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Abstract

An adaptive CUSUM (ACUSUM) control chart got special attention against classical CUSUM control chart to detect a shift
of different sizes in the process location. Similarly, an ACUSUM based on classical EWMA statistic and score function,
denoted as a ACUSUM, control chart, is improved form of classical CUSUM control chart and can identify different sizes of
shift. Classical EWMA statistic in ACUSUM, control chart fails to offer clear instruction for parameter values to identify a
precise shift as the classical CUSUM statistic does. To address this issue, this study proposed two ACUSUM control charts,
symbolized as ACUSUM(CI) and ACUSUM(CZ) to further improve detection ability of shift in the process location. Novelty of
the proposed control charts is to initially adaptively renew reference parameters values based on classical CUSUM statistic
and then to assign a weight on it using score functions. An algorithm is developed in MATLAB using Monte Carlo simula-
tion method to obtain numerical results. Based on numerical results, performance measures such as average run length for a
specific shift, extra quadratic loss, relative average run length, and performance comparison index for overall performance
are calculated for comparison purpose. Comparison based on visual presentation and numerical results reveals the proposed
control charts performed quite effective against some existing control charts. It is worthy to mention, classical CUSUM
control chart is special cases of proposed ACUSUM(CD control charts at specific values of parameter. Finally, proposed control
charts are also implemented on real-life data to show practical significance to users and practitioners.
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1 Introduction

Random and special causes of variations are part of every
process parameter (location and /or dispersion). In more

50 Muhammad Hisyam Lee details, random causes of variations are inherited part of
mhl@utm.my the process and considered harmless; therefore, a process
Babar Zaman is considered statistically in-control if it operates under
zbabar2 @ graduate.utm.my; ravian1011@ gmail.com random causes of variations. In contrast, special causes
Muhammad Riaz of variations may appear due to several reasons such as
riazm@kfupm.edu.sa improper adjustment of tools, operator’s errors, improper
Mu’azu Ramat Abujiya adjustment of machine, and defective raw material. Fur-
abujiya@kfupm.edu.sa thermore, a process governs under special causes of vari-

ations is stated as statistically an out-of-control. However,
an effective action towards eliminating the special causes
of variations results into process in-control state. The mag-
nitude of special causes of variations occur in the process
is termed as a shift. Shewhart [1] initiated the idea of qual-
ity (also called Shewhart) control charts also recognized as
memory-less control charts to distinguish a large shift in the
process. To handle small-to-moderate shifts, Page [2] and
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Roberts [3] offered cumulative sum (CUSUM) and expo-
nentially weighted moving average (EWMA) control charts,
respectively; these control charts are also known as memory
control charts.

An enhanced and modified forms of the classical memory
control charts such as an adaptive memory control charts
have been recommended by researchers to identify a broad
range of shift in the process location. For example, Sparks
[4] recommended an adaptive CUSUM (ACUSUM) con-
trol chart to detect a certain range of shift. The ACUSUM
control chart’s time-varying reference parameter is based on
classical EWMA statistic. The ACUSUM control chart is
more robust against the classical CUSUM control chart and
as well as to other control charts when the reference param-
eter value is 0.5. Similarly, Capizzi and Masarotto [5] sug-
gested an adaptive EWMA (AEWMA) control charts based
on score (Huber and Bi-square) functions and the classical
EWMA statistic, denoted as AEWMA(, control charts. The
AEWMA[, control charts structures are based on time vary-
ing parameters and efficient to detect different sizes of shift.

Likewise, Jiang et al. [6] designed an ACUSUM based on
the classical EWMA statistic and Huber function, denoted
as a ACUSUM, control chart. The ACUSUM; control chart
is efficient to differentiate different sizes of shift in the pro-
cess location. Equally, an ACUSUM control chart based on
standardized input statistic, the classical EWMA statistic,
and Huber function recommend by Wu et al. [7] to detect
different sizes of shift. Recently, Zaman et al. [8] offered
AEWMA control charts based on score functions and clas-
sical CUSUM statistic, denoted as AEWMA . control charts.
Like AEWMA, control charts, the AEWMA . control charts
structures are based on time varying parameters and also
effective to detect different sizes of shift. More insight and
details on the advanced forms of memory control charts can
be seen in the studies of Lucefio and Puig-Pey [9], Hawkins
and Zamba [10], Khoo [11], Zhao et al. [12], Jiao and Helo
[13], Khoo and Teh [14], Chatterjee and Qiu [15], Marave-
lakis [16], Liu et al. [17], Ou et al. [18], Amiri et al. [19],
Hawkins and Wu [20], Zaman et al. [21], Haq et al. [22],
Hussain et al. [23], Chernoff and Zacks [24], Chen and
Elsayed [25], and references therein.

The classical EWMA statistic in the ACUSUM, control
chart (cf. Jiang et al. [6]) does not provide explicit rules for
parameter values to diagnose a specific shift (cf. Hawkins
and Wu [20]). In other words, the classical EWMA statistic
in ACUSUMc control chart fails to offer clear instruction
for parameter values to identify a precise shift as the clas-
sical CUSUM statistic does. Additionally, the ACUSUMg
control chart is designed only for Huber function, but for
other functions such as Bi-square function may be valuable
to enhance detection ability. These points are taken as an
inspiration to design this study. So, this study proposes an
ACUSUM control chart-based Huber function and on the
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classical CUSUM statistic (symbolized as a ACUSUM(CI))
instead of the classical EWMA statistic to address the issue
of the ACUSUM, control chart (cf. Jiang et al. [6]). Moreo-
ver, the proposed ACUSUM control chart is also designed
for Bi-square function, denoted as an ACUSUM(Z) control
chart. The rationality behind the proposed ACUSUM(I) nd
ACUSUM(Z) control charts initially adaptively renew the
reference parameters values based on the classical CUSUM
statistic and then give weights using score (Huber and Bi-
square) functions to distinguish specific and as well certain
range of shifts.

To evaluate the performance of the proposed ACUSUM(])
and ACUSUM(Z) control charts, performance measures such
as average run length (ARL) for a specific shift, extra quad-
ratic loss (EQL), relative average run length (RARL), and
performance comparison index (PCI) for certain range of
shift are studied. Monte Carlo simulation method is used to
obtain numerical results. Comparison reveals that the pro-
posed ACUSUMS) and ACUSUMg) control charts perform
quite better against some existing control charts to differ-
entiate exact and as well broad range of shifts. The exist-
ing control charts such as classical CUSUM and EWMA,
AEWMA}, mixed EWMA-CUSUM, named as MEC [26],
Hybrid EWMA [27], mixed CUSUM-EWMA, denoted
as MCE [21], and AEWMA_. are considered for compari-
son purpose. Besides, it is worthy to mention that classi-
cal CUSUM control chart is a special case of the proposed
ACUSUM(Cl) control charts at specific value of parameter.
Finally, the proposed control charts are also implemented
on real-life data (layer thickness on semiconductor wafers)
to show significance to practical users over existing control
charts.

The rest of the study is organized as follows: Sect. 2 pre-
sents the research methodologies of existing control charts.
Likewise, the proposed ACUSUMS) and ACUSUM(Cz)
control charts methodologies are outlined in Sect. 3. Cor-
respondingly, performance evaluation measures are given
in Sect. 4. Comparative analysis of proposed control charts
against other control charts is provided in Sect. 5. The imple-
mentation of proposed and other control chart with real-life
data is offered in Sect. 6. Finally, summary, conclusion, and
recommendation are given in Sect. 7.

2 Existing Memory Control Charts

This section contains variable of interest and basic structures
of existing memory control charts. In more details, Sect. 2.1
presents variable of interest. In addition, methodologies of
the classical CUSUM [2] and EWMA [3] control charts
are given in Sect. 2.2 and 2.3, respectively. Similarly, the
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AEWMA [5] and AEWMA [8] control charts procedures CL; = , 6)
are presented in Sect. 2.4 and 2.5, respectively. l
2.1 Variable of Interest UCL = \/ A 2i
=y, + L 1—-(1-1", 7
i = Ho T Loo\/ 5 [1 -1 -] @)

Let x; ~ N (uy, 67)is a process characteristic of interest that
follows a normal probability distribution with known in-
control mean p, and variance 03, whereasi = 1,2,3 ... n, and
n is the total number of sample to be monitored. The x; also
presents the input statistic of the classical memory control
charts to monitor a shift in the process location.

2.2 Classical CUSUM Control Chart

The classical CUSUM control chart recommended by Page
[2] is famous to detect a small-to-moderate shift in the pro-
cess location. The plotting statistics of the classical CUSUM
control chart can be offered as follows:

C! = max |

0, Xi—(M0+K)+Ci+_1], 1)

C; =max [0, (uy—K) —x;+ C_+], 2

where C(Jf = 0 are initial values (zero state) and K is a refer-
ence constant. Further, K can be defined as: K = ko, [20,
28] and k known as a constant which usually chosen equal to
half of the shift (in standard units). The upper control limit
(UCL) is defined below

H = ho,, 3)

where h is a control limit coefficient depends on k, n, and o,
for pre-fixed value of in-control average run length (ARL,).
If C;r > Hor Ci‘ > H, the process is considered out-of-con-
trol; otherwise, in-control.

