 2.55 2.56 2.55 2.38 2.23 2.16 2.56 2.56 2.50 2.39 2.23 2.18 2.57 2.59 2.51 2.42 2.26 2.19

3.25 2.31 2.30 2.31 2.15 2.01 1.95 2.32 2.32 2.25 2.16 2.00 1.97 2.35 2.35 2.27 2.20 2.03 1.98

3.50 2.10 2.11 2.10 1.95 1.82 1.76 2.11 2.11 2.05 1.98 1.83 1.79 2.14 2.16 2.09 2.01 1.85 1.80

3.75 1.92 1.92 1.92 1.78 1.66 1.62 1.94 1.93 1.88 1.79 1.67 1.64 1.98 1.98 1.91 1.84 1.71 1.65

4.00 1.77 1.77 1.77 1.64 1.52 1.49 1.78 1.79 1.74 1.66 1.54 1.51 1.81 1.83 1.76 1.70 1.57 1.52
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Table 4 (continued)

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.50 0.50 0.50 0.50 0.50 0.50 0.10 0.10 0.10 0.10 0.10 0.10 0.20 0.20 0.20 0.20 0.20 0.20

γ 3.00 3.00 3.00 3.00 3.00 3.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00

0.00 402 398.6 403 406 404 400 405 402 403 400 398 401 400 402 396.1 401 396 405

0.25 68.1 66.7 67.9 71.7 78.9 83.0 66.3 65.4 68.8 73.5 80.2 77.4 66.4 66.0 69.0 73.7 81.8 79.8

0.50 25.1 25.3 25.2 25.6 26.8 27.7 25.3 25.0 25.2 25.8 27.5 27.7 25.5 25.1 25.1 25.7 27.2 28.0

0.75 14.5 14.53 14.2 14.1 13.8 14.2 14.7 14.3 14.1 13.9 14.1 14.4 14.7 14.3 13.94 13.9 14.1 14.4

1.00 9.83 9.93 9.65 9.45 9.12 9.13 10.07 9.76 9.48 9.24 9.10 9.31 10.08 9.75 9.35 9.19 9.09 9.31

1.25 7.40 7.39 7.21 7.09 6.72 6.61 7.64 7.35 7.11 6.85 6.68 6.84 7.63 7.31 7.02 6.84 6.66 6.80

1.50 5.88 5.91 5.73 5.61 5.33 5.22 6.15 5.92 5.66 5.44 5.26 5.39 6.09 5.88 5.60 5.44 5.19 5.36

1.75 4.87 4.90 4.79 4.64 4.37 4.29 5.12 4.90 4.69 4.50 4.34 4.41 5.08 4.86 4.65 4.47 4.30 4.39

2.00 4.14 4.17 4.08 3.94 3.71 3.61 4.38 4.21 4.02 3.82 3.64 3.71 4.38 4.16 3.97 3.80 3.63 3.69

2.25 3.61 3.63 3.55 3.45 3.20 3.13 3.83 3.66 3.47 3.29 3.13 3.20 3.81 3.64 3.43 3.28 3.12 3.16

2.50 3.20 3.22 3.13 3.04 2.82 2.75 3.38 3.19 3.04 2.88 2.74 2.78 3.39 3.18 2.99 2.86 2.71 2.75

2.75 2.86 2.88 2.80 2.72 2.51 2.45 3.01 2.82 2.67 2.53 2.40 2.44 3.01 2.81 2.63 2.52 2.37 2.41

3.00 2.59 2.60 2.54 2.45 2.27 2.21 2.69 2.51 2.35 2.23 2.12 2.16 2.68 2.51 2.34 2.23 2.10 2.14

3.25 2.36 2.37 2.31 2.23 2.07 2.01 2.39 2.24 2.09 1.98 1.88 1.92 2.41 2.23 2.08 1.98 1.87 1.90

3.50 2.16 2.18 2.12 2.05 1.90 1.84 2.17 2.00 1.88 1.78 1.68 1.71 2.17 1.99 1.87 1.78 1.68 1.71

3.75 2.01 2.01 1.96 1.89 1.75 1.70 1.96 1.81 1.68 1.59 1.52 1.54 1.96 1.81 1.68 1.59 1.52 1.54

4.00 1.86 1.86 1.82 1.75 1.61 1.56 1.77 1.64 1.53 1.44 1.38 1.40 1.78 1.64 1.51 1.45 1.38 1.40

k 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50 0.10 0.20 0.25 0.30 0.40 0.50

λ 0.30 0.30 0.30 0.30 0.30 0.30 0.40 0.40 0.40 0.40 0.40 0.40 0.50 0.50 0.50 0.50 0.50 0.50

γ 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00 4.00

0.00 396 395 403 397 400 400 403 397 396 400 403 399 404 403 405 406 396.9 405

0.25 65.4 65.2 69.7 73.6 83.8 82.2 66.9 65.3 68.7 73.9 83.5 82.8 67.4 65.4 70.3 74.4 81.7 83.7

0.50 25.3 25.1 25.1 25.9 27.9 28.0 25.4 25.0 24.8 25.7 28.1 28.7 25.3 24.9 25.2 25.9 27.6 28.7

0.75 14.6 14.3 14.0 14.0 14.1 14.4 14.7 14.2 13.9 13.8 14.1 14.3 14.6 14.1 14.0 13.8 13.92 14.3

1.00 10.01 9.69 9.33 9.26 9.06 9.27 10.02 9.67 9.29 9.17 9.04 9.15 9.92 9.68 9.38 9.09 8.95 9.12

1.25 7.57 7.29 7.07 6.78 6.62 6.75 7.54 7.26 6.93 6.78 6.59 6.67 7.45 7.19 6.99 6.71 6.52 6.62

1.50 6.07 5.83 5.61 5.43 5.20 5.28 6.05 5.82 5.53 5.36 5.17 5.23 5.97 5.76 5.57 5.30 5.11 5.12

1.75 5.06 4.83 4.62 4.45 4.28 4.33 5.03 4.83 4.57 4.42 4.25 4.26 4.95 4.78 4.61 4.39 4.19 4.24

