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KEYWORDS Abstract In this paper, a fractional-order Hantavirus infection model incorporating harvesting is
Hantavirus; formulated and investigated. The populations are divided into susceptible mice, infected mice and
Fractional order; alien species. Mathematical analysis and numerical simulations are performed to clarify the charac-
Stability; teristics of the proposed fractional-order Hantavirus infection model. The existence, uniqueness,
Sotomayor’s theorem; non-negativity and boundedness of the solutions are examined. The local stability of the equilibrium
Numerical simulation points of the fractional-order model is studied. The mathematical proof of the existence of transcrit-

ical bifurcation is given by using Sotomayor’s theorem. The theoretical findings are illustrated by
numerical simulations. The impact of fractional-order, competitive effect of alien species on mice,
competitive effect of mice on alien species, carrying capacity and harvesting efforts on the stability

of the Hantavirus infection model are studied. The basin of attraction regions is also illustrated.
© 2022 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).

1. Introduction phases, including environmental drivers that influence infec-
tious diseases and transmission in the animal reservoir. By fur-

Hantavirus infection is a viral disease that is spread from mice ther studying the transmission dynamics of Hantavirus, critical

to people. The virus can cause severe infections of the lungs [1]. insight can be ol?tained into th? ecology of Haptgvirus (2].
The dynamics of Hantavirus epidemics involve multiple Hantavirus infection can occur in a system consisting of the
host species and a non-host competitor species which competes

for resources. The competition may lead to a reduction or
complete elimination of the prevalence of Hantavirus infection
[3]. A Hantavirus infection model can be used to make predic-
tions about the behavior of interacting populations. Some
studies about the simulations in the mathematical modeling
of the spread of the Hantavirus include [4-9]. Incorporating
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harvesting to Hantavirus model is expected to provide a more
realistic model since for a number of mice some form of har-
vesting in the ecosystem is known to occur.

A Hantavirus infection model, which employs a three-
species of non-linear ordinary differential equations intro-
duced in [10] is considered in this paper. The dynamics of
the population density of susceptible mice (x), infected mice
() and alien species (z)are as follows

‘“—b(x—ky)—c‘c——(x—l-y—o—ocz)—axy Hx, x(0) = x,,
B (x+y+8z) + axy — Hy, y(0) = »,
%: (ﬁ—@)z—f(z+e<x+y)>, 2(0) = z0.

)

All the parameters are non-negative for all time 7 > 0 and are
explained in Table 1. It is assumed that the alien species grow
logistically in the absence of mice. It is also assumed that the
Hantavirus does not harm an infected mouse and the disease
is not transmitted by an infected mouse to a newborn (no ver-
tical transmission).

Fractional-order differential equations as a basis of mathe-
matical models have been applied in ecological models [11-17],
epidemic models [18-28], eco-epidemic models [29,30] and
chaotic models [31] to investigate the underlying dynamics of
the models. The fractional-order derivative is a non-local oper-
ator and related to models with memory. The fractional
derivative of a biological process at a one-point depends on
all of the information and behavior of the model in all previous
moments, while the classical derivative in one point is affected
only from the information in the local neighborhood of that
point [32]. The presence of fractional-order derivative in the
Hantavirus infection models generalizes the results obtained
in case of the standard derivative in that the memory effects
offered by fractional-order derivative can measure the caution
of the populations [33]. These features enables fractional-order
differential equations to model the phenomena having non-
Markovian behavior (where the state of the model at each time
depends on the previous history of the model) [34]. Thus, the
fractional-order derivative may be more suitable for the Han-
tavirus infection model with harvesting that is dependent on
past history [35]. Additionally, the fractional-order model is
more realistic to experimental datasets than its integer-order
counterpart model [36]. Hence, the dynamics of the relations
between susceptible mice, infected mice and alien species incor-
porating harvesting can be more accurately described by
fractional-order models. In addition, the stability region of
the Hantavirus infection model can be extended by the
fractional-order derivative.