2.3 Classical EWMA Control Chart

The classical EWMA control chart proposed by Roberts
[3] is also famous to monitor a small-to-moderate shift in
the process location. The plotting statistic of the classical
EWMA control chart can be defined as follows:

E=(10-M)E_, + Ax;, @

where A € (0,1] is a smoothing constant and E; = y is
initial value of the E; statistic [28]. The E; statistic is the
weighted average of all previous samples. The lower con-
trol limit (LCL), centre line (LC), and UCL are defined as
follows:

LCL, = MO—LGO\/ﬁ[l — (1= 7], (5)

respectively. The L represents control limits coefficient
depends on smoothing constant 4, u, n, and o, for the pre-
fixed value of ARL,,. If the plotting E; statistic falls beyond
the control limits (i.e., E; > UCL,; or E; < LCL,;), the process
is stated out-of-control, otherwise in-control.

2.4 AEWMA; Control Charts

This section contains the methodologies of the AEWMAg
[5] control charts to monitor different sizes of a shift in the
process location. If the design structure of the AEWMA
depends on the classical EWMA statistic and Huber func-
tion, it is symbolized as an AEWMA(D control chart. Simi-
larly, if the methodology of the AEWMAE is designed using
the classical EWMA statistic and Bi-square-function, it is
represented as an AEWMA(Z) control chart. More details
on the design structures of the AEWMA(I) and AEWMA(Z)
control charts are provided in the followmg subsections.

2.4.1 AEWMAY" Control Chart

Plotting statistic of the AEWMA;El ) control chart can be
designed as follows:

AEWMA) = (1= wif () ) AEWMAG |+ il (e,),
®)

where W' (¢;) = @, (¢;) /e; is the time-varying parameter,

e; = x; — E;_, is a prediction error, the AEWMA(I) 0, and

Q)l (e ) is the Huber function that is defined as follows:

e+ (1—=ANy if e; < -y
B, (e;) = Ae; if |e;| < ©
e,—(1 =y ife;> v,

where y > 0 is a constant which helps to define the range of
e;. It is important to mention that control limits constants or
quantities of classical EWMA control chart are similar to
AEWMAS) control chart except different control limits coef-
ficient (L , gy AW ). In short, replace control limits coefficient
L, ewm AD with L in Egs. (5) and (7) to obtain control limits
of AEWMA“) control chart. The control limits coefficient
| D— AD depends onA,y, Hy, 0' , and n for pre-fixed value
of ARL,, The LCL, CL, and UCL of the AEWMA control
chart are denoted as LCLAEWMA(;_), CLAEWMAQ;’ and

UCL  rwum AD> respectively. A process is said to be out-of-
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control if the AEWMAY > UCL, yya0 OF
Ei

AEWMASI.) < LCL AEWMA®D> otherwise, in-control.
Ei
2.4.2 AEWMAY Control Chart

The AEWMAg) control chart plotting statistic is given
below:

w(z) (ei)xi,

(10
where wg)(ei) = ﬂz(ei)/ei is the varying weight func-
tion, and @, (ei) is the Bi-square function that is defined as
follows:

2) _ (2) )
AEWMAY = (1-w?(e) JAEWMAD) | +

e,-(l—(l—l)[l—(e,-/}’)z]z) if |e,-|SJ/'

€

B,(e;) =
otherwise
1D
Like Sect. 2.4.1, replace control limits coefficient
L, ewm A® of the AEWMA(Z) control chart with L in Egs. (5)
and (7) to obtain control limits of AEWMA( ) control chart.
The L,y A depends 4, v, y, 00, and n for pre-fixed value
of ARL,. The LCL, CL, and UCL of the AEWMA @control
chart are symbolized as LCL AEWMA® > CLAEWMAu), and
UCL, EWMA®> respectively. A process issues out- of-control
signal if the statistic AEWMAY > UCL

AEWMA® O
AEWMAY) < LCL,

EWMA® otherwise, in-control.

2.5 AEWMA Control Charts

This subsection presents two methodologies of
AEWMA (AEWMA(CI) and AEWMA(CZ)) control charts
proposed by Zaman et al. [§]. The AEWMA control
charts diagnose different sizes of shift in the process
location. This first form AEWMA(CU control chart
depends on classical CUSUM statistic and Huber func-
tion. Similarly, the second form AEWMA(CZ) control chart
utilized classical CUSUM statistic and Bi-square func-
tion. More details of AEWMA{! and AEWMA( control
charts are outlined in Sects. 2.5.1 and 2.5.2, respectively.

2.5.1 AEWMA(" Control Chart

The AEWMAS) control chart is also used to identify differ-
ent sizes of shift in the process location. The plotting statis-
tic of AEWMA(CI) control chart is given as:
M _ (1 0 M
AEWMAY) = (1-w(e,) JAEWMAL_ |+ 5 (ey)x,
12)

Springer

where w(e,;) = @, (e);) /e, is the time varying parameter,
ey; =x;— C' ore); = x; — C;_isaprediction error, and @, (¢;)
known as Huber function for e ; like @, (e; ). The control limits con-
stants or quantities of classical EWMA control chart are similar to
AEWMA(CU control chart except different control limits coefficient

Cagwm Al ). In short, replace L , gy AD with Lin Egs. (5) and (7) to
obtain control limits of AEWMA(I) control chart. The L , gy A

depends on 4, &, , g, ‘70’ and n for pre-fixed value of ARL,, The {\
text{LCL}},CL, and {\ext{UCL}} of AEWMA control chart are
denoted as LCL AEWM A:-)’ CL AEWM A(C:), and UCL AEWM Ai-}-)’ respec-
tively. A process is said to be out-of-control if the
AEWMA) > UCL,, pyypa0 0f AEWMA'Y < LCL by s

otherwise, in-control.
2.5.2 AEWMA? Control Chart

The AEWMA(CZ) control chart is also effective to identify dif-
ferent sizes of shift in the process location. The procedure of
AEWMAQ) control chart depends on classical EWMA sta-
tistic and B1 square function. The AEWMA( ) control chart
plotting statistic is designed as follows:

W(z) (eh-)xi,
(13)
where w'? (e);) = @, (ey;) /e);is the time varying parameters
and statistic @, (e, ) is Bi-square function for e/, like@, (¢;).
Like Subsection 2.5.1, replace control limits coefficient
L, ewm A with L in Egs. (5) and (7) to obtain control limits
of AEWMA(Z) control chart. The L, gy A depends onA,k,y,
Hos o-o, and n for pre-fixed value ofARL,,. The {\text{LCL}},
CL, and {\text{UCL}} of the AEWMA'” control chart are
denoted asLCLAEWMA@ CLAEWMA<_2> , andUCLAEWMA<_;> ,

@ _ @ ()
AEWMAY = (1=l (e,) JAEWMAL) | +

respectively. A process said to be out-of-control if
AEWMA > UCL 5@ OFAEWMA < LCL, 00

else, in-control.

3 Proposed ACUSUM. Control Charts

This section presents design structures of the proposed
ACUSUM control charts to monitor shifts in the process
location. The design structures of the proposed ACUSUM
control charts depend on the classical CUSUM statistics and
score functions. If the proposed ACUSUM,- control chart is
designed with the Huber function, it denoted by ACUSUM(I)
and ACUSUMQ) for the Bi-square function.
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3.1 Proposed ACUSUM(CU Control Chart

The plotting statistics of the proposed ACUSUM(CI) control
chart can be presented as follows:

ACUSUMY)* = max [o, x; - (uo + w(c”(e“)) +ACUSUM, " ]

(14)

C C(i—

s)
where ACUSUM(I)(;" =0 are the initial values. The
ACUSUM(I)Jr and ACUSUM(I) are called one-sided upper
and lower statrstlcs of the proposed ACUSUM(I) control
chart, respectively. It is worthy to mention that control limit
constants or quantities of the classical CUSUM control chart
are similar to the proposed ACUSUM“) control chart except
different control limit coefficient h AcUSUM of the proposed

()]

ACUSUM,." control chart. Briefly, replace h AcusUMY with

h in Eq. (3) to obtain control limit of the proposed
ACUSUM(I) control chart. The h ACUSUMY depends on 4, k,

75 Mo 00, and n for pre-fixed value of ARL0 [28]. The {\
text{ UCL}} control limit of the proposed ACUSUM(” con-
trol chart 1is denoted as HACUSUM<1> . If
ACUSUM,/"" > H, sy of ACUSUM,,™ > HACUSUMU),
the proposed ACUSUM(I) control chart issues an alarm of
out-of-control signal, otherwrse in-control.

ACUSUMY)™ = max [0, (o = w (e1,) ) = x, + ACUSUM |,

3.2 Proposed ACUSUM(CZ) Control Chart

The plotting statistics of the proposed ACUSUM(CZ) control
chart are designed as below.