2.00 4.33 4.13 3.95 3.78 3.62 3.64 4.33 4.13 3.89 3.75 3.58 3.61 4.24 4.09 3.91 3.74 3.53 3.59

2.25 3.77 3.60 3.42 3.26 3.08 3.13 3.77 3.59 3.37 3.25 3.09 3.11 3.70 3.55 3.39 3.23 3.06 3.10

2.50 3.33 3.14 2.99 2.85 2.70 2.71 3.34 3.14 2.95 2.84 2.69 2.69 3.30 3.14 2.99 2.82 2.68 2.71

2.75 2.97 2.79 2.64 2.49 2.37 2.39 2.98 2.80 2.63 2.49 2.37 2.38 2.95 2.79 2.66 2.51 2.36 2.38

3.00 2.66 2.49 2.34 2.21 2.10 2.12 2.68 2.50 2.33 2.22 2.10 2.11 2.65 2.51 2.40 2.24 2.12 2.12

3.25 2.39 2.23 2.10 1.98 1.86 1.88 2.41 2.25 2.09 1.98 1.88 1.89 2.40 2.27 2.14 2.02 1.91 1.91

3.50 2.16 2.00 1.88 1.77 1.67 1.70 2.18 2.04 1.89 1.79 1.69 1.71 2.19 2.06 1.96 1.83 1.72 1.74

3.75 1.96 1.81 1.70 1.61 1.52 1.53 2.00 1.85 1.70 1.62 1.54 1.55 2.01 1.88 1.78 1.66 1.57 1.58

4.00 1.79 1.65 1.54 1.45 1.39 1.40 1.82 1.68 1.55 1.47 1.41 1.41 1.84 1.73 1.63 1.52 1.437 1.46
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Fig. 2 a ARL comparison
between proposed ACUSUM(1)

c

and ACUSUM(2)
c control charts

when λ � 0.10, γ � 1.00,
k � 0.50, andδ+min � 0.50.
b ARL comparison between
proposed ACUSUM(1)

c and
ACUSUM(2)

c control charts when
λ � 0.50, γ � 1.00, k � 0.50,
andδ+min � 0.50. c ARL
comparison between proposed
ACUSUM(1)

c and ACUSUM(2)
c

control charts when λ � 0.10,
γ � 4.00, k � 0.50,
andδ+min � 0.50. d ARL
comparison between proposed
ACUSUM(1)

c and ACUSUM(2)
c

control charts when λ � 0.50,
γ � 4.00, k � 0.50,
andδ+min � 0.50
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Fig. 2 continued

control charts. The comparison is based on numerical results
and visual presentations. More details are given as follows:

(a) At small values of γ � 1 and λ � 0.10 along k � 0.5,
the proposedACUSUM(2)

c control chart outperforms for
small shifts (i.e., δ ≤ 0.5) as compared to the proposed
ACUSUM(1)

c control chart (see Tables 3, 4 and Fig. 2a).
It means, the proposedACUSUM(1)

c control chart works
better for moderate-to-large shift (i.e., δ > 0.5).

(b) As λ > 0.10 (e.g., λ � 0.50), the proposed
ACUSUM(2)

c control chart identify earlier signal rela-
tive to the proposed ACUSUM(1)

c control chart which
can be seen in Tables 3, 4 and Fig. 2b as well.

(c) At large values of γ and k such that γ � 5 and k �
0.5 along λ � 0.10, the proposed ACUSUM(1)

c con-
trol chart shows good diagnose ability for small shifts
(i.e., δ ≤ 0.75) against the proposed ACUSUM(2)

c con-
trol chart (see Tables 3, 4 and Fig. 2c). It implies that
proposed ACUSUM(2)

c control chart works well for
moderate-to-large shift (i.e., δ > 0.75).

(d) Like proposedACUSUM(2)
c control chart in point (b), as

λ > 0.10 (e.g., λ � 0.50), the proposed ACUSUM(1)
c

control chart continues with superiority as mentioned
in point (c) and this point can be seen in Fig. 2d and
Tables 3, 4.

(e) It can be concluded from points (a)-(d), at the different
parameters’ combinations, the proposed ACUSUM(1)

c

and ACUSUM(2)
c control charts offer better detection

ability for different sizes of shift.

5.2 Proposed and Other Control Charts

The proposed ACUSUM(1)
c and ACUSUM(2)

c control charts
performance are compared against some existing control
charts. The performance of the control charts is assessed at a
single shift and at a certain range of shifts as well to convey
adaptive idea. For the said objective, the classical CUSUM
[2], ACUSUM [9, 11], and ACUSUME [7] control charts are
considered.

5.2.1 Proposed Versus Classical CUSUM Control Chart

The proposed ACUSUM(1)
c and ACUSUM(2)

c control charts
keep smaller ARL1 values against the classical CUSUM
control chart when different values of parameters are con-
sidered. For instance, at k � 0.5, the ARL1 values of the
classical CUSUM control chart are 85.87 and 28.49 for δ �
0.25and0.5, respectively, while the proposed ACUSUM(1)

c

control chart at any combination of k, λ, and γ values has
smaller ARL1 values for the same shifts (see Table 5 and
Fig. 3a). Likewise, the proposed ACUSUM(2)

c control chart
also shows dominance as compared to the classical CUSUM
control chart (see Table 5 and Fig. 3a). It can be concluded
that the proposed ACUSUM(1)

c and ACUSUM(2)
c control

charts outperform versus the classical CUSUM control chart
when shift lies between 0.25 < δ ≤ 0.75 intervals. Simi-
larly, as k > 0.5 increases, the proposed ACUSUM(1)

c and
ACUSUM(2)

c control charts persist with outstanding detec-
tion ability relative to the classical CUSUMcontrol chart (see
Table 5 and Fig. 3b).