Table 1 Biological description of parameters used.
Symbol Description
k Carrying capacity
@ Natural death rate of mice
b Birth rate of mice
a Transmission rate of Hantavirus
H Harvesting efforts
/} Birth rate of alien species
» Death rate of alien species
o Competitive effect of alien species on mice
€ Competitive effect of mice on alien species.

In this study, a new model can be constructed by incorpo-
rating the Caputo fractional derivative of order ¢(“D?) into the
counterpart integer order model (1) as follows:

*Dix(t) = b(x +)) —ix— ”—‘(x+y +8z) — axy — Hx, x(0) = x,

“Dy(t) W (x+y+az) +axy — Hy, y(0) =y,

D1z(t) = (B= 1)z~ E(z+ e+ ), 2(0) = 20,

—éy —

)
where ¢ € (0,1) and “D? denotes Caputo differentiation [37].
The right-hand side expressions of the model (2) have a dimen-
sion (time)~', whereas the left-hand sides have a dimension

(time)™. To have the dimensions match, the model (2) can

be rewritten as follows:
cDIx(r) &(¥+y+&z)—&"x‘y— Hix, x(0) = xo,

‘qu(l‘) = —L"V —

:5‘/(x+v)—5“"€—
B (x 4y + bz) + atxy — Hiy, y(0) = y,,

Dz(r) = ( "—f")“;(ﬁf(xﬂ’)) 2(0) = zo-

3)

For simplification, the model (3) can be redefined with the fol-
lowing new parameters [38]:

b =bk =k, =co6=0a=a H =H,
B¢ = p,e =eand)? = 7.

Then, the model (3) becomes as follows:
‘Dix(r) = b(x +y) — cx =2 (x + y + az) — axy — Hx, x(0) = xo,
Diy(t) = —cy = F(x +y +az) + axy — Hy, y(0) = y,,
Diz(r) = (B - /)Z —E(+e(x+y), 2(0) = z.
(4)

So far as we are aware, the dynamics of the proposed
fractional-order Hantavirus infection model (4) has not been
investigated. Therefore, this paper seeks to investigate the
dynamics of the proposed fractional-order Hantavirus infec-
tion model incorporating harvesting. In order to clarify the
characteristics of the proposed fractional-order Hantavirus
infection model, the analysis of existence, uniqueness, non-
negativity and boundedness of the solutions are examined.
The contribution of this paper is to extend the classical model
of the Hantavirus infection model with harvesting to a new
model based on the Caputo fractional derivatives with logistic
growth rate. The paper also investigates the local stability of
the equilibrium points of the proposed fractional-order Han-
tavirus model which can be considered as the main contribu-
tion of this paper. The proof of the existence of transcritical
bifurcation is also given by using Sotomayor’s theorem. Some
threshold parameters are obtained to determine the existence
and stability conditions of equilibrium points. Numerical sim-
ulations are given to illustrate the properties of the proposed
fractional-order Hantavirus model regarding fractional-order
(¢), competitive effect of alien species on mice (), competitive
effect of mice on alien species (e), carrying capacity (k)and
harvesting efforts (H)which is in agreement with the theoreti-
cal analysis. The basin of attraction regions is also illustrated.

The outline of this study is as follows. Sections 2-5 present
the mathematical analysis of the proposed fractional-order
Hantavirus model. Section 6 provides the numerical simula-
tions. Section 7 gives the conclusion.
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2. Equilibrium points

Studying equilibrium solutions is important in epidemic mod-
els because it predicts long-term behaviors of a system [39,40].
In this section, we will use the following threshold parameters.

l(b— ¢ b
m():a(bz )7 l:bdﬁ(-/f‘ﬁc’

_ bd  bp(eab + ak)
=30 = bdat pO + B

where, (=c+ Hand d=f — .
The fractional-order Hantavirus infection model (4) has the
following six equilibrium points:

1. Ey = (0,0,0), which always exists.

2 €:2.0,0), which exists if b > .