2 2 2
ACUSUME" = max [0, = (o +wi (e,,) ) + ACUSUMEY |,

a7
ACUSUMY)™ = max [0, (g = w2 (e1,) ) = x,+ ACUSUMEL |,

(18)
where ACUSUM(Z)+ =0 are the initial values. The
ACUSUM(2)+ and ACUSUM( )~ are one-sided upper and
lower statrstrcs of the proposed ACUSUM(Z) control chart,
respectively. Like Sect. 3.1, replace control hmlt coefficient
h ACUSUMY! of the proposed ACUSUM(Z) with h in Eq. (3) to

obtain control limit of proposed ACUSUM( ) control chart.
The h ACUSUM® depends on A, k, v, y, a and n for pre-fixed
value of ARL,. The {\text{UCL}} of the proposed
ACUSUM@) control chart, denoted as a HACUSUM<2> If
ACUSUM(2)+ > Hycysuye of ACUSUMY™ > H, g
the proposed ACUSUM(Z) control chart issues an alarm of
out-of-control signal, otherwrse in-control [28].

4 Performance Evaluation

This section contains methodologies of performances meas-
ures, explanation of parameters (k, A, and y) and their effect
on proposed control harts performance, Monte Carlo simu-
lation technique, special case of the proposed ACUSUMY
control chart, and how to design the proposed ACUSUMS)
and ACUSUM(Z) control charts for users, practrtloners
and engineers. More details are given in the following
Sect. 4.1-4.5.

4.1 Performance Measures

Performance measures such as ARL which judge’s per-
formance of a control chart at a specific shift while EQL,
RARL, and PCI measure overall effectiveness of control
charts are considered. Their more details are given in sub-
sequent Subsections 4.1.1-4.1.4.

4.1.1 Average Run Length

The most famous performance measure in statistical process
control (SPC) is a ARL. It is categorized into two forms in-
control (ARL,) and out-of-control (i.e., ARL,). The ARL,
represents an average of plotted points (sequence numbers)
against control limit(s) under H,, : pu = y, (in-control) and
ARL, is an average of plotted points (sequence numbers)
against control limit(s) under H, : u = u, (out-of-control).
For a specific shift, smaller ARL; value of a control chart
against other control charts is preferred while ARL,, is at
least same or greater [7, 29, 30].

4.1.2 Extra Quadratic Loss

The EQL measure provides overall performance of a control
chart at a certain range of shifts [31]. Mathematically, it can
be defined as follows:

émax
1 [ 8?ARL(5)ds,

max — Omin Omin

EQL =
Q 0

where 6 represents shift in the process location, §,,;,and é,,,,
are minimum and maximum values of shift, respectively,
and ARL(6) is an average run length of a control chart at
a specific shift. The EQL measure uses integral technique
over domain 6, < 8 < §,,,, and square of a shift (i.e.,6%) as
a weight to obtained overall performance value [32].

max

4.1.3 Relative Average Run Length

Like EQL, the RARL measure also presents overall effec-
tiveness of a control chart. The RARL measures how close
a particular control chart performs relative to the benchmark
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control chart. It can be determined by using below math-
ematical expression.

l Bmax
-9

ARL(S)
ARL,_ (5)

RARL = do,

5max min Omin

where ARLy (6) is ARL value of a benchmark control chart
at a specific shift. A control chart with minimum ARL, value
is considered as a benchmark control chart.

4.1.4 Performance Comparison Index

Ou et al. [33] designed PCI measure as a proportion of EQL
of a control chart and EQL of a best control chart. Math-
ematically, it is defined below.

EQL
EQLbesl chart ’

where EQL, .. chare Presents the measure of best performing
control chart. If PCI = 1 for a control chart, this means it has
the lowest EQL against other control charts.

PCI =

4.2 Parameters (k, A, and y) and Their Effect

The optimal choices of parameters (k, 4, and y) with coef-
ficients h ACUSUMY and h ACUSUM® have significant effect on

the performance of the proposed control charts. Many
researchers observed specific effect of k and A parameters on
control charts performance. For example, k and A of the clas-
sical CUSUM and EWMA control charts, respectively, at a
specific value helps to detect some targeted shifts. In con-
trary, presence of more than one constant/parameter in a
single control chart may leave a positive or negative effect
on performance. Therefore, optimal combinations of param-
eters play significant role to a control chart performance.
Find out the joint optimal combinations of parameters for
sole control chart performance is a quite difficult task. How-
ever, by following the guidelines given by Capizzi and
Masarotto [5], Abbas et al. [26], and Zaman et al. [34], the
ranges of 1<y<4 1,152, 25,3, 35, 4],
0<A<1][0.05, 0.1, 0.2, 0.3, 0.4, 0.5],and 0.1 <k < 1.5
[0.25, 0.5, 0.75, 1, 1.5] are considered for efficient perfor-
mance of the proposed ACUSUM(CI) and ACUSUM(CZ) control
charts. The main objective is balancing the sensitivity of the
shifts in the process location. So, at a particular shift, if a
parameter combination along h AcUSUMY /h Acusum® Pro-

vides smaller ARL, against other parameters combinations
that declared as optimal one while ARL, is at least same or
greater.

Springer

4.3 Monte Carlo Simulation Technique

Algorithms are designed in MATLAB to obtain the desired
ARL:s of the proposed ACUSUM(CI) and ACUSUM(CZ) control
charts. Monte Carlo simulations with 10’ iterations are car-
ried out for each displacement of shift [35]. Proposed
ACUSUM(CI) and ACUSUME:Z) control chart numerical results
are obtained using Zero and steady states. If a run length is
initialized the targeted state known as zero state, while run
length considered when control chart statistic has reached a
steady state. The range of shift is set between 0 and 4. For
the proposed ACUSUM(CI) and ACUSUM(CZ) control charts,
only upward shift (i.e., 6 > 0) is considered because down-
ward shift (i.e., 6 < 0) provides same behaviour as an
upward shift by same absolute amount. The coefficients
L ACUSUMY and L ACUSUM® values at different choices of k, 4,

and y when ARL, = 500 are given in Table 1. Besides, only
the ARLs of the ACUSUMg) and ACUSUM(CZ) control charts
with their optimal parameters’ combinations are presented
in Tables 2 and 3, respectively, for comparison purposes.
Similarly, overall performance measures to evaluate the per-
formance of the proposed ACUSUMS) against ACUSUM(CZ)
control charts are given in Table 4. Likewise, the proposed
ACUSUM(CU and ACUSUM(CZ) control charts overall perfor-
mance measures along other control charts are presented in
Tables 5 and 6, respectively. Similarly, visually comparison
is also presented in the form of Figures (see Figs. 1, 2, 3, 4,
5, 6, 7) for better understanding.

4.4 Special Case of Proposed ACUSUM(CU Control
Chart

The classical CUSUM control chart to monitor the process
location is a special case of the proposed ACUSUM(CI) con-
trol chart at special value of parameter. When |eli| <y, the
proposed ACUSUM(CU tends to the classical CUSUM control
charts to monitor the process location.

Proof When |e;| <7, then @, (e};) becomes,
ﬂl(eli) = dey;. (19)

Now substitute the

resulted ﬂl(ell.) in
W(cp(eli) =0, (ey;) /ey, that is,

wi (ey;) = Aey;/ey; = A (20)

Based on Eq. (20), replace W(Cl) (e;) of Egs. (14), and (15)
with A. Thus, new forms of Egs. (14) and (15) are given as:
M+ _ = O+
ACUSUM)" = max 0.5, = (g + 4) + ACUSUML)T, |,
(21
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Fig.1 a ARLs com arlson aj
between ACUSUM and N
ACUSUM ) control charts 25k kY
when k = 0.25, b ARLs com- b
parison between ACUSUM(I) 9l R
and ACUSUM( ) control charts - i’»,v
whenk = 1.5 14 =
< 150 S,
8
1
05
0 \
0 05

S
£
Hseg
g,
LET T
LETTTY
Y
xw**w*awﬁ*m*a»w*»,ﬂ
Ak kA d Ak
Tk

. ACUSUMS)(!FO{ZS,A:O.05,7=1 )
ACUSUMZ(k=0.25,1=0.05,1=3.5) -
- ACUSUM{J(k=0.25,1=0.1,1=1.5)
ACUSUM? (k=0.25,1=0.1,1=4) .
ACUSUM(C)(k-0,25,A=0.2,7=1)
@

ACUSUM('(k=0.25,1=0.2,1=3.5)

#
* Awi*w#*w#*w&**&**f*ilﬂhﬁh&i

log(ARL)
P
T

*ACUSUMS)(Lﬂ 5)=031=15)
- ACUSUMZI(k=15,)=0.31=4) i
+ ACUSUMI(k=1.5,1=0.4,1=1.5)

- ACUSUM®) (k=1.5,1=0.4,7=4) i
- ACUSUM ”(k-tsA 0.5,=15)
- ACUSUM{(k=1.5,1=0.5,1=4) i

““ﬂ; _
wﬂmmm‘

Cli-1)

(22)

The ACUSUM(CII.)+ and ACUSUM(Cli)_ statistics in Eqgs.

(21)-(22) are identical to Ci+ and C7 statistics in Egs. (1)-(2),

respectively, when 4 = K. This shows that statistics of the

proposed ACUSUMS) control chart becomes the statistics

of the classical CUSUM control chart when |e};| <y and

A = K. Because the statistics are identical, therefore their
control limits formulation are also identical.