The proposed ACUSUM(1)
c and ACUSUM(2)

c control
charts also show edge in terms of overall performance against

123



Arabian Journal for Science and Engineering (2022) 47:15049–15081 15071

Ta
bl
e
5
A
R
L
va
lu
es

of
A
C
U
SU

M
(1

)
c

,A
C
U
SU

M
(2

)
c

A
C
U
SU

M
E
,A

C
U
SU

M
,a
nd

cl
as
si
ca
lC

U
SU

M
co
nt
ro
lc
ha
rt
s
w
he
n
A
R
L
0

�
40
0

δ
+ m
in

�
0.
50

δ
+ m
in

�
1.
00

A
C
U
SU

M
(1

)
c

A
C
U
SU

M
(2

)
c

A
C
U
SU

M
O
C
U
SU

M
C
la
ss
ic
al
C
U
SU

M
A
C
U
SU

M
(1

)
c

O
C
U
SU

M
A
C
U
SU

M
C
la
ss
ic
al

C
U
SU

M

k
0.
50

0.
50

0.
25

0.
25

0.
5
0

1.
00

0.
50

1.
00

1.
50

λ
0.
20

0.
10

0.
10

δ
h
A
C
U
SU

M
(1

)
c

�
3.
43

h
A
C
U
SU

M
(2

)
c

�
5.
13

h
A
C
U
SU

M
�

1.
11
5

5.
96

h
�

6.
86

6
h

�
4.
17
3

h
A
C
U
SU

M
(1

)
c

�
4.
18

L
�

3.
87
55

h
A
C
U
SU

M
�

1.
03
55

h
�

2.
55
6

h
�

1.
38
7

0.
00

40
0

40
0

40
0

40
0

39
9.
69

39
9.
87

40
0

40
0

39
9.
37

39
7

40
0.
1

0.
25

65
.2

65
.6

63
.8
6

57
.7
0

64
.3
4

85
.8
7

84
.3

80
.5
5

85
.7
5

21
0

16
8.
68

0.
50

24
.2

25
.8

24
.0
3

21
.7
0

24
.2
7

28
.4
9

28
.0

26
.4
9

28
.4
5

72
.5

74
.8
7

0.
75

14
.2

11
.0
8

13
.8
2

12
.5
7

14
.1

13
.9
3

14
.0

13
.1
3

13
.8
8

29
.7

35
.5
2

1.
00

9.
83

6.
83

9.
53

8.
77

9.
88

8.
73

8.
84

8.
20

8.
67

14
.8

18
.3
1

1.
50

6.
21

4.
84

5.
78

5.
49

6.
20

4.
92

4.
92

4.
63

4.
84

6.
51

6.
5

2.
00

4.
57

3.
66

4.
12

4.
06

4.
56

3.
46

3.
46

3.
26

3.
36

4.
30

3.
29

2.
50

3.
65

2.
94

3.
20

3.
24

3.
65

2.
7

2.
71

2.
56

2.
59

3.
37

2.
13

3.
00

3.
07

2.
46

2.
62

2.
72

3.
06

2.
26

2.
26

2.
15

2.
12

2.
87

1.
59

3.
50

2.
64

2.
15

2.
24

2.
36

2.
65

1.
98

1.
97

1.
87

1.
80

2.
57

1.
30

4.
00

2.
33

1.
78

1.
98

2.
13

2.
33

1.
77

1.
77

1.
66

1.
55

2.
33

1.
14

4.
50

1.
98

1.
45

1.
72

1.
99

2.
23

1.
39

1.
45

1.
45

1.
23

2.
18

1.
05

5.
00

1.
33

1.
23

1.
58

1.
89

2.
01

1.
37

1.
23

1.
26

1.
18

2.
07

1.
02

123



15072 Arabian Journal for Science and Engineering (2022) 47:15049–15081

Ta
bl
e
5
(c
on
tin

ue
d)

IA
C
U
SU

M

δ
+ m
in

�
0.
50

δ
+ m
in

�
1.
00

λ
0.
10

0.
20

0.
30

0.
40

0.
50

0.
10

0.
20

0.
30

0.
40

0.
50

h
3.
56
3

4.
35
7

5.
23

6.
02

6.
67
4

4.
17
95

4.
18
5

4.
34
1

4.
64
18

4.
96
7

0.
00

40
0

40
0

40
0

40
1

40
0

40
1

40
2

40
1

40
2

40
1

0.
25

56
.7
3

59
.0
9

60
.9
1

61
.8
8

63
.4
1

84
.4
3

84
.0
6

84
.5
4

86
.3
1

87

0.
50

19
.0
0

20
.7
7

22
.5
1

23
.7
1

24
.6

27
.3
5

27
.1
4

27
.3
2

27
.8
9

28
.3

0.
75

10
.0
3

11
.3
5

12
.6
1

13
.4
9

14
.1
9

12
.9

12
.8
5

12
.9

13
.2
3

13
.6
1

1.
00

6.
45

7.
37

8.
37

9.
12

9.
65

7.
83

7.
73

7.
81

8.
06

8.
37

1.
25

4.
62

5.
34

6.
07

6.
67

7.
11

5.
42

5.
35

5.
44

5.
64

5.
85

1.
50

3.
56

4.
09

4.
66

5.
14

5.
51

4.
08

4.
03

4.
11

4.
27

4.
44

1.
75

2.
86

3.
28

3.
72

4.
11

4.
42

3.
22

3.
20

3.
26

3.
4

3.
55

2.
00

2.
37

2.
70

3.
08

3.
39

3.
63

2.
66

2.
64

2.
69

2.
81

2.
93

2.
25

2.
03

2.
30

2.
58

2.
85

3.
07

2.
25

2.
24

2.
29

2.
38

2.
49

2.
50

1.
77

2.
00

2.
23

2.
46

2.
63

1.
94

1.
94

1.
99

2.
06

2.
15

2.
75

1.
57

1.
76

1.
96

2.
15

2.
30

1.
72

1.
71

1.
75

1.
82

1.
89

3.
00

1.
42

1.
57

1.
74

1.
90

2.
04

1.
54

1.
54

1.
57

1.
62

1.
69

3.
25

1.
31

1.
43

1.
57

1.
71

1.
82

1.
40

1.
40

1.
42

1.
46

1.
52

3.
50

1.
21

1.
31

1.
43

1.
55

1.
65

1.
29

1.
29

1.
31

1.
35

1.
39

3.
75

1.
14

1.
22

1.
32

1.
42

1.
50

1.
20

1.
20

1.
22

1.
25

1.
29

4.
00

1.
09

1.
15

1.
23

1.
31

1.
38

1.
14

1.
14

1.
15

1.
17

1.
2

123



Arabian Journal for Science and Engineering (2022) 47:15049–15081 15073

Fig. 3 a ARL comparison among
ACUSUM(1)