3. E = (0 o,%), which exists if d > 0.

4. Ey = (2,2(Ry — 1),0), which exists if Ry > 1.

a

(bdo+BL K(pe(b—C
5. Ey= (b[{(r;rl) (1 - SRI) > DbB(ea— 1) ( SR2)>
(a) when ex > 1,E; exists if Ry < 1and R, < 1,

(b)  when ex < 1, E, exists if R} > 1 and R, > 1.

6. E5 - (gﬂk(%;t? l)bZﬁ(l - G.R?)>k1§[/;ka 1) (1 — ERZ))

(a) when ex > 1,E5 exists if B3 < 1 and R, < 1,
(b)  when ex < 1, E5 exists if R; > 1 and R, > 1.

3. Existence and uniqueness of the solutions

The existence and uniqueness of the solutions of the fractional-
order Hantavirus infection model (4) in the region Q x (0, 7]
where

Q= {(x,5,2) € R : max (|x|, |y, |z]) < 0},
can be studied as follows.

Theorem 1. For each Xy = (x¢,¢,20) € Q, there exists a
unique solution X(¢) € Q of Hantavirus infection model (4)
with initial condition Xy, Vs = 0.

Proof. The mapping

W(X) = (VV](XV)7 Wz(X), VV3(A/))7

is considered, where

W(X) = bx + 3) — (x — B (x £y + 2) — axy,
Wy(X) = -y — —(x +y+az) + axy, (5)
Wi(X) = dz =5 (z + e(x + ).

For any X, X € Q, it follows from (5) that

W) = w@ll = W) = wmi(@)]+[W2(0) = WD) + W30 = w3 (X))
=|b(x+y) = {x =B (x+y+az) — axy — b(x + §) + {x + 5 (X + 7+ a2) + axp|
=Ly =B (vt y 4 oz) +axy + 5+ B (5 + 7+ oF) — aFy|
Hldz =B+ elx+y) —dz+ B+ e(x + 7))

SO+ =3+ G+ ly -yl +dz -2
+hlx = Flx+ 5|+ 2y =Tl + 5+ - 2l + 2

+(2+ 2a) [xy — Xy + %y — 9] + (25 |yz — 3z + yz - 52|

+

(2b) | xz — %z + %z — 2|
SO+ =3+ G+l -5l +dz -2
R — X+ Ry 5]+ - 7]
+2(2+ a)0x — x| +2(2+ a)0]y — 3|
(/fk)‘)“*“*(””)”\ E
+(E) ol — 3+ (L) 0lz ~ =]
S(b+{+2 4200+ a)0+ (2L

)l - 51
+(b+{+2 420+ a)0+ (2EL)0) |y — 7|
H(d+ 4 2B 0) | -

<Ux-x].
where
U = max b+C+@+2 é+a 0+ bo + ¢f 0,d
k k k
2p0 ba + €ff
+ 2 +2( . >o}

Thus, W(X) satisfies the Lipschitz condition. So there exists a
unique solution X(7)of the Hantavirus infection model (4) with
initial condition Xy = (xo,,,20). O

4. Non-negativity and boundedness of solutions

The non-negativity of the solutions of the model (4) can be
given as follows From Hantavirus infection model (4), one has

DIX(1)] g = by = 0,

Dy(1)],— =0,

“DI(1)],y = 0.

Also, the model satisfies the Lipschitz condition as stated in
Theorem 1. According to Theorem 5 and Theorem 6 in [41],
it can deduce that the solutions of the fractional-order Han-
tavirus infection model (4) are non-negative.

The following theorem investigates the boundedness of the
solutions.

Theorem 2. The solutions of the fractional-order Hantavirus
infection model (4) starting in Ri are bounded.

Proof. Firstly, the following function

x(1) + (1),

can be considered to study the boundedness of the first two
equations of model (4), then one has

DIM(f) =Dix+ <Dy
=bM — {x =B (M +az) - {y —
— bM — (M — B _ btz
bM (M sz

M(t) =

I’T‘ (M + az)

thus,
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DIM(t) + (M(1) < bM—bL
< LM~ k)
-\ 2
<—p( -4+
< bk
~ 4

In accordance with Lemma 9 in [42], one has

0.< M) < MO)E,(~) + 28 1,0 (~2),

By using Lemma 5 and Corollary 6 in [42], it follows that

bk
—,ast — oo.