ACUSUM)™ = max [0, (o = 4) — 5 + ACUSUML,_, |.

4.5 How to Construct Proposed ACUSUM“)
and ACUSUM, M control charts

Guidelines how to construct the proposed ACUSUM(I) and
ACUSUM( ) control charts play vital role to understand
their methodologles which helps to implement them easily
in real life as well. So, this section contains step-by-step
general construct procedures of the proposed control charts
for users, practitioners, and engineers. Sect. 4.5.1 provides
step-by-step general construct procedure of the proposed
ACUSUM(I)control chart. Likewise, general construct pro-
cedure of the proposed ACUSUM(Z) control chart is pre-
sented in Sect. 4.5.2.

4.5.1 Construct Proposed ACUSUM(CU control chart

Let us assume desired ARL,, is 500 and h Acusum? = 3. The

general procedure to construct the proposed ACUSUM(I)
control chart is explained in following steps:

(i) Draw an observation from x; ~ N (4, 63) with
i=12...

(i) Calculate C;" and C; statistics (C | = 0) from Egs.
(1) and (2), respectively, based on x; and k = 0.5.

(iii) Compute e;; = x; — C; ore;; = x; — C_ statistic.

(iv) Select@, (eli) from Eq. (9) based on e ; statistic and
y = 1(y € (0, 00)) constant relation.

(v) Calculate w(cl)(e,,«) =@ (eli)/e” time-varying
parameter.

(vi) Calculate the ACUSUM'* and ACUSUM'}" s
tistics (ACUSUMU)* = 0) from Egs. (14) and (15)
respectively, based on x;and wl (ey,).

(vii) Calculate {\text{UCL}} control limit HACUSUM?

based on h ACUSUMY and o,

(D=
Plot the ACUSUM_, statrsltrcs against H AcUsUMY-
If the ACUSUM( "> Hypoumy 0T
ACUSUM(I) >H ACUSUMY note sample number of

(viii)
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Fig.2 a ARLs compari-

son among ACUSUM(CU,
ACUSUM(Cz), and classical
EWMA control charts when
A =0.05. b ARLs com-
parison among ACUSUM(CI),
ACUSUMS), and classical
EWMA control charts when
A =0.1.c ARLs com-
parison among ACUSUM(CU,
ACUSUMY, and classical
EWMA control charts when
4=10.2.d ARLs com-
parison among ACUSUMS),
ACUSUM(Cz), and classical
EWMA control charts when
A=04
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the ACUSUM(C:.) or ACUSUMS.)_ statistic as a run (i) Draw an observation from x; ~ N (4, 0(2)) with
length (RL). i=12...
(ix) Repeat from (i)-(viii) steps for 10° times and record (i1) Calculate C;r and C7 statistics (Cl.i_l = 0) from Egs.
RLs. (1) and (2), respectively, based on x; and k = 0.5.
(x) Compute an average of 10° noted RLs that is called (iii) Compute e}; = x; — Cl orey; =x; — C._ statistic.
ARL,, @iv) Select @2(6”) from Eq. (11) based e,; statistic and
(xi) 1If ARL, = 500 stop here, otherwise adjust h,, ;g0 y = 1 (y € (0, »)) constant relation.
. . ¢ (2) _ : :
and repeat from (i)-(x) steps to obtain ARL,, = 500. (v) Calculate w'(e);) = @,(ey;)/e); time-varying
(xii) To compute ARL, values, generate x; ~ N (u, o-é) parameter. o+ -
(8 = u; > up) and repeat from (ii)-(x) steps. (vi) Calculate the AC12J§UM and ACUSUM_;
tistics (ACUSUM( )E — 0) from Eqs (17) and (18)
ARLs of the proposed ACUSUM(CI) control chart for other respectively, based on x; and Wc (61,-)-
values of k and y can be calculated by following aforemen- (vii) Calculate {\text{UCL}} control limit HACUSUMg>
tioned steps (see Table 1). based on h ACUSUM? and oy,
viii) Plot the ACUSUM(Z)— statistics against H .
(viii) g ACUSUMY

4.5.2 Construct Proposed ACUS UM(CZ) control chart

If ARL,is500 and h ACUSUM® = 3, ARLs of the proposed

ACUSUM(Z) control chart can be calculated by following
given below steps:

2
If the  ACUSUM;" >H,cusuye  OF
ACUSUM(Z) >H ACUSUM®”> note sample number of
the ACUSUMQ) or ACUSUM( )" statistic as a run

length (RL).
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(ix) Repeat from (i—viii) steps for 10° times and record

RLs.
(x) Compute an average of 10° noted RLs that is called

ARL,,

(xi) If ARL, =500, otherwise adjust hACUSUM? and
repeat from (i—x) steps to obtain ARL,, = 500.

(xii) To compute ARL, values of proposed ACUSUM?
control chart, generate x; ~ N (u;, 03) (6= uy > Hp)
and repeat from (ii—x) steps.

The ARLs of proposed ACUSUMg) control chart for
other values of k and y can be calculated by following afore-
mentioned steps (see Table 1).

5 Comparative Analysis of Control Charts

This section contains analysis among control charts. For
instance, comparison between proposed ACUSUM(CI) and
ACUSUM(CZ) control charts is given in Sect. 5.1. Besides,

@ Springer

comparative analysis of the proposed ACUSUM(CI) and
ACUSUM(CZ) control charts against counterparts is provided
in Sect. 5.2.

5.1 Comparison Between ACUSUM(CU and ACUSUM(CZ)
Control Charts

Following some imperative points are noted while compar-
ing proposed control charts.

(i) The ACUSUM(CU control chart performs better as com-
pared to ACUSUMg) control chart for small shifts with
small values of k and y (see Tables 2-3). For example,
at A = 0.05, the ACUSUM(CI) control chart outperform
against ACUSUM(CZ) control chart for small value of
k=0.25and y = 1.00 when 6 < 0.50 (see Fig. 1a).

(i) Similarly, at 2 = 0.10, the ACUSUML.’ control chart
retains superiority against ACUSUM(CZ) control chart
for small shifts 6 < 0.50. For example, at k = 0.25 and
y =1.50, the ACUSUMS) control chart has smaller
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ARL, against ACUSUM(CZ) control chart (see Tables 2—
3 and Fig. 1a).

(iii)) Likewise, at 4> 0.10, the ACUSUM(CI) control
chart keeps dominance over ACUSUME:Z) con-
trol chart for small shifts 6 < 0.75. For example, at
k=1.50, A=0.30andy = 1.50, the ACUSUM.’ con-
trol chart has smaller ARL, against ACUSUM(CZ) control
chart (see Tables 2-3 and Fig. 1b).

(iv) By following k=1, y =1, and 4 = 0.1, k= 0.50,
y =4,and 4 =0.50, and k = 0.25,y =4, and A =0.50
parameters combinations, the ACUSUMS) control
chart has smaller EQL, PCI, and RARL values against
ACUSUM(CI) control chart. Other than these parameters
combinations, the ACUSUMg) control chart outper-
form (see Table 4).

(v) Concisely, the ACUSUMS) control chart performs bet-
ter against ACUSUMg) control chart at different values
of parameters.

5.2 Proposed Versus Other Control Charts

This subsection contains comparative analysis of the pro-
posed ACUSUMS) and ACUSUMg) control charts against
counterparts such as classical EWMA [3] and CUSUM [2],
MCE [21], MEC [5, 8, 26]JAEWMA-AEWMA(, and Hybrid
EWMA [27] control charts. More details on comparative
analysis are provided in Sects. 5.2.1-5.2.7.

5.2.1 Proposed Versus Classical EWMA Control Chart

Proposed ACUSUMS) control chart recognizes out-of-con-
trol signals in advance against the classical EWMA control
for all shifts at certain values of A. For example, at small
shifts (i.e.,6 € (0, 0.75)) and small values of A € (0.05,0.1)
(see Figs. 2a-2b), the proposed ACUSUM(CI) control chart
performs efficient against the classical EWMA control chart,
but it becomes more effective for all shifts for large value of
4 € (0.2,0.5) (see Tables 2 and 7 and Fig. 2c—d). Similarly,
the proposed ACUSUM(CZ) control chart also shows superior
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performance against the ?lassical EWMA cogtrol chart  (he proposed ACUSUM control chart has inferior perfor-
(see Tables 3 and 7 and Fig. 2a—d). Besides, with respect  mance as compared to the classical EWMA control chart
to overall performance, at 4 = 0.05, the EQL values of the (see Table 5). Similarly, the classical EWMA control chart