c (γ � 4.00),
ACUSUM(2)

c (γ � 4.00),
classical CUSUM (k � 0.50),
and ACUSUM control charts
when λ � 0.20andδ+min � 0.50.
b ARL comparison among
ACUSUM(1)

c (γ � 4.00),
ACUSUM(2)

c (γ � 4.00),
classical CUSUM (k � 1), and
ACUSUM control charts when
λ � 0.10andδ+min � 1.00

the classical CUSUM control chart. For example, the classi-
cal CUSUM control chart has lower EQL, PCI, and RARL
values as compared to the proposed ACUSUM(1)

c control
chart, but the proposed ACUSUM(2)

c control chart shows
superiority. For instance, the EQL, PCI, and RARL values
of the ACUSUM(2)

c control chart are 8.77, 1.00, and 1.00
(see Table 6). From the findings, it can be concluded that the
proposed control charts somehow perform better for a single
shift and in terms of overall assessment as well.

5.2.2 Proposed Versus ACUSUM Control Chart

The ACUSUM control chart is proposed by Sparks [9]. The
ACUSUM control chart is effective to detect different sizes
of shift. In the comparison of the proposed ACUSUM(2)

c

control chart, the ACUSUM control chart is less efficient at
δ ≥ 0.75 to diagnose earlier shifts. For example, at δ � 0.75

(δ+min � 0.50, λ � 0.20, and γ � 1.00), the ARL1 11.08
value is smaller than the ARL1 value of the ACUSUM con-
trol chart. Similarly, at δ � 2.5 0, the ARL1 4.12 value which
belongs to the ACUSUM control char is larger relative to the
proposed ACUSUM(2)

c control chart ARL1 value (see Table
5 and Fig. 3a). In contrary, the proposed ACUSUM(1)

c con-
trol chart performs better against the ACUSUM control chart
only at δ � 0.50 (see Table 5 and Fig. 3a); otherwise, it has
inferior performance. Furthermore, when δ+min � 1.00, the

proposedACUSUM(1)
c andACUSUMcontrol charts perform

almost equally. It means that the ACUSUM(2)
c control chart

shows outstanding performance against the ACUSUM con-
trol chart at the specific values of parameters.

In terms of comprehensive performance, the ACUSUM
control chart keeps large values of the EQL, PCI, and RARL
against the proposed ACUSUM(1)

c and ACUSUM(2)
c control

charts. For instance, at δ+min � 1.00, theEQL,PCI, andRARL
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Table 6 EQL, PCI, and RARL
values of control charts δ+min λ γ EQL PCI RARL

AEWMAE 0.0398 2.899 14.17 1.33 1.33

ACUSUME 0.50 0.0398 2.899 13.28 1.25 1.23

ACUSUM(1)
c 0.50 0.0398 2.899 3.62 11.56 1.09 1.05

ACUSUM(2)
c 0.50 0.0398 2.899 3.63 10.62 1.00 1.00

AEWMAE 0.20 2.50 15.84 1.48 1.66

ACUSUME 0.50 0.20 2.50 12.56 1.18 1.17

ACUSUM(1)
c 0.50 0.20 2.50 3.57 11.48 1.08 1.04

ACUSUM(2)
c 0.50 0.20 2.50 3.93 10.68 1.00 1.00

AEWMAE 0.1253 2.7765 12.70 1.26 1.29

ACUSUME 1.00 0.1253 2.7765 11.74 1.17 1.18

ACUSUM(1)
c 1.00 0.1253 2.7765 10.07 1.00 1.00

ACUSUM(2)
c 1.00 0.1253 2.7765 4.40 10.08 1.00 1.00

AEWMAE 0.30 2.50 17.32 1.72 1.88

ACUSUME 1.00 0.30 2.50 11.72 1.16 1.19

ACUSUM(1)
c 1.00 0.30 2.50 10.07 1.00 1.00

ACUSUM(2)
c 1.00 0.30 2.50 10.09 1.00 1.00

Classical CUSUM 9.53 1.09 1.13

ACUSUM 0.50 10.37 1.18 1.18

ACUSUM(1)
c 0.50 0.20 4.00 11.01 1.25 1.24

ACUSUM(2)
c 0.50 0.10 1.00 8.77 1.00 1.00

ACUSUM 1.00 15.73 1.67 1.78

ACUSUM(1)
c 1.00 0.100 4.00 9.40 1.00 1.00

ACUSUM(2)
c 1.00 0.100 1.00 9.54 1.01 1.01

OCUSUM

ACUSUM(1)
c

ACUSUM(2)
c

values of the ACUSUM control charts are 15.73, 1.67, and
1.78, respectively (see Table 5). The same analysis is also
true at δ+min � 0.50 but only for the proposed ACUSUM(2)

c

control chart (see Table 6). In brief, the ACUSUM(2)
c control

chart is a better choice in terms of overall performance as
compared to the proposed ACUSUM(1)

c control chart against
the ACUSUM control chart.