4

Secondly, in order to study the boundedness of the third equa-
tion of Hantavirus infection model (4), one has

0< M(r) <

¢ _ B2 Pez(x+y)
DqZ = dZ % T‘

then,

‘Diz+dz <2dz— b2

In accordance with Lemma 9 in [42], one has

&k

0 < z(1) < z(0)E,(—dt?) +7 1E, 41 (—dt?).

By using Lemma 5 and Corollary 6 in [42], it follows that

dk
0<z(r) <=,

B

Therefore, the solutions of Hantavirus infection model (4)
starting in Riare uniformly bounded in the region M, where

ast — 00.

dk
M1={(x,y,z)€Ri:x+y< +vandz < — + v, v>0}.

4 S B
(6)
5. Local stability analysis

The local stability analysis is now studied. The Jacobian
matrix of Hantavirus infection model (4) is as follows:

 b@x+ytuz—k)+k(ay+0) p — (brabyx _abx
k k k
_ blx+2ytaz by
Jera=| a-fy ev-gotgem o
o e o — Blelty)22)
k k k

Theorem 3. The Ej of Hantavirus infection model (4) is locally
stable if f <y and b < (.

Proof. The Jacobian matrix (7) evaluated at the E; is the
following

JE)=| o - o |[. (8)
0 0 B—v

The eigenvalues of matrix (8) are y, =f —y, 1, = —( and
1y = b — (. Following the Matignon’s condition [43,40], one
has  |arg(w)|=n>% If p<y and b <{then,
larg(u )| =n>%V g e (0,1). Thus, E, is locally stable if
p<yand b< (. O

Theorem 4. The equilibrium point E, of Hantavirus infection
model (4) is locally stable if Ry < 1 and R, < 1.

Proof. The J(E)) is as following

(—b (+ak(3-1) %l — b)
J(Ey) = 0 b(Ry— 1) 0 . 9)
0 0 BED (] — ®y)
The eigenvalues of matrix (9) are u; ={— b, p, = b(Ry — 1)
and p, = B b)( — R,). Following the Matignon’s condition
[43,40], one has larg(u)| = > 4. If Ry < 1 and R, < 1then,

larg(uy3)| =n > LV q € (0,1). Therefore, E; is locally stable
ifRy<land R, < 1.0

Theorem 5. The E, of Hantavirus infection model (4) is locally
stable if R, < 1.

Proof. The J(E,)is as follows

B () —1) b 0

J(Ey) = 0 _ % o |- (10)
—ed —ed —d
The eigenvalues of matrix (10) are

= —d, iy =B (R, — 1) and py = -2

Matignon’s condition [43.40], one has |arg(ul.3)\ =n>% If
Ny <1 then, |arg(w,)| =n>% V g € (0,1). Therefore, E, is
locally stable if ®; < 1. O

Following the

Theorem 6. The E; of Hantavirus infection model (4) is locally
stable if Ry > land R, < 1.

Proof. The J(E;)given by

Tepoak-f ok -2
JE) = | (a=p)(k={=5) C4b(E-1) a(l+bG-1) ). (D
0 0 L0 (¢, — 1)

The eigenvalues of w =00,
Ly = ﬂ‘ 2 (R, — Dand g, = “T’“ + b — ak which is equivalent
to b(1 —“Bo). Following the Matignon’s condition [43.40],
one has |arg(u)|=n>% If Ry <1 and Ry >1 then,
larg(uy3)| =n >4V g € (0,1). Therefore, E; is locally stable
if |y > land R, < 1 which implies that the disease will be
an endemic. [

matrix (11) are
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Theorem 7. The E, of Hantavirus infection model (4) is locally
stable if { > axy — ”(‘”“ butrzalang eq < 1.

Proof. The J(E4)given by

_ bxy b _ (b+ak)xy _abxy
3 [ x
JE)=| 0 ax,—¢-tat=og ) (12)
_ bz _ bz _ B
k k k

The eigenvalues of matrix (12) are p; = axq — { — M and
the other two eigenvalues p,;are the roots of the followmg
equation:

bﬁ¥4Z4

k(bx4+[)’z4)u+ (I —ex) =0.