. )]
classical EWMA and proposed ACUSUM_." control charts  yergists superiority against the proposed ACUSUMS) control
are 17.61 and 18.99, respectively. This comparison shows
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Table 1 Coefficients L ACUSUM andL ACUSUM? values at different choices ofk, 4, and y when ARL,, = 500
k y=1 1.5 2 2.5 3 35 4 k y=1 1.5 2 2.5 3 3.5 4
LACUSUM(C”
1=0.05 1=0.3
0.25 8.00 10.55 1220 13.35 1435 1525 16.15 0.25 4.95 570 6.15 643 6.63 678 692
0.50 9.40 13.03 15.71 18.90 18.38 18.96 19.26  0.50 5.38 624 677 7.07 728 740 748
0.75 10.87 1523  17.76 18.90 19.35 19.58 19.76  0.75 5.76 672 721 741 749 752 755
1.00  11.57 16.17  18.42 19.34 1959 19.77 19.81 1.00 7.40 691 731 748 752 754 1756
1.50 12.02 16.62  18.92 19.62 19.65 19.78 19.83 1.50 5.98 698 738 748 7.55 7,55 7.8
A=0.1 =04
025 7.10 892 10.1 10.9 1142 119 1244 0.25 4.37 489 519 542 556 566 5.75
0.50 8.12 10.62  12.35 13.3 13.9 1426 1446 0.50 4.64 524 559 580 590 598 6.02
075 9.21 12.11 13.65 1425 146 14.7 1473 0.75 4.89 552 585 599 6.04 6.07 6.08
1.00 9.74 12.65 14.065 14.55 147 14.8 1475  1.00 4.99 563 593 6.03 6.07 6.08 6.09
1.50  9.99 1295 14.25 1468 1472 14.8 1475 1.50 4.98 565 595 6.03 6.07 6.08 6.09
1=0.2 A=0.5
025 5.80 6.92 7.58 798 8.28 852 873 0.25 3905 428 452 465 476 484 4389
0.50 6.46 7.81 8.66 9.15 949 9.69 9.79 0.50 4.10 451 475 49 498 503 505
075 7.10 8.63 9.39 971  9.88 993 9.96 0.75 4.25 468 49 501 504 506 5.07
1.00 740 8.95 9.60 9.87 993 995 997 1.00 4.30 474 494 504 506 508 507
1.50 7.50 9.05 9.71 992 995 998 9.98 1.50 4.28 476 497 504 506 508 507
LACUSUM(CZ]
1=0.05 1=0.3
0.25  3.265 378 445 524  6.01 6.75 742 0.25 2.99 323 355 389 422 452 478
0.50 3.38 4.02 491 588 6.86 7.8 8.7 0.50 3.04 335 374 416 456 491 6.15
0.75 3.45 424 53 6.55 7.78 898 10 0.75 3.09 343 39 441 487 527 681
1.00 346 431 551 691 8.27 9.57 1077  1.00 3.09 345 395 45 5 543 58
1.50 3.33 423 553 7.03 854 989 11.1 1.50 3.01 335 386 446 5 545 585
A=0.1 A=0.4
025 32 365 422 486 552 6.75  6.66 0.25 2.92 3.1 332 358 383 4.03 423
0.50 3.28 385 4.59 541  6.21 693 7.64 0.50 2.96 317 346 376 406 432 453
075 3.35 4.02 493 595 693 7.86  8.66 0.75 2.99 323 357 441 427 456 479
1.00 346 407 5.1 623 732 8.3 9.17 1.00 3.00 326 3.6 398 434 465 4.89
1.50 324 398 5.07 6.3 7.5 8.56 9.38 1.50 3.01 315 351 392 43 463 49
1=0.2 A=0.5
025  3.09 341 3.84 432 475 5.16 5.55 0.25 2.85 298 315 335 352 368 3.81
0.50 3.15 357 4.1 4.68 524 574 6.15 0.50 2.39 304 324 346 3.68 386 4.03
075 3.21 3.68 4.33 503 57 7.86  6.81 0.75 291 308 332 357 382 402 418
1.00 322 372 442 521 594 658 7.1 1.00 291 309 334 36 386 4.08 4.26
1.50 3.11 361 435 5.2 6 6.67 722 1.50 2.86 302 326 354 382 405 423

chart, too (see Table 6). In contrary as A > 0.05, for example
at A = 0.10, the classical EWMA control chart shows infe-
rior performance as compared to the proposed ACUSUMS)
control chart. For example, EQL, PCI, and RARL values of
the classical EWMA control chart are 21.47,2.79, and 2.71
while ACUSUM(CZ) control chart keeps smaller (see Table 6).
Likewise, at 4 = 0.5, the ACUSUM{.’ and ACUSUM{’ con-
trol charts also show superiority against the classical EWMA
control chart (see Tables 5 and 6). Shortly, the proposed
ACUSUM(CI) and ACUSUM(CZ) control charts performance

increases as A > 0.05 increases against the classical EWMA
control chart.

5.2.2 Proposed Versus Classical CUSUM Control Chart

The ACUSUMY. and ACUSUMY” control charts have effi-
cient diagnostic ability against the classical CUSUM control
chart. For example, at k = 0.25, Fig. 3a shows that proposed
ACUSUM(CI) and ACUSUMg) control charts have smaller
ARL, values for all shifts against the classical CUSUM
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gslacazges control chart (see Tables 2—-3 and 7). Similarly, at k = 1.50,
i e Fig. 3b also presents superiority of proposed ACUSUM(I)
glasssas and ACUSUM( ) control charts over the classical CUSUM
: o % o o control chart f0r5 < 1.75 shifts (see Tables 2-3 and 7). With
2l22giz 2 regard to the overall performance, at k = 0.25 and 4 = 0.05,
wles=ges PCI and RARL values of the classical CUSUM control chart
| ¥ =« are 1.25 and 1.22, respectively, which are larger as compared
gs|ls¥a3Ige to the ACUSUM( ) control chart (see Table 5). Furthermore,
afm T as 4> 0.05 and k > 0.25, proposed ACUSUM(I) control
= § S f § § E chart retains overall performance superiority agalnst the
R classical CUSUM control chart (see Tables 5). Correspond-
21 FEETE ingly, proposed ACUSUMS) control chart also has overall
| S f 8 E E § good detection ability against the classical CUSUM control
= chart, too (see Tables 6). In brief, the proposed ACUSUM(I)
=i § 2 E = E and ACUSUMQ) control charts outperform against the clas—
N sical CUSUM control chart for a single shift and for overall
g Sddded performance as well as.
Zlss285 4 5.2.3 Proposed Versus MCE Control Chart
wS|E8=824d The proposed ACUSUM(C” and ACUSUM(CZ) control charts
f_b outperform against the MCE control chart. For example, at
2| _ . man A = 0.1, the proposed ACUSUM{” and ACUSUM{.’ control
g i i g § G charts have smaller ARL, values against the MCE control
'i AT T S S W chart for all shifts (see Tables 2 and 7, Fig. 4a). Similarly, as
cl oo ow <o A > 0.1, for instance, at A = 0.5, the proposed ACUSUM(CI)
F|1$3 4353 retains superior performance against MCE control chart for
slzs2359 3 all shifts, but the proposed ACUSUM(CZ) control chart per-
REEN B AR forms better only for 6 > 0.75 shifts (see Tables 3 and 7,
i g = i § % § Fig. 4b). In term of overall performance comparison, the
- o o proposed ACUSUMS) control chart has lower EQL, PCI,
ﬁ To2x2g and RARL as compared to MCE control chart. For example,
o]l ®$ 2R zZQ at 4 = 0.1, 18.90, 2.46, and 2.34 are EQL, PCI, and RARL
SN values, respectively, of the MCE control chart while the
0 § S E f ;—: § proposed ACUSUM(I) control chart has smaller values (see
- - - - Table 5). Besides, at/l 0.5, proposed ACUSUM( ) control
B2 535838 chart performs better as well. Similarly, at A = 0. T and0. 5,
: o proposed ACUSUM(Cz) control chart also shows superior per-
Aoz a2 formance as compared to MCE control chart (see Table 6).
ol m 0 an o Concisely, the proposed ACUSUM(I) outperforms against
=== ==S MCE control chart for all shifts whlle proposed ACUSUMQ)
els2zs93 control chart shows superiority at certain values of param-
=1 ; - : : eters for specific shifts.
: e e e 5.2.4 Proposed Versus MEC Control Chart
w S| T8 RIR
~ The proposed ACUSUMg) and ACUSUMg) show superior
3 :Eb o e performance against the MEC cor}trol chart. For exgmple, at
g 2 iEllgyg A = 0.1, the proposed ACUSUME) and ACUSUM(C)control
s |5 e charts have smaller ARL, values against the MEC control
= = - A== chart for all shifts (see Tables 2-3 and 7, Fig. 5a). Similarly,
; o o Z . % .7 as A > 0.1, for instance, at A = 0.5, the proposed ACUSUMS)
2 lz l3zeias