5.2.3 Proposed Versus AEWMAE Control Chart

The analysis at range of δ ∈ [0.5, 4] reveals the ARL1 val-
ues of the proposed ACUSUM(1)

c and ACUSUM(2)
c control

charts are smaller as compared to theAEWMAE control chart
at δ+min � 0.5and1.00 along different values of λ and γ for
the specific range of shift (i.e., 0 < δ ≤ 1.5). For instance, at
δ � 0.25 (δ+min � 0.5, λ � 0.0398, and γ � 2.889), the 71.20

and 89.84 are ARL1 values of the proposed ACUSUM(1)
c

and ACUSUM(2)
c control charts, respectively, whereas the

AEWMAE control chart ARL1 value is 115.30. It shows
that the AEWMAE control chart has less detection ability
against the proposed ACUSUM(1)

c and ACUSUM(2)
c control

charts (see Table 7 and Fig. 4a). Similarly, at δ � 1.5, the
proposed ACUSUM(1)

c and ACUSUM(2)
c control charts also

show superiority versus the AEWMAE control chart. Fur-
thermore, as λ increases, the AEWMAE control chart ARL1

increases as well relative to the proposed ACUSUM(1)
c and

ACUSUM(2)
c control charts. For example, at λ � 0.20 and δ

� 0.25 (δ+min � 0.50 and γ � 2.50), the 72.46 and 87.39 are

ARL1 values of the proposed ACUSUM
(1)
c and ACUSUM(2)

c

control charts, respectively, although the AEWMAE control
chart ARL1 value is larger (see Table 3 and Fig. 4b). Cor-
respondingly, at δ � 0.50, the proposed ACUSUM(1)

c and

ACUSUM(2)
c control charts perform better, too. Likewise,
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Table 7 Comparison of zero-state ARL values among ACUSUMc, ACUSUME, and AEWMAE control charts when ARL0 � 500

Parameters δ

δ+min λ γ 0.25 0.50 0.75 1.00 1.50 2.00 2.50 3.00 3.50 4.00 5.00

Range [0.5,
4]

AEWMAE 0.0398 2.899 115.30 36.71 20.08 13.53 7.77 4.96 3.25 2.19 1.58 1.26 1.04

ACUSUME 0.50 0.0398 2.899 96.34 31.47 17.66 12.18 7.40 5.15 3.75 2.79 2.12 1.67 1.19

ACUSUM(1)
c 0.50 0.0398 2.899 3.62 71.20 25.81 14.86 10.38 6.49 4.78 3.81 3.20 2.77 2.43 2.00

ACUSUM(2)
c 0.50 0.0398 2.899 3.63 89.48 29.36 15.03 9.77 5.65 3.91 2.95 2.32 1.90 1.59 1.13

AEWMAE 0.20 2.50 260.79 79.05 29.31 14.68 6.44 3.87 2.63 1.91 1.47 1.23 1.03

ACUSUME 0.50 0.20 2.50 95.54 31.98 17.76 11.90 6.84 4.58 3.30 2.49 1.95 1.59 1.17

0.50 0.20 2.50 3.57 72.46 25.79 14.80 10.36 6.43 4.72 3.75 3.13 2.69 2.34 1.83

ACUSUM(2)
c 0.50 0.20 2.50 3.93 87.39 29.02 14.98 9.75 5.72 4.00 3.04 2.45 2.03 1.73 1.29

Range [1, 4]

AEWMAE 0.1253 2.7765 168.55 45.02 19.64 11.69 6.17 4.00 2.79 2.03 1.55 1.26 1.04

ACUSUME 1.00 0.1253 2.7765 147.49 39.25 17.42 10.57 5.81 3.99 3.00 2.37 1.91 1.57 1.17

ACUSUM(1)
c 1.00 0.1253 2.7765 4.40 99.06 30.76 14.82 9.12 5.16 3.61 2.82 2.34 2.06 1.85 1.46

ACUSUM(2)
c 1.00 0.1253 2.7765 4.40 100.23 31.19 14.81 9.23 5.12 3.60 2.82 2.34 2.05 1.85 1.46

AEWMAE 0.30 2.50 276.61 93.60 35.27 16.66 6.52 3.75 2.54 1.87 1.46 1.23 1.03

ACUSUME 1.00 0.30 2.50 153.52 40.58 17.87 10.70 5.72 3.82 2.80 2.17 1.75 1.45 1.11

ACUSUM(1)
c 1.00 0.30 2.50 4.40 99.03 30.79 14.64 9.21 5.15 3.61 2.81 2.34 2.05 1.85 1.47

ACUSUM(2)
c 1.00 0.30 2.50 4.40 98.93 31.00 14.89 9.16 5.16 3.61 2.81 2.34 2.05 1.85 1.46

at λ � 0.30, the proposed ACUSUM(1)
c and ACUSUM(2)

c

control charts persist excellent performance. Besides, when
δ+min � 1.00 the proposed ACUSUM(1)

c and ACUSUM(2)
c

control charts give outstanding performance against the con-
trol chart (see Table 7). At the similar lines, the proposed
ACUSUM(1)

c and ACUSUM(2)
c control charts have outper-

formed against the AEWMAE control chart when range of
δ ∈ [0.5, 4] is considered (see Fig. 4a, b).

In terms of overall performance evaluation, the proposed
ACUSUM(1)

c and ACUSUM(2)
c control charts keep lower

EQL, PCI, and RARL values against the AEWMAE control
chart when a certain range of shift (i.e., 0 ≤ δ ≤ 2) is used.
For example, at δ+min � 0.50and λ � 0.0398, the 11.56 and

10.62 are EQL values of the ACUSUM(1)
c and ACUSUM(2)

c

control charts, respectively, which are smaller as compared
to the AEWMAE control chart (see Table 6). Likewise, at
δ+min � 1.00and λ � 0.30, the AEWMAE control chart PCI
and RARL values are larger in the comparison of proposed
ACUSUM(1)

c andACUSUM(2)
c control charts PCI andRARL

values (see Table 7). Besides, at δ+min, λ, and γ parameters
values as mentioned in Table 5, the AEWMAE control chart
depicts the inferior performance, too.