If {>axs— M then |arg(u,)| =n>%. If ex <1 then
larg(1y3)| =7 >4V g € (0,1). Following [43,40], the Ej is
locally stable if { > ax; — b(‘”“‘ ZHand eo < 1 which implies that
the disease will be elimindted in the mice population. [

Finally, the local stability around the coexistence equilib-
rium point Es is investigated as follows. The J(Es)given by

B b(x§+ky5) b— (b+ak)xs — _ abxs
kxs k k
HE)= | (a-ty e | ()

_€pzs _ €z _ Bz
k k k

The roots of the following equation are the eigenvalues of (13).
V() = 1 + A8 + Aop + 45 = 0, (14)
where
Ay =l g b g B
A, = ﬁ (/cy5 (b(h — ak)xs + ka2x§ + bzys) + bB(kys — (eor — 1)xs5(xs + _\V’S))z5),
Ay = B (b(b — ak — bae)xs + ka’x2 + b (1 — ex)y5)zs.
Then, the proposition given in [44,45] can be used to determine
the stability conditions of Ejs.

Now, the proof of the existence of transcritical bifurcation
around equilibrium points Ey Ejand E,is given by using Soto-
mayor’s theorem.

Theorem 8 (Transcritical bifurcation around E;). The Han-
tavirus infection model (4) go through a transcritical bifurca-
tion regarding the bifurcation parameter Haround
Ey(0,0,0)when H=H" =b —c.

Proof. The Jacobian matrix of the Hantavirus infection model
(4) around E, with H= H* = b — ¢ has a zero eigenvalue and
takes the following form

0 b 0
JE)=|0 -t o | (15)
0 0 p-—yvy
Here, w=p—y<0 and w, =—<0. Let
V=(v1,vz7v3)T=(v17070)T and W:(Th‘[z,‘[})T:

T
(rhgrl,O) be the two eigenvectors corresponding to the zero

eigenvalue of the J(E,)and (J(E,))",
Tiare any non zero real numbers.
Therefore,

respectively, where v;and

WT(Fu(Ey, H*)) = 0,
WT(DFy(Ey, H)V) = —vi1; # 0,
WT(D2F(E0,H*)(V V)) ( 2,:’ V- 2(£+a)v1vz —%vlw)r

+%(—%v%—2(£—a)v1vz —%vzw)‘c] # 0.

By Sotomayor’s theorem for transcritical bifurcation [46], the
Hantavirus infection model (4) has a transcritical bifurcation

around Eywhen H = H" = b — cas Hpasses through the value
H*, while no saddle-node bifurcation can occur.

Theorem 9 (Transcritical bifurcation around E;). The Han-
tavirus infection model (4) go through a transcritical bifurca-
tion regarding the bifurcation parameter Haround
E, (" (=0 0, 0)when H=H, =b-c —f‘—z and  keeping
R, < 1.

Proof. The J(E|)with H=H,, =b—¢
value and takes the following form

2 .
— & has a zero eigen-
ak

{—=b (+ak(t-1) a(l —b)
JE)=] o0 0 0 : (16)
0 0 BB (1 — 9y)

Here, p;=(—-b<0 and p, 7/3(‘1’)( 1—-%R,) <0 when

T
0) and
W:(‘L'17‘L'27‘E3)T:(0,‘L'2,0)Tb€ the two eigenvectors corre-
sponding to the zero eigenvalue of the J(Ej)and (J(E;)),

respectively. Where viand t,are any non zero real numbers.
Therefore,

mz < 1. Let V= (V]7 Vo, V3)T = (Vl7 “r(:l:é)f)ill)

W (Fy(Er, Hin)) =0,

W (DFy (B Hi)V) = 505 #0,

W (D*F(Ey, H,1)(V, V)) _

7(27%% + 2(%7 a)vlvz +%vzv3)rz # 0.