and ACUSUM(CZ) preserve superiority against MCE control
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e lo oo w o wn chart but only for 6 > 0.75 shifts (see Tables 2-3 and 7,
S |24 =242 Fig. 5b). From the perspective of overall performance, for
g log2y 289 example, at A = 0.1, the proposed ACUSUM(Cl)control chart
R - T has lower EQL, PCI, and RARL values as compared to the
2 lResq 2e8 MCE control chart. For instance, 36.79, 4.78 and 4.58 are
o oo e w oo EQL, PCI, and RARL values; respectively, of the MEC
2323 2% control chart those are larger as compared to the proposed
s lezss z2a ACUSUM" control chart (see Table 5). As 4 > 0.10, like
R A A=0.5,18.78, 1.67 and 1.66 are values of EQL, PCI, and
28 3 5 & E g 3 RARL, respectively, of the proposed ACUSUM(CD control
_ : . : i : : chart, and these are smaller against the MCE control chart
22338 3 A values (see Table 5). Similarly, at A = 0.1 and 0.5, proposed
N EEE R ACUSUME:Z) control chart also shows superior performance
N U R as compared to MEC control chart (see Table 6). Shortly,
g |22 28 22¢C the proposed ACUSUMS) and ACUSUM(CZ) control charts
- -7 - are more effective against MEC control chart for all shifts
5 g ; E ; E ; § at small value of A, and for small shift at large value of A.
S |&Fe8a 888 5.2.5 Proposed Versus AEWMA . Control Charts
<8 lgsg8 8238 At 1 =0.1, the proposed ACUSUM(CI) and ACUSUM(CZ)
control charts have smaller ARL, (6 = 0.25,0.5and 0.75)
¥ |- vf § " n values against the AEWMA(CD control chart. But as 6>
z 5o % 3258 0.75, more specifically at 6 = 1, 1.5and 1.75, proposed
R B A S B B ACUSUM(I) and ACUSUM( ) control charts show infe-
s lzsuwgoses z2ax rior detectlon ability against AEWMA(I) control chart (see
R tE Zad Tables 2-3 and 7, Fig. 6a). Similarly, at/l 0.5, proposed
g |88 85 & &g ACUSUM(CI) and ACUSUM(CZ) control charts have inferior
cot T T detection ability, but only for small shift (6 = 0.25) against
i § § E § f E § the AEWMA“) control chart. In contrary, for 0.25 <6 < 1.5
- © o+ o < o shifts, proposed ACUSUM(l)and ACUSUM( ) control charts
R B N have good detection ablhty against the AEWMA(I) control
s las e 895 chart (see Fig. 6b). An AEWMA( ) control chart has supe-
G e e e rior performance against the AEWMA(Z) control chart. So,
BlgeEas 258 with this relation, proposed ACUSUM%) and ACUSUMg)
o 2585 e gy control charts also have better detectlon ability against an
M DA AEWMAg) control chart for 0.05 < § < 1.00 shifts see
q § DR 9w Tables 2-3 and 7 and Fig. 6b). According to overall per-
= - - - formance, the EQL, PCI, and RARL of the AEWMA(. con-
s lgeeq asgq trol charts are smaller as compared to proposed ACUSUM
- - - control charts (see Tables 5 and 6). Concisely, proposed
2529 % §3 % ACUSUM“) and ACUSUM( ) control chart perform better
° against AEWMA(]) and AEWMA(Z) for different shifts at
E £ § E ; E § E different values of parameters.
S PR 5.2.6 ProposedVersusAEWMA(E”Control Chart
w o |Eddgd 2ge
= - q o0 The proposed ACUSUM(I) and ACUSUM(Z) control charts
é 2 |lm--3 320 perform better against the AEWMA(I) control chart, but
E SRR R R only for small sizes of shift such as & = 0.25, ..., 1.25 at
= SR A I any choices of k and A (see Tables 3—4 and 7, Fig. 7). As
% o .5, % .% 6 > 0.75, the AEWMAS ) control chart performs superior
= 3 53888 833 by detecting an earlier signal as compared to proposed

@ Springer
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Table4 EQL, RARL, and PCI values of proposed ACUSUM!’ and ACUSUM.> control charts at different choices of , 7, and A when

ARL, = 500
EQL PCI RARL 7 & EQL PCI RARL 7y & EQL PCI RARL 7y &
A= 0.05 A=0.1 =05
AcUsUM! 1899 108 107 10 025 1752 106 106 10 025 1356 100 100 10 025
ACUSUM® 3584 204 208 35 025 2776 169 169 35 025 1456 107 108 10 025
AcusUM! 1754 100 100 15 025 1647 100 100 15 025 1519 112 121 15 025
ACUSUM® 2793 159 175 40 025 2302 140 148 40 025 1432 106 107 40 025
AcusuM! 2212 126 123 10 05 1953 L19 116 10 05 1357 100 100 10 05
ACUSUM® 2640 151 151 35 05 2265 138 138 35 05 1426 105 106 35 05
ACUSUM! 1821 104 103 15 05 1694 103 102 15 05 1470 108 115 15 05
ACUSUM® 2340 133 136 40 05 2067 125 128 40 05 1416 104 105 40 05
AcUSUMY 2191 125 124 10 075 1968 1.19 1.I8 1.0 075 1415 104 105 10 075
ACUSUM® 3487 199 195 35 075 2728 166 163 35 075 1457 107 107 35 075
AcusuM! 1987 113 LI3 15 075 1833 LIl LIl 15 075 1410 104 105 15 075
ACUSUM® 2553 146 147 40 075 2196 133 135 40 075 1430 106 106 40 075
AcUSUM! 2680 153 149 10 10 2282 139 135 10 10 1422 105 104 10 10
ACUSUM® 2590 148 148 35 10 2236 136 136 35 10 1430 105 106 35 10
AcusuM! 2093 119 LI8 15 10 1906 LI6 LIS 15 10 1409 104 104 15 10
ACUSUM? 2275 130 132 40 10 2050 124 126 40 10 1421 105 106 40 1.0
ACUSUM! 2681 153 159 10 15 2271 138 143 10 15 1435 106 107 10 15
ACUSUM? 3293 188 184 35 15 2645 161 158 35 15 1468 108 108 35 15
AcUSUM!) 2536 145 160 15 15 2L61 131 14l 15 15 1431 106 107 15 15
ACUSUM® 2445 139 140 40 15 2147 130 131 40 15 1434 106 106 40 L5

ACUSUM." and ACUSUM control charts. But, as 4 > 0.5,
proposed ACUSUM(D control chart performs better against
to AEWMA(I) control chart for small-to-moderate shifts.
In contrary, as 6 > 1.5, the AEWMA( ) control chart holds
smaller ARL; against proposed ACUSUMU) control chart.
So, the proposed ACUSUM(I) and ACUSUM(Z) control
charts perform more effectlve for small shifts agamst the
AEWMA(I) control chart. In term of overall performance
comparison, the proposed ACUSUM( ) control chart also
has lower EQL, PIC, and RARL values as compared to an
AEWMA;, control chart at A = 0.5 while the ACUSUMY’
control chart has larger (see Tables 5-7). In short, the pro-
posed ACUSUM(l) and ACUSUM(Z) control charts outper-
form against AEWMA(I) control chart particularly for small
shifts.

5.2.7 Proposed Versus Hybrid EWMA Control Chart

The proposed ACUSUM(C” and ACUSUMg) control charts
have superior performance against Hybrid EWMA control

@ Springer

chart for small-to-moderate shifts. For instant, at A = 0.1
and § = 0.25, 0.5, 0.75, ... 2.5, proposed ACUSUM!” con

trol chart holds smaller ARL,. But as 6 > 2.5, the Hybrid
EWMA control chart detects signal earlier against the pro-
posed ACUSUMS) and ACUSUMS) control charts. (See
Tables 3—4 and 7). With regard to overall performance com-
parison, for instance, at A = 0.1, 17.77, 2.31 and 2.24 are
EQL, PCI, and RARL values, respectively, of the Hybrid
control chart which are larger against proposed ACUSUM(CI)
control chart at k = 0.25,y = 1, and A = 0.10 (see Table 5).
In contrary, at A = 0.5, the Hybrid control chart has smaller
EQL, PCI, and RARL values as compared to proposed
ACUSUM(l) control chart (see Tables 5). Like proposed
ACUSUM, ) control chart, the proposed ACUSUM(CZ) control
chart also has same overall performance efficiency against
the Hybrid control chart (see Tables 6). In brief, the pro-
posed ACUSUMS) and ACUSUMg) control charts perform
more efficiently against the Hybrid control chart for small-
to-moderate shifts at the certain values of k, y, and A.
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Table5 EQL, RARL, and PCI values of proposed ACUSUM(CI) and other control at different choices of &, y, and A when ARL,, = 500