5.2.4 Proposed Versus ACUSUME Control Charts

The proposed ACUSUM(1)
c and ACUSUM(2)

c control charts
have superior performance against the ACUSUME control
chart when δ+min � 0.50and1.00 along different values of
λ and γ at the specific range of shift (i.e., 0 < δ ≤ 1.5).
For instance, at δ � 0.25 (δ+min � 0.5, λ � 0.0398, and
γ � 2.889), the 96.34 is the ARL1 values of the ACUSUME

control chart which is larger as compared to the proposed
ACUSUM(1)

c and ACUSUM(2)
c control charts (see Table 7

and Fig. 4a). It shows that the ACUSUME control chart
has less detection ability against the proposed ACUSUM(1)

C

and ACUSUM(2)
C control charts. Similarly, at δ � 1.50,

the proposed ACUSUM(1)
c and ACUSUM(2)

c control charts
demonstration supremacy over the ACUSUME control chart
(see Tables 7 and Fig. 4a). Additionally, as λ increases, the
ACUSUME control chart ARL1 increases as well over the
proposed ACUSUM(1)

c and ACUSUM(2)
c control charts. For

example, at λ � 0.20 and δ � 0.25 (δ+min � 0.50 and γ �
2.50), the 72.46 and 87.39 are ARL1 values of the proposed
ACUSUM(1)

c and ACUSUM(2)
c control charts, respectively,

while the ACUSUME control chart ARL1(i.e., ARL1 �
95.54) value is larger (Table 7 and Fig. 4b). Similarly, at
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Fig. 4 a ARL comparison among
ACUSUM(1)

c , ACUSUM(2)
c ,

AEWMAE, and ACUSUME
control charts when λ � 0.0398,
γ � 2.899, k � 0.50,
andδ+min � 0.50. b ARL

comparison among ACUSUM(1)
c ,

ACUSUM(2)
c , AEWMAE, and

ACUSUME control charts when
λ � 0.20, γ � 2.50, k � 0.50,
andδ+min � 0.50

δ � 0.50, the proposed ACUSUM(1)
c and ACUSUM(2)

c con-
trol charts perform better, too. Likewise, at λ � 0.30, the
proposed ACUSUM(1)

c and ACUSUM(2)
c control charts per-

sist superior performance. Besides, when δ+min � 1.00,

the proposed ACUSUM(1)
c and ACUSUM(2)

c control charts
give outstanding performance against the ACUSUME con-
trol chart, too (see Table 7 and Fig. 5a, b).

In terms of comprehensive assessment, the ACUSUME

control chart shows inferior performance against the pro-
posed ACUSUM(1)

c and ACUSUM(2)
c control charts at a

specific interval of shift (i.e., 0 ≤ δ ≤ 2). For example,
at δ+min � 0.50and λ � 0.20, the 11.48, 10.68, and 12.56 are

EQL values of the ACUSUM(1)
c , ACUSUM(2)

c , ACUSUME

control charts, respectively. This analysis reveals that the
ACUSUME control chart has inferior performance (see Table

6). Furthermore, the analysis at δ+min, λ, and γ parameters val-
ues as mentioned in Table 6 also shows the superiority of the
proposed ACUSUM(1)

c and ACUSUM(2)
c control charts.

5.2.5 Proposed Versus OCUSUM and IACUSUM Control
Charts

The ARL values of the optimal CUSUM (OCUSUM) and
IACUSUM control charts are taken from the study of
Abbasi and Haq (2020) and provided in Table 5. The
80.55 and 26.49 are ARL1 values of the OCUSUM con-
trol chart for δ � 0.25and0.50, respectively, at k � 0.50,
while the proposed ACUSUM(1)

c (ARL1 � 73.1and 26.1)
and ACUSUM(2)

c (ARL1 � 65.6and 25.8) control charts
have smaller ARL1 for same shifts (see Tables 3, 4 ver-
sus 5). It shows that the proposed ACUSUM(2)

c performs
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Fig. 5 a ARL comparison among
ACUSUM(1)

c , ACUSUM(2)
c ,

AEWMAE, and ACUSUME
control charts when λ � 0.1253,
γ � 2.7765, k � 0.50,
andδ+min � 1.00. b ARL

comparison among ACUSUM(1)
c ,

ACUSUM(2)
c , AEWMAE, and

ACUSUME control charts when
λ � 0.30, γ � 2.50, k � 1.00,
andδ+min � 1.00

better as compared to the proposed ACUSUM(1)
c against

the OCUSUM control chart for small shifts. In contrary, δ

increases (i.e., δ > 0.50), the OCUSUMhas dominance over
the proposed control charts. Similarly, the IACUSUM con-
trol chart also shows efficient performance, too (see Table
5).

5.3 RecommendationsWhen to Use ACUSUM(1)
c

and ACUSUM(2)
c Control Charts

As mentioned in Sect. 4.2, the performance of the pro-
posed control charts truly depends on the combinations of
parameters (i.e., k, λ, and γ ) and their values, but the above-
mentioned points (a)–(e) in Sect. 5.1 will be helpful for
practitioners, quality experts, researchers, and engineers to
correctly identify the situation in real-life when to use the
proposed ACUSUM(1)

c and ACUSUM(2)
c control charts to

monitor the process location shift precisely. Furthermore,

the comparative analysis of the proposed ACUSUM(1)
c and

ACUSUM(2)
c control charts for a single shift and a broad

range of shift given in Sect. 5.2 can be used as a benchmark
to properly recognize the use of the proposed ACUSUM(1)

c

and ACUSUM(2)
c control charts to solve real-life process

problems for many situations at different choices of parame-
ters against other (classicalCUSUM,ACUSUM,AEWMAE,
ACUSUME, OCUSUM, and IACUSUM) control charts.

6 An Illustrate Example

This section demonstrates how the ACUSUM(1)
c ,

ACUSUME, AEWMA(1)
E (AEWMAE based on Huber func-

tion) and the classical CUSUM control charts can employ
with numerical data to show the implementation procedure
for practical point of view. Also, a comparison is provided
to show the efficiency of the proposed ACUSUM(1)

c control
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Table 9 Control charts diagnostic abilities to detect out-of-control signals

Parameters ACUSUM(1)
c ACUSUME AEWMA(1)

E Classical
CUSUM

δ
(1)+
min � 1.00,

γ � 3.00,λ � 0.30

δ
(1)+
min � 1.00,

γ � 3.00,λ � 0.30

γ � 3.00,
λ � 0.30,L � 2.954

k � 1

At δ � 0.00 first
out-of-control signal order

17th 17th 0th 0th

Total out-of-control points or
signals

4 out of 20 4 out of 20 0 out of 20 0 out of 20

At δ � 1.50 first
out-of-control signal order

12th 12th 12th 12th

Total out-of-control points or
signals

9 out of 20 9 out of 20 9 out of 20 9 out of 20

chart against other control charts. To serve this objective, a
numerical data of an example from Montgomery [17] are
considered. The following parameter combinations which
provide the same ARL0 for control charts are considered:
(i) the δ