By Sotomayor’s theorem [46], the Hantavirus infection model
(4) has a transcritical bifurcation around E;when

H:H/r]:bef :ﬁ
Hand kpasses through the values H,and k", respectively.

‘While no saddle-node bifurcation can occur.

f—z which is equivalent to k = k as

Theorem 10 (Transcritical bifurcation around E,). The Han-
tavirus infection model (4) go through a transcritical bifurca-

tion regarding the bifurcation parameter Haround
E>(0,0,%)when H = Hyp ="0;% — c.
Proof. The J(E,)with H= H,, = Mfﬁ) — ¢ has a zero eigen-

value (u, = 0)and takes the following form

0 b
JE)=] 0 - —’”'“;ﬂi 0 |. (17)
—ed —ed —d
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Table 2 Hypothetical parameter values of the fractional-order Hantavirus infection model [10].

Case a b k @ H p y o € Figure
1 0.1 1 100 0.6 0 1 0.5 - - 2
2 0.1 1 100 0.6 0 1 0.5 1.5 0.5 3
3 0.1 1 100 0.6 0 1 0.5 0.5 1.5 4
4 0.1 1 100 0.6 0 1 0.5 0.7 0.1 5
5 0.1 1 100 0.6 0 1 0.5 0.3 0.5 6
6 0.1 1 100 0.6 0 1 0.5 1.3 1.3 7,8
7 0.1 1 — 0.6 — 1 0.5 0.4 0.8 9
8 0.1 1 150 0.6 0.4 1 0.5 0.4 0.8 10
9 0.1 1 15 0.6 0.1 1 0.5 0.4 0.8 11
10 0.1 1 200 0.6 0.1 1 0.5 0.4 0.8 12
11 0.1 1 — 0.6 0 1 0.5 0.4 1.3 13, 14
12 0.1 1 100 0.6 - 1 0.9 0.4 1.3 15, 16

Here, 1y = —d <0 and p; = —”‘I“T”"V <0. Let V= (vjvov3)"

T
= (V10 — €V1)T and W= (T1T2T3)T = (’L’l bz};o{i]/fl 0) be the two

eigenvectors corresponding to the zero eigenvalue of the
J(Ey))and (J(E,))", respectively. Where v;and tjare any non
zero real numbers.

Therefore,

W (Fy(Ey, Hyp)) =0,

W (DFy(Ey, Hyo)V) = —vi1; # 0,

WI(D*F(E>, Hyp)(V, V) = (—2v} —
Fige (<31 =20

bda-+FC
By Sotomayor’s theorem [46], the Hantavirus infection model
(4) has a transcritical bifurcation around FE,when

H=H, ="
While no saddle-node bifurcation can occur. [J

2(%4—(1)\)1\)2 — 2%“\’1\)3)‘[1

%Vz\@)l’] # 0.

a)vlvz -

—c¢ as H passes through the value H,,.

42
40 - q:1 u
q=0.95
q=0.85
38 b
36 .
N
34 .
32 |
30 ]
\J
28 s s s s s s s s s
0 20 40 60 80 100 120 140 160 180 200
t
Fig. 1  State trajectories of Hantavirus infection model (4) with

different values of fractional.-order (g).

6. Numerical simulations

In this section, the numerical simulations using the numerical
method proposed in [47.48] are given to illustrate the proper-
ties of the fractional-order Hantavirus model (4) with respect
to fractional-order (g), competitive effect of alien species on
mice (a), competitive effect of mice on alien species (€), carry-
ing capacity (k)and harvesting efforts (H). The basin of attrac-
tion regions is also illustrated. The hypothetical parameter
values of the model (4) are provided in Table 2 which were also
used for the integer-order model [10].

From Fig. 1, it can be observed that the fractional-order is
important in that it affects the convergence speed of the solu-
tions of the fractional-order Hantavirus model (4). One can
observe that the convergence speed decrease with decreasing
the value of fractional-order (¢). Fig. 1 also shows that the

Fig. 2 Local stability regions for the equilibrium points of the
fractional-order Hantavirus infection model (4) in (o, €)-plane.
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Fig. 3
e=0.5.