A=0.05 A=0.1 A=05

EQL PCI RARL vy k EQL PCI RARL vy k EQL PCI RARL vy k
ACUSUME” 18.99 1.08 1.04 1 025 17.52 228 220 1 025 1356 120 1.22 1 0.25
ACUSUME” 22.12 1.26 1.19 1.5 025 1953 254 245 1.5 025 1357 121 1.21 1.5 0.25
ACUSUME” 21.91 1.24 1.20 1 0.5 19.68 256 248 1 05 1415 126 1.27 1 0.5
ACUSUME” 26.80 1.52 145 1.5 05 2282 297 286 1.5 05 1422 126 1.27 1.5 0.5
ACUSUMEI) 26.81 1.52 1.53 1 0.75 2271 295 2.88 1 075 1435 127 1.29 1 0.75
ACUSUMEI) 35.84 2.04 201 1.5 075 2776 3.61 3.51 1.5 0.75 1456 129 131 1.5 0.75
ACUSUME” 26.40 1.50 1.46 1 1 2265 295 286 1 1 1426 127 1.28 1 1
ACUSUME” 34.87 1.98 1.89 1.5 1 2728 355 343 1.5 1 1457 129 131 1.5 1
ACUSUME” 25.90 147 143 1 1.5 2236 291 282 1 1.5 1430 127 1.29 1 1.5
ACUSUME” 32.93 1.87 1.78 1.5 15 2645 344 332 1.5 1.5 14.68 130 132 1.5 1.5
Classical EWMA  17.61 1.00 1.00 na n/a - - - n/a n/a n/a n/a
Classical CUSUM  22.02 1.25 1.22 n/a 025 - - - n/a n/a n/a n/a
Classical CUSUM  24.67 140 1.93 nfa 1.5 - - - n/a n/a n/a n/a
Classical EWMA n/a n/a 1516 197 192 n/a nfa 2260 2.01 2.03 n/a n/a
MEC n/a nfa 3679 478 458 - 05 1878 1.67 1.66 0.5
MCE n/a n/fa 1890 246 239 - 05 1517 135 1.36 0.5
AEWMAc® n/a n/a 11.60 1.51 1.49 4 02 11.26 1.00 1.00 4 0.2
AEWMAc® na n/a 1053 137 136 31.12 0.09 1255 111 1.11 31.12  0.080
AEWMAEW n/a n/a  7.69 1.00 1.00 4 13.89 123 1.28 4
Hybrid EWMA n/a n/a 1777 231 224 1243  1.10 1.11
Table6 EQL, RARL, and PCI values of proposed ACUSUMEZ) and other control charts at different choices of k, y, and 4 when ARL_ = 500

A=0.05 A=0.1 A=0.5

EQL PCI RARL vy k EQL PCI RARL vy k EQL PCI RARL vy k
ACUSUMEZ) 264 15 15 025 1647 214 207 025 1519 135 1.39 3 0.25
ACUSUMEZ) 175 1.0 1.0 35 025 1694 220 2.13 35 025 1470 131 134 35 0.25
ACUSUMEZ) 333 19 19 1 0.5 18.33 238 231 1 0.5 14.10 125 1.27 1 0.5
ACUSUMEZ) 199 1.1 1.1 3 0.5 19.06 248 2.40 3 0.5 1409 125 1.27 3 0.5
ACUSUMEZ) 40.0 23 22 35 075 2161 281 275 3.5 0.75 1431 127 129 35 0.75
ACUSUMEZ) 254 14 1.6 3 0.75 2161 281 275 3 075 1432 127 129 3 0.75
ACUSUMEZ) 38.1 22 21 35 1 23.02 299 292 35 1 14.16 126 1.27 35 1
ACUSUMEZ) 234 13 14 3 1 20.67 2.69 2.61 3 1 1430 127 1.29 3 1
ACUSUMEZ) 359 20 20 35 15 2196 286 2.77 3.5 1.75 1421 126 1.28 35 1.5
ACUSUMEZ) 228 13 13 3 1.5 20.50 2.67 2.59 3 1.75 1434 127 129 3 1.5
Classical EWMA 176 1.0 1.0 n/a n/a - - - n/a n/a n/a n/a
Classical CUSUM 220 1.3 1.3 nfa 025 - - - n/a n/a n/a n/a
Classical CUSUM 247 14 2.1 na 1.5 - - - n/a n/a n/a n/a
Classical EWMA n/a n/a 2147 279 271 n/a n/a 22.60 2.01 2.03 n/a n/a
MEC n/a n/a 36.79 4778 4.58 - 0.5 18.78 1.67 1.66 0.5
MCE n/a n/a 1890 246 2.39 - 0.5 15.17 135 1.36 0.5
AEWMAE” n/a n/a 11.60 1.51 1.49 4 0.2 1126  1.00 1.00 4 0.2
AEWMAf) n/a n/a 10.53 137 1.36 31.12  0.09 1255 1.11 1.11 31.12  0.080
AEWMA(E” n/a n/a  7.69 1.00 1.00 4 13.89 123 1.28 4
Hybrid EWMA n/a n/a 1777 231 2.24 1243 1.10 1.11
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Table 7 ARLs properties of other control charts when ARL, = 500

Classical EWMA Classical CUSUM MEC MCE
A =0.05 A=0.1 k=0.25 k=1.5 A=0.1 A=05 Ac=0.1 Ac=05
h=38.59 h=1.71 Ly =9.660
L=2.820 L=2.3820 b*=3742 b*=11.20 L. =17.430
a*=0.500 a*=0.500 k=0.500 k=0.500

5

0.00 500 500 500 502 499 510 500 500

0.25 1795 106 96.5 332 79.6 99.8 127 144

0.50 25.8 31.5 32.1 143 35.7 30.8 36.0 38.2

0.75 13.7 15.9 18.5 60.2 24.2 16.7 17.6 16.6

1.00 9.13 10.3 13.2 28.3 18.9 11.5 11.8 10.0

1.25 6.82 8.21 10.3 152 15.9 8.86 8.89 7.83

1.50 547 6.10 8.60 9.23 13.9 7.31 7.30 5.51

1.75 4.61 5.24 7.39 6.39 12.4 6.26 6.80 5.23

2.00 4.03 4.40 6.56 4.90 11.3 5.53 5.49 4.83

2.25 3.62 3.91 5.90 4.00 10.4 4.97 5.12 3.56

2.50 3.31 3.40 5.41 3.44 9.71 4.54 4.49 3.39

2.75 3.07 3.23 5.01 3.06 9.09 4.19 4.12 3.10

3.00 2.88 2.90 4.69 2.80 8.56 3.91 3.83 2.52
AEWMAE” AEWMAEZ) AEWMA, Hybrid EWMA
A=0.1 A=0.5 A=0.1 A=0.5 A =0.1 A =05
y =4.00 y =4.00 y =31.12 y =31.12 A=0.1 A=0.5 A, =0.10 A, =0.100
k=10.20 k=0.20 k=0.09 k=0.08 y =4.00 y =4.00 L=7230 L=4340

8  Lupwwa® = 4497 Lypwaan = 3217 Lugyuao = 3.980

Lupwmat =3280 L=2825 L=3080

0.00 501 500 501
025 70.2 100 69.7
0.50 26.4 38.1 28.9
0.75 14.6 20.6 159
1.00 9.57 12.5 10.0
1.25 6.85 8.09 6.84
1.50 5.19 5.50 4.97
1.75 4.13 3.89 3.73
2.00 3.38 2.85 2.93
225 2.82 2.19 2.37
250 2.39 1.75 1.93
275 2.04 1.46 1.61
3.00 1.77 1.27 1.39

500.09 499 504.73 502 501.30
99.12 102 258.46 86.0 100.46
45.08 279 88.54 279 28.61
25.21 12.7 35.49 15.9 14.28
15.16 7.32 16.67 11.2 8.99
9.52 4.75 9.02 8.79 6.50
6.20 3.32 5.56 7.24 5.11
4.23 2.45 3.71 6.10 4.14
3.06 1.90 2.67 5.33 3.51
2.26 1.55 2.02 4.74 3.07
1.82 1.31 1.63 4.25 2.70
1.50 1.17 1.38 3.84 2.46
1.29 1.09 1.21 3.52 223

6 Real Life Examples

This section explains the employment procedure of the
proposed control charts with real-life data. Section 6.1
introduces potential fields where proposed control charts
can be contributed to identify the possible special causes.
Variable of interest is given in Sect. 6.2. Likewise, Sect. 6.3
introduces the properties of metal layer thickness (real-life
data). Implementation of control charts with real-life data

J @ Springer

is provided in Sect. 6.4. Lastly, results and discussion are
given in Sect. 6.5.

6.1 Potential Fields for Proposed Control Charts

The proposed control charts can be implemented to detect
possible special causes from an ongoing process in many
industries. Few of them are illustrated as: manufactur-
ing industry, public health monitoring, chemical process
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monitoring, quality improvement in the banking sector,
insurance industry, etc. The semiconductor wafer manufac-
turing industry is one of them where metal layer thickness
is very important quality characteristic of semiconductor
wafers.

6.2 Variable of Interest

Silicon is famous material in the world; it is mostly used
as a semiconductor into many fields such as electronic and
semiconductor makes most of the electronic circuits [28]. It
is a very thin device, the thickness of a metal layer on silicon
wafers is measured in pm (micrometre), and the tolerance of
the one such product is specified +0.0050 inches, which is a

very small measure unit (see Fig. 8). The warpage, grinding,
rigidity, coating, chemical vapour deposition methods, and
other environmental condition play the main role to maintain
targeted layer thickness of a metal layer on silicon wafers. A
little trouble in these processes can lead to significant devia-
tion in the metal layer thickness.

6.3 Properties of Metal Layer Thickness A

The proposed ACUSUMS) and ACUSUMEI), and other con-
trol charts deal only with standard normally distributed data.
Therefore, the metal layer thickness data of semiconductor
first is converted into standardized form (Z-score). After-
wards, Kolmogorov—Smirnov test is used to confirm data
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normality. The metal layer thickness data is approximately
standard normal and insignificant with p-value = 0.64. Fur-
thermore, Fig. 9 depicts the empirical cumulative distribu-
tion function (CDF) and standard normal CDF is almost
similar.