(1)+
min is set equal to 1.00 (e.g., δ(1)+

min � 1.00), (ii) the
λ parameter is considered as 0.30 value, and (ii) γ is chosen
between [1.50, 3.00] which is γ � 3.00. To show how the
control charts detect different sizes of shift effectively, two
different scenarios such as 0 and 1.5 shifts are chosen. There
are not any changes (shift) in the first 10 observations and in
the last 10 (11th to 20th) observations 1.5 shift is introduced.
The numerical resultswhich are given inTable 8 show that the
proposed ACUSUM(1)

c control chart depicts earlier detection
ability against the classical CUSUM control at both 0.00 and
1.50 shifts (seeTable 9 andFig. 6a). For example, at δ � 0.00,
the proposed ACUSUM(1)

c control chart detects first signal
at 17th order of the observations, while the AEWMA(1)

E and
classical CUSUM control chart is unsuccessful to identify
any signal (see Table 9 and Fig. 6b, c). However, at δ � 1.50,
the ACUSUM(1)

c , ACUSUME, AEWMA(1)
E , and the classi-

cal CUSUM control charts can diagnose signal at 12th order
of the observations. Additionally, it can be projected that
the proposed ACUSUM(2)

c control chart also will perform
better against the ACUSUME, AEWMA(1)

E and the classical

CUSUM control charts because both proposed ACUSUM(1)
c

and ACUSUM(2)
c performed equally (see Sect. 4).

The findings reveal that the classical CUSUM control
chart is normally developed using pre-specific shift; there-
fore, it may give poor performance when the actual shift is
different from the targeted. So, the classical CUSUM control
chart cannot provide an overall good detection performance
over a range of shifts. In contrast, the proposed ACUSUM(1)

c

control chart procedure uses a location estimator to dynam-
ically change its reference value retains earlier detection
ability.

7 Summary, Conclusions,
and Recommendations

An adaptive CUSUM (ACUSUME) control chart [7] is an
advanced form of the classical CUSUM control chart [2].
Its structure is based on the classical EWMA statistic and
Huber’s function. The ACUSUME control chart detects a
broad range of shifts in the process location, but the clas-
sical EWMA statistic in the ACUSUME does not provide
explicit rule for parameter choices to diagnose a specific shift
as well [4]. To overcome this issue, this study has proposed
two ACUSUM control charts, symbolized as ACUSUMc

(ACUSUM(1)
c and ACUSUM(2)

c ) control charts to monitor
a specific and a certain range of shift in the process location.
The proposed ACUSUM(1)

c and ACUSUM(2)
c control charts

methodologies are based on the classical CUSUM statistic,
generalized likelihood ratio test, and score functions. These
techniques help to adjust the reference parameter as a time
varying to diagnose shifts effectively. Monte Carlo simula-
tion technique [19] as an algorithm is developed inMATLAB
to produce numerical results to obtain performance evalua-
tion measures. Findings based on performance evaluation
measures and visual presentation reveal the superiority of
the proposed ACUSUM(1)

c and ACUSUM(2)
c control charts

against other control charts (classical CUSUM, ACUSUM,
AEWMAE, and ACUSUME). Besides, to show the imple-
mentation procedure for practical point of view, the proposed
ACUSUMC control charts are applied with numerical data
to show the significance over other control charts. This study
is carried out when process characteristic follows a normal
distribution through the simple random sampling scheme. It
would be interesting to extend this study for multivariate and
for other sampling schemes as well.
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Fig. 6 a The graph of
ACUSUM(1)

c control chart at
δ � 0.00and1.50. b The graph of
ACUSUM(1)

c and classical
CUSUM control charts at
δ � 0.00and1.50. c The graph of
AEWMA(1)

c control charts at
δ � 0.00 and 1.50
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Appendix

Generalized Likelihood Ratio Test

Let X (xi ∼ N
(
μ0, σ 2

0

)
, i � 1, 2, 3, . . . , n) denote

a process characteristic of interest that follows a normal
probability distribution with known in-control location μ0

(location parameter) and variance σ 2
0 . Assume the process

location is in-control and out-of-control is presented as:
H0 : μ0 � 0 and H1 : μ0 > δ0 or μ0 < δ0, respectively.
The δ0 presents the process location has been shift at a certain
time i0 (i < i0). Suppouse f is is the joint density function
of xi . Then, the log-likelihood ratio (LR) of H0 and H1 is
given as follows:

LRio � ln

(
f (x1, x2, . . . , xi |H1)

f (x1, x2, . . . , xi |H0)

)

LRio � ln

(∏io
i�1 e

(−x2i /2
)
× ∏n

i�io+1 e
(
(xi−δ0)

2/2
)

∏n
i�1 e

(−x2i /2
)

)

LRio � ln

⎛
⎝

n∏
i�io+1

e

(
− 1

2

(
(xi−δ0)

2−x2i
))

⎞
⎠

LRio �
n∑

i�io+1

δ0

(
xi − δ0

2

)
(1)

Equation (1) can be used to detect the changes on the
process location and the CUSUM control chart increasement
at time n would be

Ii � δ0

(
xi − δ0

2

)
(2)

So, to detect upward and downward shifts in the process
location, the one-sided upper and lower CUSUM statistics
can be defined as follows:

g+i � max

[
0, g+i−1 + δ0

(
xi − δ0

2

)]
, (3)

g−
i � min

[
0, g−

t−1 − δ0

(
xi − δ0

2

)]
, (4)

respectively. The term δ0 in Eqs. (3) and (4) is constant and
can be absorbed in decision interval. So, the statistics g+i and
g+i reduce to the statistics of the classical CUSUM control
chart. In practice, the future location shift δ0 is often unknown

and needs to be estimated. In this case, it is intuitive to replace
δ0 by its estimate in the increment Ii . This motivates the use

of the linear weight function w
(
δ̂+i

)
� δ̂+i .