Local stability of the E, when ¢ = 0.98,0 = 1.5and

q=0.98, ¢=0.5, ¢=1.5

X
y

30 40 50 60 70 80 90 100
t

Fig. 4 Local stability of the F; when ¢ =0.98 a4 = 0.5and
e=1.5.

alien species (z) remain stable for different values of fractional-
order (g)though solutions reach to Es(10,7.647,41.176) more
slowly for a smaller value of fractional-order (g).

Fig. 2 is deduced by the previous local stability theorems
which represents the regions of local stability for the
E,, E;, E, and Es of the fractional-order Hantavirus infection
model (4) in the (o, €)-plane. The region is divided into five dif-
ferent coloured parts: in the red region, R; < 1 which means
that the E, is locally stable as proved in Theorem 5 and occur
with Fig. 3 (when ¢ =0.98,a& = 1.5and € =0.5); the grey
region is for local stability of FE;, in this case R, > land
R, <1 which coincide with Theorem 6 and concur with
Fig. 4 (when ¢ = 0.98,0 = 0.5and e = 1.5); the yellow region
is for local stability of Ejy, in this case { > axy — Mand
ex < 1 which coincide with Theorem 7 and concur with

40 50 60 70 80 90 100

t
Fig. 5 Local stability of the E; when ¢ =0.98,a =0.7and
e=0.1.
q=0.98, 0=0.3, ¢=0.5
40 T T T T T T T . .
X
35 =
z
30 1
25 - 1

1 1 1 1 1 1 1 1

20 30 40 50 60 70 80 90 100
t

Fig. 6 Local stability of the Es when ¢ = 0.98 a4 = 0.3and
e=0.5.

Fig. 5 (when ¢ = 0.98,0 = 0.7and € = 0.1); the blue region is
for local stability of Es as indicated in Fig. 6 (when
q=0098,0=0.3and e€¢=0.5); and the green region shows
bistability phenomena for F; with initial condition
Iy=(8,9,1)and E, with initial condition 7, = (8,5,1) as
shown in Figs. 7(a) and 7(b), respectively (when
q=0.98,0 = 1.3and ¢ = 1.3).

The basin of attraction regions in the (xo,y,)-plane are
illustrated in Fig. 8. It is observed that if the initial conditions
are chosen from the green region the fractional-order Han-
tavirus infection model (4) will be closer to the E; as indicated
in Fig. 8 and coincide with Fig. 7(a) (when xy, = 8,y, = 9and
zo = 1); for initial conditions within the red region the model
(4) will be closer to the E, as shown in Fig. 8 and occur with
Fig. 7(b) (when xy = 8,y, = 5and zy = 1).
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Fig. 7 Local stability of the E; and E, with different initial
conditions and ¢ = 0.98, 0 = 1.3and ¢ = 1.3.

Fig. 8 Basin of attraction in the (initial susceptible mice
population (xy), initial infected mice population (y,))-plane.

Fig. 9 is deduced by the previous local stability theorems
which represents the regions of local stability for the E,, E4
and Es of model (4) in the (H, k)-plane. The region is divided
into three different coloured parts: in the red region, R; < 1

Fig. 9 Local stability regions for the equilibrium points of the
fractional-order Hantavirus infection model (4) in .(H, k)-plane.

q=0.98, H= 0.4, k= 150

80

50 1

0 10 20 30 40 50 60 70 8 90 100

t

Fig. 10 Local stability of the E, when ¢ = 0.98, H = 0.4and
k = 150.

which means that the E, is locally stable as proved in Theo-
rem 5 and occur with Fig. 10 (when ¢ =0.98, H = 0.4and
k = 150); the yellow region is for local stability of Ej4, in this
case { > axs — Mand eo < 1 which coincide with Theo-
rem 7 and concur with Fig. 11 (when ¢ =0.98, H=0.land
k = 15); the blue region is for local stability of Es as indicated
in Fig. 12 (when ¢ = 0.98, H = 0.1and k = 200).