6.4 Implementation of Control Charts with Real-Life
Data

The proposed ACUSUM{’ and ACUSUM{, classical
CUSUM, classical EWNMA, and AEWMAL control charts
are implemented with real-life data (see Table 8). Three dif-
ferent scenarios such as one with false alarm, and others two
out-of-control situations by adding 1o and 3¢ to the last 30
observations are introduced. So, for the first 70 observations,
the process is considered in-control. Moreover, all control
charts have ARL,, equal to 500.

6.5 Results and Discussion

After implementing the proposed ACUSUM(CD control chart
with real-life data for three different scenarios original data
and numerical results are given in Table 8. The classical
CUSUM and EWMA and AEWMA( control charts are
also implemented with real-life data and only their out-of-
control statistics are given in Table 9. At 1o, the proposed
ACUSUM(CI) control chart detects first out-of-control signal
at ninety-first order and in total 10 out-of-control signals
with zero false alarm (see Table 9). Similarly, the classical
CUSUM control chart detects first signal at ninety-fourth
order and in total 3 out-of-control signals with 3 false alarms
(see Table 9). Likewise, the classical EWMA control chart
detects first signal at ninety-first order and in total 4 out-
of-control signals, but with the cost of 1 false alarm (see
Table 9). Correspondingly, the AEWMA(CD control chart
detects first signal at ninety-second order and in total 3 out-
of-control signals with 1 false alarms (see Table 9). It shows,
the proposed ACUSUMY (4 = 0.2, k = 0.5, and y = L.5)

Table. 8: Numerical example of proposed ACUSUMS) control chart along other control charts when ARL, = 500

ACUSUM (1=02,k=0.5,and y = 1.5)

False Alarm lo
x; ACUSUMY) ACUSUMY)” ACUSUMY)* ACUSUMY)~
1 438 433 441 435 000 000 4.68 000 069 107 000 178 000 000 4.68 441 069 107 000 0.0
2 413 455 444 454 000 017 348 0.0 288 050 000 128 000 0.7 348 551 288 0.50 0.00 0.00
3 444 459 458 428 0.00 064 349 000 313 000 000 265 000 0.64 349 423 313 000 0.00 0.00
4 468 423 454 454 114 000 3.16 010 159 156 000 215 114 000 316 533 159 156 0.00 0.00
S 445 455 437 434 057 017 146 000 176 099 024 3.14 057 017 146 460 176 099 024 0.00
6 472 451 443 432 194 004 043 000 000 072 025 428 194 004 043 385 000 072 025 0.00
7 474 437 465 431 353 000 135 000 000 149 000 550 3.53 000 135 323 000 149 000 022
8 454 444 435 455 340 000 000 017 000 174 057 493 340 000 000 440 000 174 057 0.00
9 455 453 444 447 341 002 000 000 000 132 082 495 341 002 000 498 000 1.32 082 000
10 449 434 457 454 289 000 032 010 000 231 010 445 289 000 032 608 000 231 010 0.00
11 450 454 444 435 268 0.0 000 000 000 181 035 537 268 010 000 554 000 181 035 0.00
12450 448 471 425 248 000 133 000 000 176 000 688 248 000 133 423 000 176 000 041
13450 435 471 449 228 000 269 000 000 268 000 675 228 000 269 496 000 268 0.00 0.00
14 459 432 458 449 275 000 3.08 000 000 382 000 662 275 000 308 569 000 382 000 0.00
15 466 441 459 452 374 000 352 000 000 429 000 627 374 000 352 664 000 429 000 0.0
16 470 452 449 471 503 000 294 133 000 394 000 448 503 000 294 900 000 394 000 0.0
17 457 465 462 458 535 092 363 173 000 262 000 368 535 092 3.63 1021 000 262 000 0.00
18 441 466 460 445 4.14 191 418 114 0.4 123 000 383 414 191 418 1014 0.4 123 000 0.00
19 450 473 445 463 394 342 323 191 000 000 000 266 394 342 323 1153 000 000 0.00 0.0
20 445 471 437 423 337 478 173 000 017 000 044 410 337 478 173 9.69 017 000 044 0.17
21 487 464 461 451 557 529 235 000 000 000 000 383 557 529 326 1008 000 0.00 0.00 0.00
22 430 478 453 440 340 697 237 000 081 000 000 438 340 697 428 957 081 000 0.00 0.00
23 446 446 452 442 290 587 232 000 091 000 000 478 290 587 523 922 091 000 000 0.00
24 450 459 438 441 000 583 123 000 000 000 069 525 000 583 478 881 000 000 0.00 0.00
25 456 464 445 439 025 616 0.66 000 000 000 086 587 025 616 508 825 000 000 0.00 0.00
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Tgble. 9: Detection ab‘ility of Control charts A k y/IL out-of-control  False alarms  First Signal o
different control charts point order  control points
ACUSUM(C]) 02 05 1 3 1 92nd lo
02 05 15 10 0 91 lo
ACUSUMY 02 05 35 1 1 94th lo
02 05 4 2 1 92 lo
Classical EWMA 0.2 n/a 2962 4 1 92nd lo
03 n/a 3.02 4 1 91 lo
Classical CUSUM  n/a 0.5 5.08 3 3 94t lo
AEWMA(CI) 02 02 3655 3 1 9ond lo
CUSUM error
ACUSUMY 02 05 1 27 1 731 30
02 05 15 30 0 71 30
ACUSUMY 02 05 35 29 1 72 3¢
02 05 4 29 1 720 30
Classical EWMA 0.2 n/a 2962 29 1 720 30
03 n/a 3.02 29 1 720 30
Classical CUSUM n/a 0.5 5.08 29 1 72 30
AEWMA(CI) 02 02 3.6565 30 1 71 30

control chart performs better (see Figs. 10a-10c). Besides,
other control charts have either higher detection order, less
total detection points, or high false alarm (see Table 9).
In addition, at 30, the proposed ACUSUM(CI) (A=0.2,
k = 0.5, and y = 1.5) control chart keeps the superiority (see
Table 9). In Fig. 10c the jump of statistic ACUSUM(CI%r at71
order is due to adaptive nature of the proposed ACUSUMg)
control chart which leads to superiority. The objective of
the study is to detect different sizes of shift with an adaptive
idea in the process location. So, it shows the edge over other
control charts with adaptive idea in detecting out-of-control
signals for real-life data as well. The changes in warpage,
grinding, rigidity, coating and chemical vapour deposition
methods, and other environmental condition factors might be
caused to disturb the metal layer thickness and give out-of-
control signals. These kinds of abnormalities may be identi-
fied by using appropriate techniques from SPC such as newly
proposed ACUSUM(CI) and ACUSUMg) control charts.

7 Summary, Conclusion,
and Recommendation

From last few years, an adaptive CUSUM (ACUSUM) con-
trol chart became famous to detect different sizes of shift
in the process location. The ACUSUM control chart using
classical EWMA statistic and score function, symbolized
as ACUSUM, control chart, is advanced form of the classi-
cal CUSUM control chart. The ACUSUME, control chart is
efficient to identify different sizes of shift, but the classical

EWMA statistic does not help to differentiate a precise
shift [20] as the classical CUSUM statistic can do. So, this
study proposed two ACUSUM control charts, symbolized
as ACUSUM(CI) and ACUSUM(CZ) to further improve the
detection ability of a specific as well as for different sizes of
shift in the process location. Methodologies of the proposed
ACUSUM(CI) and ACUSUMg) control charts are based on
score (Huber and Bi-square) functions [5] and the classical
CUSUM statistic [2]. In more details, some vital points are
given as below.

1. The proposed ACUSUMS) and ACUSUM(Cz) control
charts initially adaptively renew the reference param-
eters values using classical CUSUM statistic and then
to assign a weight on it using score functions.

2. Performance of the proposed
ACUSUM(CU and ACUSUM(CZ) control charts depends
on the optimal choices of k, A, and y parameters.

3. It is importance to mentioned here, the classical
CUSUM control chart is a special case of the proposed
ACUSUMS) control chart when A=K . Algorithms are
developed in MATLAB to obtain numerical results
using Monte Carlo simulation technique.

4. Performance measures such as average run length for a
specific shift, extra quadratic loss, relative average run
length, and performance comparison index for overall
performance are used to evaluate the performance of the
proposed ACUSUM(CD and ACUSUM(CZ) control charts
against other control charts.

5. The analysis reveals, the proposed
ACUSUMS) and ACUSUM(CZ) control charts outper-
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Fig. 10 a Graphical presenta-
tion of proposed ACUSUMS)
control chart with real-data at
false alarm. b Graphical presen-
tation of proposed ACUSUM(CI)
control chart with real-data by
adding 1o to last 30 observa-
tions. ¢: Graphical presenta-
tion of proposed ACUSUM&I)
control chart with real-data by
adding 3o to last 30 observa-
tions

form as compared to existing (classical EWMA and
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Hybrid EWMA) control charts.

Besides, the

Sample number

The scope of the proposed study may be extended in other
directions such as multivariate, non-parametric, and rankest
sampling techniques.

superiority of the proposed
ACUSUM(Cl) andACUSUM(Cz) control charts is also
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