References

1. Shewhart, W.A.: Economic quality control of manufactured prod-
uct. Bell Syst. Tech. J. 9(2), 364–389 (1931)

2. Page, E.: Continuous inspection schemes. Biometrika 41(1–2),
100–115 (1954)

3. Roberts, S.: Control chart tests based on geometric moving aver-
ages. Technometrics 1(3), 239–250 (1959)

4. Hawkins, D.M.; Wu, Q.F.: The CUSUM and the EWMA head-to-
head. Qual. Eng. 26(2), 215–222 (2014)

5. Woodall, W.H.; Ncube, M.M.: Multivariate CUSUM quality-
control procedures. Technometrics 27(3), 285–292 (1985)

6. Haq, A.: Weighted adaptive multivariate CUSUM control charts.
Qual. Reliab. Eng. Int. 34(5), 939–952 (2018)

7. Jiang, W.; Shu, L.J.; Apley, D.W.: Adaptive CUSUM procedures
with EWMA-based shift estimators. IIE Trans. 40(10), 992–1003
(2008)

8. Wu, Z., et al.: An enhanced adaptive Cusum control chart. IIE
Trans. 41(7), 642–653 (2009)

9. Sparks, R.S.: CUSUM charts for signalling varying location shifts.
J. Qual. Technol. 32(2), 157–171 (2000)

10. Abbasi, S.;Haq,A.:OptimalCUSUMand adaptiveCUSUMcharts
with auxiliary information for process mean. J. Stat. Comput.
Simul. 89(2), 337–361 (2019)

11. Capizzi, G.; Masarotto, G.: An adaptive exponentially weighted
moving average control chart. Technometrics 45(3), 199–207
(2003)

12. Shu, L.; Jiang,W.: AMarkov chainmodel for the adaptiveCUSUM
control chart. J. Qual. Technol. 38(2), 135–147 (2006)

13. Amiri, A.; Nedaie, A.; Alikhani, M.: A new adaptive variable sam-
ple size approach in EWMA control chart. Commun. Stat.Simul.
Comput. 43(4), 804–812 (2014)

14. Zaman, B., et al.: An adaptive EWMA scheme-based CUSUM
accumulation error for efficient monitoring of process location.
Qual. Reliab. Eng. Int. 33(8), 2463–2482 (2017)

15. Abbasi, S.; Haq, A.: Enhanced adaptive CUSUMcharts for process
mean. J. Stat. Comput. Simul. 89(13), 2562–2582 (2019)

16. Zaman, B., et al.: An adaptive approach to EWMAdispersion chart
using Huber and Tukey functions. Qual. Reliab. Eng. Int. 35(6),
1542–1581 (2019)

17. Montgomery, D.C.: Introduction to Statistical Quality Control, 7th
edn. Wiley, Cham (2012)

18. Yashchin, E.: Estimating the current mean of a process subject to
abrupt changes. Technometrics 37(3), 311–323 (1995)

19. Metropolis, N.; Ulam, S.: The Monte Carlo Method. J. Am. Stat.
Assoc. 44(247), 335–341 (1949)

20. Zaman, B.; Lee, M.H.; Riaz, M.: An improved process monitoring
by mixed multivariate memory control charts: an application in
wind turbine field. Comput. Ind. Eng. 142, 10634 (2020)

21. Abbas, N.; Riaz, M.; Does, R.J.: Mixed exponentially weighted
moving average–cumulative sum charts for process monitoring.
Qual. Reliab. Eng. Int. 29(3), 345–356 (2013)

22. Zaman, B., et al.: Mixed cumulative sum-exponentially weighted
moving average control charts: an efficient way of monitoring pro-
cess location. Qual. Reliab. Eng. Int. 31(8), 1407–1421 (2015)

123


	Adaptive Memory Control Charts Constructed on Generalized Likelihood Ratio Test to Monitor Process Location
	Abstract
	Abbreviations
	List of Symbols
	1 Introduction
	2 Existing Methods
	2.1 Variable of Interest
	2.2 Classical CUSUM Control Chart
	2.3 Generalization Markovian of Classical EWMA Statistic
	2.4 ACUSUM Control Chart
	2.5 ACUSUM_EControl Chart
	2.6 ACUSUM as a Special Case of ACUSUM_E Control Chart

	3 Proposed ACUSUM_c Control Charts
	3.1 Proposed ACUSUM_c^( 1 ) Control Chart
	3.2 Proposed ACUSUM_c^( 2 ) control chart
	3.3 Monte Carlo Simulations Technique
	3.4 Construction Procedure of ACUSUM_c Control Charts
	3.4.1 ACUSUM_c^( 1 )Control Chart
	3.4.2 ACUSUM_c^( 2 )Control Chart


	4 Performance Analysis
	4.1 Performance Evaluation Measures
	4.1.1 Average Run Length Measure (ARL)
	4.1.2 Extra Quadratic Loss Measure (EQL)
	4.1.3 Relative Average Run Length (RARL)
	4.1.4 Performance Comparison Index (PCI)

	4.2 Parameter Effect on Properties of RL

	5 Illustration of Results and Performance Comparison
	5.1 Comparison Between Proposed ACUSUM_c^( 1 ) and ACUSUM_c^( 2 ) Control Charts
	5.2 Proposed and Other Control Charts
	5.2.1 Proposed Versus Classical CUSUM Control Chart
	5.2.2 Proposed Versus ACUSUM Control Chart
	5.2.3 Proposed Versus AEWMA_E Control Chart
	5.2.4 Proposed Versus ACUSUM_E Control Charts
	5.2.5 Proposed Versus OCUSUM and IACUSUM Control Charts

	5.3 Recommendations When to Use ACUSUM_c^( 1 ) and ACUSUM_c^( 2 ) Control Charts

	6 An Illustrate Example
	7 Summary, Conclusions, and Recommendations
	Acknowledgements
	Appendix
	Generalized Likelihood Ratio Test

	References