In order to show the effect of the carrying capacity (k), one
can draw the bifurcation diagram with respect to kas a bifur-
cation parameter. It can be observed that the transcritical

bifurcation value is centralized at k* :a(liil) =25 which is
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Fig. 11
k = 15.

Local stability of the E; when ¢ =0.98, H=0.land

q=0.98, H=0.1 , k= 200
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Fig. 12 Local stability of the Es when ¢ =0.98, H=0.land
k = 200.

coincide with Theorem 9 and indicated in Fig. 13 (in this case
R, = 0.961538 < 1). It can also be observed that when k < k~
the susceptible mice population exist and the infection dies
away as indicated in Fig. 13 and coincide with Fig. 14(a) (when
k = 15). For k > k" the susceptible and infected mice co-exist
and the infection thrives since there is an increase in edible
resources as indicated in Fig. 13 and occur with Fig. 14(b)
(when k =40). Fig. 14 indicates that both susceptible and
infected populations will eventually reach steady states with
the values for the susceptible population being higher com-
pared to the infected case.

In order to show the effect of harvesting (H)on the dynam-
ics of the fractional-order model (4), one can draw the bifurca-
tion diagram with respect to H as a bifurcation parameter. It
can be observed that the transcritical bifurcation values are

centralized at H,,.l:b—c—g—,i:O.3,H,,4:b—c—%+

Fig. 13  Bifurcation diagram of the fractional-order Hantavirus
infection model (4) regarding carrying ca.pacity (k).

(a) k=15 (b) k=40
12 T T T 12 T T
10 : 10]
8 81

X,y,z
X,y,Z

s

50 100 150 200 0 50 100 150 200

t t

o

Fig. 14 Time series of the fractional-order Hantavirus infection
model (4) with different values of carrying ca.pacity (k).

30

N

25

20

0.5

Fig. 15 Bifurcation diagram of the fractional-order Hantavirus
infection model (4) regarding harv.esting (H).
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Fig. 16 Time series and phase diagram of the fractional-order Hantavirus infection model (4) with different values of har.vesting (H).

Pl = 0.312and H,y = "% — ¢ = 0.36 which is coincide
with the theoretical results and indicated in Fig. 15. It can also
be observed that when H < H,,; the susceptible and infected
mice populations coexist as shown in Fig. 15 and coincide with
Fig. 16(a) (when H = 0.1). For H € (H,, H,4)the susceptible
mice population only exist as shown in Fig. 15 and concur with
Fig. 16(b) (when H = 0.311). For H € (H 4, H,»)the suscepti-
ble mice and alien species coexist and the infection dies away as
indicated in Fig. 15 and coincide with Fig. 16(c) (when
H = 0.35). For H > H,, the alien species only exist as shown
in Fig. 15 and concur with Fig. 16(d) (when H = 0.4).

7. Conclusion

A fractional-order Hantavirus infection model incorporating
harvesting has been formulated and analyzed in this paper.
The fractional-order model describes the spread of Hantavirus
infection in a system consisting of populations of susceptible
mice, infected mice and alien species. A sufficient condition
for the existence and uniqueness of the fractional-order Han-
tavirus infection model (4) has been obtained. It has been
proved that the solution of the fractional order system of dif-
ferential equations (4) are uniformly bounded and non-
negative. The proposed fractional-order Hantavirus infection
model has six non-negative equilibrium points. The threshold
parameters (Ry, Ry, Rr,andR;)have been used to determine
the existence and stability conditions of the equilibrium points.
The local stability of the equilibrium points of the fractional-
order Hantavirus infection model (4) has been investigated
which can be considered as the main contribution of this
paper. The mathematical proof of the existence of transcritical
bifurcation has been given by using Sotomayor’s theorem.
Numerical simulations have been conducted to illustrate the
properties of the proposed fractional-order Hantavirus infec-
tion model with respect to fractional-order (¢), competitive

effect of alien species on mice («), competitive effect of mice
on alien species (¢), carrying capacity (k)and harvesting efforts
(H). The basin of attraction regions has been also illustrated.
Future research will focus on the incorporation of time delay
in the system and the resulting consequences.
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